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Notes on the behavior of the Ratliff-Rush filtration

Maria Evelina Rossi and Irena Swanson

ABSTRACT. We establish new classes of Ratliff-Rush closed ideals and some
pathological behavior of the Ratliff-Rush closure. In particular, Ratliff-Rush
closure does not behave well under passage modulo superficial elements, tak-
ing powers of ideals, associated primes, leading term ideals, and the minimal
number of generators. In contrast, the reduction number of the Ratliff-Rush
filtration behaves better: it preserves some information on the reduction num-
ber of the ideal.

Let I be an ideal in a Noetherian ring R. From the maximal condition it follows
that there exist ideals I in R maximal with respect to the condition

I" = I" for all large n.

Ratliff and Rush proved in [14, Theorem 2.1], that if I is a regular ideal (i.e., it
contains a non-zerodivisor), then there exists a unique largest such I, which can be
presented in terms of I as follows:

I: = U (Iv: 1.
n>1

When I is not regular, this fails. For example, let F' be a field, X an in-
determinate over F', and R = F[X]/(X?). Then the ideal ] = XR is not reg-
ular, the (unique) largest ideal I for which I = I™ for all large n is I = XR,
but |J (I": I"~1) = R. In the sequel we always assume that I contains a non-

n>1
zerodivisor. B

The ideal I is called the Ratliff-Rush ideal associated with I (see [7]) or the
Ratliff-Rush closure of I. A regular ideal I for which I = Iis called Ratliff-Rush
closed.

In this paper we analyze various properties that Ratliff-Rush closures of ideals

do or do not satisty. First of all, clearly I=1. Also, if a is a non-zerodivisor such
that for an ideal I, I: a = I, then al = al. However, it is well-known that the
Ratliff-Rush closure is not a “closure” in the usual sense. Namely, if I C J, it need
not follow that 7 C J. An example, taken from [7], is I = (X%, X3V, XY3 V%)
and J = (X3,Y3) in the polynomial ring R = F[X,Y] over a field F. Then
X2y2eT\J.

Nevertheless, the Ratliff-Rush closure of ideals is a good operation with re-
spect to many properties, it carries information about associated primes of powers
of ideals, about zerodivisors in the associated graded ring, preserves the Hilbert
function of zero-dimensional ideals, etc. In the different sections we review some of
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the known properties, and examine the behavior of the Ratliff-Rush closure with re-
spect to some other properties. Section 1 examines the behavior of the Ratliff-Rush
closure on powers of a fixed ideal. We present many examples illustrating excep-
tional behavior. We also establish new classes of ideals for which all the powers are
Ratliff-Rush closed. In Section 2 we show that the Ratliff-Rush closure has no nat-
ural corresponding notion of “superficial elements”, so that in general one cannot
drop dimension in arguments using the Ratliff-Rush closure. In Section 3 we show
that Ratliff-Rush closure also does not behave well with respect to Grébner bases,
leading term ideals, taking the sets of associated primes, and the minimal number
of generators. This answers a questions of Heinzer et al. from [7]. Section 4 shows
some positive results for the Ratliff-Rush filtration, namely that the Ratliff-Rush
reduction number behaves well.

It is easy to see that I C I and that an element of (I": I"1) is integral over
I. Hence for all regular ideals I,

ICICICVI

Thus there exist many ideals which are Ratliff-Rush ideals, for example, all radical
and all integrally closed regular ideals.

The main thrust of our analysis is the comparison of the behaviors of the Ratliff-
Rush and integral closures of ideals. We illustrate the different types of behaviors
with examples. Most of our examples are monomial ideals in polynomial rings over
fields. By definition the Ratliff-Rush closure of a monomial ideals is a monomial
ideal, and this makes some computations easier. While there exist algorithms for
computing the integral closures of ideals, there exist no such algorithms for the
Ratliff-Rush closures. Namely, to compute U, (I"t1: ™), of course there exists a
positive integer N such that U, (I"t1: I") = IN*1: IV, However, it is not clear
how big this N is. Just because I"t!: I = [™*+2: ["*+1 it does not imply that
It = 3. 72 (see Example 1.8 below). Thus our computations of the
Ratliff-Rush closures, or verifications that an ideal is Ratliff-Rush closed, are in
general laborious. In a few cases we establish the Ratliff-Rush closure property
indirectly: we establish that the associated graded ring of the ideal has positive
depth, in which case all the powers of the ideal are Ratliff-Rush closed by [14,
(2.3.1)], or we prove that the ideal is integrally closed. But here is an ideal which is
Ratliff-Rush closed but not integrally closed: let I be the ideal (X*, X3Y, X2Y2 Y*)
in the polynomial ring R = F[X,Y], with F a field. Then I is not integrally closed
as XY?3 is integral over I but not in I. However, I is Ratliff-Rush closed. Namely,
by degree count every element of the Ratliff-Rush closure has to have total degree
at least 4. As (X,Y)? C I, it suffices to verify that XY is not in the Ratliff-Rush
closure of I. But XY?3(Y*)" is not an element of I"*! for any positive integer n,
which proves the claim.

On the other hand, the Ratliff-Rush closure of (X%, X?Y, XY? Y*) is (X,Y)%.
These two examples show that the Ratlif-Rush closure of monomial ideals need
not exhibit the integral closure’s property of the convexity of the corresponding
Newton polytopes.

1. Ratliff-Rush closure and powers of an ideal

In this section we prove several properties of the Ratliff-Rush closures of powers
of ideals. For example, all the high powers are Ratliff-Rush closed, but many
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pathologies occur for low powers. We present examples of these pathologies. The
last half of the section is about ideals all of whose powers are Ratliff-Rush closed.

