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THE MULTIMARGINAL OPTIMAL TRANSPORT FORMULATION OF
ADVERSARIAL MULTICLASS CLASSIFICATION

NICOLAS GARCIA TRILLOS, MATT JACOBS, AND JAKWANG KIM

ABSTRACT. We study a family of adversarial multiclass classification problems and provide
equivalent reformulations in terms of: 1) a family of generalized barycenter problems introduced
in the paper and 2) a family of multimarginal optimal transport problems where the number
of marginals is equal to the number of classes in the original classification problem. These new
theoretical results reveal a rich geometric structure of adversarial learning problems in multiclass
classification and extend recent results restricted to the binary classification setting. A direct
computational implication of our results is that by solving either the barycenter problem and its
dual, or the MOT problem and its dual, we can recover the optimal robust classification rule and
the optimal adversarial strategy for the original adversarial problem. Examples with synthetic
and real data illustrate our results.

1. INTRODUCTION

In this paper we study, from analytical and geometric perspectives, the problem of adversarial
learning in multiclass classification. By multiclass classification we mean the task of assigning
classes i in a set of K available classes to all inputs # in some feature space X based on the
observation of training pairs z = (x,4). The adversarial component of the problem refers to the
desire of producing classification rules that are robust to data perturbations. Mathematically
speaking, this means studying optimization problems of the form:

(1.1) inf sup {R(f,7i) — Cu i)}

feF iep(2)

Here, F denotes the set of all probabilistic multiclass classifiers —see section 2} 1 denotes the
observed data distribution, which in general is some probability measure on the space Z =
X x{1,..., K}, but which for simplicity can be thought of as an empirical measure associated to
a finite training data set; C represents a notion of “distance” between data distributions; R(f, 1t)
is a risk functional relative to a data distribution z (thought of as a perturbation of x) and a
choice of loss function, which in this paper will be restricted to be the 0-1 loss. Problem
can be interpreted as a game between a learner and an adversary: the learner’s goal is to find
a classifier with small risk, while the adversary tries to find a data perturbation g that makes
the risk for the learner large. The adversary has an implicit budget to perform their actions:
the adversary can not choose a g that is too far away (relative to C') from the original data
distribution .
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For a large family of functionals C' in (|1.1)) we show that the adversarial problem ([1.1)) is
equivalent to a multimarginal optimal transport problem (MOT) of the form:

(1.2) inf( )/c(zl, e 2r)dT (21, 2K,
I

melly

where c¢ is a cost function discussed in detail throughout the paper and IIx(u) is a space of
couplings specified in section 2.1} As part of this equivalence, we explicitly describe how to
construct solutions to the original problem from solutions to the problem and its
dual, offering in this way new computational strategies for solving problem . Since most
algorithms for OT are primal-dual (i.e., they simultaneously search for solutions to both the
primal OT problem and its dual), it is actually possible to construct a saddle solution (f*, u*)
for by running one such OT algorithm. The equivalence between and that we
study here is an extension to the multi-class case of a series of recent results connecting adversarial
learning in binary classification with optimal transport [BCM19| [Nak19l [PJ21al [PJ21bl (GM20].

In order to establish the equivalence between and , we develop another interesting
equivalent reformulation of that reveals a rich geometric structure of the original adversarial
problem. This reformulation takes the form of a generalized barycenter problem

K
inf M)+ Y Clus i) st A >fii€{1,... K},

A7/’117"'7/jf( i=1

which is a novel variant of the Wasserstein barycenter problems introduced in [AC11l [CE10]. In
the classical Wasserstein barycenter problem, given K probability measures g1, ..., ok defined
over a Polish space X and a cost ¢ : X x X — [0,00], one tries to find a probability measure o
such that the summed cost of transporting each of the p; onto o is as small as possible. In our
generalized problem, we try to find a nonnegative measure A (no longer necessarily a probability
measure) such that the total mass of A plus the summed cost of transporting each p; onto some
part of A is as small as possible. Here transporting a u; onto some part of A means we want to
find a probability measure 1z; < A and transport u; to g; in the classical optimal transport sense.
This problem will be studied in detail in section |3 We prove that these generalized barycenter
problems can be written as appropriate MOT problems, a result that is analogous to ones in
[AC11 ICELQ] for standard Wasserstein barycenter problems.

From the equivalence with the generalized barycenter problem we will be able to deduce that
optimal adversarial attacks can always be obtained as suitable barycenters of K or less points
in the original training data set. Also, from this reformulation we will be able to recognize the
structure of the cost function c in : for the adversary to obtain their optimal strategy,
they can actually localize their problem to sets of K or fewer data points —see section [2.1]
Other theoretical, methodological, and computational implications of these reformulations will
be pursued in future work. See section [6] for a discussion on future directions for research.

In contrast to many of the existing applications of OT to ML, it is worth emphasizing
that in this work OT arises naturally in connection with a learning problem, rather than as
a particular way to address a certain machine learning task. For the growing literature in
multimarginal optimal transportation this paper offers new examples of cost functions wor-
thy of study. MOT is a rich topic that has been developed over the years from theoretical
and applied perspectives. After the first mathematical analysis of general MOT problems in
[Gwc98], there have been numerous subsequent papers establishing geometric and analytic re-
sults ([KP13|, Pasl5, [KP15, [CMP17]) for them. MOT problems have been used extensively in
applications. For example, they appear in the so-called density functional theory in physics
[SGGS07, BDPGGI12, [CFK13, ML13, [CDPDM15], and in economics [Eke05, [CMN10, [CE10].
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In the machine learning community, researchers have recently explored many interesting appli-
cations, including generative adversarial networks(GANs) |[CCK™18, ICMZ"19] and Wasserstein
Barycenters [ACTI] [CD14, BCC™T15, [COO15, [SLDI8, [DD20], where MOTs are used. Recent
works like [DMG20, HRCK21] develop a connection between the Schrodinger bridge problem
and MOT. MOT problems have been extended to the unbalanced setting —see [BvLNS21].

1.1. Outline. The rest of the paper is organized as follows. In section [2], we introduce most
mathematical objects and notation used throughout the rest of the paper. We also introduce a
generalized Wasserstein barycenter problem, which can be interpreted as the dual to the original
adversarial problem and define in detail the MOT problem In section [3, we study the
aforementioned generalized Wasserstein barycenter problem and prove its equivalence with 1) a
stratified barycenter problem and 2) a first version of an MOT problem. In section we discuss
the equivalence between and . In section [5, we present a collection of examples and
numerical experiments, whose goal is to illustrate the theory developed throughout the paper
and provide further insights into the geometric structure of adversarial learning in multiclass
classification. We wrap up the paper in section [} where we present some conclusions and discuss
some future directions for research.

2. PRELIMINARIES

Throughout the paper, (X,d) will be a Polish space, [K] := {1,...,K} with K > 2 and
Z = X x [K]. We regard X as the feature space of our model and [K] as the set of classes or
labels.

Let p be a finite positive measure (not necessarily a probability measure) over Z. We use p;
to represent the positive measure over X’ defined as

(2.1) pi(A) = p (A x{i}),

for all measurable subsets A of X'. In the sequel, we use u to represent a fixed data distribution,
which we regard as an observed data distribution or training data distribution, and use i to
represent any other arbitrary finite positive measure over Z. Through this paper we use M(X)
and M(Z) to denote the set of finite positive (Borel) measures over X and Z, respectively.

We will focus on functionals C(u, f1) of the form:

C(p,p) == min_ /cz(z, Z)dn(z, 2),
el (p,f)

for some cost function cz : Zx Z — [0, 00]. Here and in the remainder of the paper the set I'(-, -)

represents the set of couplings between two positive measures over the same space; for example,

I'(u, 1) denotes the set of positive measures over Z x Z with first marginal equal to x and second

marginal equal to .

Assumption 2.1. The function cz will be assumed to have the following structure:

- {C(l‘, z) ifi=1

cz(z2) =4 ifi#i

for some lower semi-continuous function ¢ : X x X — [0, 00].
The function ¢ will be further assumed to satisfy c(x,x) = 0 for all x € X and the following
two compactness and coercivity properties:

o if {xn}nen s a bounded sequence in (X,d) and {x) }nen is a sequence in X satisfying

SuUp,en (2}, Tn) < 00, then {(z),zn)}nen is precompact in X x X (with the induced
product metric).
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The structure of ¢z is standard in the literature of adversarial learning and can be motivated
by the fact that in many applications of interest it is natural to think that the “true” label
associated to a perturbation T of a data point x coincides with the true label of the original
x. Naturally, this is simply a modeling choice, and other cost structures of interest can be
studied elsewhere. The lower semicontinuity and compactness assumptions on ¢ are technical
requirements that we use in the remainder. All cost functions of interest satisfy these properties
—see the examples below.

If we decompose p and f into measures p;, fi; as in (2.1)), it is possible to write C(u, i) as

K
Clu, 1) =Y Clpis fia),
i=1
abusing notation slightly and interpreting C(u;, f1;) as

(2.2) C(piy, f1i) = min /c(x,i‘)dﬁ(x,i).
WEF(/‘i’ﬁi)

Remark 2.2. Let us emphasize that we define C(u;, 1;) = +00 whenever the set of couplings
['(11i, ps) is empty, which is the case if p; and f; have different total mass.

We introduce two notions that will be used throughout our analysis. Given a lower semi-
continuous function f: X — R we define

(2.3) Fo@) = inf {f(") + el 2)),
and given an upper semi-continuous function g : X — R we define
(2.4) g°(a) = sup{g(x) - c(z',2)}.

xe

Example 2.3. Let € > 0 and let c(x,Z) be given by
if d(z,z) <
R

o, %) = oo ifd(r,T) >¢e

The parameter & can be interpreted as the adversarial budget: the larger the value of € the wider
the space of actions available to the adversary. The cost ¢ satisfies Assumption [2.1] provided
that closed balls with finite radius in (X, d) are compact.

Notice that in this case, the c-transform f¢ of a given function f takes the form:

F@) = mf @),

' d(x,z")<e
In this setting, the adversarial problem (1.1|) can be written as

inf sup R(f, 11).
FEF i Woo (i) <e )

where Woo(p, 1) s the co-OT distance between p and ji relative to the distance function:

00 otherwise.

Remark 2.4. In the literature of machine learning there are many different versions of adver-
sarial problems for supervised tasks, but two versions are particularly popular: data-perturbing
adversarial learning [PJ21a] and distributional perturbing adversarial learning [BM19, BKM19].
From our analysis, distributional perturbing adversarial learning is obtained by the choice of
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cost function ¢ as in Example For a rigorous analysis, distributional perturbing adversarial
learning is more adequate since data-perturbing adversarial learning lacks measuraility in some
cases. Furthermore, one can prove that distributional perturbing adversarial learning includes
data-perturbing adversarial learning: see [PJ21al.

Our focus in this paper is on the distributional setting, where given a data distribution u,
an adversary can select a new distribution g in a neighborhood of the original distribution g
determined by C. A recent paper [PJ21b] summarizes other adversarial models and discusses
connections between them.

Example 2.5. Let p > 0 and let c(x, ) be given by
1
c(z,2) = P (x,2") = =(d(z,2"))?,
T

for some constant T > 0. For this choice of cost c, it is possible to show, through a formal
argument whose details we omit, that problem (1.1|) can be written as

inf  sup  R(f. D),

FEF i Wy (p.i)<e
for some € > 0 and for Wy,(u, 1) the p-OT distance between p and pu relative to the distance
function & from Example[2.3 The relation between T and € is not explicit, but, qualitatively,
small values of T should correspond to small values of €.

Notice that in this case the c-transform f¢ of a given function f takes the form:

Fo(e) = inf f(@') + —da, )

If f is bounded below by a constant it follows that f¢ is always continuous (in the d metric)
regardless of the continuity properties of the original f.

The solution space F in (1.1) is the full set of weak partitions, or probabilistic classifiers,
defined by
= {f : X = Ak : f measurable },

where
Ay = {(Uz’)ie[K] :0<u; <1, Z u; = 1},
1€[K]

e., the set of probability distributions over [K]. In other words, at each z € X, f(x) is a
probability distribution over [K | representing the likelihood, according to the learner, that a given
x belongs to any of the available classes. Probabilistic classifiers are widely used in applications
as they allow for the use of standard optimization techniques, like gradient descent, when training
models.

For a given u € Ak and a given i € [K], we define the 0-1 loss:

Uu,i) =1 — u.

