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Let R be a commutative integral domain with unity, and 6 an element
of an extension domain satisfying the relation

0% = 107 + a2 + -+ ag_10 + aq,

with a; € R. We assume throughout that R[] = R[X]/(X?— Z?:l a; X7,
where X is an indeterminate over R.

Suppose that R is a normal domain with quotient field K, and K C L
an algebraic extension. Let R be the integral closure of R in L, and fix
6 € R. There is information on the element § encoded in the coefficients
a;. The first example arises when characterizing if # belongs to the integral
closure of the extended ideal IR, for some ideal I in R. The objective of
this paper is to study more precisely what information about 6 is encoded
in the coefficients a;.

In a first approach, in Section 2, we show that for an ideal I in R, a; € I*
for all 4 implies that 6" R[] N R € I™ for all n, but that the converse fails.
Thus contractions of powers of §” R[] to R contain some information, but
not enough.

We turn to a different approach in Sections 3 and 4, where we replace
contractions by the trace functions (the image of #”R[f] in R by the trace



function), and it turns out that if 6 is separable over K, then the Trace codes
more information.

The main results in this paper are:

a) Propositions 3.6 and 3.8 with conditions that assert that 6 belongs to
the integral closure of an extended ideal, and

b) Propositions 3.12 and 3.14 with conditions that assert that 6 belongs
to the tight closure of an extended ideal.

In all these Propositions we fix an ideal I C R and consider the extended
ideal I.R[f]. It should be pointed out that normally the condition for 6 to
belong to the integral closure of I.R[f], is expressed in terms of a polynomial
with coefficients in the ring R[f]; whereas we will express the same fact but
in terms of a polynomial with coefficients in R; furthermore, in terms of the
minimal polynomial of § over R in case R is normal.

We also point out that we start with an ideal I in R, and an element 6
in R, and we study if 6 belongs to integral or tight closure of the extended
ideal, but only for the extension R C R[f]. This situation is however quite
general, at least if I is a parameter ideal. In fact, given a complete local
reduced ring (B, M) of dimension d containing a field, and with residue field
k, and given a system of parameters {z1,...,24}, then B is finite over the
subring R = k[[z1,...,z4]]. Furthermore an element 6 € B is in the integral
closure (in the tight closure) of the parameter ideal < z1,...,24 > B, if and
only if it is so in < zy,...,xzq > R[6].

Throughout the previous argumentation there is a difference between
characteristic zero and positive characteristic. The point is that our argu-
ments will rely on properties of the subring of symmetric polynomials in a
polynomial ring.

The relation of symmetric polynomials with our problem will arise and
be discussed in the paper. We will show that the properties of 6 that we are
considering can be expressed in terms of symmetric functions on the roots
of the minimal polynomial of 6, and hence as functions on the coefficients a;
of the minimal polynomial.

If k£ is a field of characteristic zero and S is a polynomial ring over k,
the subring of symmetric polynomials of S can be generated in terms of the
trace; however this is not so if k& is of positive characteristic. In Section 4
we address the pathological behaviour in positive characteristic, and we give
an example in which R is a k-algebra, k a field of positive characteristic,
and the k-subalgebra generated by all the T'r(6™), as n varies, is not finitely
generated.

We try to develop our results in maximal generality, in order to distin-
guish properties that hold under particular conditions (e.g. on the charac-
teristic of R, separability of 6 over K, etc.).

Our arguments rely on a precise expression of the powers 6™ of 8 in
terms of the natural basis {1,6,602,...,0%"1} of R[#] over R. This is done in
Section 1 by using compositions, that is, ordered tuples of positive integers.



Similarly, we also develop a product formula for elements of R[f] in terms of
the natural basis.

1 Power and product formula

Every element of R[f] can be written uniquely as an R-linear combination
of 1,0,6%,..., %1, In this section we develop formulas for the R-linear
combinations for all powers of 6, and for linear combinations of products.

DEFINITION 1.1 Let e be a positive integer. A composition of e is an
ordered tuple (ey,...,ex) of positive integers such that > e; = e. Let &,
denote the set of all compositions of e.

For example, &1 = {(1)}7 Ea= {(2)7 (17 1)}7 E3 = {(3)7 (27 1)7 (17 2)7 (17 L, 1)}
We will express 8™ in terms of these compositions. Without loss of gen-
erality we may use the following notation:

NOTATION 1.2 Fori > d, set a; =0.