Ratliff and Rush proved that for a regular ideal I, for all large n, (f )*=1" In
particular when I is a zero-dimensional ideal, T is the largest ideal which has the
same Hilbert polynomial as I. Furthermore, high powers of an arbitrary regular

ideal are Ratliff-Rush closed:

REMARK 1.1. Let I be aregular ideal. Then for all large n, I™ = I™. (See [14].)
A somewhat simpler computation of the Ratliff-Rush closures is achieved as
follows:

REMARK 1.2. In = |J(I"**: I*). Furthermore, if J = (ay,...,aq) is a reduc-
k

tion of I, 7 > 1), then I" = Uy (I"™*: (ak,...,ak)). (See [14].)

This all shows that the Ratliff-Rush closures of high powers of ideals behave
well. In particular, for all (regular) ideals, sufficiently large powers are Ratliff-
Rush closed. (If we admit non-regular ideals, any non-radical nilpotent ideal is
a counterexample of this property.) However, the Ratliff-Rush closures of powers
of (regular) ideals do exhibit some pathologies. We show examples below of these
pathologies, namely of Ratliff-Rush closed ideals whose powers are not Ratliff-Rush
closed, and of ideals which are not Ratliff-Rush closed but whose powers are. In
the last half of this section we analyze some classes of ideals all of whose powers
are Ratliff-Rush closed.

ExAMPLE 1.3. There are integrally closed ideals (even prime ideals), and so
Ratliff-Rush closed, whose second power is not Ratliff-Rush closed, even if I is
a maximal ideal of a local Cohen-Macaulay ring. Here is a simplification of an
example due to H. J. Wang: let I be the maximal ideal of the Cohen-Macaulay
local ring R = F[[X, Z,U]]/(Z2,ZU,X Z — U?®), where F is a field and X, Z and U
indeterminates over F. As X is a non-zerodivisor in R, I is a regular ideal. In this
case I is Ratliff-Rush closed but I? is not. In fact, I is a prime ideal and so Ratliff-
Rush closed, but I®: I contains Z which is not in I?, and hence I?> # I2. (Wang’s
original example was R = F[[X,Y, Z,U,V]|/(Z?,ZU,ZV,UV,XZ—-U?,ZY —V?3).)

There are even monomial Ratliff-Rush closed ideals in polynomial rings whose
second powers are not Ratliff-Rush closed:

EXAMPLE 1.4. Let I be the ideal in the polynomial ring F[X,Y] over a field
F generated by

Y22, X4y18 XTy1s, X8yl xUyll xl4ys x15y7T x18y4 22
We will prove that this ideal is Ratliff-Rush closed, but that I? is not. Namely, it
is straightforward to verify that X2°Y 24 is not in I? but multiplies I into I°.

It remains to prove that I is Ratliff-Rush closed. It suffices to prove that every
monomial in I is in 1. As I is primary to the maximal ideal (X,Y), it suffices to
prove that every monomial in I N (I: (X,Y)) is in I. But the only monomials in
I:(X,Y) notin I are

X3y xOylT X7yl x10y13 x13yl10 xlayT y17y6 y21y3
By symmetry it suffices to prove that the first four are not in 1. If X3Y2! were
in I, then for some positive integer n, X3Y21(Y22)" € ["+!_ But by the X-degree
count then X3Y21(Y22)" ¢ (Y22)"+1 4 contradiction. If X8Y'7 € I, then similarly
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X6Y17(Y22)" = (X4Y18,Y22)n+1. Thus X6Y17(Y22)" € (X4yl8)a(Y22)n+1fa fOI‘
some non-negative integer a < n+1. By cancelling powers of Y22, then without loss
of generality X6Y17(Y22)" ¢ (X4Y'8)"+! for some n. The X-exponents force n =
0, which is impossible. Similarly, X7V is not in I for otherwise X7Y4(Y22)n ¢
(X1Y18)e(XTy15)n+1-a for some non-negative integers a and n with a < n + 1.
By the X-degree count n = 0, which is impossible. Finally, X'°Y!3 is not in
I as otherwise X10Y13(y22)n ¢ (X4Y!8 X7y15 X8y1l4)ntl for some n. By the
X-degree count, n < 1, and both cases are impossible. This establishes that I is
Ratliff-Rush closed.

This last example also illustrates how difficult it is to prove that an ideal is
Ratliff-Rush closed. Note also that in the example, I is not integrally closed.

Heinzer et al. constructed in [7, (E3), page 386] a Ratliff-Rush closed monomial
ideal whose third power is not Ratliff-Rush closed. Their example inspired the
following construction of monomial Ratliff-Rush closed ideals I, in the polynomial
ring F[X,Y] for which (I,)" is not Ratliff Rush closed:

EXAMPLES 1.5. Let n > 3 be an odd integer and
In — (X3n—1 X3n—4y3 X3y3n—4 Y3n—1).

