EXISTENCE OF SOLUTIONS TO REACTION CROSS DIFFUSION
SYSTEMS

MATT JACOBS

ABSTRACT. Reaction cross diffusion systems are a two species generalization of the porous media
equation. These systems play an important role in the mechanical modelling of living tissues and
tumor growth. Due to their mixed parabolic-hyperbolic structure, even proving the existence of
solutions to these equations is challenging. In this paper, we exploit the parabolic structure of
the system to prove the strong compactness of the pressure gradient in L?. The key ingredient
is the energy dissipation relation, which along with some compensated compactness arguments,
allows us to upgrade weak convergence to strong convergence. As a consequence of the pressure
compactness, we are able to prove the existence of solutions in a general setting and pass to the
Hele-Shaw /incompressible limit in any dimension.

1. INTRODUCTION

In this paper, we consider the following two species reaction cross diffusion system

op1 =V - (p1(Vp=V)) = p1F11(p,n) + p2F12(p, 1),
Orp2 =V - (p2(Vp = V) = p1Fa1(p,n) + p2Fa2(p, n),
pp = z(p) + 2*(p),

o — aAn = —n(c1p1 + c2p2),

(1.1)

on the spacetime domain Qo := [0,00) x R%. The study of these systems has become extremely
important in the modelling of tissue growth and cancer [BKMP03, [PT08, RBET10] and has
drawn substantial interest from the mathematical community [PQV14], [PVI5| GPSG19, K20,
BCP20, BPPS19, JKT21l [AKY14, BM14]. The equations models the growth and death of two
populations of cells whose densities are given by p1,pe. The densities are linked through a
convex energy z (and its convex dual z*), which opposes the concentration of the total density
p = p1 + p2. The energy induces a pressure function p, which dissipates energy by pushing the
densities down Vp. In addition, the densities flow along an external vector field V. The source
terms that control the growth/death of the two populations depend on both the pressure and
a nutrient variable n. The nutrient evolves through a coupled equation that accounts for both
diffusion and consumption.

Throughout the paper, we assume that V € L2 ([0,00); L2(R?)) and V - V € L*®(Qu). We
will also have the following assumptions on the energy z:
(z1) z : R — R U {+o0} is proper, lower semicontinuous, and convex,
(z2) z(a) =400 if a < 0 and z(0) =0,
(23) there exists r > min(1 — 2,0) such that limsup,_,q+ a~"2(a) = 0,
as well as the following assumptions on the source terms:

(F1) the F;; are continuous on R x [0, 00) and uniformly bounded,
(F2) the cross terms F1 o, F> 1 are nonnegative.

In certain cases, we will need the additional assumption:
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(F3) for n fixed, p — (F1,1(p,n) + F21(p,n)) and p — (Fy2(p,n) + Fa2(p,n)) are decreasing.

Constructing weak solutions to the system is challenging due to the highest order non-
linear terms p1Vp, poVp. Given a sequence of approximate solutions, one needs either strong
convergence of the densities or of the pressure gradient to pass to the limit. Due to the hyperbolic
character of the first two equations, the regularity of the individual densities need not improve
over time. Furthermore, it is not clear if densities with BV initial data will remain BV in di-
mensions d > 1 (see [CFSS18| and [BPPS19] for results in one dimension). On the other hand,
summing the first two equations, one sees that the pressure p and the total density p satisfy the
parabolic equation

(1.2) op—V - (p(Vp—V)) = p1(Fi,1(p,n) + Fo1(p,n)) + p2(Fi2(p,n) + Fao(p,n)),

(note needs to be coupled with the duality relation pp = z(p) + 2*(p) in order to fully
appreciate the parabolic structure). Hence, attacking the problem through the pressure appears
to be more promising.

Indeed, recently, several authors have been able to construct solutions to certain cases of
by exploiting @ to obtain strong convergence of the pressure gradient [GPSGlQ, BCP20,
LX2]]. In [GPSGlQ], the authors obtain precompactness of the pressure gradient via regularity,
by using the parabolic structure to bound the pressure Laplacian in L'. Combined with any
amount of arbitrarily weak time regularity, this implies gradient compactness via the Aubin-
Lions lemma. As it turns out, both space and time regularity can be problematic. It is not clear
whether spatial regularity can hold without some structural assumptions on the sources terms
F; ; or in the presence of a non-zero vector field V. Time regularity also becomes problematic in
the (important) special case where the energy z enforces the incompressibility constraint p < 1.
Indeed, in the incompressible case, the coupling between the total density p and the pressure p
is degenerate and it is not clear how to convert time regularity for p (easy) into time regularity
for p (hard). In [BCP20l LX21], the authors establish precompactness more directly (including
the incompressible limit in [LX21]), but again under certain restrictive structural assumptions
on the source terms.

In this paper, we establish the precompactness of the pressure gradient directly by exploiting
the energy dissipation relation associated to . In order to explain our strategy more fully, we
need to introduce a change of variables that will make our subsequent analysis easier. Thanks to
the duality relation pp = z(p) + 2*(p), the term pVp is equivalent to Vz*(p). This suggests the
natural change of variables ¢ = z*(p). Since the pressure is only relevant on the set p > 0, we
can essentially treat z* as a strictly increasing function. As a result, we can completely rewrite
the system and the parabolic equation in terms of ¢ instead of p (c.f. Section [2|and
for the rigorous justification). Doing so, we get the equivalent system

Op1 =V - (BVq) + V- (0 V) = p1F11((z*) 7 (q), n) + paFr2((2%) " (9),n),
Op2 =V - (B2Vq) +V - (p2V) = p1F21((z*)"Haq),n) + paFa2((z*)"1q),n),

pq = e(p) +e*(q),
on — aAn = —n(c1p1 + cap2),

(1.3)

where e is the unique convex function such that

(@) az(a) —2 [ z(s)ds if z(a) # +oo,
e(a) =
400 otherwise.
It is worth noting that the change of variables from p to ¢ is essentially the reverse direction

of Otto’s celebrated interpretation of the porous media equation as a W? gradient flow [Ott01].
Indeed, the p variable can be interpreted as a Kantorovich potential for the quadratic optimal
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transport distance, while the g variable is instead the dual potential for an H~! distance. While
the optimal transport interpretation of the system is more physically natural, the linearity of the
H™! structure is advantageous for our arguments. Indeed, summing the first two equations of

(1.3), we get a more linear analogue of (|1.2)):
(1.4) op—Ag+ V- (pV)=p,
where we have defined 1 := p1 (Fy1 (") (0), 1) + Fa ((=*) (@) ) + 2 (Fia (=) (a)om) +
Fb2((2*)7*(g),n)) for convenience.

Now we are ready to give an outline of our strategy. As we mentioned earlier, the key idea
is to exploit the energy dissipation relation associated to (1.4]). Given any test function w €
wk "*°([0,00)) that depends on time only, the energy dissipation relation states that

(1.5) /Rd w(0)e(p’(x)) dx = / —e(p)Ow + w|Vq|]* + we*(q)V - V — wug.

where p° is the initial total density and we recall that Q. = [0,00) x R? is the full space-time
domain. Suppose we have a sequence (pg, gk, j4x) of solutions to equation with the same
initial data p” that converges weakly to a limit point (p, g, fi). Thanks to the linearity of , the
limit point (p, g, i) will also be a solution of . As a result, if we also know that the relation
pq = e(p) + €*(q) holds at the limit, then both (pk, gk, ux) and (p, q, 1) satisfy the dissipation
relation . Hence, we could conclude that

/ —e(pr) 0w + w|Vai|* + we* (qr)V - V — wigas

= / —e(p)Ow + w|Vq* + we* (QV - V — wiig.
Qoo

If we can prove that prqx, e(pr), e*(qx) converge weakly to pg, e(p), e*(q) respectively and

(1.6) lim SUP/ WhEG < / wiiq,
k—o00 o Qoo
then we have the upper semicontinuity property
(1.7) limsup/ w|Va|* < / w|Vg?
k—o00 0o Qoo

ie([0,00); L2(RY)) to Vg. As a
result, the energy dissipation relation gives us a way to upgrade some weak convergence properties
into strong gradient convergence.
Of course, in order to exploit this idea, we need:
(i) enough regularity to ensure that the dissipation relation is valid,
(ii) enough compactness to prove the weak convergence of the nonlinear terms pqx, e(pk), €*(qx ),
(iii) enough compactness to verify the nonlinear limit .

which automatically implies that Vg converges strongly in L2

The amount of a priori regularity needed for (i) is very low, thus, this point does not pose
much of a problem. However, obtaining the compactness needed for points (i) and (iii) is
more delicate. Exploiting convex duality, the weak convergence of the energies e(pg), e*(qx) is
essentially equivalent to the weak convergence of the product prgi (c.f. Proposition . While
we may not know strong convergence of either pp or q; separately, we can still obtain the weak
convergence of the product through compensated compactness arguments (c.f. Lemma .
When e* is strictly convex, the weak convergence of the energy e*(qx) to €*(q) actually implies
that g converges to ¢ locally in measure. Thus, in this case, verifying the limit (1.6)) becomes
trivial. When the strict convexity of e* fails, we will still be able to verify the limit (1.6)) as long
as we add the additional structural assumption (F3) on the source terms.
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Once we have obtained the strong convergence of the pressure gradient, constructing solutions
to the system (and hence the system ) is straightforward via a vanishing viscosity
approach (note adding viscosity to the system is compatible with our energy dissipation based
argument). Furthermore, the above strategy works even when the energy is allowed to change
along the approximating sequence. Hence, we can also use the above arguments to show that
solutions to the system with the porous media energy z,(a) = ﬁam converge to the
incompressible limit system with the energy zo.(a) = 0 if a € [0,1] and +oco otherwise.

1.1. Main results. For the reader’s convenience, in this subsection, we collect some of our
main results. To prevent the introduction from becoming too bloated, we shall state our results
somewhat informally. The rigorous analogues of these results can be found in Section

Our first result concerns the case where the density-pressure coupling is non-degenerate i.e. z
is differentiable on (0, c0).

Theorem 1.1. Suppose that z is an energy satisfying assumptions (z1-z3) such that 0z(a) is a
singleton for all a > 0 and suppose that the source terms satisfy assumptions (F1-F2). Given
initial data p{, p9,n° such that e(p9 + p9) € LY (R?), there exists a weak solution (p1, p2,p,n) to
the system .

When the density-pressure coupling becomes degenerate, we need to add the additional as-
sumption (F3) on the source terms.

Theorem 1.2. Suppose that z is an energy satisfying assumptions (z1-z3) and suppose that the
source terms satisfy assumptions (F1-F3). Given initial data p9,p9,n° such that e(p§ + p9) €
LY(R%), there exists a weak solution (p1, p2,p,n) to the system

In addition to our existence results, we also show that solutions of the system with the porous
media energy z,(a) := ——=a™ converge to a solution of the system with the incompressible

m—1
energy
{0 if a€[0,1]
Zoola) :=

+o00 otherwise
as m — oo.

Theorem 1.3. Let p?, p9,n° be initial data such that p+p3 < 1 almost everywhere. Suppose that
the source terms satisfy (F1-F3). If (p1,m, P2,m: Pm,Tm) S a sequence of solutions to the system
with the energy z, and the fized initial data (p, p3,n°), then there exists a limit point
of the sequence (p1,00, P2,00, Pocs o) that solves the system with the incompressible energy
Zoo. Furthermore, the limiting pressure poo satisfies the so called complementarity condition (c.f.

equation (5.15)).