DEFINITION 1.3 Set Cy = 1, and for all positive integers e set

Co= E Qe, Oy * * Qe -

(61,...,ek)€5e

REMARK 1.4 It is easy to see that for all e > 0, C. = Cpae +C1ae_1+ -+
Ce_lal.

PROPOSITION 1.5 For all e > 0,

d—1
gite = Z (Cotgre—i +Cragre—i—1 +Coagie_i—o+ -+ Ceag_;) 0"
=0

Proof: The proof follows by induction on e. When e = 0, the coefficient of
6’ in the expression on the left above is Coaq_; = aq_;, so the proposition
holds for the base case by definition.

Now let e > 0. Then

9d+e — ed—l—e—le

d—

—_

ei-‘rl

(Cotdye—i—1 + Cragse—i—2 + C20ge—i—3 + - + Co104—;)
=0



d—2
= (Coare—i—1 + C10ase—i—2+ Colgpe i3+ -+ Ce raq-;) 0"
i=0

%—(Coae+—Cla5_1%—Cgae_g—%-“+—Ce_1a1)0d

U
—_

(Co@dre—i + Cragre—i—1 + Coadre—i—2 + -+ + Ce1aq_i41) 0"
1

+C Zad 19 —ZZC Adte—i— ] O

=0 j=0

i

Recall that a; = 0 if ¢+ > d. Thus in the expression for 8%t¢ in the
proposition above, many of the terms Cjagi.—;—; are trivially zero.

We similarly determine the product formula:

Let f = Z?:_ol fibt, g = Z?:_ol gif" be two elements in R[f]. Write fg

as an R-linear combination of 1,6,...,09"!. (Here, fi = g; = 0if i < 0 or
i>d.)
2d—2 d—1
fg= frgi—10"

i=0 k=0
d—1d-1 2d—2 d—1
=3 hgik0 DD frgi kb
=0 k=0 i=d k=0
d—1d-1 d—2 d—1

=3 frgikb’ + Z Z feGase—r07C
i=0 k=0
d—1d-1 d—1 e

= Z Frgi-16" + Z fkgd—l—e—k Z Z Cjadte—i—j0"
i=0 k=0 e=0 k=0 i=0 j=0
d—1d-1 d—2

=S | ik + > frbate- kzoad—i-e i |0
=0 k=0 e=0 7=0
d—1d—1 d—2 e

= fk Gi—k + Z Gd+e—k Z Cjad+6_i_j 0.
i=0 k=0 e=0 j=0

We will use this expression mainly for the cases when fg € R. Then the
coefficients of 0" in the expression above, for i > 0, are 0, and the constant



coefficient is

-1 k-1
> f (g—k + ) gare—r(Cotase + Cragper + -+ + Cead)>

k=0 e=0
d-1 k-1

= fogo+ Y _ fr > Gare—rCela.
k=0 e=0

2 Contractions

In this section we examine implications between a; € I? for all i, and 8" R[A]N
R € I" for all n, where I is an ideal of R. In case R is an N-graded ring
with R = Ro[Ry] and I = RiR, then a; € I’ is equivalent to saying that
deg(a;) > i. (The two statements are not equivalent in general.)

We examine how under some N-gradings on R, the degrees of the a; affect
and are affected by the degrees of the elements of 6" R[0] N R.

PropPoOSITION 2.1 With set-up on R, a1,...,aq and 6 as in the introduction,
if I is any ideal of R and a; € I* for all i, then " R[O] N R € I" for all n.

Similarly, if R is an N-graded regular ring with a; an element of R of
degree at least i, then for all n > 0, 0"R[0] N R is an ideal all of whose
elements lie in degrees at least n.

Proof: First let n < d. Let g = Z?:_ol g;0" be such that "¢ € R. By the
product formula from the previous section, the constant coefficient of "¢ is

d-1 k=1
00090 + > Okn Y Gdre—kCeld,
k=0 e=0

where ¢;; is the Kronecker delta function. If n = 0, the proposition follows
trivially, and if n > 0, #™¢ is a multiple of ag, so it is in I¢ C I™.