We will prove that (I,)" is not Ratliff-Rush closed. In fact, we will prove that
(XY)Bn—1n/2 i in (/I—,:)/" but not in (I,,)"”. To prove the inclusion it suffices to prove
(by Remark 1.2 and symmetry) that (XY)@n—1n/2(x3n-1)2m—1 ¢ ([ yn+2m-1 for
some positive integer m. Let m be such that n = 2m + 1. Then

(Xy)(3nfl)n/2(X3nfl)2mfl _ Xy)6m2+5m+1X12m272m72

X18m2+3m—ly9m+3) . (Y6m2—4m—2)

»

3n—4y3)3m+1 A (Y3n—1)m—1 € (In)4m

=(
=(
— (X(6m—1)(3m+1)Y3(3m+1)) . (Y(6m+2)(m—1))
=(
— ( )n+2m71‘

>

However, (XY)(®7~17/2 is not in (I,)". Otherwise there would exist non-negative
integers a, b, c and d such that a + b+ c+d =n and

(XY)(3"_1)"/2 € (X3n—1)a(X3n—4y3)b(X3y3n—4)c(Y3n—1)d_
The substitution n = 2m + 1 yields the following equation for the X-exponents:
(Bm+1)(2m+1) = a(6m+2)+b(6m —1)+ 3c = 2a(3m+1) +2b(3m+1) +3(c—b),

so that (3m +1)(2m + 1 — 2a — 2b) = 3(c — b). Necessarily 2m+1—2a —2bis a
multiple of 3, and hence ¢ — b is a multiple of 3m + 1, which only holds if ¢ = b and
hence 2m + 1 — 2a — 2b = 0. But the latter equation has no integer solutions.

Another type of pathologies are ideals which are not Ratliff-Rush closed but
all of their powers are. For example the ideal I = (X%, X3Y,XY? Y*) in the

polynomial ring F[X,Y], F a field, is not Ratliff-Rush closed since I =(X,Y)4,
but I" = I" = (X,Y)*" for every n > 2. Here all the powers I", for n > 2, are
also integrally closed.
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Finally we consider examples of ideals I all of whose powers are Ratliff-Rush

closed. Let grr(R) = @ I™/I"*! denote the associated graded ring of I. As
n>0

was already proved in [14, (2.3.1)], if all the powers of I are Ratliff-Rush closed,

then the depth of grr(R) is positive. The converse also holds (for a proof, see for

example [8, (1.2)]):

REMARK 1.6. All the powers of I are Ratliff-Rush closed if and only if the
depth of grr(R) is positive.
More generally, in terms of the local cohomology of G = gr;(R) with respect

to Gt = @ I"/I™"F!, for all integers n,
n>1

HG+(G), = I 0 I/ I+,

Thus I"*! is Ratliff- Rush closed if and only if H%;+(G), = 0. Also, I is Ratliff-
Rush closed if and only if there is no nonzero element in G of degree zero which
annihilates a power of G™.

Thus the properties of the Ratliff-Rush closure of an ideal are a good tool
for getting the information on the depth of G (see [17], [10], [6], [15],...), and
conversely, when the depth of G is positive, we get information that all the powers
of I are Ratliff-Rush closed.

What are some ideals all of whose powers are Ratliff-Rush closed? For example,
this holds if I is an ideal generated by a regular sequence in a Cohen-Macaulay ring.

Thus parameter ideals in Cohen-Macaulay rings are all Ratliff-Rush closed. The
Cohen-Macaulay assumption is necessary for this:

ExXAMPLE 1.7. (Due to K. N. Raghavan, in [7, Example 1.2]) Let R be the sub-
ring F[X,Y?2, Y7, X2Y® X3Y] of the polynomial ring F[X,Y]. Then I = (X,Y?)R
is a parameter ideal (primary for the maximal ideal of R of height two), and
X?2Y?® € (I?: I) C I, so I is not Ratliff-Rush closed. (AsY2-X2Y® = X2.Y" € XR
and X2Y® ¢ XR, then R is not Cohen-Macaulay, and X,Y? is not a regular se-
quence.)

Furthermore, replacing an ideal generated by a regular sequence in a Cohen-
Macaulay ring by an almost complete intersection also fails to produce a Ratliff-
Rush closed ideal. Namely, Heinzer et al. in [7, Theorem 2.2 and Corollary 2.3],
proved that if I is a nonzero ideal of a Cohen-Macaulay local domain which is an
almost complete intersection ideal, it is not necessarily Ratliff-Rush closed, but it
is minimal in its class, i.e., for any ideal J properly contained in I, J # I. Here is
an example of an almost complete intersection ideal in a polynomial ring which is
not Ratliff-Rush closed:

EXAMPLE 1.8. Let I = (XY?®, X6 -Y% X*Y2 - X2Y*) in the polynomial ring
F[X,Y]. Then I is a zero-dimensional 3-generated ideal, so an almost complete
intersection ideal. Note that X3Y* ¢ I, but that X3Y* € I3: I2, so that X3Y* € I.

However, zero-dimensional almost complete intersection monomial ideals do
satisfy the property that all of their powers are Ratliff-Rush closed:

PROPOSITION 1.9. Let R be the polynomial ring F[Xq,... ,X4] in d variables
over a field F. Let I be a (d+ 1)-generated zero-dimensional monomial ideal of R.
Then the associated graded ring G of I has positive depth. In particular, all the
powers of I are Ratliff-Rush closed.



6 MARIA EVELINA ROSSI AND IRENA SWANSON

PROOF. Necessarily d > 1. Note that I = (X{,... , X7, X*), where for each
i, a; > v;. Furthermore, at least two of the v; are non-zero. Suppose that G has
depth zero. Then there exists an element X% € I™ \ I"*! (for some non-negative
integer n) such that X*(X,...,Xy) C I"*! and such that X*#J C [™+2,

Let Ip = (X{,..., X 7). We will prove that whenever X, C I"+2, X ¢
I™1 and n > 0, then X% = X“X* | where X* I, C I"*'. Namely, by assumption

XEXPE € I ) (Xf9) © X{I™ 4 T2 0 (X7,

where J = (X,... X%, ... , X7, X"). As XE & It necessarily

Y 7 0"
XEXP € J" 0 (X M) € Jm .