Notice that £(ej,) is equal to 1 if ¢ # j and 0 if ¢ = j: this motivates the name 0-1 loss for /.
For a given pair (f, 1) we define the risk:

RUL) = ) 7DD = 3 [ (0= £i@)ai(a),
1€[K]

which can be regarded as a bilinear functional R(-,-) : F x P(Z) — Ry. For convenience, we
introduce the so-called classification power for a pair (f, 1) € F x P(Z), which is defined by

(2.5) )= 3 [ f@di@

1€[K]
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With these new definitions, problem (|1.1)) is immediately seen to be equivalent to

(2.6) sup _inf_{B(f, i) + C(w, 7))}
feF HEP(Z)
Moreover, if we denote by E:j the optimal value of , and by R}, the optimal value of ,
we have the identity:
R, = u(2) - B,
Again, we write u(Z) explicitly, although for the most part we will consider the case in which
w1(2) is equal to one.
The dual of is obtained by swapping the sup and the inf:
(2.7) Cinfsup {B(f,ji) + Clu. i)}
REP(Z) feF
Notice that the value of is always greater than or equal to the value of . Instead of
attempting to invoke an abstract minimax theorem at this stage, implying the equality of these
two quantities, we defer this discussion to later sections where in fact we will prove that, under
Assumption there is no duality gap in this problem. In what follows we focus on the dual
problem (2.7) and only return to problem , which is equivalent to the original adversarial
problem ,in section Notice, however, that the statement of Theorem mentions the
adversarial problem explicitly.
For fixed ji, notice that

sup (B(1, )+ Ol )} = sup Zgﬂ /X J(@)dFs(E) + C(u, i)

fer

= sup fi(@)dpi(z) ¢ + C(p, p).

Introducing a new variable A, which is a positive measure over X, we can rewrite the latter sup
as:

infA(Y) st / (A — i) (z) > 0 for all g > 0,3 € {1,..., K};
X
the constraint in A can be simply written as j1; < Aforalli =1,..., K. Combining the above with

the structure of the cost C'(u, i), we conclude that problem ({2.7)) is equivalent to the generalized
barycenter problem mentioned in the introduction:

(2.8)
K
B = _inf  \&X)+ ZC(Miaﬁi) s.t. / g(x)d(A —pi)(x) >0 forallg > 0,i € {1,..., K},
ALy s K im1 X

where we use the notation BZ for future reference.

Remark 2.6. 1t is straightforward to see from (2.7) that B}, is positive homogeneous in . That
is, if a > 0, then By, = aBj,.

2.1. The MOT problem. In order to state problem precisely, we will need to modify the
set Z and in particular add an extra element to it that we will denote with the symbol [. The
marginals of the couplings in our desired MOT problem will be probability measures over the
set Z, := Z U {}. More precisely, we consider the set:

(2.9) Mg (p) = {7‘( e P(ZE) : Pyr = 2quz),u( NZ)+ %5@ Vi=1,.. .,K} :
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Notice that in this set all K marginals are the same. We define the set IIx (p) in this way so as
to be consistent with the literature on multimarginal optimal transport, where sets of couplings
are typically assumed to be probability measures.

Let us now discuss the cost function for the desired MOT problem and the role played by the

additional element . For a given tuple (z1,...,2x) in ZX, often denoted by Z in the sequel for
convenience, we define
(2.10) c(z1,...,2K) == B,

where iz is the positive measure (not necessarily a probability measure) defined as:

~ 1
Mz = % Z 521‘

I s.t. z1#N
Recall that BEE is equal to (2.8)) (alternatively, equal to (2.7))) when p is equal to [iz.

Remark 2.7. Notice that fiz is a probability measure if and only if no element in the tuple 2 is

¥
Following the literature of MOT, we can write the dual of our MOT problem as:

(21) Y Loy G5z ) + 12}
where
(2.12) @::{¢:(¢1,...,¢K eH eI 5m Zgbj 2) < BL, vzezf}.

We will later show that under Assumptlon - 2.1] there is no duality gap between the MOT
problem and its dual (2.11)) —see Corollary
One of the main results of the paper is the following.

Theorem 2.8. Suppose that Assumption[2.1] holds. Let p be a finite positive measure over Z.
Then (2.7) is equivalent to the MOT problem (1.2)) with set of couplings I (p) defined as in

(2.9), and cost function c defined as in (2.10)). Specifically,

1
—— B = i . d . :
2 = iy [ S i)
Furthermore, (2.6) = (2.7). In addition, from a solution pair (7*,¢*) for the MOT problem and
its dual one can obtain a solution pair (f*,u*) for (2.7) and its dual, i.e. problem ({2.6). The
pair (f*, %) is also a saddle for the original adversarial problem (|1.1)).

The proof of Theorem is presented throughout section {4t the expression for (f*,g*) in
terms of (¢*,7*) is presented in Corollary Given the definition of the cost function c,
Theorem states that the adversarial problem localizes to data sets consisting of K or less
equally weighted points. More precisely, the problem for the adversary reduces to first determin-
ing their actions when facing arbitrary distributions supported on K or fewer data points, and
then finding an optimal grouping for the data in order to assemble their global strategy. The
element [ indicates when fewer than K points are being grouped by the adversary. From the
solution to this problem one can directly obtain an optimal classification rule for the original
adversarial problem. Note that problem is a problem solved by the adversary: ideally, the
adversary wants to group together points (z1, ..., zx ) for which there is a low classification power
BEZ (or alternatively large robust risk). On the other hand, the dual of can be interpreted
as a maximization problem solved by the learner.
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In order to prove Theorem we will first obtain a series of equivalent reformulations of
problem which will reveal a rich geometric structure of the adversarial problem and will
facilitate the connection with the desired MOT problem. These equivalent formulations are of
interest in their own right.

3. THE GENERALIZED BARYCENTER PROBLEM

We begin this Section by proving that the generalized barycenter problem always has at least
one solution. In the following subsections we will then discuss a series of equivalent problems to
the generalized barycenter problem, their duals, and some geometric properties of their solutions.

Proposition 3.1. Suppose that c is a lower semicontinuous cost satisfying the property that for
any compact set E C X there exists a compact set ' C X such that for all z € E,2' € F,2" €
X\ F we have c¢(z,2') < c¢(z,2"). Given measures uy,...,pux and a there exists at least one

solution to problem (12.8]).

Remark 3.2. If ¢ is a cost that satisfies Assumption then ¢ satisfies the hypothesis of
Proposition

Remark 3.3. Nearly identical arguments can be used to prove that the various reformulations
of (2.8) that we will consider throughout this section have minimizers. For this reason, in
what follows, we will simply assume the existence of minimizers without explicitly proving their
existence.

Proof. Using transportation plans to compute the cost C(u;, fi;) in (2.8)), we can rewrite the
problem in the following form,
K
inf AX)+ / c(x, 2 )dri(x,2') st. m(XxE) < ANE), m(ExX) =
AEM(X), 71, EM(X X X) (%) ; I (@, 2)dms(w, 2') il ) (B), i )
where E ranges over all Borel sets in X. Note that a feasible solution to this problem ex-
ists since we may choose A 771,.. ,mk such that A == S5 4 and for all f € C.(X x X)

Jaosn [, 2 )dm(z,2') = fX x,x)du;(x). Note that with these choices, the problem attains
the value Zi:l i (X).
Let A", 7}, ... W?( be a sequence of feasible solutions such that
lim A"(X) + / z,2')=t:= inf )+ / c(z, 2)dm;(z, x
n—oo Z XXX ( ) )\,7‘(‘1,...,7FK Z XxX Z( )

From our work above and the nonnegativity of the transport cost, )\”( ) is uniformly bounded
by Zfi 1 1i(X). Furthermore, we may assume that for any Borel set E
K

Z/ dn?(z,2') > \"(E)
i=1 JXXE
otherwise we could delete mass from A" and attain a smaller value. Given some € > 0, let
E. C X be a compact set such that Zfil w1i(X \ Ee) < e. Let F, be a compact set such that
for all z € E,2' € F, and 2" € X\ F. we have c(z,2’) < ¢(x,2”). If A\ gives more than € to
X'\ Fe then some of this mass must be transported to F.. Since the transportation cost would be
cheaper if the excess mass was placed inside of F, instead of X'\ Fy, it follows that N (X' \ F;) < €
Therefore, the A™ are a tight family.

The tightness of A" and p1,...,pux implies that «7,... 7} are a tight family. Therefore,
we can extract a subsequence that converges weakly to a limit \*,7{,..., 7% . From the lower
semicontinuity of the cost, it follows that \*, 7], ..., 7% is a minimizer. O
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3.1. A first MOT reformulation of and geometric consequences. In the rest of
what follows, we shall let Sk denote the power set of {1,..., K} and for any ¢ € {1,..., K} we
let Sk (i) = {A € Sk :i € A}. Given a feasible solution A, i1, ..., fix to and a point = € X,
it is interesting to consider the set

A(z)={ie{l,...,K} : z € spt(;)}.

If x ¢ spt(\), then A(z) must be empty. Conversely, if x € spt(\), then we may assume
that A(x) is not empty, otherwise we could delete x from the support of A and improve the
solution. Hence, to each point = € spt(\) we can associate a nonempty subset of {1,..., K}
that describes which of the u; send mass to the point z. Given a set A C {1,..., K} we define
D(A) := {x € spt(\) : A(x) = A}. This allows us to give a natural partition of A into the sum
A=) cs, A4 where we define

A(E) := A(E N D(A)),

for every measurable £ C X.
Along the same lines, we can devise a similar decomposition for each of the ;. Given an
optimal plan 7; € T'(f;, p;) (optimal for (2.2))) and A € Sk (i) we define

piA(E) == / dmi (2, x)
D(A)XE

for every measurable £ C X'. Again, this allows us to partition p; = > 4 S (i) Hi, A since the
sets D(A) are disjoint and their union recovers the support of A. Using the decompositions, we
can eliminate the p; from the problem and reformulate the optimization in terms of A4 and the
i A- Doing so, we get the equivalent problem

(3.1) min Z {)\A(X)—FZC()\A,,U/Z"A)} s.t. Z pia=p; forallie{1,..., K}.

X pi ;
HiA Acsy i€A AESK (i)

To keep notation from getting too complicated, we shall assume that 1; 4 is defined for all ¢ €
{1,...,K} and A C Sk, however, note that if i ¢ A, then p; 4 plays no role in the optimization
problem.

Suppose that for some A € Sk we fix a choice of y1; 4 for all ¢ € A. With the p; 4 fixed, we can
determine the corresponding optimal A% = A% (p1,4, - .., ftK,4) by solving the classic Wasserstein
barycenter problem. Indeed, the optimal choice must be an element of

(3.2) argminZC()\A,ui,A).
Aa o Gea

Note that here we do not need to consider the mass of A4, since the value of the optimization
problem will be +o00 if A4 does not have the same mass as all of the y1; 4 (or if the y; 4 themselves
do not all have the same mass).

It is well known that problem can be reformulated as a multimarginal optimal transport
problem [ACTI]. To that end, given A C {1,..., K}, define c4 : X% — R

(3.3) ca(ry,...,zK) = inf c(a', x;),
r'eX 4
€A
and Ty : XX -5 X

(3.4) Ta(x1,...,¢05) = argminz c(a’, z;).
TEX jea
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Remark 3.4. If argming ey > ;e 4 c(2',2;) is not unique, we can consider using an additional
selection procedure. For example, when X = R? we can still recover a unique mapping by
choosing T4 to be the element of argmin, cy > ;.4 ¢(@,z;) that is closest (in the Euclidean
distance) to the Euclidean barycenter ﬁ Y icA Ti

With the definition of ¢4, we can rewrite (3.2)) as the multimarginal optimal transport problem

(3.5) min/ ca(xi,...,xg)dra(xr, ..., xx) st Piyma = pia forall i € A,
TA XK
where P; is the projection map (x1,...,2x) + x;. Again, even though 74 is defined over XX,

only the coordinates i where i € A play a role in the optimization problem. Indeed, c4 is
independent of the other coordinates and we only have marginal constraints for ¢ € A.

Using we can now eliminate A4 and all of the p; 4’s from problem and reformulate
the optimization as the multimarginal problem
(3.6)

min / cA xl,...,xK)—i—l)dﬂA(:Ul,...,xK) s.t. Z Piyma = p; forallie{l,...

Tr 7"'771-
LA L g pey= AESK (i)

The next two propositions formally prove the equivalence between (3.1)) and (3.6). They will
also allow us to establish some important geometric properties of optimal generalized barycenters.