Now let n > d. Write n = d+e. Let g € R[] such that #97¢g € R. Write
gite = Z?:_ol ;0°. By assumption each a; is in I, so that each ac,ae, - - - ae,
lies in I raised to the power ) e;. Thus each C. is in I¢. It follows that the
coefficient f; of 6 in the expression of #9T¢ above is in I4¢~%. Then by the
product formula the constant part of #9+€g is in I raised to the power

min{deg fo, deg(frCeaq)|k =0,...,d—1;e=0,...,k — 1}
>min{d+e,d+e—k+e+dk=0,...,d—1l;e=0,...,k— 1} =d+e,



which equals n. This proves the proposition. O

However, the converse does not hold in general:

PRrROPOSITION 2.2 Let R be a regular local ring with maximal ideal m, and
let ay,...,aq be a regular sequence. Then for alln > 0, 6"R[A] N R C m"
(yet the a; need not be in progressively higher powers of m).

Proof: Let n > 0 and f a non-zero element of "R[0] N R. Write f =
0" (5045104 - -+54_10%71) for some s; € R. Let s = sg+510-+---+s54_10% 1.

For each non-negative integer n, repeatedly rewrite each occurrence of 64
in 0" - s as 2?21 a;04% until s is in the form Z?:_ol ;-l;é bijs;0" for some
bi; € R. In other words, thol ;-l;é bi;js;0° is the reduction of 6™ - s with
respect to the polynomial ¢ — 2?21 a;097". Set B, to be the d x d matrix
(bij)- .

Note that if §"s reduces to Z?:_ol Z;-l;é bijs;0%, then 6™ 1s reduces to the

same polynomial as E?:_ol Z?;é bijs;0°TL. But this is

d—2 d—1 d—1 d

" dei
E E biijeH_ + bd_lijjE a;0% "
=0 j—=0 =0 i—1

Thus the first row of B, 11 is ag times the last row of B,,, and row ¢ of Bj1,
with ¢ > 1, equals row ¢ — 1 of B, plus ag—_;+1 times row d of B,,.

Note that By is the identity matrix. Then by induction on n one can
easily prove that for all n > 0, det B,, = %a].

Now let C), be the submatrix of B,, obtained from B,, by removing the
first row and the first column. We claim that for all n > 1, detC,, =
+a!;~! + p,, for some p, € (a1,...,a4-2,aq).

As By is the identity matrix, then C7 is the identity matrix, and the
claim holds for n = 1. Suppose that the claim holds for n > 1. Let R; be
the ith row of B,, after deleting the first column. Then

_Rl + ad_le_
Ry +aq_—9Ry
Cni1 =
Ry o+ asRy
_Rd—l + ale_
Then modulo (ay,...,aq4—2,aq), as Ry is a multiple of ag,
[a4—1R4]| [ Ry ]|
R2 RB
det(Cpy1) = det : = tay_1 det : = dag_1det Cp,
Ry o Rg
| Ra—1 | | Ra |




so that the claim holds by induction.

We have proved that det(B,) = £af # 0. As By,(s0,51,---,84-1)] =
(f,0,...,0)T, by Cramer’s rule sg = &fdet(Cy)/a?. But det(C,) and ag
are relatively prime, so that as so € R, necessarily f is a multiple of aj.
Thus f € m™. O

3 Trace

In the previous section we showed that a; € I° for all i implies that 6" R[f] N
R € I™ for all n, but that the converse fails. In this section we analyze the
situation when the contraction is replaced with the trace function. Namely,
we prove that the condition a; € I* for all 4 implies that Tr(6™) € I™ for all
n, that the converse fails in general, but holds in several cases, for example
in characteristic 0, see Proposition 3.6. Other special cases of the converse
assume that 6 is separable over R.

We start by proving the positive results. We first introduce some more
notation. Throughout this section let k£ be a ring; in our applications it will
be either the ring of integers, or a field, and R will be a k-algebra. (This
imposes no condition on R if k is the ring of integers.) Let Y;, i = 1,...,d
and Z be variables over k. Consider the polynomial

(Z-Y1)- (Z=Y))=2%— 51 - Z7 4 4 (=1)%sy

in k[Y1,...,Yy, Z], where s; = s;(Y1,...,Yy) denotes the elementary sym-
metric polynomials. It is well known that k[s1,...,sq] C k[Y7,...,Yy] is the
subring of invariants by permutations, that the extension is finite, and hence
that k[sq,...,sq] is also polynomial ring over k.