Theorem is just a special case of our more general convergence result, Theorem which
shows that one can extract limit solutions for essentially any reasonable sequence of energies.
Nonetheless, the statement of Theorem [5.5]is a bit too complicated to be cleanly summarized in
the introduction, so we leave it to be stated for the first time in Section

1.2. Limitations and other directions. Unfortunately, our approach cannot handle the more
challenging case where p;, p2 have different mobilities or where p;, p2 flow along different vector
fields Vi, V5. These cases are known to be extremely difficult, however see [KM18] and [KT20]
for some partial results. When the mobilities are different, the analogue of is a nonlinear
parabolic equation with potentially discontinuous coefficients. As a result, one cannot do much
with the limiting variables p, . When the densities flow along different vector fields, verifying the
upper semicontinuity property requires proving the weak convergence of the terms pq Vg
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and p2 1 Vqy. Since this essentially requires knowing strong compactness for Vg in the first
place, it completely defeats the purpose of the argument.

Nonetheless, it would be interesting to see if this strategy could be applied to other sys-
tems of equations that have some parabolic structure. For instance, if {Li,j}i,je{1,2} are lin-

ear operators whose symbols are dominated by (—A)l/ 2 j.e. their Fourier transforms satisfy
lim supj¢| o0 ‘Ll‘é# = 0, then it should be possible to extend our arguments to the more general
System

(1.8)

A1 =V - (BNVq) + V- (01V) + Liipr + Liapz = prFua ((2%)7Hg), ) + p2Fr2((2%) 7' (9),n),
Oep2 =V - (2Vq) +V - (p2V) + Laipr + Laopz = p1Fa1((2%) 7 (q), 1) + p2F22((2*) "1 (a), n),

pq = e(p) +e*(q),
on — aAn = —n(c1p1 + c2p2),

(perhaps with some other mild requirements on the L; ;). However, it is not so clear that this
more general system models physically relevant phenomena, and hence, we will not pursue this
line of inquiry further in this work.

1.3. Paper outline. The rest of the paper is organized as follows. In Section [2| we explore some
of the consequences of the change of variables ¢ = 2*(p). After this Section, we will focus only
on the transformed system until Section |5, In Section |3, we provide some generic convex
analysis and compensated compactness arguments needed for the weak convergence of the primal
and dual energies. In Section [, we analyze parabolic PDEs, establishing basic estimates and the
energy dissipation relation. Finally, in Section 5| we combine our work to prove the main results
of the paper.

2. THE TRANSFORMATION ¢ = z*(p)

In this section, we will explore some of the consequences of the transformation ¢ = z*(p).
Note that the full verification of the equivalence between the systems and will not
occur until the final section, Section 5] Before we begin our work in this section, let us give a
bit more motivation for introducing this change of variables. First of all, the spatial derivative
in the parabolic equation is linear with respect to ¢, whereas the spatial derivative in
parabolic equation for the p variable is not. As a result, establishing the strong L? gradient
compactness for ¢ is simpler than for p. Furthermore, the ¢ variable is always nonnegative, while
certain choices of z will lead to a p variable that is not bounded from below. The lack of lower
bounds on p leads to some very annoying integrability issues that are completely absent when
one works with g instead.

We begin by establishing the fundamental properties of the transformation ¢ = z*(p). In
particular, we will show that the transformation is essentially invertible.

Lemma 2.1. If z is an energy satisfying (z1-z3), then z* is nonnegative, nondecreasing, and
(2*)~! is well defined and Lipschitz on z*(R) N (0,00). Furthermore, for any 6 > 0, (2*)~! is
uniformly Lipschitz on [§,00)
Proof. Given any b € R, we have

z*(b) =supab — z(a) > 0 — z(0) = 0.

a€R

It is also clear that inf 9z*(b) > 0 since z(a) = +oo for any a < 0. If by < be, then z*(bg) —
2*(b1) > ai(ba — by) > 0 where a; is any element of 0z*(b;). Thus, z* is both nonnegative and
nondecreasing.
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Since z is proper, we know that z(a) # —oo for all a. Thus given some ag > 0, there must
Q

exist some by € R such that by < LOO) It then follows that for all a > ag

a

z(ao) = a(by — z(ao)
aq a

aby — z(a) < aby — z(ap) — (a — ap) ) <0.

Therefore, for all b < b
supab — z(a) = sup ab— z(a).
a€R a€[0,a0]

Fix € > 0 and let a,, € [0, ap] be a decreasing sequence such that z*(—n) < € — na, — z(an)
(note that from the above logic such choices of a,, must exist once n is sufficiently large). Since
a, is decreasing and bounded from below, it must converge to a limit point a as n — co. Thus,

0 <liminf z*(—n) < e — z(a) — limsup na,,
n—oo n—00
which immediately implies that a = 0. We can then rewrite the above as

liminf 2*(—n) < € — limsup na,, <.
n—00 n—00

Therefore, liminf,,_, o z*(—n) = 0.
It now follows that if z*(b) € (0,00), then there must exist some by < b such that 2z*(by) <
z*(b). We then have

: Z*(b)
f0z*(b) > ——— > 0.
inf 92*(b) > 30— by) >
Thus, z* is strictly increasing at b whenever z*(b) € (0,00). Since z* is convex, it follows that
for any § > 0 (2*)~! is uniformly Lipschitz on [4, c0). O

Perhaps the most significant aspect of the change of variables ¢ = z*(p) is the change in the
energy controlling the primal and dual coupling. Recall that we defined the new energy e through
the formula

(2.1) (a) = {W) —2ffa(s)ds if =(a) £ oo,

+o00 otherwise.

While this formula appears somewhat mysterious, e is the unique (up to an irrelevant constant
factor) convex function such that de(a) = z* 0 9z(a) when 0z(a) # @. Thus, when p € 0z(p) we
will know that ¢ € de(p). Note that the monotonicity of z* is key, otherwise e would fail to be
convex. The following Lemma records the properties that e inherits from z.

Lemma 2.2. Suppose that z is an energy satisfying (z1-z3). If we define e : R — R U {400}
according to , then e satisfies the following properties
(e1) e : R — RU {400} is proper, convex, and lower semicontinuous.
(e2) e(a) = +oo if a < 0, e(0) = 0, and e is increasing on e (R).
(e3) limsup,_,o+ @ = 0, liminf, e—éb) > 0 and there ezists « > max(1 — 2,0) such that
limsup,_,g+ a~*"te(a) = 0.
Furthermore, if a > 0, we have
de(a) = {ab—z(a) : b€ dz(a)} = {z*(b) : b€ 0z(a)},

and so Oe(a) is a singleton if and only if 0z(a) is a singleton.

Proof. 1t is clear that e(0) = 0 and e(a) = +o0 if z(a) = +o0.
Given any two points ag,a; € z~}(R), convexity implies that

) < z/al 2(s)ds < (a1 — ao)(=(a0) + #(a1)).

ao

(2.2) 2ar — ag)z( L0
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Thus, if z(a) # +oo, then
0<e(a) <az(a)— 2az(g) < 0.

Therefore e(a) = +oo if and only if 2(a) = +o00. Thus, the set e"}(R) is an interval. Furthermore,
the above inequalities combined with (23) clearly imply that limsup,_,o+ a~* te(a) = 0.

Again using (2.2)),

e(ar)—e(ag) = ao(z(al)—z(ao))—i—(al—ao)z(al)—Q/al z(8)ds > ag(z(a1)—2(ag))—(a1—ap)z(ao)

ao

If by € 0z(a0), then

e(ar) — e(ag) > (a1 — ao)(aobo — z(ay)).
Thus, b € 9z(a) implies that ab— z(a) € de(a) whenever a € e~1(R). Thus, the subdifferential of
e is nonempty whenever the subdifferential of z is nonempty. Combining this with the equality
27 1(R) = e~ }(R), it follows that e is convex, lower semicontinuous and proper.

Note that b € 0z(a) implies that z*(b) = ab — z(a). Therefore, {ab — z(a) : b € 0z(a)} =
{z*(b) : b € 0z(a)}. Since [y z(s)ds is everywhere differentiable on the interior of z~!(R),
every element of de(a) must have the form ab — z(a) for b € 9z(a). Convexity implies that
ab — z(a) > —2(0) = 0, thus e is increasing on the interior e~ *(R).

It remains to show that limy_,., e*éb) > 0. Since limsup,_,g+ 6(;)
ap > 0 such that e(ag) < oo. Thus,

= 0, there must exist some

et (b) e(ao)
> — = aop.
hbrg 1£f —— hbrg g}lf ag 5 ag
U
Parameter z energy a € [0,00) 2* energy b € R e energy a € [0,00) | e* energy b € R
m € (0,00] \ {1} ﬁ(am —a) max(%, O)m/(m_l) ﬁamﬂ | max(b, O)WTJr1
m — 1 alog(a) —a exp(b) a’ 3 max(b, 0)*

TABLE 1. Some examples of the transformation from z to e.

Now that we have established properties of the transformation ¢ = z*(p) we can temporarily
forget about the original system and focus on ([1.3). We will eventually return to (|1.1)
in the final section, where we show that solutions to (|1.3)) can be transformed into solutions to
. Until then, our efforts will be concentrated on establishing the energy dissipation strategy
described in the introduction.

3. CONVEX ANALYSIS AND COMPENSATED COMPACTNESS

In this section, we collect some results that we will need to establish the weak convergence of
the primal and dual energy terms. We begin by defining some convex spaces that we will work
with throughout the paper.

Definition 3.1. Given an energy e satisfying (el-e3), we define
X(e) = {p € Lis.(Quo) : €(p) € Lin([0,00); L' (RY))},
Y(e*) = {q € Lj,o(Qoo) : () € Lie([0,00); L' (RY))}.

We are now ready to introduce a result that is one of the cornerstones of our argument.
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Proposition 3.2. Lete : R — RU{+o00} be an energy satisfying (el—e3). Let e : R — RU{+o00}
be a sequence of energies satisfying (el-e83) such that ey converges pointwise everywhere to e.
Suppose we have a sequence of nonnegative density and pressure functions py, € X (ex), qx € Y (€})
such that prar = ex(pr) + €i(qr) almost everywhere and py,qr converge weakly in Li (Qso)
to limits p,q € L (Qoo) respectively. If pg € Li ([0,00); LY(R?)) and for every monnegative
¢ € C(Reo)

lim sup / OPRGE < / ©opq,
k—o00 0o Qoo

then p € X(e),q € Y(€*), pg = e(p) + e*(q) almost everywhere, and prq, ex(pr), €5 (qx) converge
weakly in LL ([0,00); LY(RY)) to pq,e(p),e*(q) respectively.