Write XEX 2 = X8 (X{1)° -+ (X5¢)% (X¥)°, where the e; and e are non-negative
integers adding to n+2, e; = 0, and X is a possibly unit monomial. If e = 0, then

—_ n+2 —_ n+2
Xt e (Xf“,... (X ,ng) L X0 = (Xf‘l,... X% ,ng) ,

contradicting the hypotheses. So necessarily e > 0.
Then from the equation X£X 2 = XZ (X)) --- (X54)% (X%)°, necessarily for all
J #, pj > vj. As this holds for all 4, 4 > v componentwise. In particular, for all
iy XETEX 2 = (X)® ... (X4)% (X2)*™" € I™H1 which proves the claim.

But this brings forth a contradiction: by repeating this process, X% is a product
of n + 1 copies of X times an element in I: Iy = R, so that X* € [*+1, O

This proposition cannot be extended to zero-dimensional monomial ideals gen-
erated by 2 more elements than the dimension of the polynomial ring:

EXAMPLE 1.10. Let I be the ideal (X'°,Y?, XY*, X®Y) in the polynomial ring
F[X,Y]. Then I is not Ratliff-Rush closed as as X'Y® € I*: T and X"Y3 ¢ I.

The previous proposition, together with Proposition 1.9, shows in particular
that the associated graded ring of I = (X!, XY?~! Y!) in R = F[X, Y] has positive
depth. This answers [7, (6.3), page 389]. In the next section we will need a more
precise number:

PROPOSITION 1.11. Let F' be a field, X,Y wvariables over F' and R = F[X,Y].
Let | be an integer 3 or greater, and let I be the ideal (X', XY'~1,Y') in R. Then
the depth of the associated graded ring of I is exactly 1.

PROOF. Let G be the associated graded ring of I. The image of X! in G is a
non-zero divisor as for all n > 1,
X = (X (XYL YD) X
=" (YL (X YL X = g (VL)X Y (D
If n+1 <, then the last ideal in the display is I"™ as (I —1)(n+1) > In. If instead

n+1 > I, then again the last ideal in the display is I as (V! 1)"+1(X,Y)(n+) 1 =
(YHl=H( XYyt yhnt) =1 C pi-t4nt1-l — [» Thus the depth of G is at least 1,



NOTES ON THE BEHAVIOR OF THE RATLIFF-RUSH FILTRATION 7

with X! being a non-zero divisor. However,

X - (xlyyer,

vi=2. (x'-ly) e,
X (xtly) e 17 + (XY,
Xyt (xttyy e 17 4+ (XY,
(Yl)lf2 . (lely) — (Xylfl)lfl c Ilfl + (Xl),

so that the non-zero image of X!~V in G multiplies a power of the maximal ideal
of G into X'G. Thus the depth of G is exactly 1. O

Another class of ideals whose associated graded ring has depth exactly 1 is:

PROPOSITION 1.12 (Due to Shah-Swanson). Let d > 2 be a positive integer and
let R be the polynomial ring in variables X1,... ,Xq over a field F. Letl > 3 be
an integer and let I be the monomial ideal generated by all the monomials of degree
[ except for the monomial X{_IXQ- Then the associated graded ring of I has depth
ezactly 1.

PROOF. Note that for all i > 1, X;(X\7'X,) = X1 (X 72X, X;) is an element
of I. Thus
(X1, Xa) (X[ Xp) C T,

I(X]7'X5) € 1P + (X))

Hence if X! is a non-zero divisor on the associated graded ring G, then G has
depth exactly 1. So it remains to prove that X! is a non-zero divisor on G. For
this, let m be a monomial in I"™ \ I"*! such that mX! € I"*2. We may write
m = Mmgmims --- My, where all the m; are monomials with my,... ,m, some I-
degree generators of I, with possible repetitions. By degree count mg has degree at
least I, and as by assumption m ¢ I™t!, necessarily myg is X{_IXQ. The assumption

that mX! € I"*2 implies that at least one of the m1,... ,m,, say m, is different
from X{. But then by regrouping the variables, mom; € I?, so that m € I"*!
contradicting the assumption. O

2. Ratliff-Rush closure and superficial elements

In the study of the integral closure of ideals (and of integral closures of powers
of an ideal), the notion of superficial elements is very important. It enables one to
drop dimension, for example. In this section we review the elementary properties of
superficial elements, and show that in general there is no good notion of superficial
elements for the Ratliff-Rush closure. At the end we look at special cases where
Ratliff-Rush closure behaves well after reducing modulo a superficial (sufficiently
general) element.

Recall the definition: an element a of an ideal I is said to be superficial for I if
there exists a positive integer ¢ such that for all n > ¢, (I": a) N I° = 1" L.

In particular, if a is a non-zero divisor in R, a € I is superficial for I if and
only if there exists a positive integer ¢ such that for all n > ¢, I": a = I"~!. Notice
that if a is superficial for a regular ideal I, then a € I, but a & I>.

Integral closure generally behaves well after going modulo a superficial element.
For example:
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PROPOSITION 2.1 (Ttoh [12, page 648]). If I is an integrally closed m-primary
ideal in a Cohen-Macaulay local ring (R, m) of dimension d > 2, then at least after
passing to a faithfully flat extension there exists a superficial element a € I such
that IR/ (a) is integrally closed in R/(a).

In particular it follows that if I is an integrally closed m-primary ideal of a
Cohen-Macaulay local ring (R, m) of dimension d > 2, then I = I and there exists
a superficial element a € I such that IR/(a) is Ratliff-Rush closed in R/(a).

However, superficial elements do not behave well for Ratliff-Rush closed ideals:
there exist many ideals R all of whose powers are Ratliff-Rush closed, yet for every
superficial element a € I, I/(a) is not Ratliff-Rush closed.