Since each s; is homogeneous of degree 7 in the graded ring k[Y71, ..., Yy],
a natural weighted homogeneous structure is defined in the polynomial ring
k[s1,...,sq] by setting deg(s;) = ¢, which makes the inclusion an homoge-
neous morphism of graded rings.

REMARK 3.1 Set v; = Y + Y4 + -+ + Y}, for i > 0. Then k[vy,v2,...] C

k[s1,...,84], and since each v; is homogeneous of degree i in k[Y7,...,Yy],
the inclusion is homogeneous by setting deg(v;) = i. In other words, v; =
v;(81,...,84) is weighted homogeneous of degree i in k[si,...,sq]. Let us
finally recall that when k is a field of characteristic zero, then kfvy,...,v4] =
k‘[Sl, cee ,Sd].

REMARK 3.2 The ring k[s1,...,54][0] = k[s1,...,54][Z]) < Z%—s1- 2971+
-+ (=1)%.54 > is a free module of rank d over k[sy,...,sq]. The trace of

the endomorphism, on this finite module, defined by multiplication by ©%, is

the weighted homogeneous polynomial v; € k[s1, ..., sq] mentioned above.



In fact there are d different embeddings o; : k[s1, ..., s4][0] — k[Y1,..., Y]
of k[s1,...,sq]-algebras, each defined by 0;(0) = Y;, and the trace (of the
endomorphism) of any element I' € k[sy, ..., s4][0] is > o:(T).

REMARK 3.3 Any primitive extension over a ring R, say
RO =R[Z]) < Z%—ay- 2%+ 4+ (=1)%aq >
is
k[s1,...,84)[Z2)) < Z%—s1- Z7 4 4 (—1)Nsq > @y, sy R

where k denotes here the ring of integers, and ¢ : k[s1, ..., sq] — R defined
by ¢(s;) = a;. By change of base rings it follows that the trace of the
endomorphism of R modules defined by 6% : R[] — R[f] is ¢(vi(s)). When
R is a normal domain with quotient field K, and # is an algebraic element
over K with minimal polynomial Z¢—ay-Z9"1 +... 4+ (~1)%.aq € R[Z], then
the trace of the endomorphism 6° : R[f] — R[f] is Tr(6"), where Tr denotes
the trace of the field extension K C K[#]. In what follows, for an arbitrary
ring R, we abuse notation and set T7(0%) = ¢(v;(s)).

REMARK 3.4 Fix an ideal I in a k-algebra R. Suppose that a weighted
homogeneous structure on the polynomial ring k[T4,...,T,| is defined by
setting deg(T;) = my, and let G(T1,...,Ty) be weighted homogeneous ele-
ment of degree m. If ¢ : k[T1,...,Ty] — R is a morphism of k-algebras and
o(T;) € I™:, then ¢(G) € I™.

Now we can finally prove that the analog of Proposition 2.1 holds also
for the Trace function:

PROPOSITION 3.5 Let I be an ideal of R. Assume that for eachi=1,....d,
a; € I'. Then Tr(0™) € I"™ for all positive integers n.

Proof: The polynomial Zd—zg;(} a; Z'is the image of Zd—zg;(} (—1)itls, 70
by the morphism ¢ : k[s1,...,sq) — R, ¢(si) = (—1)'a; € I', so we may ap-
ply Remark 3.4. O

The converse holds easily when k is a field of characteristic zero:

PROPOSITION 3.6 If the ring R contains a field, say k, of characteristic zero
then a; € I' fori=1,...,d if and only if Tr(0™) € I"™ for 1 <n <d.

Proof: The proof follows from the proof of previous Proposition and the
second assertion in Remark 3.1. O



Furthermore, the converse holds in a much greater generality, see Propo-
sition 3.8 below. We first introduce some conditions, and show some impli-
cations among them, culminating in Proposition 3.8.

Let R be an excellent normal domain, and K the quotient field of R.
Normality asserts that if 6 is a root of a polynomial Z"+b;-Z" 1 +...+b, €
R[Z], then the minimal polynomial of 6 over K is also in R[Z]. For an ideal
I in R we study the following conditions:

Condition 1): The minimal polynomial of 8, Z¢+ a; - Z% 1 + ... + ag,
is such that a; € I".