Proof. Given some nonnegative ¢ € C2°(Q~), let D be a compact set containing the support of
. From our assumptions, we have

/ ¢pq > limsup / Yprqr = limsup / wer(pr) + ver(ar)-
QOO oo o0

k—o0 k—o0

Fix some simple functions g1, g € L*(D) such that every value of g is a value where e} converges
to e* (c.f. Lemma(A.1)). It then follows that

limsup/ o (ex(pr)+er(ar)) Zlimsup/ o(g1or—ek(91)+92ar—€x(92)) :/ o(g1p—€*(91)+92q0—¢€(g2)).

k—o0 k—o0 0o Qoo

Taking a supremum over g1, g2, we can conclude that

/Qw ©pq > limsup/ o(er(pr) + exlar)) 2/ o(e(p) +e*(q)).

k—o0 0o Qoo

On the other hand, Young’s inequality immediately implies that

pq < e(p) +e*(q)

almost everywhere. Thus, pg = e(p) + €*(q) almost everywhere. This also now implies that
p€ X(e)and g € Y(e*).

The previous calculation shows that ex(px)+ef(qx) is uniformly bounded in Li ([0, 00); L' (R?)).
Thus, for any time T > 0, there exists wq,ws € C(Q7)* such that ex(px), e;(qi) converge (along
a subsequence that we will not relabel) to wi, wy respectively. Arguing as in the first paragraph,

it follows that

| owr=timint [ gatonz [ veo) [ oun—timint [ eita) = [ oe'(a).
T k—oo T T T k—o0 T T

Hence,

/ plwr —e(p)] + plwz — e*(g)] = / p(wr —e(p) +wz = e*(q)) =

T T

limsup/ ¢ (ex(pr) +ex(ar) —elp) —€*(q)) = limsup/ ¢ (prar — pg) < 0.
k—o0 T k—o00 T

Thus, wi = e(p) and wy = €*(q). Since wy, w2 and T > 0 were arbitrary, it follows that e(p), €*(q)
are the only weak limit points of eg(pr), e} (qx) in L ([0, 00); L' (R?)). Thus, the full sequences

loc

ex(pr), €5 (gr) must converge weakly in Li ([0,00); LY(RY)) to e(p) and e*(g) respectively. The
weak Li ([0,00); L*(RY)) convergence of pigy to pq is an immediate consequence.

O
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Knowing the weak convergence of the energy terms actually implies a certain limited strong
convergence property that can be deduced from the convexity of e,e*. When the energies are
strictly convex, we will in fact have convergence in measure of p; to p and ¢x to ¢. When strict
convexity fails, the convergence property will be weaker, but nonetheless will still be quite useful
in our subsequent analysis.

Lemma 3.3. Let e : R — RU {+o0} be an energy satisfying (el-e3). Let ey : R — R U {400}
be a sequence of energies satisfying (el-e3) such that ey converges pointwise everywhere to e.
Suppose we have a sequence of uniformly bounded nonnegative density and pressure functions
pi € X(ex), ar € Y(e}) such that prqr = ex(pr) + €5 (qx) almost everywhere and py, q, converge
weakly in LL (Qo) to limits p,q € LL (Qoo) Tespectively. Given € > 0, we define

Ape ={(t,z) € Qoo : [pr(t,2) — €, pr(t, 2) + €] N D™ (q(t, 7)) = &}
and
Bk,e = {(t, 1") € CQoo : [Qk(ta l‘) - 67Qk(t7x) + 6] N ae(p(t,l‘)) = Q}

If for every nonnegative ¢ € C°(Qoo) we have limsupy,_, . 0prqe < fQoo ppq, then

(3.1) limsup |D N Al + |DNBge =0

k—o00

for any compact set D C Q-

Remark 3.4. If Je* is always a singleton (i.e. e* is everywhere differentiable, equivalently e is
strictly convex), then the conditions |p — pi| > € and [pr — €, pr + €] N e*(q) = @ are equivalent.
Thus, in this case, the vanishing of A . would imply that p; converges in measure to p. The
same holds for the convergence of ¢ to ¢ with the roles of the energies swapped (i.e. g will
converge strongly in measure to ¢ if e is everywhere differentiable or equivalently if e* is strictly
convex). Even when we do not have full convergence in measure, the above result can be useful
to show that certain compositions f o pg, g o g converge to the correct limits f o p, g o q (for well
chosen functions f,g: R — R).

Proof. Fix a compact set D C Qo and € > 0. From our assumptions and Proposition it
follows that

fimsup [ en(pr) = elo) — alon — ) + cilan) — (@) = plax — ) = 0.
k—oo D

Note that this line is nearly the sum of two Bregman divergences. Thus, we begin by making
some manipulations to transform the quantity into a Bregman divergence.

Let ao = sup{a > 0 : e(a) < oo} and boy = sup{b > 0 : *(b) < co}. By Lemma [A.1] for any
d > 0, ey, converges uniformly to e on [0, ax — 0] and e converges uniformly to e* on [0, by — 6].
If we define py, 5 := min (pk, Qoo —5), qk,s ‘= min (qk, boo — 5), then from the above considerations,
we have

(3.2) lim sup/D e(pr,s) — e(p) — q(pr,s — p) + € (qrs) — €"(q) — plqr,s — q)

k—o0

+ / k(o) — er(pr,s) — a(pk — prs) + ex(ar) — ex(ar.s) — plak — qr,s) = 0.
D

The first line in (3.2) is now the sum of two Bregman divergences.
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The Bregman divergence associated to any convex function is a premetric, i.e. it takes two
points and returns a nonnegative number, however all the other metric axioms may fail. Nonethe-
less, Lemma, guarantees the existence of strictly positive functions A, A+ such that

/D e(pr,s) — e(p) — q(pr,s — p) + € (qrs) — €"(q) — p(qrs — q)

> / exe(p,q,€) + / eXex (g, ps €),
DNAg s DNBg,e,s

where Apc5 = {(t,2) € Qoo : [prs(t,x) — € prs(t,x) + € NOe*(q(t,x)) = @} and Bies =
{(t,z) € Qoo [qrs(t,x) —€,qi5(t, ) +€]Ne(p(t,x)) = @}. Combining this with (3.2) we have

)
lim sup e(/ Ae(p,q,6)+/ «(q, ps € )+/ ex(pr) — er(prs) + en(ar) — erp(qrs)
AkegﬂD BkegﬁD

k—o0

< lim sup/ q(pr — pr,5) + p(ar — qk,s)-
D

k—o0
We now want to control the right hand side of the inequality.
Let Sy ={(t,z) € D : p > pys + 20} and let Sp 5 = {(t,x) € D : g4 > g6 +20}. Note that

/ ex(pr) + €hlar) >
D

Since ex(pk) + €} (qk) is uniformly bounded in Li ([0,00); L'(R%)), and for any fixed § > 0

(aoo + 0)| + |5k gl€k (boo + 0).

lim ex(aoo +90) =00, lim ef(bso + ) = 00,
k—o00 k—o00
it follows that limsupy,_, ., |Sk,s| + |Si 5| = 0. Hence, using the inequality

Y2lq) 2oy okl oo (0y +1Si 51 2 1ol oo () 08| 2

/DQ(PkPMHP(Qk%,a) < 28llg+pll L1 (py
we obtain

lim limsup 6(/ Ae(p: 4, 6)+/ Aex (g, p, 6)>+/ ex(or)—er(pr.s)ter(ar) —er(ars) <0
0—=0% koo Ag.c sND By,.sND D

Since e, e* are increasing, the last integral is nonnegative, and so we can conclude from the
previous line that

lim limsup |Ages N D]+ |Bies N D| =0,

=0t koo
for any € > 0. Finally, we can conclude by noting that Ag. C A4 U Sks and By, C
By, /a6 U Si s whenever § < €/4.
O

Of course, to even be able to use Proposition we somehow need to know an upper semi-
continuity type property for the product prqx. In practice, this seems to require establishing the
weak convergence of prqr to pq. Luckily, the following “compensated compactness”’-type Lemma
shows that the weak convergence of the product can hold even when the strong convergence of
both pi and g is unknown. Unlike typical compensated compactness arguments that decompose
the codomain of the function, the following compensated compactness argument is based on a
decomposition of the domain of the functions. Indeed, we show that if p; has some time regu-
larity and g has some space regularity then their product weakly converges. This argument was
inspired by the proof of the main Theorem in [MRCS10], although we would not be surprised
if this result was already established in an earlier work. We state the lemma in the following
generic form.
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Lemma 3.5. Fiz some r € (1,00) and let v’ be the Holder conjugate of r. Let Z, = L} (Qoo) X

loc

Lf;C(Qoo) and let n be a spatial mollifier. Suppose that (ug,vi) € Z, is a sequence that converges
weakly in Z, to a limit point (u,v) € Z,. If uy is equicontinuous with respect to space in Lj, .(Qoo)
and for any € > 0, ne * v is equicontinuous with respect to space and time in L{’;C(Qoo), then
ugvg converges weakly in (Ce(Qx))™ to uv.

Proof. Define vy ¢ := ne * v, and ve := 1 * v. For € > 0 fixed and any compact set D C Qo the
Riesz-Frechet-Kolmogorov compactness theorem implies that vy . converges strongly in L’”/(D)
to v as k — oo.

Given ¢ € C°(Qw), we must have

lim o(v —ve)u =0,
e—0 Qoo

and

lim ©(Vk,e — Ve)ug + ve(u — ug) = 0.
k—o00 -

Thus, to prove the weak convergence of ugvg to uv, it will suffice to show that

lim li - =0.
g Ji, 0 = onu

Rearranging the convolution, this is equivalent to showing

lim i - —=0.
lim lim o Uk (e * pui — Quy)

Choose some compact set D C Qo such that for any e sufficiently small, the support of ¢, nexp
is contained in D. We then have the estimate

/Q "Uk(ne*SOUk_SDUk)‘ S Mokl oy (el oo (@uo) 1 = me ¥ vkl £ () + €llun || o () | VPl Lo (@) -

The weak convergence of (ug,vk) to (u,v) in Z. implies that |ug||r(p) + [[vkll 7 (py s bounded
with respect to k. Spatial equicontinuity gives us

li_r}(l)snguk — e * U || r(p) = 0.
Thus, it follows that
lim sup ‘ / Vg (77E * QUL — cpuk)‘ =0,

e—0 g

and so we can conclude that ugvg converges in (Ce(Qoo))* to uv. O

4. ENERGY DISSIPATION AND ESTIMATES

We will now begin to analyze the parabolic structure of the equation (1.4). In order to do
this, we will need to upgrade the spaces X (e),Y (e*) into spaces that are more appropriate for
solving PDEs

Definition 4.1. Given an energy e satisfying (el-e3), we define
X(e) = {p € X(e) : p € L5, ([0,00); L' (RT) N L=(R?)) N Hyoe ([0, 00); H~ ' (RY))},

Y(e*) :i={qeY(e") : g € L},.([0,00); H'(RY))},
and
Die,e) = {(p,q) € X(e) x V(e*) : pq € LA,([0,00); L (RY) N L2(RY)}.
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We begin by proving the energy dissipation relation in a form that is localized in both space
and time.