Before we give examples of this, we prove a weaker version:

PROPOSITION 2.2. There exist many ideals R for which all the powers are
Ratliff-Rush closed, yet for every superficial element a € I there erists a positive
integer n such that (I/(a))™ is not Ratliff-Rush closed in the ring R/(a).

PRrROOF. Let I be any ideal for which the associated graded ring G has depth
exactly 1. By the result of Huckaba and Marley [10], every superficial element a
of I is a non-zero divisor in G. But G modulo the image of a is the associated
graded ring for the ideal I/(a) in the ring R/(a), and that has depth 0. Thus by
Remark 1.6 some power of I/(a) is not Ratliff-Rush closed. O

Such examples were provided in Propositions 1.11 and 1.12. But we prove the
stronger result for these two classes of examples: it is actually I/(a) itself which
is not Ratliff-Rush closed for all possible a. First we prove this for examples from
Proposition 1.11:

PROPOSITION 2.3. Let R be the power series ring in variables X and Y over
a field F. Let | > 2 be an integer and let I be the ideal (X', XY'"1Y"). Then for
every superficial element a € I, I/(a) is not Ratliff-Rush closed.

PROOF. Let a = aX! + BXY!"! 4+ 4Y!, with a, 3,7 € R and not all zero.

First note that Y is not a superficial element as for every n > 1, X2+Hin-lyl-2 ¢
I\ 7, yet (X2Hr—ly =)yt = (XY=L (XY € ™ Also, XY is not a
superficial element as X"~y € "1\ 1" but (X'""71Y)(XY!"1) = XInyl ¢ [+,

Suppose that a = 0. We just proved that then both 8 and v are non-zero. Set

-1 o T
b=X Y (1) -1-igiyl-l-ixiyl=i=1 Then ab = XY 1(B X! + (—1)"14Y?!) is
i=0

an element of I2. Thus for all n > 1, abX'=1D ¢ " yet bXI (1) € [n—1\ [,
Thus a is not a superficial element and so necessarily a # 0. By localization at the
maximal ideal (X,Y’) we can even conclude that a ¢ (X,Y)R.
Now observe that

Xy . Xyt = Xyl e 12,

Xl—IY A Yl(l—l) — (Xyl—l)l—lyl c Il7
and so &/ 1 XY - XU € XY (BXYHY 4 4Vt 4 (a) C TP + (a), which
proves that o/ =1 X!y . 1273 C (a) + I?!~2. Thus as a ¢ (X,Y), it follows that
o ~tX!1Y & I, so that I/(a) is not Ratliff-Rush closed. O

Similarly, for examples from Proposition 1.12, I/(a) itself is not Ratliff-Rush
closed:
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PROPOSITION 2.4. Let d > 2 be a positive integer and let R be the polynomial
ring in variables X1,... , X4 over a field F. Let | > 3 be an integer and let I be the
monomial ideal generated by all the monomials of degree | except for the monomial
XI7tx,.

Then for every superficial element a € I, I/(a) is not Ratliff-Rush closed.

PRrROOF. We denote by J the subideal of I generated by all the monomials of
degree [ except for the monomials X {_le and X! and we denote by K the subideal
of I generated by (X! X! X,).

If a € I we may write a = aX! + b+ c with ain F, bin J and ¢ in K. Note
that X!=' Xy ¢ I, but X!7'X5(J + K) C I?. Thus if a is a superficial element for
I, as by [10] its image is a non-zerodivisor in gry(R), necessarily a is a non-zero
element of F.

For every superficial element a € I, we prove now that (I? + (a)) : I # I and
hence that I/(a) is not Ratliff-Rush closed. In fact X! ™' X, ¢ I, but X!7'X,T C
I? + (a) since

XIx,gcrr
X=X, K C 1P
XX X! = a X Xpa — X1 X0b] € 12 + ().

Note that the same proof as in Proposition 2.2 shows:

REMARK 2.5. Whenever I is an ideal whose associated graded ring has depth
at least 2, then for every superficial element a € I and every positive integer n, I"™
and I"R/(a) are Ratliff-Rush closed.

Some examples of ideals with this property are the ideals I in a Cohen-Macaulay
ring generated by a regular sequence of length d > 2. (Note that these ideals need
not be integrally closed.)

This class of examples cannot be extended to almost complete intersections as
was already shown in Example 1.8. It also cannot be extended to generic complete
intersection ideals:

EXAMPLE 2.6. Let I = X (X* X®Y, XY3 Y*) in the polynomial ring F[X,Y].
Then I is a generic complete intersection which is not Ratliff-Rush closed as X>Y 2 €
(I*2: 1)\ I.

3. Initial ideals, associated primes and the number of generators

In this section we concentrate on results showing that the Ratliff-Rush closure
does not behave well with respect to several properties, namely with respect to
taking the initial ideals, taking the associated primes, and the number of generators.

First we analyze the Ratliff-Rush closure operation on Borel-fixed and initial
ideals. We show that Borel-fixed ideals, even generic initial ideals, need not be
Ratliff-Rush closed, and that Ratliff-Rush closure does not commute with taking
the leading term ideal. Furthermore, the leading term ideal of a Ratliff-Rush closed
ideal need not be Ratliff-Rush closed.

We also compare the sets of associated primes and the number of generators
of an ideal and of its Ratliff-Rush closure. We show that there are no inclusion
relations for the associated primes, and similarly that the number of generators of
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the Ratliff-Rush closure of an ideal may be larger than the number of generators of
the ideal. We explore other connections between the associated primes of T and of
various powers of I. A modification of some corresponding arguments produces an
answer to Question (1.6) in [7]: the minimal number of generators of I need not
be smaller than the minimal number of generators of I.

The definition of Borel-fixed ideals can be found for example in [3, page 352].