Condition 2): The minimal polynomial of 8, Z¢+ a; - Z% 1 + .. + ag,
is such that a; € I, the integral closure of I°.

Condition 3): The element 0 satisfies a polynomial equation Z" + by -
Z" 1 4 ... 4+b,, for some n, all b; € I*.

Condition 4): 6 is separable over K and T'r )5 (6") € I'.

It is clear that 1) implies both 2) and 3).

PROPOSITION 3.7 Condition 3) implies Condition 2).

Proof: : (Case I principal) If I =< t > is a principal ideal and Condition
3) holds, it follows that #t~! is an integral element over the ring R. If
Zm+ ¢ Z™ 1 + ... + ¢, € R[Z] denotes the minimal polynomial of 6t~ it
is easy to check that Z™ +tc; Z™ L+ t2¢o Z™ 2 4+ ... 4 t™¢,, is the minimal
polynomial of 6 over R. Hence, even Condition 1) holds in this case.

(The general case) Assume that, for some n, the element 6 satisfies a poly-
nomial equation Z"+b Z" 14 +b,, all b; € I'. Let Zd—l—ngd_H—- < ag
denote the minimal polynomial of . We claim that a; € I*. Let S be the
integral closure of the Rees algebra R[It,t7'] of I. Here t is a variable
over R. As R is excellent, S is still Noetherian, excellent, normal. Its quo-
tient field is K (t). The minimal polynomial of 6 over K(t) is the same
as the minimal polynomial of § over K. Also, 0 satisfies the polynomial
equation Z" + b1 Z" 1 .- 4+ by, all b; € I'S = (It)'t~S, so that 6 is in-
tegral over the principal ideal t~18. By the principal ideal case then all
a; €tSNR=1". O

PROPOSITION 3.8 If 0 is separable over K, and Tr(0") € I" for all r big
enough, then Condition 3) holds. In particular, Condition 2) holds.

Proof: Let R be a normal ring with quotient field K, and set L = K|[f],
where 6 has minimal polynomial f = Z%+a, Z% ' + ...+ ay with coefficients
in R. So {1,6,...,0%1} is a basis of R[f] over R.

For each index j = 0,1,...,d — 1 we define Tr(07.V) as a K-linear func-
tion on the variable V, say Tr(0?.V) : L — K. In addition {Tr(67.V) | j =
0,1,...,d—1} C Hompg(R[#], R) is a subset of the R- dual of the free module
RI0).



We will assume that the extension K C L is separable, namely, that
the discriminant Ay of the minimal polynomial f is non-zero in K (actually
Ay € R), and we now argue as in [3] (Prop 11, page 40). Recall that setting
N = (n;;) the d x d matrix where n;; = Tr(6".67), then Ay = det(N) .
Since Ay # 0 and {1,6,...,0971} is a basis of L = K[f] over K, it follows
that {Tr(¢7.V),j =0,1,...,d — 1} is a basis of L* = Hom (L, K).

Let T denote the free R-submodule in L* generated by {Tr(67.V) | j =
0,1,...,d —1}. SoT C Hompg(RI[A],R) is an inclusion of two free R sub-
modules in L*. Since the functor Hompg(—, R) reverses inclusions

R[0] = Homg(Hompg(R[0],R),R) C Homg(T,R) C L.

Let {w;,i = 0,1,...,d—1} be the dual basis of {T7(67.V),j =0,1,...,d—1}
over the field K it is also a basis of the R-module Hompg(T, R). Further-
more, for any element 3 € L :

B=> Tr(0" B

is the expression of 3 as K-linear combination in the basis {w;,i = 0,1,...,d—
1}. Note also that if 3 € R[f], all Tr(0%.3) are elements in R.

Set R[f] = R? by choosing basis {1,6,...,0971} and Homg(T,R) = R?
with basis {w;,7 = 0,1,...,d — 1}, so the inclusion R[] C Hompr(T, R)
defines a short exact sequence

0-R' >R C—0

where C' denotes the cokernel of the morphism given by the square ma-
trix N = (n;;) mentioned above. Since Ay = det(N) it follows that
Ay Hompg(T, R) C R[f]; in fact Ay € Ann(C).

Assume that for some ideal I C R, Tr(0") € I" and all r big enough. In
order to prove that Condition 3) holds we first note that

0" = ZTT((@)i+T).w,- € I""Homg(T, R).