Proposition 4.2. Given an energy e : R — R U {+oc} satisfying (el-e3), suppose that e(p°) €

LYRY) N L>®(RY) and p° € LY (R?). Let (p,q) € D(e,e*) be a density-pressure pair that satisfy
1

the duality relation pq = e(p) + €*(q) almost everywhere. Suppose that p € L>(;) is a growth

rate and V€ L2 _([0,00); L2(R%)) is a wector field such that V -V € L®(Qu). If for every

loc

¥ e WEH[0,00); L (p) N HY(RY)), p,q are weak solutions of the parabolic equation
(4.1) | w0 a)de - /Q Vq- Vi — pbup — pV - Vi — it
then for any o € Wa ([0, 00); Wh=(RY) N HY(R?)), we have the dissipation relation

42) [ o0’ @)dr= [ —elp)ouprolVal+aVa-ViopaV Vere (@F-(Ve)—ona

Qoo
In particular, if o(t, ) = w(t) where w € W2 °([0,00)), then the relation simplifies to
(4.3) / w(0)e(p’(x)) dx = / —e(p)Ow + w|Vq|]* + we*(q)V - V — wug.
R4 oo

Proof. Let § € C°(R?) such that e*(§) € L'(RY). Extend ¢ backwards in time by defining
q(—t,x) = ¢(z) for all t € (0,00). Fix € > 0, and define

qe(t,z) == 1/ q(s,x)ds

€ Ji—c

for all (t,z) € R x R?. By Jensen’s inequality, ¢, € Y(e*) and a direct computation shows that
01qc is the linear combination of two )(e*) functions for any € > 0. Assumption (e3) implies that
there exists g > 0 such that e is bounded on [0, ag]. Hence, there must exist a point o € (0, ag)
such that e is differentiable at «1. Hence, we can split

q=4q1+qo
where ¢ = max(q — €/(a1),0) and go = min(g, ¢’(«1)). Combining this decomposition with the

duality relation e(p) +€*(¢) = pq and the condition pg € L ([0, 00); L*(RY) N L?(R?)), it follows
that for any "> 0

2 < 1 2
O+ @< ———— [ o+ (pq1)” < oo
Or min(o, of) Or

Thus, it follows that
g0 € L®(Qoo) N Lic([0,00); H'(RY)), @1 € L ([0, 00); L' (RY) N H' (RY)).

Clearly, such a decomposition must hold for g. as well. As a result, given any nonnegative
© € Wa™(]0,00); Whe(RY) N HY(RY)), it now follows that gey is a valid test function for the
weak equation (4.1]). Thus, we have

@8 [ al00p0.0) @ = [ —pdiea) + (Va= V) laee) ~ poae

oo

Note that for almost every (¢,x) € Qoo

)q(t, x) — Z(t — €, $)p(t, 2).

PO (ge) = p(t, 2)qe(t, z)Opp(t, ) + p(t, @
Hence, we can apply Young’s inequality to deduce that

(45) (q(t7$) — Q(t — va) )p(t, .%') > e*(q(t, CC)) - 6*(Q(t — 6,1‘))




EXISTENCE OF SOLUTIONS TO REACTION CROSS DIFFUSION SYSTEMS 13

By defining t
@@= [ latsa)ds

—€
we can write the above inequality in the more compact form

pat‘k Z 8t(€*(Q))E
Plugging this into (4.4), we get the inequality

/Rd qe(0,2)(0,2)p"(x) dw < / —pqe0ip — p0i(e*(q))e + (Vg — pV) - V(ge) — p4pge,

oo

Moving time derivatives back on to ¢, we get the equivalent inequality

(46) [ #0.0(a:0.2)6@) = (¢°(0))0.2)) da

< : Orp((e*(q))e — pac) + (Vg — pV) - V(gew) — e
Note that we also have

/Rd #(0,2) (qe(o’ $)PO($) - (6*((1))6(0,33)) dx = /

Rd

2(0,2) (a(@)p"(2) ~ ¢* (a(a) ) do

thanks to our construction of ¢..
Since all of the time derivatives are now on ¢, we can safely send € — 0. Thus, it follows that

/Rd ¢(0,z) (d(fv)po(x) — e (d(m))) dz

< g dp(e™(q) — pa) + (Va — pV) - Viap) — pepq.
Exploiting the duality relation pg = e(p) + e*(q), we have arrived at the inequality

[ «0(a@i@) - @) < [ e+ (Ta— V) Viao) - upa
Rd Q

e}

G was arbitrary, thus, taking a supremum over ¢ we obtain

(47) | w@eP@) < [ elpdno+ (Va- o) Viap) - upa

Expanding the right hand side, using the identity pVq = Ve*(q)), and integrating by parts, we
obtain one direction of (4.2)).
To get the other direction, we instead smooth ¢ forwards in time by defining

1 t+e

Qe := / q(s, ).
€ Jt

The argument will then proceed identically to the above except that the forward-in-time smooth-

ing does not allow us to conclude that g.(0,2) = ¢. Luckily, Jensen’s inequality and Young’s

inequality are now in our favor, and so we can just estimate

/Rd go(O,:c)(qe(O,:c)po(x)—l/06(6*(q(5,37)) ds)) darg/Rdgo(O,x)(qg((),x)po(:c)—e*(qe(o,x)))dx

€

< [ w020l @)

We can extend the formula to general functions ¢ € W2*°([0, 00); WL (RY) N H(RY)) by
noting that the relation is linear in ¢ and any function can be written as the difference of two
nonnegative functions.
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O

In the next proposition, we will focus on collecting a priori estimates for solutions to (1.4]).
In fact, we will consider a slightly modified equation where we add an additional viscosity term
—vAp for some v > 0. As we will see, the estimates will give us uniform control independent of
~ when we consider sequences of solutions.

Proposition 4.3. Let e be an energy function satisfying (el-e3), let V € L ([0, 00); L?(R%))
be a vector field such that V-V € L ([0,00); L°(RY)), let ‘; € L®(Q) and let v be a positive

constant. Suppose that p € X(e) N L2 ([0,00); HY(RY)), q € V(e*) and p,q satisfy the duality

loc

relation pq = e(p) + e*(q) almost everywhere. If e(p?) € LY (R?) and the variables satisfy the
weak equation

(4.8) [ 000,20 (@) o = /Q V- Vb + V- Veb— pditb — pV - Vb —

for every test function 1y € W ([0, 00); L (p)NH (RY)), then for any nonnegative w € W ([0, 00))
we have the dissipation properties

(49) /Q ()0 + 6l Val? + e’ @V -V —wpa < [ wl0)e(p(a) da,

410 [ wrtm =0 2T =" b+l = Todv v < [ S0y,
and setting B = ”%HLOO(QT) + IV - Voo (@y) we have the estimates

(4.11) Vol Z2igm < 107122 @ay + Bllol 2o,

(4.12) (T, Ml ray < 10°] 11 ray exp(BT)

(4.13) 100l 2o, ;-1 (Rayy S YVl 2@y + IVl L2(0r) + 1R L2001 + 10V IL2(01)
(4.14) (T, ) ooty < 110°Ml oo ey exp (2T B).

Finally, if we choose some oy > 0 such that e is differentiable at ag and we set f = €'(ag) then
the following estimates hold where the unspecified constants depend only on B, T, 3, ozal, and d:

2(d+1)
(4.15) HVQHL2(QT N HpHLoo ([0,7]: L' (R)NL2 (RE)) T ol L2 (0,77 L1 (mey) + /]Rd e(p°) dz
i1
(4.16) lpall 2o,z ayy S lollczqo,rypray) + 1ol 5 (0.1 11 Ry 22 (RaY 1 Vel 22 (@1)
(4.17) lpallzzqr) S lIPllz2@r) +1IPllL=(@r) HPQHEZO 0.T]:L1 (R4)) HVCIHE(QQ

for any set K C Qr with finite measure

(4.18) lallz2xy S 1K+ [lpall 2(@q)s
and there exists r € (min(1 — %, 0),1] such that

(4.19) Iplog(1 + 2| oo jo,73;21 (Ra)) <

BT<”P||L2(QT) ’V||L2(QT)+7||P||L1(QT)+1+(||PQ||L2(QT)mL1(QT)+HP’Zl(QT)JF/Rd log(1+|z)p° () diﬂ)-
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Proof. The dissipation inequalities and follow from choosing the test functions g
and p"™ lw respectively. These test functions do not have the required time regularity, however,
by following an identical argument to Proposition this technicality can be overcome. In
addition, note that in both inequalities we have dropped a term involving Vp - V¢, which is

nonnegative thanks to the duality relation.

Estimates and |-) are straightforward consequences of the weak equation (4 . Es-
timate - follows from (4.10)) with m = 2. Estimate ) follows from applying a Gronwall
argument to (| and then sendmg m — 00.

The estimates 1 4.18) are all linked. Fix a time T' > 0, and consider [|pql| 2 (jo,77;11 (re))-
We begin by splitting ¢ = go + ¢1 where gy = min(q, 5) and ¢ = max(¢ — 3,0). From our
choice of 8 we know that p > a9 > 0 on the support of ¢q;. Therefore, ¢; must have finite
support. Combining this with the coercivity of e* and the bound e*(q) € L!'(Q7) it follows that
q1 € LY(Qr). Thus,

(4.20) lpall 2o, ;1 may) < Blloll 2o, ey + P2l L2 o, 77:01 (e
and it is now at least clear that the quantity is finite.

Working in Fourier space, we have

T 9
2 . .

Pq . S/ / p(t,€)q(t,€)| dE ) dt

| IHLZ([O,T},Ll(Rd)) 0 ( ]Rd| (t, Oa(t, &)l )

T
< [ (ot ol o + [ 15090 0lde) d

where R > 0 and Bp is the ball of radius R. Using the estimate
/£| Rlﬁ(t,ﬁ)él(t,ﬁ)ldﬁ < 27R) " Hlp(t, ) 2y I Var ()l L2 ray
>

optimizing over R and dropping dimensional constants, it follows that

lparlZ o 320 o) Nd/ lp(t, )HZJlrle)HQ1( )HZTW)IIP( )Hﬁ(le IVa(t, )HZ?Rd

2d
< HpHLoo ([0,T7; Ll(Rd)mL2(]Rd))||V(.7HEJ2FIQT)H(11”Z;(10 [0,T];L* (R4))*

Recalling the inequality ¢1 < oy PQ1, we now see that
1 d
1pg1 1| 20,772 ey Sa @0 ol oo 0,102 Ry z2(RAY V4l 1 QT)HPQ1||L2 (0,711 (R
which gives
_1 o441
loa1ll 2o, y;errey) Sa @0 1ol 5 (0.1 01 ey ey |Vl 22 @1 -

Combining this with (4.20]), we obtain (4.16)).