Borel-fixed zero-dimensional ideals need not be Ratliff-Rush closed. For exam-
ple, the ideal I = (X% X5Y* X4y X3y13 X2Y'7 XY?2 Y?9)in the polynomial
ring F[X,Y] is Borel-fixed under the order Y > X. However, I is not Ratliff- Rush
closed as X*Y? € I2: I and X*Y® ¢ I. Note that I is even a generic initial ideal,
yet it is not Ratliff-Rush closed.

Furthermore, there are many Borel-fixed zero-dimensional ideals (even lex-
segment ideals) which are Ratliff-Rush closed but are not integrally closed. For
example, in the polynomial ring F[X,Y], the ideal I = (X%, X®Y, X2Y*4 XY3 V")
is zero-dimensional and lex-segment under the order Y > X, but I is not integrally
closed because X?Y3 ¢ I yet (X2Y?®)? = (X3Y)(XY?®) € I2. One can calculate
that grr(R) has depth exactly one so that by Proposition 2.2, for every superficial
element a in I, TR/(a) has some power which is not Ratliff-Rush closed.

We remark that for the Borel-fixed ideal T = (X% X4V, X3Y* X?2Y? XY?8Y?),
the associated graded ring is Cohen-Macaulay of dimension 2 but I is not integrally
closed. Here I and I/(a) are Ratliff-Rush closed for every superficial element a € I.

Next we consider the behavior of the Ratliff-Rush closure under the operation
of taking the initial ideal. We fix a polynomial ring and a monomial ordering. The
monomial ideal generated by all the leading terms of an ideal I is denoted 1t I (in
the literature sometimes also inI). Certainly 1t I C lt I. However, we will show

that 1t I is not contained in 1t I, , and also that the other inclusion fails.

ExXAMPLE 3.1. Here is an ideal I such that 1t I is Ratliff-Rush closed, I is not
Ratliff Rush closed, and 1t ] CItI. Let I = (XY® X6 — Y6 X4Y2 — X2Y*) in
the polynomial ring F[X,Y]. In Example 1.8 we showed that X?Y* € I. Under
the (reverse) lexicographic ordering, 1t I = (XY5, X6 X*Y?2 V38). Tt is easy to see
that 1t I is not Borel-fixed, but is Ratliff-Rush closed. In fact, a computation by
Macaulay2 shows that the associated graded ring of 1t I has positive depth, so that
1t1 =1t I. Then

17 = (XY3 X6 X1V2 y®) C (XY® X5 X*V2 y® X3V*) Clt].

EXAMPLE 3.2. Here is an ideal I such that I is Ratliff-Rush closed but It I
is not, and furthermore that 1t/ C ItI. Let I = (X7Y — X2V X5V?2 X?2Y5 —
XY, Y7"). We verified by Macaulay?2 and Singular that the associated graded ring
of I has positive depth, so that I (and all of its powers) are Ratliff-Rush closed. It
is easy to see that It I = (X7Y, X°Y2 X2Y® Y7), and that X*Y* € (1t I)2: (It I).
Thus X*Y* € 1t 7 but not in 1t 7 =1t I.

This example also shows that the leading term ideal of a Ratliff-Rush closed
ideal need not be Ratliff-Rush closed.

Next we switch our attention to the sets of associated primes. From the defini-
tion of the Ratliff-Rush closure of an ideal I it is clear that every associated prime
ideal of T is also associated to all high powers of I. However, there are no inclusions
in general, as the examples below show.
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EXAMPLE 3.3. Ass R/I need not be contained in Ass R/I, even when R/ is
Cohen-Macaulay.

In [13], Jarrah found a class of Cohen-Macaulay ideals I for which Ass R/T is
not contained in Ass R/I. The following I is a modification of Jarrah’s examples:
let R be the polynomial ring F[X,Y, Z], and let n > 2 be a positive integer. Set J to
be the ideal generated by all X?Y2"~% except i = n. Let I = JN (X", Z)N(Y™", Z).
Thus the set of associated primes of I is {(X,Y), (X, Z),(Y,Z)}. Clearly R/I is
Cohen-Macaulay. Explicitly the generators of I are

I=JN(X"Y", Z) = (XY™ iZ]i #£n) 4+ (X"Y"H Xy ™),

By degree count, X™Y™ is not in the Ratliff-Rush closure of I. Clearly
(X,Y)X"Y™ C I. Also, X"Y"Z € I?: I, so that (X,Y,Z)X"Y™ C I. This all
proves that I: X"Y™ = (X, Y, Z), so that the maximal ideal (X,Y, Z) is associated
to I but not to 1.

(The key to this example is that I localized at some minimial prime is not
Ratliff-Rush closed, and that the other minimal components do not “interfere”
with that.)

EXAMPLE 3.4. Ass R/I need not be contained in Ass R/I, even if R/I is Cohen-
Macaulay.

But there exist also examples of monomial ideals I in polynomial rings. Namely,
here is an example due to Hogten: I = (X* X3Y,XY?3 Y* X2Y2Z). Hosten
constructed this ideal as an example of a monomial ideal I for which AssR/I €
AssR/I?. Clearly Z is a zero-divisor modulo I. In fact, the set of associated primes
of I equals {(X,Y),(X,Y, Z)}. Note that X2Y2 € I?: I, thus I = (X,Y)*, and so
Z is not a zero-divisor modulo I, , so that (X,Y, Z) is not an associated prime ideal
of I.

ExAMPLE 3.5. If P is associated to I™ for all n sufficiently large, P need not
be associated to I.