In fact, for r big enough:
Jy=<Tr@"), Tr@™),... ., Tr@ Y >c I"
in R. But then,
A" €I - Ay- Homg(T, R) C I"R[0]

for all r big enough. This already shows that 6 is in the integral closure of
IR[0] (integral closure in the ring R[¢]). That means that 0 satisfies a poly-
nomial equation Z" +b1.Z" "1 + ... + b, € R[][Z] with b; € J*, J = IR[A)].



As in [4] (page 348), this is equivalent to the existence of a finitely generated
R[f] submodule, say @, in the field L, such that § - Q C J- Q. In fact Q
can be chosen as the ideal (J 4 0 - R[#])"~! in R[A]. Finally, since Q is a
finitely generated R[f]-module, it is also a finitely generated R-module. On
the other hand note that J-Q = I - @, and Condition 3) follows now from
the determinant trick applied to 8- Q C I - Q. O

COROLLARY 3.9 If 0 1is separable over a local regular ring (R,m), then
Tr(0™) € m™ for all n big enough if and only if a; € m* foralli =1,...,d. O

However, this equivalence fails in general for arbitrary rings and arbitrary
ideals. The converse fails, for example, if § is not separable over R:

ExaMPLE 3.10 Let k be a field of characteristic 2, d = 2, a; = 0. Then
Tr(6™) = 0 for all n, but as need not be in I2.

Another failure of the converse is if the powers of I are not integrally
closed:

EXAMPLE 3.11 Let R = k[X,Y] be a polynomial ring in two variables X
and Y over a field k of characteristic 2. Let I be the ideal generated by
X8 X7y, X6y2, X2Y6 XY7 Y8, and the minimal equation for § being

62 — X% — x11yS.
Note a1 = X8 €1, ap = XY ¢ I?, but X'Y5.T C I3. Hence

Tr0) = X% eI,
Tr(0?) = X8 Tr(0) + Tr(X"Y®) = X6 ¢ 12,
and for n > 3,
Tr(6™) = X8 Tr(™ ) + XUYSTr(9""2) c I

Set as before the ideals J, =< Tr(07), Tr(0"*Y), ..., Tr(0"t4"1) > in R.
Note that {67,607+ ... §7+4=1} generate the ideal #” R[f] as R module, so
that J,. is the image of this ideal by the trace map.

If R is of characteristic p > 0, and I =< fi,--- , f; >, then I?] denotes
the ideal < ff’e,-“ ,flpe >C R.

PROPOSITION 3.12 Let 0 be separable over a local regular ring (R,m) of
characteristic p. If Jyr C mP"V for all r big enough, then 0 is in the tight
closure of the parameter ideal m.R[0)].



Proof: We apply the same argument as in the previous Proposition. Note
that in this case

T

o = Z Tr((0)*?").w; € mP'V . Hompg(T, R).
0<i<d—1

But then, .
Af@pr S ’I’)’L[pr] : Af . HomR(T, R) C m[qu[@]

for r big enough. This already shows that 6 is in the tight closure of mR|0]
(tight closure in the ring R[6]).

ExXAMPLE 3.13 Consider R = k[y, z] where k is a field of odd characteristic,
and set R[f], 0% — az = 0, where as = y> + 2", n > 7, n some integer.
We will prove that J, C< y?", 2?" >. Here {1,0} is a basis of R[f] over R.
Tr(1) = 2 (invertible in k), and T'r(#) = 0. Since the trace is compatible with
Frobenius, Tr(67") = Tr()P" = 0, so it suffices to check that Tr(#P +1) €<
yP 2P > Set p" 4+ 1 = 2k, so ()P = ab, and Tr(0P" 1) = 2a5. We
finally refer to [1], page 14, Example 1.6.5, for a proof that a§ €< y?", 2" >
if n > 7 and 7 is sufficiently large.

PROPOSITION 3.14 Assume that 6 is separable over a local reqular ring
(R,m) of characteristic p, and let A denote the discriminant. If 6 is in
the tight closure of the parameter ideal mR[0] (in a ring containing R[0)]),
then A.Jyr € mlP'l (in R) for all r.