Next, let us estimate |[pq||z2(q,)- Again,

Ipallz2 @) < Bllellz2@r) + ol e @mllall2@r)-
Gagliardo-Nirenberg gives us

01122y <a / P SN 2 TC0) e P s MY 1

Combining our work, we see that

d+2

lpalzzir) Sa Blollzar) + a0 ™ ol @n gl 220 1 s oy | VI
where we have used ¢; < oy 1pg. We have now attained the bound in 1j

‘ d+2
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Next, we estimate ||Vql|| 2 . From the dissipation relation (4.9)), we have
L2(Qr)

/ w|Vq|* — e(p)0w + we* (p)V - V — wug < / w(0)e(p?) dz
R4

for any nonnegative w € Wa"((0,00)). Fix a time T > 0 that is a Lebesgue point for the
mapping T — [|Vq|12(g,). Assume that w is a decreasing function supported on [0,7] and

w < 1 everywhere. We can then eliminate the term —e(p)0duw. Thus, it follows from our previous
work and the dissipation relation that

/ w|Vgl* < /Rde(/)o)dx""BHPQHLl(QT)

Using our previous work, we see that fQoo w|Vq|? is

+

_1 dat1
Sd /Rd e(po) dr + BT1/2 (6HPHL2([O,T];L1(Rd)) + g ¢ HPHLZO([QT];Ll(Rd)QLQ(Rd)) HVQHLQ(QT))

2

Letting w approach the characteristic function of [0, 77, the above bound holds for [[Vq||%. (@r)°

Using the quadratic formula, it follows that |[Vql|3, (Qr) ~d c? + co where

12 5y 0 1/2
¢ = BT *q ¢ HpHLgO([O,T};Ll(Rd)ﬂLQ(Rd))’ Co = /Rd e(p”) dz + BT /BHPHLQ([O,T};LI(Rd))'

The estimate on [|q[| 2 () follows from the inequality ¢ < 8+ q1 < 8+ aq Log.

Finally, it remains to prove the estimate for (4.19). Let n : [0,00) — [0,1] be a smooth
increasing function such that n(r) = 0 if r < 2 and n(r) = 1 if » > 1. Given some nonnegative
w € WE([0,00)) and any € > 0 we define (¢, x) := w(t)log(1 + |z|)n(|z||)e<*! which is a
valid test function for . Since 1, is smooth in space, we can integrate by parts in (4.8 to
obtain

/Rd @c(0,2)p°(z) dx = —/Q POrpe + (g +vp)Ape 4 pV - Vipe + e

Fix some T > 0 such that the support of w is contained in [0, T]. V¢, and Ag, are both uniformly
bounded in L*°(Qr). Hence, we have

[ ot S ol 1VIiean +Mllen + [ Boactadect [ 02w dr
T T

Thus, the only potentially problematic term is gAgp, since L'(Q7) bounds on ¢ might not hold.
To estimate |, Or gAp, we choose some set K C R? with finite measure such that K contains
the unit ball. We then have

/ qApe < |lgll 1 o,17x K) +/ qApe S BIK|+ a5 el 2o +/ qApe
T [0,T]x(RA\K) [0,T]x (RA\K)
On |z| > 1, n =1, hence Vp.(t,z) =
_ 1) T
€lz| _
w(t)e (1 o et v)) o
Apc(t,x) =
—26)Voe(t,z)  — —w(t)e 1 —noo
A I e )2
and max(Ag(t,x),0) <
d—1)
el (A=Y 521001
WO (o + 2 sl + )



EXISTENCE OF SOLUTIONS TO REACTION CROSS DIFFUSION SYSTEMS 17

If we set fe(t,2) = w(t)e ! (
our work thus far, we have

%+262 log(1+ \x|)> for all (¢,x) € Qr, then combining

max(]

/ Age 1+ ol 2@m + / of.
T Qr

We again decompose ¢ = ¢o + ¢1 where g9 = min(q,) and ¢ = max(q — ,0). Since
f is uniformly bounded and ¢; < agy'pg we get fQT af < ledllzrr) + fQT qof. Fix some
v > min(1 — 2,0) and let r = min(v, 1). If we define C, = SUPgefo,a0) @ SUp de(a), assumption
(e3) implies that C, < co. From the definition of C,, we see that ¢o < C,p", therefore fQT qf <
H'OHEI(QT)Hpr%(QT)' Since tX- > d/2 and for any fixed § > 0

efelx‘
/ (1 - |x‘)d+5 + 4o log(l + |x’)d+66—e|z\
T

are uniformly bounded from above with respect to ¢, it now follows that

/Q qA¢e S 1+ 1pallz2@r) + leallzr@qr) + ol op)
T

Finally, we have obtained

/ o(Drpe + Biod) <
QT

Iollzz@mIVIIiz2@r) + Vel L@y + 1+ lpdllzz@rnrr@r) + 1ol gqp + /Rd 0c(0,2)p°(x) da.

w was arbitrary, hence, Gronwall’s inequality gives us

lplog(1 + |z Lo o 101 (Ra)) S

7 (1ol 2@ IV 2@ el i+ 1+ (ol z2@nynzs @ H1ol s g+ /}R og(1-+al)e 0 x) ).

The unspecified constants are independent of € and so sending ¢ — 0 we are done
O

5. MAIN RESULTS

At last, we are ready to combine our work to prove the main results of this paper. We will
begin by constructing solutions to the system and then we will show that these can be
converted into solutions to the original system .

The construction of solutions to is based on a vanishing viscosity approach. To that end,
we consider a viscous analogue of system where we add viscosity to both of the species
p1, p2- Given a viscosity parameter v > 0, we introduce the system:

Oip1 = YApL =V - (BVq) + V- (01 V) = p1 P11 ((2%) () n) + p2Fr2((2%) 7 (9),n),
Oip2 —YAp2 =V - (2Vq) + V- (p2V) = p1F21((2*) "), n) + p2F22((2") 7 (q),n),
(p1+ p2)g = e(p1 + p2) +€*(q),

on — aAn = —n(ci1p1 + cap2).

(5.1)

We define weak solutions to this system as follows.
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Definition 5.1. Given a viscosity parameter v > 0 and initial data p{,p) € X(e) and n° €
L2(R%), we say that (p1, p2,q,n) € X(e) x X(e) x Y(e*) x LE ([0, 00); HL(R?)) is a weak solution
to the system with initial data (p9, p9,n%), if pg = e(p) + €*(q) almost everywhere, (p, q) €
D(e,e*), YVp1,7Vp2 € LE ([0, 00); L?(R?)), and for every test function ¢ € HL([0,00); H(R?))
(5.2)

Rd@b(O,x)p?:/ WJ-(%VCHWm—mV)—m&w—w(mﬂ,l((2*)_1(61),n)+p2F1,2((z*)‘1(q),n)),

oo

(5.3)
¢(0=$)Pg=/ Vi/"(%VQ+’YVﬂ2—P2V)—028t¢_¢(P1F2,1((Z*)il(Q)an)+P2F272((Z*)71(Q)=n))a

R4 )

(5.4) (0, z)n® = / aV) - Vn —nowp + n(erpr + cop2)th

R -
where p = p1 + po.

When « > 0, the existence of weak solutions to is straightforward, as the individual
densities will be bounded in L2 ([0,00); HY(R%)) N H ([0, 00); H}(R)). Since this space is
compact in L2 ([0, 00); L?(R%)), one can construct the solutions as limits of an even more regu-
larized system (with enough regularity existence of solutions can be shown with a standard but
tedious Picard iteration). Thus, we can assume the existence of a sequence (p1 i, p2,k, @k, ni) such
that for each k the variables are a weak solution to (5.1)) with viscosity parameter 75 > 0. We
will then use our efforts from the past two sections to show that when v, — 0 we can still pass
to the limit in equations to obtain a solution to . In fact, we will show that we can
pass to the limit even when the underlying energy function e is changing along the sequence.

We begin with a result that establishes conditions under which the sequence of pressure vari-
ables converges strongly in L2 ([0,00); HL (R?)) .

loc

Proposition 5.2. Let ex be a sequence of energy functions satisfying (e1-e3) and suppose there
exists an energy e satisfying (el-e3) such that ey converges pointwise everywhere to e. Let
(k> ar) € D(eg,e), and py, € LOO(ka) be sequences of densities, pressure, and growth terms that

converge weakly in L (Qso) to limits p € X(e),q € Y(e*),p € LOO(%). Suppose that for all k the
duality relation prqr = ex(pr) + €5 (qr) holds almost everywhere and the product prqi converges

weakly to pq in Li (Qoo). Furthermore, suppose that for every nonnegative w € Wcl’oo([O, 0))
the variables satisfy the energy dissipation properties

(5.5) / —ex(pr) 0w + w|Var? + wep(qp)V - V — wurgr < /d w(0)ex(p°(2)) dz,
oo R
and

(5.6) /]Rd w(0)e(p’(z)) dx < / —e(p)Ow + w|Vq|? + we* (q)V - V — wpgq.

oo

Iflog(1+ |x|)pk(t, z) is uniformly bounded with respect to k in Li ([0,00); LY(R?)) and for every
compact set D C Qoo

(5.7) limsup/ w,uqug/w,uq,
D D

k—o0

then g, converges strongly in L2 ([0,00); L2 (R%) N HY(RY)) to q.

loc loc
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. . Loo . .
Proof. Given some nonnegative w € Wa*°([0,00)) we can combine (5.5) and (5.6) to obtain

lim Sup/ —e(pr) O + w|Var[* + wel(ar)V -V — wpkay

k—o00
< / —e(p)Oyw + w|Vq|]? + we*(q)V - V — wug.

Applying Proposition it follows that that ex(px), €} (qx) and prqy converge weakly in Li_ ([0, 00); L' (R%))
to e(p) and e*(q) respectively. The uniform boundedness of log(1 + |x|)px (¢, x) implies that
holds when D is replaced by Qu. In addition, it implies that log(1 + |z|)'/2prqs is uniformly
bounded in LL ([0, 00); L}(R%)). Thus, the weak convergence of ex(px), € (gx) against test func-
tions in L (Qr) can be extended to test functions in W2 ([0,00)) that are independent of

space. From these weak convergence properties we obtain

limsup/ w\qu]2</ w|Vg|?.
oo Qoo

k—o0

Since w € Wy *°(]0,00)) was arbitrary, this automatically implies that Vg converges strongly to
Vg in L2, ([0, 50); L2(R)).

Now we turn to showing that g, converges to ¢ in L2 (Qs). We recall from assumption (e3)
that there exists some ag > 0 such that e is differentiable at . It immediately follows that e is
finite on [0, ap]. Let ay, € (0, ] be a decreasing sequence of points such that e is differentiable at
ay, for all n and lim,,_, o, = 0. Set 5, = /() and note that (e3) implies that lim, o 8, = 0.

Split qx = qro + g1, @ = 4f + qp where ¢ = max(qx — fBn,0), Qo = min(qx, fn) (and
similarly for g7, (). For n fixed, the duality relation and the convergence of ey, to e implies that
q,?’l < %pqu, for all k sufficiently large (c.f. Lemma . Therefore, for each n fixed qﬁl is
bounded with respect to k in L'(Qr).

Let x» be the indicator function of the set [0, 3,] and note that Vgi; = Vgi(1 — xn(qx)) and
Vq} = Vq(1 — xn(q)). Since de(ay,) = {€/(an)} = {Bn} is a singleton and Y, is constant on
(0, Bn), (Bn, ), Lemma implies that y,(qr) converges locally in measure to x,(q).