Proposition 3.5. Let ¢ be a cost satisfying Assumption [2.1 Given measures i, ..., K,
let {ma}acs, be a feasible solution to ([3.6). For each (x1,...,7x) € XK and A € Sk,
let fa(z1,...,xx) be a choice of element in Ta(x1,...xK), where we recall the definition of

Ta(z1,...,xk) from (3.4).

If for each A € Sk and i € A we set Ay = fapma and ji; 4 = P;uma, then {S\A, [li, A} AcSy icA
is a feasible solution to (3.1) and

Z Aa(X +ZC A, fiia) < Z /K ca(z1,...,zx) + )dra(z,...,05).
X

A€eSK i€A AeSk

Proof. Since ) 4o Sk (i) Piuma = 4, it is automatic that ) , S (5) P, A = i Since pushforwards
do not affect the total mass of a measure, so we also have fi; 4(X) = Aa(X) for all A € Sk and

1 € A. Hence, {S\A,ﬁZ"A}AESKyieA is a feasible solution to (3.1)).
For each A € Sk and i € A, choose ; 4,1 a4 € Cp(X) that satisty, for all z,2' € X,

@iA(x) —ia(a’) < clz, o).

We can then compute
/ i A(xi)dfi; a(;) — / Pia(x)d\a(2')
/ SOZA X d,uzA xz / wz, fA(xla-"7$K))d7TA($l)-'-733K)
X

IN

/%,A d,uzA(l‘z)vL/ <C($i7fA($1a---7$K))*@i,A(xi))dWA(xla-HafK)
X XK
/XK xz,fA xl,...,xK))dTrA(xl,...,:cK).

7K}'
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Thus,

> [ cuataddisat@)— [ viala)diat)

€A

</ Zc(mi,fA(asl,...,:UK))dWA(xl,...,xK)
XK Gea

:/ ca(zy,...,xg)dra(zy, ..., TK),
XK

where we have used the definition of f4,7T4, and c4 to obtain the last equality. Hence,

> @)+ Y [ eaddinae) - [ va)dia@)

AeSk €A
< Z/ (CA(IL‘l,...,:L‘K)+1)d7TA(:L'1,...,l‘K).
XK
A€eSk

Taking the supremum over all admissible choices of ¢; 4,1; 4 and exploiting the dual formulation
of optimal transport, we obtain the desired result:

Z XA(X)—FZC(S\A,[LLA) < Z /XK (cA(azl,...,xK)-i-l)dﬂA(xl,...,xK).

A€eSk 1€EA A€eSk
O
In the next proposition we will show that any feasible solution of problem (3.1)) induces a feasi-
ble solution of (3.6]) with lesser or equal value. This will prove the equivalence between problems

(3.1) and (3.6) and will provide a powerful geometric characterization of optimal generalized
barycenters.

Proposition 3.6. Let ¢ be a cost satisfying Assumption[2.1, Given measures pi1, ..., ik, let
Wi A, A be feasible solutions to problem . Let v;,.4 € M(X x X) be an optimal plan for the
transport of p; 4 to Aa with respect to the cost c. Let ya € M(XEFYY such that for alli € A and
g € Cb(X X X)

/ (s, dra(an, .. axa) = / o, ')y a(i, 7).
XK+1 XK+1

If we define 7o on XX such that for any h € Cy(XX) we have

/ h(.%'l,...,%K)dﬂA(l’l,...,xK):/ h(.%'l,...,%K)d"YA(-%'l,...,@K,%’”,
XK XK+1

then 74 is a feasible solution to (3.6) and

Z /XK (ca(z1,...,zx) + 1)dia(z1,...,05) < Z AA(X)‘FZC()\A,M,A)-

A€eSk AeSk €A
Therefore, @) = (30).

Proof. We begin by noting that the marginal constraints on y4 are compatible in the sense that
for any u € Cp(X) and ¢ € A we have

[ @i = [ u@)inai),

X
Thus, each v4 is well-defined.
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Using the definition of d7 4 and then cy4, it follows that

> /XK (ca(zi,...,2r) + 1) dia(z1,. .., 2K)

AeSk

=> / (ca(zr,...,xx) + 1)dya(a,. .., vk, 2)
AeSy A

< Z/ (1+Zc(mi,m’))d7A(x1,...,xK,x')
Aesy T XET i€A

— (1 —+ C(:L'i, x’))d%A(xi, xl)

= > Aa(X) + Cluia, Aa)
AeSk

where the final equality follows from the fact that v; 4 is an optimal plan for the transport of
i A tO AA. O

In addition to proving the equivalence between problems (3.1)) and (3.6), Proposition
and Proposition have the following very important geometric consequences.

Corollary 3.7. Let ¢ be a cost satisfying Assumption[2.1l Given measures 1, ..., juk, let X be
an optimal generalized barycenter and let {\a}aes, be a decomposition of X and {f1; A} acs, (i)
a decomposition of each p; that are optimal for . Recalling , let Ta(zy,...,0K) =
argmingey Y 4 (@, ;). If we define Ty := {Ta(x1,...,2x) : ©1 € spt(p1),...,Tx € spt(ur)}
and T' = Upcqr,..kyTa, then Aa(X) = Aa(Ta), MX) = MT) and the optimal measures [i; in
can be assumed to satisfy [;(X) = w;(T) as well.

In particular, if fa(xi,...,xK) is a choice of element from Ta(z1,...,xK) for each A € Sk
and (z1,...,2x) € XK, then there exists an optimal barycenter \¢ such that A;(X) = \¢(F)
where F' = UAESK U(:cl,...xK)espt(ul)Xspt(uK) fA(‘/Ela v ,l’K)-

Remark 3.8. In the case where we have a tuple (z1,...,2x) € spt(p1) X - -+ X spt(ug) such that
Yicaclx,x;) = +oo for all z € X, we set Ta(z1,...,2x) = @.

Proof. From Proposition we can use {4} aecs, and {pi a}tacs, ica to construct measures
{ﬁA}AeSK with

(3.7) Z /XK (CA(J,‘l,...,.%‘K)—f—l)dﬁ'A(ﬂfl,...,l‘K) < Z AA(X)‘FZC()\A,M,A).

AeSk AeSk 1€EA

From Proposition we can then use 74 to construct decompositions {S\A}AGSK and {fi; A} Acsy icA
such that

38) S M@+ < Y / (calen,....zx) + 1)d7aler, ... ox).
AESk icA AESy T XN

Examining the proof of Proposition it follows that the inequality in is strict if A4 (X) >

AA(T4). In that case, combining and would contradict the optimality of A. Therefore,

Aa(T4) = Aa(X). The final statements follow from the constraints satisfied by the fi; and the

construction in Proposition [3.5 U

When p1,...,ux are supported on a finite set of points, Corollary has the following
consequence.
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Corollary 3.9. If p1,...,ux are measures that are supported on a finite set of points and c
is a cost satisfying Assumption then there exists a solution A to the optimal generalized
barycenter problem that is supported on a finite set of points.

In particular, if each p; is supported on a set of n; points, then there exists an optimal barycen-
ter that is supported on at most 3 s [licani < 2K 1T ni points.

Remark 3.10. Notice that the bound mentioned at the end of Corollary [3.9]is a worst case
bound. In practice, especially when data sets have a favourable geometric structure, the optimal
barycenter A may have a much sparser support. See section [5.2

Proof. For each i € {1,..., K} we can assume there exists a finite set X; C X such that p; is
supported on X;. For each A € Sk, let f4 : XiK — X be a function such that

fa(xy,...,2x) € Ta(xq,...,2K)

for all (x1,...,2x) € XX, where we recall the definition of T4 from (3.4). We can now construct
the set

F= U U {alrew)

A€eSK (Il,...,xK)EHfil X;

which is necessarily finite. Indeed, if we set n; = |X;[, then F has at most > g, [licani
elements. By Corollary there exists an optimal barycenter supported on F' only.
O

3.2. A second MOT reformulation of . Note that in problem we need to find a
distribution 74 for each A € Sk . Hence, it is natural to wonder if we can reformulate problem
in such a way that we only need to find a single distribution . Here one must be careful,
as the previous formulations of the problem do not require the input distributions p1,..., g
to have the same mass. As a result, if we try to work over a space of probability distributions
whose marginals are uq, ..., g, then we cannot recover the full generality of .

To overcome this difficulty, we will define ~ over the slightly larger space (X x [0,1])%. The
extra coordinate will help us to track the mass associated to each label i. Define ¢ : (X x[0,1])% —
R by

(3.9) c(z1,m1),..., (zK,7K)) = inf Z ma(ca(zi,...,zx) +1) st Z ma =r;.

For each 7 € {1,..., K}, let P; be the projection ((x1,71),. .., (K, TK)) — x;. In what follows,
we use (Z,7) to denote the tuple ((z1,71),...,(zx,7K)). We then claim that problem (3.6) is
equivalent to

(3.10) min/ &(&,7)dy(Z,7) where P;u(riy) = ;i for alli € {1,..., K}.
T J(xx[0,1])E

Proposition 3.11. Problems (3.6) and (3.10) are equivalent, and thus (3.10)) is also equivalent
o ©7), @) and (B1).

Proof. Given a feasible solution 7(yy,..., 7 . k) to problem (3.6, define v such that for every
continuous and bounded function f : (X x [0,1])% — R we have

Lo PEDRED = 3 [ g@nat), rxatON)dnaten, o)

AeSk
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where y4(i) = 1if i € A and zero otherwise. We can then check that v is feasible for (3.10)),
since for any function g : X — R

5 .I‘Zd T, 7) = / g(xi)dma(xy, ... ¢
/m[o,m g (@D = Y NCIETS

AESr (i
= / g(wi)dpi(z;),
X

where the final equality uses the fact that ), Sk (i) Piuma = .

Next, we observe that for any A € Sk and a tuple of the form ((z1,xa(1)), ..., (zk, xa(K)))
we have

c((z1,xa(1)),. .., (@K, xa(K))) < ca(z1,...,zx) + 1.

Therefore,
/ (@, 7)dy(Z Z / ca(zxy, . ..,xK)Jrl)de(:Ul,...,a:K).
(A x[0,1])K Aes, Jxx

Conversely, suppose that 7 is a feasible solution to (3.10)). Given a tuple (Z,7), let

—\

ma(Z,7) € argmin Z mA(cA(ml,...,x Z mA =r;.
m:SK%lRAesK A€SK (i

Given A € Sk define 14 such that for any continuous and bounded function h : X% — R we
have

/ h(azl,...,xK)dﬂ'A(a:l,...,xK):/ h(zy,...,xxg)ma(Z,7)dy(Z,T).
XK (Xx[0,1])

We can then check that for any continuous and bounded function g : X — R

Z / x, dT('A 1’1,..., )—/ Tig(xi)de(f?F)
(X x[0,1])K

AESk
= / g(xi) pi(zs),
X

where we have used the fact that ) 4.q (5 ma(@,7) = r; in the first equality. Thus, our con-
1-

struction gives us a feasible solution to (3.6)). Evaluating the objective in (3.6|) we see that

Z/ (ca(@r,...,xx) + Ddmalar,...,zx)
XK

AeSk
:/ > ma(E F)(calay, ..., zx) + 1)dy(Z,7)
(Xx[0IDK 45

= [ o CEDET
X0,

where the final equality uses the definition of ¢ and our choice of m(Z, 7). Thus, the two
problems have the same optimal value and any feasible solution to one problem can be easily
converted into a feasible solution to the other. (]
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3.3. Localization. In this section we show that the cost function ¢ in problem (3.10) is equal
to Bz for a measure 1 that depends on the arguments of ¢. This result can be interpreted as a

localization property for problem (2.8) (and hence for problem ({2.7)) as well). Compare with the
discussion after Theorem 2.8

Proposition 3.12. Let &1,...,3; € X, and let0 < 7q,...,7, < 1. Thenc((Z1,71),...,(Tx,TK))
defined in (3.9)) is equal to Bﬁ, where

K
A=) Tl
i=1
Proof. To prove this claim we first notice that by Proposition Bﬁ is equal to

min/ (2, 7)dy(Z,T),
T J(ax[0,1)K

where 7 is in the constraint set of problem (3.10]). For a feasible -, notice that v must concentrate
on the set {(#,7) : v; =%;, i=1,...,K}. Applying the disintegration theorem to -, we can
rewrite the objective function evaluated at v as

[ @), i),

0,1]%

where 7, is a positive measure over [0, 1]¥ satisfying the constraints:

(3.11) / ridy(ri,...,1x) =7, Vi=1,...,K.
[0,1]

It is clear that the map associating a feasible 7y to a -, satisfying (3.11)) is onto, and thus, we can
rewrite B; as

(3.12)
B = min/ c((Z1,7r1)y -, (T, rK))dYe(r1, ..., TK)
r [071]K
:min/ min Z ma(l+ca(Z1,...,Zx)) p dy(r1,...,TK)
T Jo,1)K {mata€G(ri,..,rk) AcSy
=min min / Z ma(ry,...,rx) - (L+ca(@1,...,2K)) p dye(r1,...,TK)
T Amata€GJpk | Jo5,
= min min/ Z ma(ri,...,rx) - (1 4+ca(Z1,...,Zx)) p dy(re, ..., rK).
{mayacG 7 Jogx | 45,
In the above, the set G(r1,...,rk) is the set of {ma}acg, satisfying the constraints in (3.9)
for the specific tuple ((:Tcl,rl), ol (Q%K,TK)), while G is the set of {m4}a where each my4 is a
functions with inputs r1,...,rx satisfying {ma(r1,...,7x)}a € G(r1,...,7K).