Proof: Let f(X) € R[X] denote the minimal polynomial of §. Recall that
the resultant A €< f(X), f/(X) > NR (in R[X]), and hence A €< f/(0) >
in R[A]. Since f'(#) is a test element, A is a test element, and

A.(0)P" € mPIR[H)

for all r.
Note that R[#] € Hompg(T,R) (hence mP"IR[8] ¢ mP"|Homg(T, R)),
and that, choosing as before the basis {wg,w1,...,wq_1} in Hompg(T, R):

AGP" = Z A.Tr((0)77").w; € mPl. Homp(T, R),
0<i<d—1

which shows that A.J,» C m!P"l in the ring R. O

4 The subalgebra of R generated by Tr 60", n > 0

Let R and 6 be as before, so that R[] = R[X]/(X? + 2%, (—1)ia; X0).
Assume now that R is an algebra over a field k. It follows from Remarks 3.1



and 3.3 that if k of characteristic zero, the k-subalgebra generated by the
traces T'r 6™ for all n, is k[aq,- - ,a4](C R). In particular it is finitely gener-
ated. This subalgebra need not be finitely generated over a field of positive
characteristic, as we show below.

First we recall some notation. Let B, be the matrix as in the proof of
Proposition 2.2. The trace of 8™ is exactly the trace of B,.

REMARK 4.1 In the proof of Proposition 2.2 we showed that the first row
of Bp11 is a4 times the last row of B,, and row ¢ of By, 11, with ¢ > 1, equals
row ¢ — 1 of B, plus ag_;+1 times row d of B,,.

We determine the entries of B,, more precisely:

LEMMA 4.2 Forn <d,

7 Zi:d—n—i—l aj_k(Bn)ik + ap—itj ’lf] >d—n.

Furthermore, for all j > d —n,
(Bn)ij = (Ba)i,j—d+n-

Proof: We proceed by induction on n. The formulation is correct for n = 0.
Thus we assume that n > 0. By Remark 4.1 the formulations of the entries
of B, in the first d — n + 1 columns are correct: in the first d — n columns,
the entries are 0; j4n, and (Bp)id—n+1 = Qd—i-

Now let ¢ =1, 5 >d—n+ 1. Then

(Bp)1j = -

@d(Bn l)dj
j—1
=aq ( Z aj—k(Bn-1)dk + Gn-1—d+j
k=d—(n—1)+1
7—1
= aj—kad(Bn-1)dk + @d0n—1—d+j
= Z ajk(Bn)ik + (Bn)1,d—nt1%j—(d—nt1)

= > aj(Bnu

aj—k(Bp)ik + Gn—14;

k=d

3
F
=



asn —1+j>dso that a,—14; =0. Nowlet i > 1, j >d—n+ 1. Then

(Bn)ij = (Bn-1)i-1,j + ad—i+1(Bn—-1)4j

j-1
= Z aj—k(Bn-1)i-1k + Qtn—1)—(i—=1)+;
k=d—(n—1)+1
j-1
+ ag—it1 Z @j—k(Bn-1)dk + G(n—1)-d+;
k=d—(n—1)+1
j—1 Jj—1
= Z aj_k(Bn-1)i—1k + Gn—itj + @d—iy1 Z aj—k(Bn-1)dk
k=d—n+1 k=d—n+1

(because for k =d —n+1, (Bp-1)i—1% =0 and (By—1)ax = 1)

[y

j
= Z aj—k(Bn)ik + Gn—itj.
k=d—n+1

Observe that the last statement is true for j = d —n+ 1. Then by induction
onj>d—n+1,

(Bn)lj = Z aj—k(Bn)ik =+ Ap—itj
d—n
- Z aj_k(Bd)i,k—d—‘,-n + Gn_i+j

= Z aj—i—dn(Ba)it + an—itj

It then follows

COROLLARY 4.3 Whenever 1 <n <d,

n—1

TrO") = Z i Tr(@i) + nay,
i=1

and Tr(0™) is a polynomial in ay, ..., a,, homogeneous of degree n under the
weights deg(a;) = i.