Fix some compact set D C Qo and choose T sufficiently large such that D C [0,7] x RY. For
any fixed n we have the estimate

gk — allz(py < llako — a0 lle2py + laks — @' llzpy < BulDI + [lai1 — a7 | L2 (o, xre)

_d_ 2
< Bl D+ 19— a7 sy 198 — 815700000 )

where the second line follows from Gagliardo-Nirenberg. We can then bound

n n 2 1
gkt — a1l 2ot ray) < —llekarll L2 o,y ey + — 1Pl L2(jo,17;1 (ra))
Op Qn
and
IV(gi1 — el 2oy < 1VE = Varll 2o ryxray + [ (xn(@r) = X0 (@) Vall 20,17 x4
Thus, there exists a constant independent of k£ such that

limsup||gx, — ql| 2(py < Bl D]+ Clikmsup\l (xn(ar) = xn (@) Vall 2o 1)xre)
—00

k—o00
The local convergence in measure of x,,(gx) to xn(¢q) combined with the L? bound on Vg is suffi-
cient to conclude that limsupy, .|| (xn(qr) — Xn(q))VqHLQ([O’T]XRd) = 0. Thus, limsup_, . |lgx —

qllz2(py < BulD| for all n € Z,.. Sending n — oo, we conclude that limsupy,_,[lgx — gl[z2(p) =0
for all compact sets D C Qo -
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The next two Lemmas are technical results that will help us guarantee that we can pass to
the limit in all of the terms in ([5.2)) and (5.3]).

Lemma 5.3. Let ey, be a sequence of energies satisfying (el-e3) and suppose there exists an energy
e satisfying (el-e3) such that e, converges pointwise everywhere to e. Let (pr,qr) € D(ey,e})
be sequences of uniformly bounded density and pressure variables that satisfy the duality relation
prar = ex(pr) + € (qr) almost everywhere. If g converges strongly in L% ([0, 00); HE (R)) to a
limit q and py, converges weakly in L2 ([0, 00); L*(R)) to a limit p, then

loc
lim sup / 1o — pellVal?2 =
k—00

for any compact set D C Qo
Proof. Clearly for any ¢ € C2°(Q~) we have

lim sup / OpKaE = / ©pq.
k—o0 o Qoo

Thus, by Proposition the limiting variables satisfy the duality relation pg = e(p) + €*(q)
almost everywhere.
Let M = supy||pk|[z~(py < 0o. Define e; and &* such that e;(0) = 0,e*(0) = 0, and

dey(b) = {mln(a,M) ca € der(b)}, 0e*(b) = {min(a, M) : a € de*(b)}
Let e = (e})* and e = (&*)*. Clearly, we still have the duality relations prqr = €(pr) + €*(qx)
and pg = €(p)+e*(q) almost everywhere. It also follows that e}, e* are uniformly Lipschitz on the
entire real line and uniformly bounded on compact subsets of R. As a result, € must converge

uniformly on compact subsets of R to €*.
Fix some ¢ > 0. Convexity and the duality relation imply that

< Gilae +0) —&law) € (a+0) —e*(q)

Pk = 5 P> B )
and

> ey (qr) —éZ(Qk—(s)’ o> ex(q) —g*(q—d).
Therefore,

/ 19— okl|Vgl?
k) — € (q), € (qg+0)+exlqr — ) — exlar) _é*(Q)DquP.

|+

eplar +0) +e*(q —6) — & (ar)
</D<| &\ 9k - k

Thus, it follows that
+90) + ) 2e*
sy [ o pi VP <2 [ | a+0) ¥ &g =) = 2°(0) g

If e* is contlnuously differentiable at a point b € R, then
lim e*(b+96)+e*(b—0) —2e*(b)
0—0 )
The singular set .S C R of values where €* is not continuously differentiable is at most countable.

Therefore, |Vg| is zero almost everywhere on the set {(t,z) € D : ¢(t,z) € S}. Hence, by
dominated convergence,

lim2/ Elatd) Fella=9) Z287(9) g2
D

=0.

5—0 1)
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Lemma 5.4. Let z; be a sequence of energies satisfying (z1-z3) and suppose there exists an
enerqy z satisfying (z1-z3) such that zj converges pointwise everywhere to z. Define eg,e by
formula (2.1). Suppose that (p1k, pa, gk, i) € X (ex) x X(ex) x V(ef) x LE,.([0,00); H'(RY)) is
a sequence such that (p1k + pak)ak = ex(p1k + p2.k) + €p(ar) almost everywhere. Suppose that
P1k, P2,k converge weakly in L, ([0, 00); L"(R%) to limits p1,p2 € X(e), qu converges strongly in
L2 _([0,00); HL (RY)) to a limit q, and ny converges strongly in L2 ([0,00); L?(R%)) to a limit n.
If the growth terms F; j satisfy assumptions (F1-F2), then p;F; ; (zk_l(qk), nk) converges weakly
in L} (Qoo) to piFij(27(q),n)) for alli,j € {1,2} and any r < oo.

Proof. It suffices to prove the convergence of py 1 Fi 1 (zk_l(qk), nk) to p1F1a (zfl(q),n), the ar-
gument for the other terms is identical. Let ¢ € C°(Q~) and let D C Qo be a compact set
containing the support of ¢. For N € R define Sy v := {(t,z) € D : qx(t,x) + ni(t,z) > N}.
From the uniform bounds on the norms of g, ny, it follows that limy_,o supy, |Sk, x| = 0. Thus,
we can assume without loss of generality that g, nj are uniformly bounded by some M > 0 (and
of course this same logic applies to ¢,n as well).

Let boo = sup{b € R : 2*(b) < oo}. Fix e € (0, 2*(bo)/2) and let g = min(max(e, g ), 2*(boo) —
€),q. = min(max(e, q), 2*(bos) — €). It now follows that (2;) '(gx.e), (2*)"(ge) are uniformly
bounded in L*°(D). Thanks to Lemma we know that (2;)~! converges uniformly to (2*)~!
on (€, 2*(boo) — €). Combining this with properties (F1-F2), and the various convergence proper-
ties of qi,ny, p1,; it follows that

lim sup ’/ (p(kaFl’l((zZ)*l(Qk,e),nk) - P1F1,1((z*)*1(q6),n)>‘ =0.

k—o0

Thus, it remains to show that

6.9 Jim | [ oo (Fal) @) — () ) )| =0
and
6.9t tmswn| [ ppe(Fua (D a0 m) - Rl (@) | =0

To do this we will exploit the density pressure duality relationship. Thanks to the relationship
between e and z, we can express the duality relation as (p1 x+p2.x) (25) " qr) = zk(p1.E+p2.k) k-
Fix some § > 0 and split the support of p;; into the sets p; < 6 and p; > 6. Again using
duality, we have

0< p1g < prk+par €0z50(2)  og
Thus, for almost every (¢, x) where py (¢, z) > 4§, it follows that (z;)~! is at worst 6! Lipschitz
at the value qx(t,z) and (z};) "' (qx(t, z)) is uniformly bounded with respect to k. Thus,

’/Q (Ppl,k(Fl,l((Zz)_l(Qk,s)ank) —F1,1((Z}§)_1(Qk),nk))‘

1

< Bé|l¢ll1py +ws(2ed o1kl Loy lellzoe oy + 110150l Lo (D) | D]
where B is a bound on Fi; and ws is the modulus of continuity of Fj; on the bounded set

<Uk{(zZ)_1(qk(t,x)) cp1e(t,x) > 5}) x [0, M] and Dy = {(t,z) € D : qi(t,z) > 2*(boo) + €}.
The convergence of zj to z implies that limsup,,_, . |Dg.| = 0 for all fixed € > 0. Thus, sending
k — 0o, then € — 0%, and then § — 0, we get (5.9). The strong convergence of g, implies that
the duality relation (p; + p2)(2*) "' (q) = z(p1 + p2) + ¢ holds, thus we can use a similar argument

to obtain ([5.8)).
O
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At last, we are ready to prove our main result, which will let us pass to the limit when we
consider sequences of weak solutions to . Note that the following theorem applies in the
case where the viscosity is decreasing to zero along the sequence, as well as when the viscosity is
zero along the entire sequence.

Theorem 5.5. Let zj, be a sequence of energies satisfying (z1-z3). Suppose there exists an energy
z satisfying (z21-283) such that z, converges pointwise everywhere to z. Define ey, e by formula
. Let p{, p§ € LYRHNL®(RY), n® € L2(R?) be initial data such that e(p)+p3) € L (R?). Let
V € Lloc([ 00); L2(R%)) be a vector field such that V-V € L%(Quo) and let F; j be source terms
satisfying (F1-F2). Let p1 g, pax € X(ex), qr € V(e}), ni. € L2 ([0, 00); HY(R?)) be sequences of
density pressure and nutrient variables such that for each k, the variables are weak solutions to the
system (.) with energy ey, viscosity constant v, > 0, and initial data (pY, p9,n°). Furthermore,
suppose that v,V p1 g, Vo € L ([0,00); L2(RY)). If vk converges to 0 and at least one of the
following two conditions hold:

(a) 0z(a) is a singleton for all a € (0, 00),
(b) the source terms satisfy the additional condition (F'3),

then any limit point (p1, p2,q,n) of the sequence is a solution of .

Proof. Step 1: Uniform bounds, basic convergence properties, and parabolic structure.
Summing the first two equations of (5.1)) together, we see that for any test function ¢ €

we ’1([0, o0); HY(RY)) p, qr are weak solutions to the parabolic equation
(5.10) /d $(0,2)p° = /Q —pkO) + Vb - (Var + % Vor) — oV -V — Py,
R o

where pr, = p1 kP2, e = pi1e+Ho,e and ik = p1gFia ((25) 7 (e i) ) 2,6 F2 ((25) gk, nk)).-
Thanks to Proposition ??, pg, qx, pt must satisfy the energy dissipation inequality

/Q —e(p) e + | Vi + wet (q0)V - V — wiiig < /R w(0)e(p"(z)) da,

for every nonnegative w 6 Whee([0,00)) and the estimates (4.11)-(4.18)). After plugging estimate

into estimate ( , it follows that all of the estimates (4.12])-(4.18)) are independent of k
and only depend on po V the bounds on F; ;, and the constants 3y j := min(1, hm infy o0 #),
Bk = inf{b > 0 : ap < infde*(b)}. Thanks to property (e3) and the convergence of e} to

e* it follows that ﬁ; ,1 and [ are uniformly bounded in k (c.f. Lemma [A.1). Thus, pg,qk
are uniformly bounded in the norms estimated in - As a result, there must exist
p € X(e), g € Y(e*) and pu € L2 ([0,00); L=(R%) N Ll(Rd)) such that pg, g, i converge weakly
in LIQOC(QOO) (along a subsequence that we do not relabel) to p, g, 1 respectively. Note that for
Pkt the weak convergence in fact holds in L, (Q«) for any r < co. Furthermore, the convexity

of the mapping («, 3) |g‘ over R x (0,00) implies that u € L°°( ).

Property (F2) implies that 0 < py 4, p2% < pr. Hence, pi g, p2 are uniformly bounded in

L2 ([0, 00); LYRY)NL>®(R?)) and there exist limit points p1, p2 (and a subsequence that we do not
relabel) such that py k, pa . converge weakly in LT ([0, 00); L1 (R?)NL"(R?)) to p1, p2 respectively
for any » < oco. Furthermore, the bounds on p; , p2 r combined with standard results for the
heat equation imply that ny, is uniformly bounded in L2 ([0, 00); HY(RY))NHL ([0, 00); H1(R%)).
Hence, the Aubin-Lions Lemma implies that there exists a limit point n € L2 ([0, 00); H(R?))
and a subsequence (that we do not relabel) such that ny converges to n in L2 _([0, 00); L2(R)).