We can now write the term

/HK > malr,.mk) - (L+cal@, ..o @) p dye(ry, .. rk)
0,1

AEeSK

= Z mA,’Y<1 + CA(j.la s 752.]6))7
AESK
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where we define
MAn, = /mA(m,...,rk)d'yr(m,...,TK).
Notice that

Z mA%— Z /0 rl,...,rk)dfyr(rl,...,r;()

1]K
AeSk (i AeSk

—/[ ]K Z ma(ri,...,rg) | dy(re, ..., rK)
0,1

A€Sk (4)

/[Ol]K ridyr(riy ... TK)

7.

Nl

Conversely, notice that given a collection of functions my4 satisfying the constraint in (3.9) for

the tuple (Z1,71),...,(ZK,TK), it is straightforward to find 7, such that m4 = mu,, for all A.
It now follows that

Bﬁ = mZmA + CA(l'l, ey ~]€)) = E((i'l, fl), Ceey (.fK, fK)),
as we wanted to prove. O

3.4. Dual Problems. In this section we discuss the dual problems of the different formulations
of the generalized barycenter problem studied in section

Proposition 3.13. The dual problems to (2.8), (3.6), and (3.10) can be written as
(3.13)

sup /fz x;)dpi(x;) st fi(z) >0, Zfz <1, forallz e X,i e {l,...,K},
fl’ 7fK€Cb(X i=1 i=1

(3.14)

sup Z/ gi(x)dpi(x;)  s.t. Zgl (i) < 14+ca(xy,...,zx)for all (z1,...,2K) € XK,AE Sk,
9159k €ECH(X) i€A

and

(3.15)

sup Z/ i(xi)dpi(z;) st Zn (z;) < &(&,7) for all (Z,7) € (X x [0,1))K,

hi,....h g €Cp(X)

respectively.

Let f1,...,fKk; g1,---,9K; hi,...,hg be feasible solutions to problems (3.13)), (3.14), and
(3.15)) respectively. Problems (3.14) and (3.15)) have the same feasible set and hence are identical.
Furthermore, g, := ff is a feasible solution to (3.14) and f! = max(g;,0) is a feasible solution to

- hence the optimization of l-) can be restricted to nonnegative g; that satisfy gi = g5°.
In particular, , -, and (3.15)) all have the same optimal value.

Proof. The derivation of the dual problems is standard
To see the equivalence between problems (3.14]) and (3.15)), fix some hq, ..., hg that are feasible
for and choose some B € Sk and (:Ul,.. l‘K) c XK such that cp(xy,...,25) < 0.
Choose
m”* € argmin Z ma(l+ca(xy,...,zx Z ma = xB(1),
m:SK—ﬂRAeSK AESk (i)
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where yp(i) = 1 if i € B and zero otherwise. Note that the choice my =1if A= B and myq =0
otherwise is feasible for the above optimization. Therefore, the optimality of m* implies that

1+cp(z,...,02x) > Z my(l+ca(xy,...,7K))
AeSk

= (21, x8(1)), .- -, (@x, x5(k)))
K

> > rihi(as)
=1

i€EB
Thus, we see that the h; are feasible for (3.14)) since B and (x1,...,zx) were arbitrary.

Conversely, fix some g1,...,gx that are feasible for (3.14) and some (#,7) € (X x [0, 1])¥.
Choose

n* € argmin Z ma(l+ca(xy,...,zx)) s.t. Z ma =y,
m:Sk—R AcSx ACSR (i)

and observe that

K K
Zm’gi(%‘) = Zgi(ﬂfi) Z nj
i=1 i=1

AeSK(3)

=D niy gilw)

AeSk €A
< Z ny(l+ca(zi,...,zK))
AEeSK
= va((113‘17741)7 ey (JJK,T'K)),
where we used the feasibility of the g;. Thus, the g; are feasible for (3.15)). Since both problems
are optimizing the same functional over the same constraint set, we see that (3.14) and (3.15)

are identical.

Now suppose that fi,..., fk and g1, ..., gix are feasible solutions to problems (3.13]) and ((3.14))
respectively and define g} = f¢ and f/ = max(g;,0)°. Given A € Sk, 71,...,27x € X, andr > 0
we can choose z, such that

Zc(l"r‘)xi) S r+ CA(xlv cee 7:UK)'
icA

Then we see that

Zg;(x,) < Zf(xr) +c(xp,zi) <r+14ca(xy,...,zx5).

i€A i€A

Letting » — 0, we see that the g, are feasible for . Hence, the optimal value of
cannot lie strictly below the optimal value of .

It remains to verify the feasibility of the f/. We begin by showing that if g1, ..., gx are feasible
for then max(gi,0), ..., max(gx, 0) are also feasible. Fix A € Sk and (z1,...,7x) € XK.
Let A" ={i € A: gi(x;) > 0}. We then see that

Zmax(gi(@),()) = Zgl(xl) <1l+4ca(z1,...,2x) <14ca(z1,...,2K)
i€A i€ A’
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where the final inequality follows from the definition of ¢4 and the fact that A’ C A. Now we are
ready to verify the feasibility of the f/. Clearly f/(x) > 0 since ¢(z,z) = 0 for all x € X. Given
x € X, fix r >0 and for each i € {1,..., K}, choose z;, € X such that

(max(g;,0))"(x) < max(gi(ziz),0) — c(ir, ) + 7.
We then have
K K
Z max(g;,0)°(z) < Zmax(gi(azi,r), 0) —c(xip,x)+r
i=1

i=1
K
< 1+T+C{1,...,K}(w1,rv---aCCk:r E szrv
=1

where the final inequality follows from the feasibility of max(g;,0). Now from the definition of
¢(1,...K}, the last line is bounded above by 1 + 7. Sending r — 0 we are done.

Notice that the above arguments prove that whenever g1, ..., gk are feasible for , then
max(g1,0)%, ..., max(gx,0)* are also feasible for (3.14)). Since u < u® for any function u : X —
R, it follows that

Z/ gz d,uz < Z/ max gz, Ccd,ul Z/ max gu ) dpi

Since we showed that max(g;,0)¢ was feasible for (3.13), it follows that (3.14) cannot attain a
larger value than (3.13). Hence, we have shown that (3.14]) and (3.13|) have the same optimal
value. ([l

We now want to show that the dual problems attain the same values as the original primal
problems. We begin with a minimax lemma for the following partial optimal transport problem.

Lemma 3.14. Suppose that c is a bounded Lipschitz cost that satisfies the hypotheses of Propo-
sition . If BC M(X) is a weakly compact and convez set, then given measures 1, ..., ik, €
M(X), let we have the followz’ng minimax formula

min ZC Wi, Vi) =  max mmZ/g@Z Ydvi(z) — (2" )dp(x")

pViEB, 1/1<p 0i, 0 €Cy(X) pEB

st i) — i) < cla,a’), i) >0
Proof. Using the dual formulation of optimal transport, we can write
Clus,vi) = sup  Ji(vi,i,0:) st @i(x) —i(2’) < e(x, o).
i, Y €Pc
where

Ti(ves o) = /X oi(@)dsi(z) — i(@)dvi(x),

and . = {(pi, ¥i) € Cp(X) x Cp(X) : pi(z) — ¢i(2) < e(x,2’) for all x,2’ € X}. For each
i, € Cp(X) fixed, the mapping (p,v;) — J;(vi, pi, i) is linear and lower semicontinuous
with respect to the weak convergence of measures. For any p, v; fixed, the mapping (¢;, ;) —
Ji(Vi, @i, i) is linear and upper semicontinuous with respect to strong convergence in Cy(X).
Since the constraint sets v; < p and @, are convex, we are in a situation where Sion’s minimax
theorem applies. Therefore,

K
min up E Ji(Vi, @i, i) = sup min E Ji(vi, i, i)
p.vi€B, V'L<p90u¢1€©c i=1 pi, i €Pe pVi€BVisp =1
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Since,

y1<p

K

min Y Ji(vi, pi, i) = Z/ oi(z)dpi(z) — max(;(x),0)dp(z")
=1

We have

@i, i €Pe pEB

min <pZC Wi, Vi) = sup mmz;/xgoi(x)dm(:):)—max(@/)i(x’),O)dp(x')

If we replace ¢; by 9§ and v; by max(1);,0)°° then the value of the problem can only improve.
Since we assume that ¢ is bounded and Lipschitz, it follows that ¢§ and ¢ are bounded and
Lipschitz. Thus, we can restrict the supremum to a compact subset of ®. where v; > 0. Thus,
the supremum is actually attained by some pair (¢},1}) € ®. with ¥ > 0, ¢F = ()¢ and
(1) = ¢7.

O

Using Lemma we can prove that there is no duality gap for bounded and Lipschitz costs.
We will then show that there is no duality gap for general costs by approximation.

Proposition 3.15. Given measures pi,...,ux and a bounded Lipschitz cost ¢ satisfying the
assumptions in Proposition suppose that X\, i1, ..., g are optimal solutions to . If
of € Cp(X) are the optimal Kantorovich potentials for the partial transport of p; to A (c.f
Lemma@ , then ¢7, ..., 9% are optimal solutions to problem , Yy, ..., Y% are optimal

solutions to (3.13)), and the values of (3.13))-(3.15) are equal to (2.8). In other words, there is
no duality gap.

Proof. If we fix some convex weakly compact subset B C M(X) containing A, then it follows
from Lemma and the optimality of A that there exists ¢, 1} such that

K K
(310 N+ X Cluo) = nig o) + 3 /X o1 (@)dps () — 6] (2! )dp(a'),

Yi(2’) > 0, and (¢)°(a') = X (a'), (WF)(z) = ¢f(z) for all 1 < i < K and z,2’ € X. If there
exists 2/ € X such that Y% ¢*(2’) > 1, then we can make the right hand side of smaller
than the left hand side by choosing p = M, for some sufficiently large value of M. Hence, it
follows that Efi 1 Y0¥ (x) < 1 everywhere. Thus, the ¢} are feasible solutions to problem

and, by Proposition (1F)¢ = ¢f are feasible solutions to (3.14). Finally, if we choose p = 0,
it follows that

‘ +Zcﬂuﬂz <ngz )dpi(x - - .

where the second last equahty follows from Proposition and the last inequality holds
trivially by duality. Therefore, we can infer that there is no duality gap.
O

Proposition 3.16. Given measures ui,..., g, if ¢ is a cost that satisfies Assumption

then problems (3.13)-(3.15)) all have the same value as (2.8]).
Remark 3.17. Note that we do not claim that the supremums in (3.13)-(3.15) are attained.

Proof. Let n : [0,00) — [0,00) be a smooth strictly increasing function such that n(z) = = for
z <1 and n(z) <2 forall z € [0,00). For each j € Z,, define

&j(z,a") = (xl,xg?efxmc(xl’ 1) + jd(z, 1) + jd(2', x1),
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and ¢;(x,2’) = ]n(@) It then follows that c; is a bounded Lipschitz cost that satisfies the
assumptions of Proposition Since c is lower semicontinuous it is straightforward to check
that c; converges to ¢ pointwise everywhere.

Let a; and 8; denote the optimal values of Problems and respectively with cost c;.
From Proposition we know that a; = ;. Let «, 3 denote the optimal values of Problems
and respectively with the original cost c¢. Since we already know that 8 < «, our
goal is to show that a < . ' '

Exploiting the fact that ¢; is increasing with respect to j, if g{°, ..., g2 is a feasible solution to
for the cost cj,, then it is also a feasible solution to for c¢. Therefore, lim;_,, B; < 5.