Proof: By definition, Tr(0") = Tr(B,,) = Zle(Bn)“-, and by Lemma 4.2
this equals

d d n

Tr(0")= > Bui= Y. (Bii—asn =Y (Ba)i-n+jj>

i=d—n+1 i=d—n+1 j=1

i.e., this is the sum of the elements of By on the nth diagonal, counting from
the bottom leftmost corner. Hence,

n

-1
Tr0") = Z <Z aj—k(Bd)d—n+jk + ad—(d—n+j)+j>
j=1 \k=1

n j—1

- Z Z aj—1(Ba)d—n+tjk + nay.

j=1k=1

Now we change the double summation: ¢ sums over the differences j — k,
and k keeps the same role:

n—1n—c
=> ) ac(Ba)kterd-nsk + nan
c=1 k=1
n—1 _
:Z ZBdk—l—d nck+nan
c=1 k=
-1
Z r(0"7°) + nay,. O

=1

For n > 0 let C,, be as in Definition 1.3. We adopt the notation that for
n < 0,C, = 0. Then for n > 0, let P, be the row matrix [C;,,Cp—1,...,Cpn_d+1],
and for each n =1,...,d, let

d—1
Fn = Z Ad4+n—1—i TT(@i).
=0

Let F' be the vector (F1,...,F;). With this we can give another formulation
of the trace of powers of 6:

LEMMA 4.4 For each e > 0,

Tr(@%¢) = P, - F.



Proof: By Proposition 1.5,

d—1 e e
Tr(0d+e) :ZZC Qdpe—i—j T7( (6% ZC Zad+e i—j Ir (6%
=0 j=0
Y G w0 = Y GR
=e—d+1 1=0 j=e—d+1
:Pe-ﬁ. O

Now we can give an example of a k algebra R, and 0 as before, where k
is a field of positive characteristic, and the subalgebra of R generated over
k by Tr(0™) as n varies is not a finitely generated algebra (compare with
Remark 3.1):

ExXAMPLE 4.5 Let k be a field of positive prime characteristic p, d = p, and
ai,...,aqindeterminates over k, R = kla1,...,aq]. Let A=k[Tr0,Tr6?, ...].
It follows from Remark 3.3 and Remark 3.1 that A C R. But this A is not
finitely generated over k, as we prove below.

For each n > 1, let A, = k[Tr6,Tr6%,... Tro".

Claim: For each n >0 and [ € {0,...,d —1}:

Agnyl = /{:[aiaﬂ either j < n or else j =n and ¢ <.

We will prove this by induction on n. It holds for n = 0 by Corol-
lary 4.3. Thus by the definition of the F; and by Corollary 4.3, all F; are in
all A(,11)q4i- Furthermore, each Fj is linear in aq.

By Lemma 4.4, Tr(0 D4+ equals
CnaviF1 + -+ Cpa1Fi + CraFivr + Cpa—1Fi1 + -+ + Cra—(a—i—1) Fa-

By the structure of the C;, ag appears in C; with exponent at most i/d. Thus
the summand Cpg—1Fi+1 + - + Crg—(4—i—1)Fa lies in A 41)449-1. Also, in
the expansion of the summand C,q;F1 + -+ + Cpga1F], in each term ay
either appears with exponent n or smaller, or else it appears with exponent
exactly n + 1 and is multiplied by one of the variables aq,...,a;_1. Thus
also this summand lies in A(,41)q4i—1- Thus

Apmynyart = Awanyari-1[CraFis]-

Fjyq is linear in ag with leading coefficient T° r(@l). Crna equals alj plus terms
of lower ag4-degree, so that similarly, by Corollary 4.3,

Apinast = Amrnari-1lagag Tr(0Y)] = Agiyan—ila ).

This proves the claim. As ai,...,aq are variables over k, this means that A
is not finitely generated over k.



As an almost immediate corollary we can give another proof of Proposi-
tion 3.8 in a special case:

PROPOSITION 4.6 Let d = p, i.e., the degree of the extension is the same as
the characteristic of the ring. Assume that X% — Z?:l a; X9 is a separable
polynomial. Let v be any valuation v : R — N U {oo} such that v(x) = oo if
and only if x = 0. Then v(Tr(0™)) > n for all n if and only if v(a;) > i for
all 1.

Proof: With notation as above, one can prove by induction on nd + [ that
v(aja;) > nd + 1. In particular, for [ = 1,...,d — 1, v(a;) > I. Also,

(nd+1—v(ay))

S

o(ad) = ~(olaar) —v(ar) >

for all n and I. As at least one v(a;) is finite (by the separability assump-
tion), it follows that v(aq) > d. O
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