EXISTENCE OF SOLUTIONS TO REACTION CROSS DIFFUSION SYSTEMS 23

Thanks to the linear structure of equation (5.10)), the convergence properties we have estab-
lished are strong enough to send k — oo. Thus, p, ¢, u satisfy the weak equation

(5.11) [P0 @ o= | V496 = g0 pV -V~
for any 9 € W ([0, 00 : HY(R?)). After taking the limit, the bounds on p, ¢,y inherited from
the estimates (4.12{4.18) allow us to conclude that holds for any ¥ € W ([0, 00); L (p) N
H'(RY)).
Step 2: Weak convergence of the products pi rqx, p2,kQk -

We want to use Lemma to prove that p; 1.qr converges weakly to p;q for ¢ = 1,2. This will
imply that pgqr converges weakly to pg. Fix some ¢ > 0 and let 7. be a spatial mollifier. Define

Pik.e = Ne * pik and p; = ne * p;. Thanks to estimates (4.1214.14)), it follows that

sup 10oi kel L2(@r) + IV PikellL2(Qr) Se Sup 1okl L2(Qr) + IPikllE (0,171 (1)) < 00

Thus, for € > 0 fixed, p; 1. is uniformly equicontinuous in L?*(Qr). The uniform bounds (4.12) and
(4.14) automatically upgrade this to uniform equicontinuity in L™(Q7) N LY (Qr) for any r < co.
In addition, the estimates ‘4.18‘ and (4.15)) imply that g is spatially equicontinuous in LIQOC(QOO).

Thus, we can apply Lemma to conclude that p; g, converges weakly in (Co(Qx))* to pig
for i = 1,2. The uniform boundedness of p; rg in L2 _([0,00); L?(R?)) gives us the automatic

loc
upgrade to weak convergence in L2 ([0,00); L?(R%)). Now Proposition implies that pg =
e(p) +e*(q) almost everywhere and prqy, e(px) and e*(gy) converge weakly in Li ([0, 00); L!(R%))
to pq,e(p) and e*(q) respectively. Now we can use Proposition to conclude that for every
© € We™([0, 00); LY (p) N H (RY)) the limit variables p, 1, g satisfy the energy dissipation relation
[E2).
Step 3: Strong convergence of Vi to Vq in L (Qoso)

We now want to use our work in Proposition to prove the strong convergence of the pressure
gradient. From Proposition we know that holds. The pointwise everywhere convergence
of zj, to z implies the pointwise everywhere convergence of ey to e. From step 2, we know that ppqx
converges weakly to pg and that holds for the limit variables. Thus, to apply Proposition
it remains to show that limsup,_,. [, wuags < [ wpug for every w € W2 >([0,00)) and
compact set D C Q. We will split our work into two cases.

Step 3a: Scenario (d) holds. When 0z(a) is a singleton for all a € (0, 00), it follows that de(a) is
a singleton for all a € (0,00). Thus, Lemma implies that g, converges in measure to g. Since
qr, is uniformly bounded in L2 _(Qs0) N L2 ([0, 00); HY(R?)), we can upgrade the convergence in
measure to strong convergence in L] (Q) for any r < 2. Thus, Proposition implies that
Vi converges strongly to Vg in L2 (Quo).

Step 3b: Scenario (@ holds

Without strict convexity of the dual energy, the weak convergence of e} (gx) does not give us
strong convergence of g;. Thus, we will instead need to establish the nonlinear limit (?7?) even
though we do not have access to any strong convergence properties. To succeed in this endeavor,
we will employ a delicate argument that exploits the structure of the product g

We begin by fixing some 6 > 0 and letting Js be a space time mollifier. Set g s := Js * g, and
s == q* Js. It is clear that gi s converges strongly to g5 in L2 ([0,00); L?(R%)) and gs converges

strongly to ¢ in L2 ([0, 00); L?(R%)). Thus, it will be enough to show that

loc

liminf lim sup/ w(qr — qrs) ik <0,
D

00 koo

fori=1,2.
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We focus on the case i = 1 (the argument for i = 2 is identical). Assumption (F3) and the
monotonicity of (z};)~! guarantees that ¢ — Fi,1((2;) " (¢),n) + Fi2((2f) ' (q),n) is decreasing
for each fixed value of n. As a result, there must exist a function fy : [0,00) x [0,00) — R such
that for each fixed value of n, we have f;(0,n) =0, ¢ = fi(g,n) is convex, and —9,fi(q,n) =
Fia((z5) " q),n) + Fi2((2;)"*(g),n). The structure of p1 , combined with the convexity of f
implies that

/ W(qr — qr.s) ik < / wprk (fr(@rs, i) = frlar ).
D D

Since Fi 1 + F' 2 is uniformly bounded over R x [0, c0), it follows that f, is uniformly Lipschitz
in the first argument. Uniform equicontinuity in the second argument is clear when ¢ = 0. For
q > 0, fix some € € (0,q) and consider ni,ny > 0. We see that

2
[fie(q,m1) = fr(gn2)| < Z/Oq |Pri((z0) 7 (@),n1) = Fui((21) 7" (@), n2) |da.
=1

2
< 2Be+q sup Z\Fl,i(b,nl) — Fi,i(b,n2)l,
bel(z) 1 (e):(z5) "M @)l =1
where B is a bound on F; + F; 2. Assumption (z3) and the pointwise everywhere convergence
of zj, to z implies that (z})~!(e), (25)~'(g) are uniformly bounded with respect to k. Thus, it
now follows that fj is uniformly equicontinuous in the second argument on compact subsets of
[0,00)2. As a result, fr must converge uniformly on compact subsets of [0, 00)? (possibly along
some subsequence that we do not relabel) to a limit function f that is convex in the first variable
and continuous in the second.
For all k£ we have |fx(g,n)| < Bq. Thus, it is now clear that

1iminflimsup/DwP1,k(!fk(Qk,5,nk)—f(q7n)|+fk(kak)—f(Qk,nk)|+|f(CJk7n)—f(q;c,nk)|> =0.

=0 koo

It remains to prove that

k—o0

limsup/prl,k(f(q,n) — f(qr,n)) <0.

Let f*(a,n) = supgcp,00) @9 — f(g,n). Given any smooth function ¢ € C2°(Qw), we have

/w,ol,k(f(q,n) — f(gg,n)) < / wprk(f(g:n) — @) + wpr i f* (¥, n).
D D

Using the weak convergence of the product pi pqx to p1g we see that

limsup/Dwm,k(f(q,n)—qk¢)+p1,kf*(¢,n)=/Dwm(f(q,n)—qw)+wp1f*(w,n)-

k—o0

Taking an infimum over v, we get

thUP/DWPLk(f(Qan) — flqx,n)) <0.

k—o0

as desired.
Step 4: Passing to the limit in the weak equations

Now that we have obtained the strong convergence of the pressure gradient, we are ready
to pass to the limit in the weak equations. In Lemma [5.4] we showed that the source terms
converge weakly to the desired limit under the convergence properties that we have established.
The weak convergence of the remaining terms is clear except for the weak convergence of the
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product %qu to %Vq. Given some ¢ > 0 and a compact set D C (Q it follows from Lemma

that ﬁqu converges strongly in L2 (D) to ﬁVq. Thus, if we can show that

o dpi 2 | 1 0Pk 2
5.12 lim inf (/ —|Vq —l—hmsup/ ———— |V > =0,
(5:12) -0 DP(P"'(S)’ | k—s00 DPk(Pk+5)| |
then it will follow that %’“qu converges weakly in L2 (D) to %Vq.
Since p; 1 < pr and p; < p, the left hand side of ((5.12)) is bounded above by

) 0
0 (/D p+ (5‘ 4 lk—>sooup /D Pr+0 | )

—liminf/ A\qu,
i—0 D p+5

where we have used Lemmaﬂto go from the first line to the second. The property lim sup,_,q+ 6(;)

0 combined with the duality relation implies that ¢ = 0 whenever p = 0. As a result, |Vq| gives
no mass to the set of points where p = 0. By dominated convergence

20
liminf/ ———|Vg|* =0.
6—0 +

O

Corollary 5.6. Let e be an energy satisfying (el-e3) such that Oe(a) is a singleton for all
a € (0,00). Let F;j be source terms satisfying (F1-F2). Given initial data p9,py € L'(R?) N
L>®(RY),n0 € L2(RY) such that e(p) + p3) € LY(RY), there exists a weak solution (p1, p2,q,n) €
X(e) x X(e) x Y(e*) x L2 ([0, 00); HL(R?)) to the system .

Proof. For v, = %, the existence of a solution to the system 1) for the fixed energy e is
straightforward. Using these solutions, we can pass to the limit as k — oo using Theorem
O

Corollary 5.7. Let e be an energy satisfying (el-e3) and let F; ; be source terms satisfying (F'1-
F3). Given initial data pY,p9 € L*(R?) N L>®(R?),n° € L2(R?) such that e(p) + p) € L}(RY),
there exists a weak solution (p1,p2,q,n) € X(e) x X(e) x Y(e*) x L2 ([0,00); H(R?)) to the

loc

system .
Proof. See Corollary O

Corollary 5.8. Let F; j be source terms satisfying (F1-F3). Given initial data p9, p3 € L*(R?)N
L>®(RY),n® € L2(RY) such that p) + p3 < 1 almost everywhere, let (p1.m, P2.ms Gm, m) € X (€) X
X(e)xY(e*)x LE ([0, 00); HL(R?)) be weak solutions of the system with the energy e, (a) =

%am. As m — oo, any weak limit point of the sequence (p1,m, p2,m,Gm,Nm) 15 a solution to the

system with the incompressible energy

eo(a) = 0 if a €10,1],
> "~ ]| +oco  otherwise.

Furthermore, for every ¢ € L°([0,00); WL (RY) N HY(RY)) the pressure satisfies the comple-
mentarity condition

(5.13) / (Vq—pV)-V(qcp)—cpq(pl(FLl(q, n)+F1,2(q,n))+p2(F271(q,n)+F272(q,n))) =0.
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Proof. 1t is clear that e, converges pointwise everywhere to eo,. We can use Corollary to
construct weak solutions of ([1.3|) for each m > 0. We can then use Theorem to pass to
the hmit m —> oco. Note that the complementarity condition is precisely the energy dissipation

relation (4.2 apphed to the sum of the first two equations of (1.3). Indeed, since p{ + p§ < 1, it
follows that e(p?) = 0 and e(p) = 0 almost everywhere. Thus, (4.2) Simphfies to ((5.13)) O

At last, we will show that weak solutions to (|1.3)) can be converted into weak solutions to
D).