On the other hand, let M and ], ... ,ﬂjK be optimal solutions to with the cost ¢j. Let
m be the optimal transport plan between y; and fi]. Arguing as in Proposition it follows
that A and 7TZ]» are tight with respect to j. Thus, there exists a subsequence (that we do not
relabel) such that A/ converges weakly to some A and 7] converges weakly to some ;. Fix some
Jo and note that for all j > jo

K K
a; = N(X)+ Z/ cj(x,x’)dﬂ'g(x,x/) > M (X) + Z/ Cjo(:v,x/)dﬂg(x,a:’).
i=1 7% i=17X

Therefore,
K
liminf a; > A(X) + /C‘ x, 2" )dm;(z, x).
minfa; > A(X) ;on( Jdmi(z, z')

Taking a supremum over jp, it follows that

j—00

K
liminf a; > A(X) + Z/ c(z, 2 )dmi(z,2") > a.
i=1 X

Thus, o < liminf; ,, a; = liminf; . 8; = 3. Thanks to Proposition it follows that
(2.8)) and (3.13)-(3.15]), all have the same optimal value. O

4. PROOF OF THEOREM 2.8

4.1. Theorem upper bound. First we show that
1
———B* < min / c(z1,...,zr)dm(21, ..., 2K).
2u(@) or S i L € Jan( )
To see this, recall that Bj, is, according to Proposition equal to

min / &(@,7)dy(%,7) where P;u(ryy) = p; for alli € {1,..., K}.
V€T J (ax[0,1))K

Here and in what follows we use T, to denote the set of positive measures satisfying 751-#(7"1-7) =
w; for alli e {1,...,K}.

Let m € I (p), and for given 2 = (z1,...,2K) € ZK, let vz € T;. be a solution for problem
(3.10) (when p = j1z). We define a measure v as follows:

/ h(f7f>d’y(f7f> = (/ h(f,?)d’}?(f,?)) dﬂ(zlw--azK)
(X x[0,1])K ZK (Xx[0,1])K

for every test function h : (X x [0, 1) — R.
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We check that v € T2 — Indeed, for any test function g : X — R we have:
i

/ rig(z;)dy(Z,7) = </ Tz‘g(xi)dw(fﬂ#o dn(z1,...,2K)
(Xx[0,1)K zx \J(xxo,1))x

K/ ) 1;=1 dﬂ-(zlan'uzK)

2 J: z]#fl

= 55 . oo

Let us now compute the cost associated to this :

/(X [0,1))K 5(f,f)d7((f,’?) = ke <\/(\X 0.1 E(fgfjd'Yg(f, F)) dﬂ'(Zl,. "7ZK)
x [0, : [0,

:/Z*K B dn(z1,. .., 2K)
:/ c(z1,...,zg)dm(z1,. .., 2K).
zk

Combining the above with Remark we conclude that

1
B =B, = mi d < m ?)dn(2).
2u(Z)H M 761(21][(112)“/()(”071])[{ (@, M)dy(Z,7) < neniﬁu)/ c(2)dr(2)
m

4.2. Theorem [2.8: lower bound. We now show that

. 1 X
Werlril:(n(“)/c(zl, v 2r)dm (21, 2K) < QM(Z)B”'
First, observe that for any ¢ € & we have:
K 1 1 X
> Lo 41 g )+ 5 > e
K K K
=3 / (o estens + X en) gtz
For each 1 < i < K, define
K K
Vi) =Y bj(i i) + Y di()
j=1 j=1

It is thus clear form the above computation and definition that

K
(4.1) Z /X » ) + 3 quj =3 [ e gz duta.

Our goal is now to show that {¢; : 1 <i < K } is feasible for problem (3.14]) (working with the
normalized measure ﬁu) We start with a preliminary lemma and an example illustrating

the strategy behind the proof of this fact. The precise statement appears in Proposition
below.
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Lemma 4.1. Given (z1,...,2x) € 2K, let A= {j € [K]: zj # \}. Suppose that for each j € A
zj = (xj,j). Then, for each ¢ € ®,

(4.2) D 6i(z) < % + %CA-

Proof. Since ¢ € ®, it suffices to show that

—_

. 1
Bﬁz < I + ?CA,

where
K

—~ 1 1
2RI S Uy
I s.t. z1#N JEA
For simplicity, assume that A = {1,...,S}. By Proposition
~ 1 1
B =¢((x1, ?), vy (g, ﬁ)’ (x5+1,0),...,(zx,0)),

where we can pick xg11,...,zx arbitrarily. Let my = % and my = 0 for A’ # A. Tt is easy to
check that such m is feasible for since rg = % forl1<s<Sandr;=0for S+1<i<K.
So, implies

~ 1 1 1 1

c((x1, E)’ vy (s, ?), (£541,0),...,(zx,0)) < 74 + T A
The conclusion follows. O

We now present specific examples which illustrate why {1; : 1 <i < K} is feasible for (3.14)),
that is, we need to show that for any (z1,...,2x) € XX and for any A C [K] we have

1(z1) + Pa(x2) + Y3(z3) < 1+ ca.
Let K = 4 and suppose that A = {1,2,3}. Expanding the 1);’s we get:

Y (@1) + o (@2) + vs(as) = ZZ%%‘”Z%

i=1 j=1
or, after a rearrangement of the summands:

¢1(21, 1) + P2(w2,2) + d3(x3,3) + Pa(P)
+¢a2(z1,1) + ¢3(22,2) + da(23,3) + d1(1)
+¢3(z1,1) + pa(x2,2) + d1(23,3) + d2(1)
+¢a(z1,1) + ¢1(22,2) + d2(23,3) + d3(1)

4
+2 ()
j=1

We can bound the first line above using (4.2)):

B1(@1,1) + 9a(02,2) + (23, 3) + Gu(P) < 7 + e

The same argument holds for the second, third and fourth lines. For the last line, notice that
c(f,...,) = 0. Hence, the last line is bounded above by 0 and we can now deduce that

1 (x1) + a(xe) + 3(x3) < 1+ ca.
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The above situation becomes less trivial if |A| is much smaller than K. To illustrate, let
K =9 and suppose that A = {1,2}. Rearranging the ¢;’s as above we will not be able to obtain
the desired upper bound since the total number of ¢;([1)’s available is in this case K|A| = 18
while the required number of ¢;([1)’s in the analogous arrangement as above would be at least
K (K — |A]) = 63. To overcome this problem, we need to rearrange the ¢;’s further in order to
reduce the required number of ¢;([1)’s and deduce from this refined analysis the desired upper
bound.

First of all, construct a 9 x 9 arrangement in the following way: for the k-th row in the
arrangement, let the k-th and the (k4 1)-th elements be ¢x(x1, 1) and ¢gr1(x2,2), respectively,
and let the remaining elements be “empty”. Note that here k and k+ 1 are considered modulo 9;
for example, 10 =1 mod 9, and an empty element means literally no element. We merge rows
in the following way: merge together the 1-st, the 3-rd, the 5-th and the 7-th rows, i.e. replace
empty elements for none-empty ones coming from other rows; likewise, merge together the 2-nd,
the 4-th, the 6-th and the 8-th rows; finally, keep the 9-th row as is. By the above construction,
the 1-st, the 3-rd, the 5-th and the 7-th rows share no common ¢;. Let (); denote an empty
element at the j-th coordinate. The resulting arrangement can be written as:

¢1(71, 1), Pa(22,2), d3(21, 1), ¢a(2,2), ¢5(21, 1), ¢6(w2,2), d7(21, 1), P82, 2), Do,
01, 2(21,1), ¢3(22,2), dal21, 1), d5(22,2), P6(21, 1), ¢7(22,2), ds(x1,1), do(z2,2),
¢1(2,2), 02, 03, 04, 05, D6, D7, Ds, P (21, 1),
with the first row representing the merge of rows 1-3-5-7, the second row representing the merge
of rows 2-4-6-8, and the last row representing row 9.
Notice that the above arrangement contains all ¢;(xs, s)’s. Furthermore, the number of (); for

each 1 < j < 9 is exactly 1. Filling 0;’s with ¢;([1)’s, and using the fact that the number of
¢j(P)’s for each 1 < j <9 is 2, it follows that

4
Yr (1) + Ya(x2) = D (dojo1 (w1, 1) + ¢a;(22,2)) + do (1)
7j=1

4
+01(P) + Y (d25(w1,1) + Gajia (22,2))
J=1

8

+ ¢1(.Z'2, 2) =+ Z ¢](D) + (259(.%'1, 1)

=2
9
+ Z ¢5(R
j=1

Observe that for (z1,...,2x) = ((z1,1), (22,2),...,(z1,1), (z2,2), ), bz = %6(36171) + %6(962,2).
Factoring out the 4 (see Remark and applying (4.2)), we otain:

4

4
; ¢2j 1 1'1, +¢2]($2, )) +¢9( ) Bﬂz >~ § -+ 3CA

Similarly, the second and third lines can be bounded by %—i— %c 4 and %4— %cA, respectively. Since
>0_1 () <0, it follows that

(1) + Ya(x2) <1+ ca.
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The above two situations help us illustrate the general strategy for proving that the resulting
1; are feasible: the idea is to arrange summands appropriately so that we can utilize Lemma
in the most effective way possible. In the following proposition we state precisely our aim.

Proposition 4.2. Let (¢1,...,¢r) € ® be a feasible dual potential. For each 1 <1i < K, define
K K
wz(xz) = Zgbj(l‘z,z)-i-quj(m), T, € X.
j=1 j=1

Then {1; : 1 <i < K} is feasible for (3.14]). Therefore,
1

' o z)d (2, oK) < —— B
B S O 20) S B

Proof. Fix K and A C [K]|. Without loss of generality, assume that A = {1,...,S5}. We show
that

(4.3) > hilwi) < 1+ ca.
€A
First, suppose K is divisible by S. Foreach 1 <s < S and 1 <j < K, let
u(s, §) = (s+j—1 modS) if(s+j—1 modS)#0
T s if(s+j—1 modS)=0.

Rearranging the sum of the 1’s, it follows that

K S K
Dotilw) =Y di(rs )+ 5 di(R)
i€A j=1 s=1 j=1
5 K K
= qusj(xu(s,j)vu(saj)) + qub](m)
s=1 j=1 j=1
Note that for each 1 <s < S, [{u(s,j) : 1 <j < K}| =% and hence

S K
Az= D 20 asd):
Factoring out % and applying ,
K
> i (s uls, ) <
j=1

Since Z]K:l ¢j() <0, it is deduced that

S K K
sz(xz) = Z Z (bj(xu(s,j)? U(S,j)) +5 Z ¢](D)

icA s=1 j=1 j=1
s
1 1
< I
<) (g+3ea)
s=1
=1+ca,

proving the desired inequality in this first case.
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Now suppose that K is not divisible by S. For each 1 < s < S and each 1 <k < K, let

o(s.k) = (s+k—1 mod K) if(s+k—1 mod K)+#0
UK if (s+k—1 mod K)=0.

Construct a K x K arrangement in the following way: for each 1 < s < S we set the v(s, k)-th el-
ement to be ¢, k) (s, 5), and we set the remaining elements to be empty. We use (); to denote an
empty element at the j-th coordinate. Note that the k-th row has ¢,(1 ) (71,1), ..., dysk) (25, 5)
as non-empty elements, which are placed from the v(1, k)-th coordinate to the v(.S, k)-th coordi-
nate, while it has (K — S) many empty elements. For example, the 3-rd row is

mla 0)25 ¢3(l’1, 1)5 “e. 7¢S+2($57 S)a ®S+3, ceey ®K

We split into two further subcases.

First, assume that | % | = 1. In that case we have K (K —S) < KS. Foreach 1 < k < K collect
all the ¢;([1)’s such that j ¢ Ay = {v(1,k),...,v(S,k)}. Notice that for fixed j, the number
of k’s such that j ¢ Ay is exactly K — S since all ¢;(xs,s)’s are contained in this arrangement
and | % | = 1. In other words, the total number of §; is smaller than the total number of ¢;(f).
From the above and an application of we deduce that

K S K
S wi(e) =D (D duam(@es) + D a5(m)) + (28 ~ K) > 0i(E)

€A k=1 s=1 ]%Ak

K o1 1
<2 (5 ge)
k=1
:1+CA7

proving the desired inequality in this case.