For this, let I be any three-generated height two prime ideal in the polynomial
ring F[X,Y, Z]. (For example, let I = (X® -Y Z,Y? - XZ,7? — X?Y), the kernel
of the natural map F[X,Y, Z] — F[t?,t*,t5].) Huneke proved in [11] that (X,Y, Z)
is associated to I™ for all n > 2. However, (X,Y, Z) is not associated to I = I.

Heinzer et al. asked in [7, Question (1.6) (Q1)] whether the minimal number
of generators of a regular ideal is always less than or equal to the minimal number
of generators of its Ratliff-Rush closure. This seems to be the case also for all the
examples so far in this paper. However, Hogten’s example can readily be modified
to a counterexample to this question:

EXAMPLE 3.6. Let F be a field, n > 2 an integer, X,Y, Z1,... ,Z, variables
over F,R=F[X,Y,Z1,...,Z,],and I = (X*, X3V, XY3, Y)+(X2Y2)(Z4,... ,Z,).
Then I = (X,Y)*, the minimal number of generators of I is 4+n, and the minimal

number of generators of I is 5.
Furthermore, here is even a zero-dimensional ideal illustrating this behavior:

EXAMPLE 3.7. Let R = F[X,Y,U, V],
I=(X* X%, XY3, Y4 X2YV2U, X2YV2V, U, v, XY U2, XY V?).
Then I is generated by 10 monomials. Its Ratliff-Rush closure is
J = (X%, X3, XY, XY3, YL ULV, XYU?, XYV?),



12 MARIA EVELINA ROSSI AND IRENA SWANSON

generated by 9 elements. It is easy to prove that J is in I, , and it suffices to prove
that J is Ratliff-Rush closed. For this it suffices to prove that every monomial in
I is in J, and as I is zero-dimensional, it suffices to prove that every monomial
in In(J: (X,Y,U,V)) is in J. The only monomials in J: (X,Y,U,V) not in J
are XY?UV,X?YUV, X?U?V?,Y2U?V?. By symmetry it suffices to prove that
the first and the last elements are not in I. If XY2UV were in I then for some
positive integer n, XY2UV(Y*)" € I"*t!, and hence by the X, U , and V-degree
counts, XY2UV(Y4)" € (XY3,Y4)"+1, which is impossible by the total (X,Y)-
degree count. Similarly, if Y2U3V3(Y*)" € I"H1, then Y3UPV3 (Y™ € (Y4)n+L,
which is also impossible.

4. The Ratliff-Rush reduction number

Let I be a regular ideal of a local ring (R, m) and let J be a minimal reduction

of I. We denote by

ry(I) := min{n: " = JI"}
the reduction number of I with respect to J. If I has a principal reduction, that
is there exists z € I such that I"*! = xI™ for some integer n, then r;(I) does
not depend on J (see [9, page 504]). If this is the case we write r(I) instead of
ry(I). Notice that if 2R is a principal reduction of a regular ideal I, then z is
a regular element of R. It is known that r(I) < fo — 1, where fy denotes the
multiplicity of the fiber cone F(I) = @@ I"™/mI™ (see [2, Corollary 5.3]). If I has a
n>0

principal reduction, F(I) is a one-dimensional graded ring which is not necessarily
Cohen-Macaulay even in the case G = gry(R) is Cohen-Macaulay.

The notion of minimal reduction can be also given for filtrations and the ex-
tension is clear in the case of the Ratliff-Rush filtration. Since I™ = I"™ for large n,
a minimal reduction J of I is a minimal reduction with respect to the Ratliff-Rush
filtration.

We denote by

77(I) := min{n: fm¥1 = jpm for m > n}

and we call it the Ratlzﬁ Rush reduction number of I with respect to J. It is not
clear whether In+1 = JT7 for some integer n implies that I [m+l — JIm for every
m > n. We remark in fact that I - I™ is not necessarily I Tn+1. However for a regular
ideal having principal reduction, the Ratliff-Rush reduction number coincides with
the least integer n such that Int = zI" where (z) is a reduction of I, which is
the same behaviour that the I-adic filtration has. In fact if T ¥t = 3:[ " for some
integer n, then fm¥1 cImcC (z) for every m > n, hence [m¥1 C (z)N NImHL = gIm.
Because 2™ C [ m+1, the equality holds.

Let o
=P/
n>0

the associated graded ring to the Ratliff-Rush filtration of I. It has a natural struc-
ture of graded algebra which has p0s1t1ve depth but it is not a standard algebra
because we do not necessarily have Gn+1 G1 1G The following result shows that,
for a regular ideal having principal reduction, the Ratliff-Rush reduction number
coincides with the least integer ¢ such that Gy ~ ét+1. In particular this implies
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that if I has a principal reduction, 7;(I) again does not depend on J and we write
7(I) instead of 7;(I).

The proof is inspired by Theorem 2.1. in [16]. We remark that the main tool
used in the case of an m-primary ideal of a one-dimensional local ring was the
information given by the Hilbert function of G and (~}, the problem here is more
complicated because we have to replace this information with different numerical
invariants.

PROPOSITION 4.1. Let I be a regular ideal of (R, m) having principal reduction
and let t > 0. The following conditions are equivalent:

a) ét ét—i—l-

b) 1Tt + It+2 C oIt + It+2.

c) G for every n > t.

d) I +1 =gIn for some superficial element z € I and for everyn > t.
e)

It = Tt for some superficial element x € 1.