Proposition 5.9. Let z be an energy satisfying (z1-z3) and define e by formula . Suppose
that p9, pY € LYRHNL®(RY), n® € L2(RY) is initial data such that e(p+0p3), z(pd+p9) € L' (RY).
If (p1,p2,q.m) € X(e) x X(e) x Y(e*) x L2 ([0,00); HY(R?)) is a weak solution to the system
and we set p = (2*)"1(q) then (p1, p2,p,n) € X(e) x X(€) x L, ([0, 00); Li (0) N H' (p)) %
L2 ([0, 00); HY(R®)) is a weak solution of .

loc

Proof. The duality relation pg = e(p) + e*(q) is equivalent to pp = z(p) + z*(p) = z(p) + ¢. Since
p € L. ([0,00); L(RY)) it follows that z(p) is bounded from below on any compact subset of
Qoo If there exists a; > 0 such that lim,_,,, 2(a) = +00, then there must be some 0 < as < a1
such that z is increasing on [as,a;) and decreasing on [0, as]. Let ag = max(as, 3a;). We can
then compute

z(a) ) z(a)

z(a) ) 2

A ) S A ) =2 I 2(s) ds < To(a) — 2a3 —ag)z(as)  a

Therefore, e(p) € L ([0,00); L*(RY)) implies that z(p) € L2 ([0,00); Li (RY)). Since ¢ €
L} (Qoo) it now follows that p € LE ([0,00); Li..(p))-

If (z*)~! is uniformly Lipschitz on [0,00), then the chain rule for Sobolev functions implies
that Vp = 1Vq and Vp € Lloc([O,oo);L2(Rd)). In this case, it is now clear that (p1, p2,p,n)
is a solution to the system (1.1)). The regularity of p can then be improved by arguing as in
Propositions [£.2]

Now we suppose that (z*)~! is not uniformly Lipschitz on [0, c0). Fix some § > 0 and define
s := max(q,d), and ps := (2*)"'(gs). The monotonicity of z* implies that ps is decreasing with
respect to . Therefore,

[ ovs=sl= [ stos— < [ o0 -=0)= [ 6s-a <ol

Hence, ps converges to p in Li. (p). Since (2*)~! is Lipschitz on [4, 00), the chain rule for Sobolev

functions allows us to compute Vps = X‘ST@Vq where s is the characteristic function of the
interval [0, 00). A direct computation reveals that

/ pIVps, — Vps,| =/ IVallxs, (@) — xs0(q)]-
D D

Since |Vg| vanishes almost everywhere on the set {(¢,z) € Qw : ¢(t,z) = 0}, it follows that Vps
is a Cauchy sequence in Lioc(/’) that converges to %Vq. In particular, for any smooth vector field
v with compact support we can conclude that

hm]/ (piVps — —Vq) v| =0.

fori=1,2.
It remains to show that lims_,o Vps = Vp in the sense of distributions. Fix some € > 0 and let
Ne : R — R be a smooth increasing function such that n.(a) = 0if a <e¢/2 and n(a) =1 if a > e.

Since limsup,_,g+ @ =0, it follows that % is bounded on the set ¢ > e. Hence, n.(q) and n.(q)
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are absolutely continuous with respect to p. Given a test function ¢ € L([0, 00); W™ (R9)),
we can compute

/prV-(wze(Q)) Zggrg)/pr(sV-(som(q)) = —gig%/Qoo Vs - (¢one(q))

= — lim /Qm X(S[EQ)ne(q)Vq-so = /m 1) gy

6—0 P

Thus, Vp = %Vq = lims_,9 Vps in the sense of distributions when tested against functions of the
form ¢n(q). When z* fails to be Lipschitz on [0, 00) it follows that p approaches zero wherever
q approaches zero. Thus by sending ¢ — 0 we can conclude that Vp = %Vp on p > 0. It now
follows that (p1, p2,p,n) is a solution to the system . Again, the regularity of p can then be
improved by arguing as in Propositions

O

The proofs of Theorems and [1.3] are now just corollaries of the previous proposition,
Theorem and Corollaries [5.6] and [5.7]

APPENDIX A. SOME PROPERTIES OF CONVEX FUNCTIONS

Lemma A.1. Let f: R — RU{+o0} be a proper, lower semicontinuous, convex function such
that f~Y(R) is not a singleton. If fr : R — R U {+oco} is a sequence of proper, lower semi-
continuous convex functions such that fi converges pointwise everywhere to f then the following
properties hold:

(1) If f is differentiable at a point a € R, then
limsup max (| sup 9fi(a) — ()| . [0 9fia) ~ f'(a)]) = 0.

k—o0
(2) The convergence of fi to f is uniform on compact subsets of the interior of f~1(R).
(3) f; converges pointwise everywhere to f* except possibly at the two exceptional values
bl =sup{b e R: f*(b) < o},b, =inf{b € R: f*(b) < oo}.
(4) If f* is differentiable at a point b € R, then
lim sup max (| sup 7 (6) = /()| , [nf D5 (6) = /' (B)]) =0,
k—o0

and the convergence of f; to f* is uniform on compact subsets of the interior of (f*) 1 (R).

Proof. Let a be a point of differentiability for f. Since f’(a) exists and is finite, there exists dp > 0
such that f is finite on [a — dg, a + dp]. Fix some 6 € (0,dp). The convergence of fi to f implies
that there must exist some N, B sufficiently large such that |fi(a)l,|fx(a — )|, |fx(a + 0)] < B
for all kK > N. Now we can use convexity to bound

fila+9) — fu(a)

fe(a) — (J;k(a —9) <infdfy(a) < sup dfi(a) <

1)
Thus,
i supas (|sup Oi(o)—f' (@), 10t 2fi(a) (@)} < L N (Al = (ORI}

Sending § — 0 and using the fact that f is differentiable at a, we get the desired result.

Now suppose that [ag,a1] is an interval in the interior of f~!(R) and choose some § > 0 such
that [ag — J, a1 + 0] is still in the interior of f~!(R) and f is differentiable at ag — J,a; + 9. Given
any a € [ap, a1, we have

f'(ag —6) <infdf(a) <supdf(a) < f'(a1 +9).
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It then follows from our above work that dfy(a) is uniformly bounded on [ag,ai] for all k
sufficiently large. Hence, fi is uniformly equicontinuous on [ag, a1] and thus converges uniformly
to f.

Now we consider f*. Given any b € R, if we choose some a € f~(R), then

liminf f;;(b) > liminf ab — fx(a) = ab — f(a).
k—o00 k—o00

Taking a supremum over a, it follows that liminfy . f;(b) > f*(b). Hence we only need to
worry about b € (f*) LR).

Let b € (f*)"Y(R) \ {b%,bL}. It then follows that df*(b) # @ and so we can define ag :=
inf 9f*(b) and a; := sup df*(b). Again since b ¢ {by,bl } ap,a1 must be finite. If we fix some
d > 0 then M > b and similarly M < b. Thus, the pointwise convergence of

fr to f implies that M > b and M < b for all k sufficiently large. Thus,
fi(b)=sap  ab— fi(a),

a€lap—d,a1+9]

for all k sufficiently large.

If ag < a1, then there exists a point a’ € (ag,a1) such that f is differentiable at a’. Choose
b, € 0fr(a’) and note that our earlier work shows that b} converges to f’(a’) = b. Hence,
fr(d) < sup ab— fr(a') —bj.(a—a") < max(|ag — ||b— )|, |ar + 5||b — b|) + b’ — fre(a').

a€lap—0d,a1+4]

So we obtain limy_,s fi(b) < f/(a')a’ — f(a') = f*(b) where the final equality follows from the
fact that f/(a’) = b.

Now suppose that ap = a;. Since f~1(R) is not a singleton, there exists a point a5 € [ag —
J,a0 + ¢] such that f is differentiable at as (note that we can always choose our as such that as
is either increasing or decreasing with respect to ¢). If we choose by 5 € 0f(as), then we have

i) < sup  ab— fr(as) — brs(a—as) < agb — fr(as)
a€lap—d,a1+9]

Since by, 5 must converge to f’(as), it follows that
Tim fi(5) < aob — f(as) + o6l + 17 (a5)].

If as is increasing with respect to § then limgs_o f'(as) = infdf(ap) while lims g f'(as) =
sup Of(ap) if it is decreasing. Since either inf df(ag) or supdf(ag) is finite, we can assume
that we chose ags such that lim sups_,q | f'(as)| < co. Hence, sending 6 — 0, we can conclude that
limy_00 f(b) < aob — f(ap) = f*(b). This completes the argument that limy_,o f;i(b) = f*(b) if
b ¢ {bs,bL.}-
Now that we have proven that limy_, f;(b) = f*(b) for all b € R\ {b, bl } we can use the
arguments we applied to f to conclude property (4).
U

Lemma A.2. Let z : R — RU{+00} be an energy satisfying (z1-z3) and let z;, : R — RU{+o00}
be a sequence of energies satisfying (z1-23) such that zj converges pointwise everywhere to z. If
we set bos = inf{b € R : 2*(b) = 400} then (z})~1 converges uniformly to (2*)~! on compact
subsets of (0,2*(bos)).

Proof. If z*(bs) = 0, then there is nothing to prove. Otherwise, given € € (0, 2*(bs)) there must
exist b /o < be € R such that 2*(b./2) = €/2 and 2*(be) = e. It then follows that for all b > b, and
k sufficiently large

€
< infdzi(b).
4(be —bejy) #(0)
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As a result, (z5)~! is uniformly Lipschitz on [€, 2*(boo)). Choose some value a € €, 2" (boo))
and let b = (2*)"!(a). Let ax = z}(b) and note that once k is sufficiently large we must have
a € zj(R). Thus,

(=) (@) = (1) 7" (@)] = b= ()" (ar + a — ax)| < Lea — ag| = Le[2*(b) — (D)

Now the uniform convergence of 2} to z* on compact subsets of (—00,b) combined with the
Lipschitz bound implies the uniform convergence of (z;)~! to (2*)~! on compact subsets of

(0, 2" (bso))-
(]

Lemma A.3. Let f: R — RU {400} be a proper, convex, lower semicontinuous function and
let f*: R — RU{+oco} be its convex conjugate. Suppose that a € f~1(R) and there exists some
be d0f(a). Given any € > 0, there exists Af(a,b,€) > 0 such that

7(@) = f(a) = b(@ — a) > eAp(a,by€)
foranyae{aeR: [a—ea+eNIf (b) =a}.
Proof. Define

a}r(a,b, €):=inf{a >a:[a—¢eaNIf(b) = o},

r(a,be up{a < a:[a,a+¢€NIf*(b) = o},

) =
abe: { pbeafa ))B—b if 8f(a;[(a,e))7é®,

else,

mfl_)eaf(a;f(a,e)) b—b if 6f(a]?(a, e)) #+ g,
400 else,

Ar(a,b€) == {

Since subdifferentials are closed sets, it follows that )\;[(a, b,e),|A;(a,b,€)| > 0 for all € > 0.
With these definitions, we now see that for any ag € {a < a: [a,a+ €] NIf*(b) = &} we have

flao) = fla) = b(ao — a)
> f(a;(a, b.e)) — fla) — b( “(a,b,€) — a) + A (a,b, €) (a0 — o (a,b, €))
> A;(a,b,€) (0 — o (a,b, €))
> €[A; (a,b,€)].
Similarly, for any a1 € {a > a: [0, a + €] N If*(b) = @} we have
flar) = f(a) = b(ag —a)
> f(a}'(a, b.e)) — fla) — b(a}'(a,b, €) —a) + )\}"(a, b,e) (o — a}f(a, b,e))
> )\}'(a, be)(ar — a;(a, b.e))
> e/\}'(a, b,€).
Finally, if we define Af(a,b,¢€) := min()\}“(a, b €),|A} (a,b,€)]), then it follows that for any a €
{aeR:[a—¢ea+eNaf*(b) =2}, we have
f(a) = f(a) —b(a — a) > eXf(a,b,e) > 0.
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