Finally, assume that L%j > 1. Here the idea is to merge L%J—many rows to a single row. We do
this in the following way: for each 1 < s < S, we merge together the s-th row, the (S + s)-th row,
..., and the ((L%J —1)S + s)-th row, to obtain a single row which will be re-indexed by s. In the
original arrangement, since the ((m—1)S+s)-th row has @, (s (m—1)5+1)(T1,1); - - -, Pu(s,ms) (Ts, )
as non-empty elements, the rows that get merged share no common ¢;. We keep the last
(K — L%J S)-many rows in the original arrangement the same, and for convenience we let the
indices of these rows be unchanged. After this procedure, we obtain S-many merged rows and
(K — L%JS )-many remaining original rows. Now, it is necessary to count, for every fixed j, the
total number of empty elements (}; in this new arrangement. If the number of §;’s was smaller
than or equal to S for all 1 < j < K, we would be done since the number of ¢;([1) would be S
for each j, whence it would be possible to replace the (;’s with ¢;([1)’s. We show that this is
indeed the case.

For each merged row, its non-empty elements are

¢u(s,1) (71,1),... u¢v(s,S) (v5,9),... v¢v(s,(L%J—1)S+1)($1a ..., ¢U(57L%JS) (zs,S).
Observe that for each merged row, the index j of (); varies from v(s, L%JS +1) to v(s, K). The
definition of v(s, k) yields that
K
S

(4.5) v(s,[%jSJrl):LgJSJrs—KifK—L%JSJrlgsgS

(4.4) o(s,| Js+1):L§J5+sif1gng—L§JS,
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and
(4.6) v(s, K)=K if s=1,
(4.7) v(s, ) =s—1if2<s<8S.

To count the total number of ();’s in the merged rows, let’s consider the following sub-cases.

(i) [5]S+1<j<K: By @), if1 <s< K- |[%]S, then the s-th row has §; for
[ £]S+s<j<K. Also, by (£5) and (£7), if K — |£]S+1 < s < S, then no merged
row has such ();. Hence, the number of 0); is j — [ £]5.

(i) S <j < [5]S : It follows from (44) and (L.5) that either v(s, |5 ]S + 1)
(s, | £]S+1) < S. Similarly, it follows from (£.6) and (£.7) that either v(s, |
or v(s, K) < S. Since the index j of §; of the s-th merged row varies from v(s, | & |S+1
to v(s, K), the number of §); is 0.

(il) S— (K= [5]9)+1<j<S—1: By ([@5) and ([&7),if S— (K- [5|S)+1<j<S5-1,
then (); appears from the (j + 1)-st merged row to the S-th merged row. Hence, the
number of @) is S —j

(iv) 1< <S8 —(K—|%]9) : Similar to (iii), if 1 < j < S — (K — [%]9), then §; appears
from the (j + 1)-st merged row to the S-th merged row. Hence, the number of (); is

K—|%]s
To summarize, in the merged rows
i—15]S  for [5]S+1<j<K,
0 for § <j<|%]8,
S —j for S — (K — | &]9)+1<j<85-1,
—|&]S for1<j<S—(K-[%]9).

(4.8) the number of (; =

Now, it remains to count the total number of (); in the last (K L%J S)-many remaining
original rows. In this part, each row has only S-many non-empty elements. Recall that we still
use the same index k for these remaining rows. Precisely, for L%JS +1 <k <K, the k-th row
has

¢v(1,k:) (.Tl, 1)7 ¢v(2,k) ($27 2)7 RS ¢U(S,k) (xSa S)
Recall that Ay := {v(1,k),...,v(S,k)}. To count the total number of §);’s in the original rows,
let’s consider the following sub-cases.

i) [5]S+1<j<K.:If1<j+1-k<S, by the definition of v(s, k), then j € Ay. In
other words, each k-th row has (); for k£ > j. Hence, the number of (}; is K — j.

(i) S <j < L%JS : From the definition of v(s, k) and the range of k, we deduce that if
[5]S+1 <k < K, then v(1,k) > [%]S and v(S,k) < S. In other words, (); for
S<j5< L%JS appears in every row. Hence, the number of §); is K — L%JS

(i) S— (K — |[&£]S)+1<j<S—1:8ince |£|S+1<k<K,ifv(S,k)=5+k-K <j,
then j ¢ Aj. This yields that if [ ]S+ 1<k < K — S+ j, then the k-th row has ;.
Hence, the number of §; is K — [£]5 — S + .

(iv) 1 <j<S—(K-|%]9: Since v(S,[H]5+1) =5 (K- [5]9),if1 <j<
S— (K- |%]9) and |[£]S+1 <k < K, then j € Aj. Hence, the number of ; is 0.

To summarize, in the remaining original rows

K—j for | £]S+1<j<K,
K- |&|s for S <j<|%]8,

K — L%JS S+j forS— (K- |%]9)+
0

(4.9)  the number of §); = .
for1<j<S—(K-[%]9).
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Combining (4.8) with (4.9), the total number of (); is always exactly equal to K — L%j S which is
always less than S. This allows us to change every appearance of (); with a ¢;([1). Accordingly,
using Y ¢; (/1) < 0, we deduce

PEACHESEDY Z%j (@s,8)+ Y (P

€A merged rows v(s,j) 1#v(s,j)
DY Z%J zas)+ Y, ailh)
remaining rows v(s,j) 1#v(s,5)

Let’s focus on the first summation over merged rows. Notice that there are L%JS many real
elements and the set of real elements is {(xl, 1),...,(xzs,S)}. Thus,

LK

Factoring out L%J and applying (4.2)) we obtain

| L5 | Ls)
Z Po(s,g) (Ts,8) + Z oi(f) < + cA-
v(s,5) 1#£0(s,5)

On the other hand, for the second summation over remaining rows, there are S many real
elements. Thus,

S
Zg (@2.5)
(4.2) immediately implies
1 1
Z Pu(s,j) (s, 8) + Z i(fr) < d + A
v(s,7) I#v(s,5)

Note that the number of merged rows is S and the number of remaining original rows is K — L%J S
respectively. Combining all arguments, we can infer that

=1+ca,

obtaining the desired inequality in the last remaining case.
In summary, we have proved that for a given ¢ = (¢1,...,¢x) € @, its associated (¢1,...,¢Vk)
(which satisfies (4.1))) is feasible for (3.14]). Consequently, this means that

(4.10) @.11) < e

(13.14)
In turn, by weak duality this automatically implies that

1
2.11) < ——-B".
B =53
Finally, combining with Corollary below (which establishes that under Assumption
there is no duality gap for the MOT problem (1.2])) we obtain the desired inequality relating the
minimum value for the MOT problem and Bj,. (]
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4.3. Returning to the adversarial problem (I.1)). We begin by establishing that, under
Assumption the cost c is lower semi-continuous with respect to a suitable notion of con-
vergence.

Proposition 4.3. Let Z, = Z U {[\} on which P\ is considered as an isolated point. Let d be
defined according to:

d(z,2") ifi=17,

d(z,7'):=¢ oo if it £4 orz=P and 2’ € Z (vice-versa),
0 if z=2' =]
Define JK on ZE by
7 / / o EYOU
dK((Zla s azK)v (Z17 SER) ZK)) T 11%1%)%(1(217 Zz)‘
Recall
c(z1,...,2K) == B
where [iz is defined as
1 K
//’25 = E Z 52[7
l s.t. z1#£N

Under Assumption c is lower semi-continuous on (ZX, EK)
Remark 4.4. Note that (ZK, C/Z\K) is still a Polish space.

Proof. Suppose 2" = (z,...,z}) converges to Z = (z1,...,2K) in (Zf,c/l\k). Without loss of
generality, assume that z1,...,2zp = forall 1 < L < K. If L = K, the claim would be trivial
and so we can focus on the case L < K. By the definition of di, without loss of generality we
can further assume that z2{,...,2} = [ for all n, and likewise, for each L +1 < j < K, we can
assume that i} = i; for all n, for otherwise the convergence would not hold due to the definition
of C/Z\K.

By Proposition [3.12] we have
(4.11) (o )= Bi = b Y mafeaehoak) +1),

AC{L+1,...K}

where the min ranges over all {ma}ac{r+1,..,x} such that ZAGSK(i)m{LH,...,K} my = %, Vi =
L+1,... K.

We now claim that for every A C{L+1,..., K},

ca(Trtt1,. . 2k) < liminfeq (2] g, ..., 2%).
n—oo

Indeed, if the right hand side is equal to 400, then there is nothing to prove. If the right hand
side is finite, we may then find a sequence {Z"},en such that

I%Hiicngc(i”,x?) = linrggfc,q(xgﬂ, L 2) < 00
1€A
By the compactness property in Assumption it follows that up to subsequence (not re-

labeled) we have that {Z"},cn converges toward a point & € X. Combining with the lower
semi-continuity of ¢, we deduce that

CA(:I;L—Fla cee ,ZL’K) < ZC(‘%’ l’z) < hminfCA(xTIl/—i—l? B x’r[t{)’
=y n—o0

as we wanted to show.
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Returning to (4.11), we can find for each n € N a collection of feasible {m’i} ac(r+1,....x} such
that
linnigf Z mi(ca(@lyr, .. xk) +1) —hnn_l)gfc(zl,...,z?().
AC{L+1,...,.K}
Using the Heine-Borel theorem in Euclidean space, we can assume without the loss of generality
that for every A, m’j converges to some m4 as n — oo. The resulting collection of m 4 is feasible

for the problem defining c(z1, ..., zx) and thus, using the lower semicontinuity of c4 established
earlier, we deduce:
n n
c(z1,...,2K) < Z ma(ca(@fyy, ..., )+1)<hnni10réfc(z1,...,zK).
AC{L+1,...K}
O

Corollary 4.5. (Duality of MOT) Under Assumption
K

1
inf / c(z1,...,zg)dm(z1,...,2K) = Su /
nellx () J 2,5 (2 K)dn(z x) ¢eg{; XX[K}¢( )2#( Z¢] }

Furthermore, a minimizer m* exists.

Proof. From Proposition it follows that the cost function c(zy,...,2x) is lower semi-
continuous on (ZX ,aTK), which is a Polish space. Applying Theorem 1.3 in [Vil03], which
is stated for the usual optimal transport, but that can be generalized to the MOT setting, we
obtain the desired duality. The existence of a minimizer 7* follows from the lower semi-continuity
of ¢(z1,...,2K) and compactness of TIx (u). O

Corollary 4.6. Under Assumption (12.6) = (2.7)).

Proof. By the upper bound from section [4.1] we have
1
——B"< min c(z1,...,zx)dm(z1, ..., 2K).
a2 < i [ e i)
On the other hand, from (4.10) and Corollary we have
1 1
min c(z1,...,zg)dr(z1, ..., zK) = (2.11)) < 3.14) < ——B’.
i [ st 1) = @D < @D < s,

Combining these two inequalities we conclude that all the above terms must be equal. In par-

ticular, (3.14) = Bj,. Finally, by Proposition we know that (3.14]) = (3.13) = (2.6). In
particular, (2.7) = B}, = (2.6).

O

Corollary 4.7. Suppose that Assumption holds and that (7*, ¢*) is a solution pair for the
MOT problem and its dual. Define f* and u* according to:

K K _
Fi(z) = (max {3 65,0y + Z@f(m),o})
j=1 j=1

and for any test function h on X,

/h )dji /ZK{/h du“~}d7r*(2’),

where [i%, is the i-th marginal of [i%, an optimal adversarial attack which achieves c(z1,. .., 2K)
given Z = (z1,...,2K). Then (f*,u*) is a saddle for problem ((1.1)).
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Proof. Tt suffices to show that (f*, u*) is a saddle point for problem (2.6)). For any p, it holds

that
/h( V(@) = / T)d\a(T
X AeSK (i
Z / TA $15"'7£K))d7r14($17"'VrK)'
XK
AeSKk (i

Hence, for the above (f*, 1*),

K
B(f*,m%) + C(p, ") Z/f Z)dpi; (@) + > O, pa)
=1
=S Z{ [ r@one >+0<Az,m,A>}

AeSk icA
:A;:K {/X ZGZAfZ (TA(Z)) + ca(Z))dnly(E )}

where \% and 7% correspond to ii*. Notice that by Proposition without loss of generality,
we can assume that 3 ¢%(z,4) + > ¢5([1) > 0. By the definition of f; and (2.4),

Zf (Tq (% Zsup{Zgb ) +Z¢ ) — (2!, Ta(Z ))}

€A i€A
Ssup{Z(Zqﬁ;( —i—Zqﬁ] ) —ca(z ZGA)}
icA j=1

gsup{l—i-cA( ZEA)—CA( ZGA)}
<1,

where the third inequality follows from . Hence,

B %) + Ol i) Z [, 1+ eal@)ani(@)
XK

A€eSk

= / c(z1,...,zg)dr*(z1, ..., 2K)
zZK
= B,
On the other hand, using (3.13]) and the optimality of d)*

BUF*\) + Cui?) 2 mf{(B(, 1) + Clou. ) = Z / “(e)dui(rs) = By,

Combining the above upper bound, we can infer that
B(f*,m*) + ( 1Y) =By,
which verifies that (f*, 1*) is a saddle point for (2.7)): hence for (2.6) and thus for (L.1)) also. O

Remark 4.8. Recently, there are many papers which try to analyze adversarial learning in terms
of a game-theoretic perspective [BGB™20, MSP™21, [PJ21b]. This approach is obviously natural:
the learner wants to maximize B), while the adversary wants to maximize R),, hence to minimize
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By, which is the usual zero-sum game. The focus of recent studies in this area has been on

parametric setups.
Corollary 4.9. Let 7 be a solution of the MOT problem (1.2)) and let F : ZK — ZE be defined
according to

F(Zl, ooy ZK) = (Zo(1)7 ceey za(K))a

for o : [K] = [K] a permutation. Then any convex combination of Fym* and ©* is also a solution.