——~—

PROOF. Since we have In+1: 2 = I7 for every n > 0 and z superficial element,
the multiplication by z gives an injective map

0— én i) én+1
whose cokernel is K, := C~1’n+1/:cén = ﬁﬁ/(x:f’: + f’?:?)
It is clear now that a) implies b). Let us prove that b) implies c). If n > s, then
I" = In and I+ = gn+1=5]5 Since 7 is regular in R, we get G, = If)zls ~ G, =
for every n > s.
Hence we may assume ¢ < n < s and we prove Gy ~ Gp. By assumption
ITE C It + It+2 and we claim that I® = 2°—tTt. We have

I5 = Is_t_11t+1 g Is—t—llIt g Is_t_l(.fL'It +It+2) g .’L'Is_t_lﬁ +ISA_+__/1

= o[t 4 o
If s =t 4+ 1 we are done by Nakayama. Otherwise s >t + 1, and

el UL P = g2 T P C e (Tt 4 THR) 4
Ca?[~t72[t 4 [**1 C ..o Cp®t It 4 [T,
The claim follows again by Nakayama.

In particular for every t < n < s, I* = z°~"In and I*+! = xs_"f’?ﬁ, which
imply c).

In fact I* = 1]t C g~ t-1]t+1 C gt lpntL C Is = I°. The second
equality follows by using I°*t! = zI°.

Let us finally prove that c) implies d) We ’ may assume n < s. If we prove that
for every t < n < s we have I n¥1 C zI" + mI ”+1 then the conclusion follows by
Nakayama.

Let m be an integer such that ¢t < m < s. By assumption we get K,,, = 0, so
it follows o o

Il C gpIm 4 [t
We also have Ky, = 0 for n > m, hence we we get Ier2 Czlm+ [m+3 C...... alm +
I+ and we recall that I+ = g C g [m¥1 - mIm+L,
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Now d) implies e) is trivial and from e) we get a) because K; = 0. O

A goal of this section is now to investigate the mutual relations among 7(I)
and r(I).

We give here a complete description in the case of a regular ideal having prin-
cipal reduction. We extend some results already known in the case when I is an
m-primary ideal of a one-dimensional local ring (see [16]). Moreover the following
Proposition, part i) recovers [2, Proposition 2.2].

PROPOSITION 4.2. Let I a regular ideal of a local ring (R, m) having principal
reduction and let s(I) be the smallest integer such that I =1I" forn > s(I). Then
i) s(I) < r(I),

i) T(I) < r(I),
i) 7(I) = r(I) if and only if I"'D & () for some minimal reduction (x) of I.

PRrROOF. For brevity we put 7: = r(I). Then I't! = zI? for every i > r, from
which it follows easily that for every p > r and ¢ >0, I"t* = z*I".
Let j be an integer, j > r, and let ¢ be a positive integer such that I7 = [7+¢: It
Then _
I=pFt. tCptt: gt =g+t gt = 371" C I,
so that for every j > r, I/ = I7. This proves i) and ii). Because I" N (z) = g1

for every positive integer, for the last assertion we remark that In = g1 for some
n if and only if I™ C (z). Now the conclusion follows from i) because I" = I". O

It is clear that if G has positive depth, then 7(I) = r(I) and s(I) = 0. The
following example shows that the inequality ii) can be strict.

EXAMPLE 4.3. Let R = F[[t*,°,¢!!]] and I the maximal ideal. We have I* =
t*I%, so r(I) = 3. Now I is Ratliff-Rush closed, but IZ # I2 = (¢8,¢9,¢10,¢11).
Moreover I"t1 = ¢4 for every n > 2, hence 7(I) = 2 < r(I).

It is natural to ask if Proposition 4.2 can be extended to higher analytic spread
£(I). The following example shows that it cannot be extended to any regular ideal
I having ¢(I) = 2.

EXAMPLE 4.4. As in the Example 1.7, we consider the subring R = F[X,Y2, Y7,
X?Y5, X3Y] of the polynomial ring F[X,Y]. In this case I = (X,Y?)R is a pa-
rameter ideal, in particular 7(I) = 0. But I is not Ratliff-Rush closed, hence
7(I) > 1> r(I) = 0. We remark that X,Y? is not a regular sequence in R.

In [2, Question (2.3)] the authors asked whether some of the good properties of
the Ratliff-Rush filtration established for regular ideals having principal reductions,
also hold for ideals having minimal reductions generated by regular sequences.

In this last part of this section assume £(I) = 2 and J = (z,y) a minimal
reduction of I generated by a regular sequence.
__ In the analogy with the ideal having principal reduction, we can ask whether
In = 1" for n > r;(I). In the case of an m-primary ideal of a local Cohen-Macaulay
ring of dimension d = 2, Huneke proved that if I™*! = JI™ and I™t!: 2 = I™,
then I"t1: z = I™ for all n > m (see [7, Proposition 4.3]). In particular we have
E = I" for all n > m. We do not know if ™! = JI™ is enough to imply
Im =Jm,

In any case, we can prove the following result:
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PROPOSITION 4.5. With the above assumption, we have
ra(I) <ry(I).

ProOF. Put for short r = r;(I) and we prove I™+1 = JI". For a large N
we have I" = I"*N: (2N yN) and Ir+! = 7N+ (2N 4N) in particular Im+! =
JNHLIT: (2N, yN) since I™t" = JnI7 for all n > 1.

We claim that JVT1I7: (2N, yV) C JI™N: (2V,y")). To prove this, let a be
an element in JY 117 (a™V,bN). As {z,y} is a regular sequence, it is then an easy
computation to prove that

a€ JIm+y(I™N: ey ne(I™N Ny C JIHY: (2N, y V).
([l

We remark that the above result can be applied to any m-primary ideal I
of a 2-dimensional local Cohen-Macaulay ring. It is natural to ask the following
question:

QUESTION 4.6. Let I an m-primary ideal of a local Cohen-Macaulay ring. Is
it always true that 7;(I) < ry;(I)?
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