Proof. This follows immediately from the fact that the cost function c is invariant under permu-
tations and the fact that all marginals of 7* are the same. O

5. EXAMPLES AND NUMERICAL EXPERIMENTS

Through this section, the cost ¢ is from Example This cost has been widely used in
adversarial learning literature and distributional robust optimization literature. Examples in
this sections illuminates how our general framework of generalized barycenter and MOT has
applications in practice.

5.1. Recovery of the binary case. Consider the binary case K = 2. Our goal is to show that
our results recover the result in [GM20)].

Let 21,29 € Z,. If both z; and 29 are [\, then c(z1,22) = 0. If only one of them is [, then
the cost is % Finally, consider the case where z1, zo # . First assume that iy = io = 1. In that

case,

= 1 1
fz = 55(961,1) + 55(552,1)-

Since only class 1 is represented in this configuration, there is no meaningful adversarial attack
in this case, and thus,

BEE =1.
Assume now that i; = 1 and i = 2. In that case,
1. 1. 1 1

hz = SH1 + SH2 = 55(951,1) + 55(1«2,2)7
and the adversary can attack meaningfully if and only if d(z1,z2) < 2e. Thus,
Bt o_ : %f d(x1,z2) < 2,
2 1 if d(xy, z2) > 2e.
To summarize,
if i1 # i9 and d(z1, z2) < 2¢,
if i1 = ig or d(z1,x2) > 2,
if exactly one of z;’s is [,
if z1 =20 = N\

C(Zl, 2’2) =

Orl= o=

In [GM20], it is proved that

t 1
= inf / COS = Zl’ Z2) i )d (21522)7
7El(p,p) J 2 x

where ( )
if 41 #£ 49 and d(z1,22) < 2¢,
coste(21, 22) { if i1 = 49 or d(wx1,z2) > 2e.
In other words, in the binary case, it is unnecessary to introduce the element . To illustrate this
point, assume for simplicity that u(Z) = 1. Notice that every 7@ € I'(u, 1) induces a 7 € Ta(p)
as follows:
1

1
/ o(z1, 22)dm (21, 22) = / @(21, 22)d7 (21, 22) + (P, 1),
Ze X By 2 ZXZ 2
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where ¢ : Z, X Z, — R is an arbitrary test function. The cost associated to the induced 7 is:

- coste(21,22) + 1\ .
2/ c(z1, z9)dm (21, 22) :/ c(z1, z9)d7 (21, 22) :/ ( e( 12 2) )d?T(Zl,ZQ).
Zy X2y ZXZ ZXZ

On the other hand, let 7 be a solution for the MOT problem (|1.2)) (such a solution exists thanks
to Proposition . Thanks to Corollary we can assume without loss of generality that
m(Ax A)=m(A x A),

for all A, A’ measurable subsets of Z,. We now define 7 according to:

/ P(21, 22)d7 (21, 22) := 2/ P(z1, z2)dm(z1, 22)
ZXZ

ZxXZ

+/ gb(zl,zl)dw(zl,ZQ)—l—/ P(z2, z2)dm (21, 22),
Zx{n} {A}xZ

for test functions ¢ : Z x Z — R. It follows that 7 € I'(u, ). Moreover, from the above formula
and the expressions for the cost ¢ we get

1
/ (COStE(Zl’ZQ) + )d'ﬁ'(Z]_,ZQ) = / c(z1,22)d7 (21, 22) = 2/ c(z1,z9)dm (21, 22).
ExZ 2 ExZ Z X2y

The above computations show that our results indeed recover those from [GM20] for the binary
case.

5.2. Toy example: three points distribution. Let’s assume that K = 3 and g is such that

H1 = Wilay, H2 = walz,, M3 = W30zs,
for three points x1,x2,x3 in Euclidean space. Without loss of generality, assume further that
w1 > we > ws>0and Y w; =1. Let € > 0 be given and consider the cost from Example
with d as the Euclidean distance (for simplicity). We will explicitly construct an optimal robust
classifier and an optimal adversarial attack for this problem. Even in this simple scenario, one
can observe non-trivial situations.
Since for every pi; such that Weo(w;dgs,, f1i) < € we have

/sz‘(xi)dﬁz‘(xi):/ filwi)dpi(;),

B(zi,e)

where B(x,r) = {2’ : d(z,2') < r}, we can assume without loss of generality that spt(j;) C
B(z;,¢). Notice that it is sufficient to consider f € F restricted to B(z1,¢) U B(x2,¢) U B(x3,¢)
(in fact, problem can not disambiguate the values of f outside of this set). We consider
4 non-trivial configurations and one trivial one. Figure [1| below illustrates how the adversary
perturbs the original data distribution in each of the non-trivial cases.

Case 1. d(zj,z;) > 2¢ for all 1 < ¢ # j < 3. This is a trivial case. We claim that for
any fi; such that Wy (wids,, i) < e, ((]lﬁ(xl,s)v]lﬁ(xg,s)v]lﬁ(xg,s))’ (11, 112, 113)) is a saddle point
for (1.I). This is straightforward, since spt(z;) N spt(f;) = 0, and thus it can be deduced that
(1B(21,6)s 1B(22,e)s L B(as,e)) 18 @ dominant strategy for the learner. It is easy to check that B, =
in this case.

Case 2. There is some T such that d(Z,z;) < e for all 1 < ¢ < 3. We claim that
((1,0,0), (w1 0z, wadz, w3dz)) is a saddle point. First, w;dz is feasible for all 1 < ¢ < 3, since
T € B(z;,¢e) for all i. Now, given (w1dz, w20z, w3dz), the best strategy for the learner is to
choose class 1 deterministically for all points, since w; > wy > ws. On the other hand, given
(1,0,0), any adversarial attack yields the same classification power. From this we conclude that
((1,0,0), (w1 6z, wadz, w3dz)) is indeed a saddle point. Notice that B}, = wy in this case.
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Case 3. Two points are close to each other while the other point is far from them. For
simplicity, we only consider the case d(x1,x2) < 2e, d(x1,23) > 2¢ and d(xa,x3) > 2. The
other cases are treated similarly. Let Tio = x1+x2, and define f = (13 Bla1,e)UB (22, )707/]}§(x3,5))
and i = (wldwlz,wgdxw, pfs) for arbitrary pz with W (i3, wsdz,) < €. We claim that (f, 1) is a
saddle point. For any (f1, fo, f3) € F we have

/fl Z)w1 0z, (T /f2 T )walz,, (T /f:s )dps(x

o fi(T12) + wafo(T1a) + /X f3(2)fis ()

<wy +ws

:/X]lB(azl,s)UB(xg,a)w15I12(x)+/

Owads (@) + [ A, o)
X X

On the other hand, given (]lﬁ(ache)ug(:vg,a)’()’ ]lg(x&s)), for any (i1, fi2, fi3),

BuF) = [ s mten @@ + [ 0dala) + [ g i@

= wi + w3
= B,U«(fna)

where the second equality follows from the assumption on the configuration of points. The above
computations imply the claim. In this case B}, = w1 + ws.

Case 4. d(z;,z;) < 2¢ for any z;,z; but B(z1,e) N B(x2,e) N B(x3,¢) = (. Note that when
K =2, d(z1,22) < 2¢ if and only if B(z1,¢) N B(xa,¢) # (. However, when K > 3, these cases
are not equivalent anymore. There are two subcases to consider depending on the magnitudes
of the weights (w1, wa,ws).

Case 4 - (i) w1 < w2 + ws. In this case, we can find some \; € [0,w;] for all 1 <7 < 3 such
that

)\1:(,02—)\2, /\szg—)\g and/\3:w1—)\1.

Precisely,

A = w1 +w2—w3, Ay = w2 -l-ws—wl7 and As — w3 +wq —w2.
2 2 2
Note that for all 4, \; > 0 since w1 < wo + ws. Let T12 € B(x1,¢) N B(xe,¢), T13 € B(z1,8) N
B(z3,¢) and Taz € B(z2,¢) N B(xs, ). Construct the following measures

~ w1 + w2 — w3 w1 — w2 + w3
M1 = ()\15512 + (w1 )‘1)6I15> (( 2 )02 + (f)éfw)’
. wo + ws — w1y W9 — w3 + w1
Mo = ()\25523 + (L‘)Q - )‘2)6512> = (( 9 )5523 ( 92 )6f12)’
~ w3+ w1 — w2 w3 — w1 + w2
fiz = (A30z,5 + (w3 — A3)days) = (( 5 )0z5 + (f)c&%).

Let A;j = Aj; := B(z;,¢) N B(zj,¢e) and A; = B(w;,¢) \ (Aij U Ajx). One can observe that since
d(z;,x;) < 2¢ for any x;, z; but B(z1,€) N B(z2,€) N B(z3,€) = 0, for each i

Here U denotes a disjoint union. Also, since W (i, widz,) < €, it must be the case that A;; N
spt(pg) = 0 if k& # i,j. For each 1 < i < 3, construct the following weak partition: for given
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(,Hla ﬁ27 /]3)

ifx e Ai,

if 2 € Ajj and [1;(Aij) = [i;(Aij),

if v € Ay and p;(Ayj) > i (Ai), _

ifz e Aij and ﬁZ(AZj) < /jj(Aij) or ¢ B($i,8)-

fl(:c) =

O ol =

Notice that the above f is a weak partition since B(z1,e) N B(xg, e)NB(xs,¢) = 0. Let f denote
the above f when i is played. Then, by the construction of [, fl(azw) = % for all 4, 7. We claim

that (f, 1) is a saddle point.
A direct computation shows

JF) = [ R+ [ B + [ F@adise) - 5.
X X

X
Given (fi1, fi2, 13), for any (f1, f2, f3) € F

/fl )diir(z /f2 )djiz(x /f3 )dpiz(x

w1 + wg — w1+ w3 — wo + w3 — w1

= ( 5 28 Fi (@) + ( 5 ) f1(F1s) + ( 5 ) f2(T23)
w1 + wg — w3 _ w1 + w3 — wo _ Wy + w3 — w1 _
+ (f)fz(ﬂ?u) + (f)f:’)(fﬁw) +( > ) f3(T23)
= (AT o) 1 o) + (DD () + o)
+ (W)(ﬁ(@:&) + f3(T23))
< (wl+¢;2—w3)+(w1+¢;3—w2)+(w2 —H;g—wl)
1
=

where the second to last inequality follows from the fact that > f;(x) < 1 and the last equality
follows from the fact that > w; = 1. Given (f1, f2, f3), on the other hand, for any (11, fi2, fi3)

e /f1 ) (z /fz )dpa(z /f3 )dps(z

1 (A1) + p2(Ai2 ~ ~
L5, (A12)=fia(A12) ol )2 (4ro) + 15, (A1) £7in (A1) Max{fi1 (A12), fi2(A12) }

fir (Ar) + fiz(Ars) . .
+ L7 (Ass) =75 (413) 5 + L (Avs) s (Ars) MAX{ 1 (A13), fi3(A13) }

Tiz(Ags) + fis(A _ _
A iy (Agg)=fis(A23) 2(42) 5 3l 23)+]1;72(1423)#/73(1423)maX{N2(A23)aM3(A23)}

+ 11 (A1) + p2(A2) + p3(As).

To minimize fi7 (A1) +f12(A2) + i3 (As) in the above, the adversary should put spt(p;) € A;; U A
for all 4. Also, at the minimum, we should have f1;(A;;) = f1;(A;;), for otherwise the adversary
would be able decrease the classification power further. Putting together the above, we can
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deduce

f1(Airz) + p2(Ar2)

B, (f, 1) > 15, (Ar2)=fiz(A12)

2
1 f1(Ass) + ps(Ags)
+ L7 (A)=fis(A13) 2
1 fi2(Aas) + iz (Aas)
+ L7, (Ags)=fis(As3) 92
(4 p2)(Ar2) | (g1 +p3)(Ais) | (2 + fi3)(Ags)
= + +
2 2 2
_1
=3

which verifies the claim. In this case, B}, = %

In fact, it is unavoidable to introduce weak partitions f € F. Let f = (1p,1r,, 1) be any
strong partition, i.e. F{UFUF3 = UB(x;,¢). We will show that for any fi, (f, 1) cannot be a
saddle point. Assume that B(z1,¢) C Fy. Since d(x1,72) < 2¢ and d(z1,73) < 2¢, it must be
the case that Fy N B(z2,¢) # 0 and Fy N B(xs,e) # (. These facts yield that optimal fis and
fiz for the adversary must satisfy spt(e) C Fy N B(z2,¢) and spt(f3) € Fy N B(xg,e). This
configuration gives a classifying power w; since the learner can only detect class 1 perfectly and
always misclassify others.

However, given any such (i1, f12, fi3), the learner has an incentive to modify a classifying rule.
Let F} := Fy\ (spt(pf2)Uspt(iz)), Fy := F>Uspt(fiz) and Fj := F3Uspt(pg). Then, this classifying
rule perfectly classifies. Precisely, there exists a deviation for the learner, f’ = (1 F 1,1 F§)7
such that

1=B(f'.7) > B(f.i) = w1.

Assume that B(x1,e) € Fy. Since (Fy, Fy, F3) is a partition, it must be the case that either
Fy N B(x1,e) # 0 or F3N B(z1,¢) # 0. Without loss of generality, assume the former case only.
The other cases are analogous. Fy N B(x1,¢) # () yields that an optimal ji; for the adversary
must satisfy spt(p1) C Fy. Then, a corresponding classifying power is at most wy + ws since the
learner always misclassifies class 1.

However, given any such (p1, 112, f13), the learner has an incentive to modify a classifying rule
again. Let F| := Fj; Uspt(i1), Fy = Fy \ spt(p1) and F4 := F3. Similar as above, letting
f'= (g, 1py, Lgy), such that

1= B(f',fi) > w2 + w3 > B(f, k).

Therefore, any strong partition f = (1,15, 15,) cannot sustain a saddle point in this case.
We want to emphasize that the same reasoning still holds for other cases. In other words,
even this simple discrete measures, it is necessary to extend strong partition to weak partition
in order to achieve the minimax value.
Case 4 - (ii) w; > wo+ws. In this case, no matter how the adversary perturbs the distribution,
there will always be an excess mass from class 1 that won’t be matched to other classes. Motivated
by this observation, let Kk = w1 — (w2 + w3) > 0 and consider the following measures (fiy, fi2, fi3):

/-/Zl = w25512 + W35§13 + /{(le,
,ZIQ - w25§125

ﬁ3 = W3(5§13 .
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Consider (]?1, fa, J/‘;,) = (1,0,0). We claim that (f, ) = ((]?1, fa, ]/‘;,), (11, 112, 113)) is a saddle point.
Indeed, a direct computation shows

W(F 1) = /f1 )dpi (z /f2 )dpz(z /f3 )dpiz(x

For any (f1, fa, f3) € F,

Bu(f,ﬁ):/fl )djir (z /fz )dfiz(z /f:%ﬂﬁd,uz

= w2 f1(T12) + w3 f1(Z13) + K f1(21) + wa fa(T12) + w3 f3(T13)
= wa(f1(Z12) + f2(T12)) + w3(f1(Z13) + f3(T13)) + K f1(21)
Swy4ws+kK

= wi.

On the other hand, for any feasible (g1, fi2, 113),

W(FL 1) = /f1 )dfir (z /f2 )dpiz(x /f3 )diz(z

The claim follows. In this case, BZ = wi. Note that here w; > since wy > wy + w3 and

1
27
> w; = 1. In case we had w; = wy + w3, we would actually have w; = % and thus Case 4 -(i)
and Case 4 -(ii) provide consistent outcomes.

We now show that the adversary has no incentive to use the point Zo3, in contrast to what
happens in Case 4 -(i). Fix a small > 0, and suppose that the adversary moves n mass from

each of wyd,, and wsd,, to the point T3, respectively. Construct corresponding measures:

fir = (w2 — )0z, + (W3 — 7)0z;5 + K'0ay,

fi2 = N0z,; + (W2 — 1)0z,,

3 = (w3 — 1)0z,5 + N7
where ' = wy — (we + w3 —2n) = K+ 217. We show that can not be a solution to the adversarial
problem by showing that the learner can select a strategy f for which

Bu(fa /7) > wi-
Indeed, we can select f:: (]lg(m1 &) 0, ]IX\E(;E E)). It follows that

(1) = /f1 )dpii (z /f2 )dpiz(x /f3 )diz(x

=(wa—n)+(ws—n)+c +n=w1+ n>w.

Notice that while the geometry of points x1, z9,z3 in case 4 -(i) and case 4 -(ii) is the same,
the geometries of the corresponding optimal adversarial attacks are determined by the full dis-
tribution p and not just by the geometry of its support. In fact, the optimal adversarial attacks
1 and the optimal barycenter measure A depend on not only the geometry of the support of u
but also the magnitudes of its marginals, p;’s.

5.3. Numerical Experiments. In this section we illustrate our theoretical results numerically.
We obtain robust classifiers for synthetic data sets and compute optimal adversarial risks for two
popular real data sets: MNIST and CIFAR.

From the numerics perspective, our aim is to solve the MOT problem and its dual for
an empirical measure p whose support consists of n data points. We use Sinkhorn algorithm
for concreteness. Introduced in [Cutl3], Sinkhorn algorithm has been one of the central algo-
rithmic tools in computational optimal transport in the past decade. This algorithm, originally
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Case 2 Case 3
[ ] [ ]
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o ‘ w1
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— : X12 \
; o O
e — X
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X X3
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(] o w3
Xo Case 4 - (i) Xo Case 4 - (ii)
® ®
le 712
A2 ® o

FIGURE 1. Illustrations of the adversarial attacks in all cases from section [5.2]
Weights on arrows indicate the amount of mass the adversary moves to a per-
turbed point. T’s are the support of A\ in . Notice that the support of A
depends on both the geometry of data distributions and their magnitudes.

introduced in the context of standard (2-marginal) optimal transport problems, was extended to
MOTs in [BCC™15, BCNT9]. Works that study the computational complexity of generic MOT
problems include: [LHCJ19, [ TDGU20, HRCK21, [Car21]. In particular, the authors of [LHCJ19]
prove the complexity of MOT Sinkhorn algorithm to be 5(K 3nKe=2), where e denotes the error
tolerance.

In our first illustration, we consider a data set (z1,y1), ... (Zn,ys) in R? x {1,2,3} obtained
by sampling y; uniformly from {1,2,3} and then z; from a certain Gaussian distribution with
parameters depending on the outcome of ;. We consider the cost ¢ = ¢, from Example with
d the Euclidean distance in R? and different values of €. In Figure |3| we show the labels assigned
to the data by the (approximate) robust classifier, which we computed using Corollary for
the dual potentials ¢; generated by the MOT Sinkhorn algorithm.

In our second illustration, we use the mutli-marginal version of Sinkhorn algorithm to compute
the adversarial risk R}, (i.e. the optimal value of ) for p an empirical measure supported on
a subset of either the CIFAR or MNIST data sets. In both cases we consider samples belonging
to one of four possible classes in order to decrease the computational complexity of the problem.
We use the cost ¢ from Example for different values of € and two choices of d: the Euclidean
distance ¢2 and the ¢ distance. The results are shown in Figure We can observe that
for the CIFAR data set the two distance functions behave similarly: while not the same, the
plots exhibit a similar qualitative behavior. For the MNIST data set, on the other hand, the
situation is markedly different: in contrast to the plot for the ¢2 distance, the adversarial risk
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(i) CIFAR (2, 3, 5 and 7) £2 norm (i) CIFAR (2, 3, 5 and 7) £* norm
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F1GURE 2. Adversarial risks computed using the multimarginal Sinkhorn
algorithm. 7 is the entropic regularization parameter of the Sinkhorn algorithm.
The maximum adversarial risk in all cases is 0.75 because we consider 4 classes
and an equal number of points in each class. Due to the entropic penalty, the
multimarginal Sinkhorn algorithm always gives an upper bound for the optimal
classification power B, hence gives a lower bound for the adversarial risk R,.

with ¢ distance varies dramatically as € grows. This observation is consistent with the findings
in [PJ21a] for the binary case.

We emphasize that Figure 2| only provides approximations of the true adversarial risk RZ.
Indeed, recall that Rj, = 1 — B},. Approximating B}, using the MOT Sinkhorn algorithm will
always produce an upper bound for BZ since the regularization term effectively restricts the
solution space of . Thus, the multimarginal Sinkhorn algorithm always yields a lower bound
for the true Rj,. Of course, one can always compute a tighter lower bound by reducing the
regularization parameter n at the expense of increasing the computational burden.

As way of conclusion for this section we provide pointers to the literature discussing the com-
putational complexity of the Wasserstein barycenter problem; Wasserstein barycenter problems
are specific instances in the MOT family. On the one hand, proves certain computa-
tional hardness of the barycenter problem in the dimension of the feature space (here X’). On
the other hand, [ABA21] presents an algorithm that can get an approximate solution of the op-
timal barycenter in polynomial time for a fixed dimension of the feature space. While our MOT
is not the standard barycenter problem, it is still a generalized version thereof, and thus, it is
reasonable to expect that the structure of our problem can be used in the design of algorithms
that perform better than off-the-shelf MOT solvers. We leave this task for future work.
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FIGURE 3. Three Gaussians in R?. One can observe that as ¢ grows the robust
classifying rule becomes simpler, as expected.

6. CONCLUSIONS AND FUTURE DIRECTIONS

In this paper we have discussed a series of equivalent formulations of adversarial problems
in the context of multiclass classification. These formulations take the form of problems in
optimal transport, specifically, multimarginal optimal transport and (generalized) Wasserstein
barycenter problems. Besides providing a novel connection between apparently unrelated fields,
we have also discussed a series of theoretical and computational implications emanating from
these equivalences. In what follows we briefly expand this discussion, while at the same time
provide a few perspectives on future work.

First, it is of interest to design scalable algorithms for solving the MOT problem . In
general, MOT problems are not scalable in the number of marginals of the problem. However,
this may not necessarily be an issue for our MOT problem, since it possesses a special structure
that, as we discussed throughout section |3| allows us to interpret the desired MOT problem as
a generalized barycenter problem; barycenter problems, at least in their standard version, are
known to scale much better than general MOT problems. Tailor-specific algorithms for our MOT
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problem can take advantage of the favourable geometric structure of a given data set. Indeed,
if a data set is such that there is only a small number of classes (much smaller than K) that
interact with each other at the scale implicitly specified by the cost ¢ (think of Example ,
then the effective size of problem will be considerably smaller than the size of the worst case
setting —see the reformulation .

Second, it would be of interest to use (|1.1)) to help in the training of robust classifiers within
specific families of models. Notice that is model free from the perspective of the learner,
but in applications practitioners may be interested in solving a problem like:

iIlf~ sup {R(f7 ﬁ) - C(H’ ﬁ)} )
feEF peP(2)

which differs from in the family of classifiers F , which may be strictly smaller than F;
for example, F may be a family of neural networks, kernel-based classifiers, or other popular
models. There are two ways in which problem is still meaningful for the above model-
specific problem: 1) the computable optimal ;* from problem can be used as a way to
generate adversarial examples that could be used during training of the desired model; 2) the
optimal value of can serve as a benchmark for robust training within any family of models.

Finally, it is of interest to investigate the geometric content that profiles like the ones presented
in Figure [2] carry about a specific data set. As illustrated in Figure [2| these curves are specific
signatures (adversarial signatures) of a given data distribution, and thus, they may be potentially
used to capture similarities and discrepancies between different data sets.

The above are just but a few directions currently under investigation that emanate from this
work.
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