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TUMOR GROWTH WITH NUTRIENTS: REGULARITY AND STABILITY

MATT JACOBS, INWON KIM, AND JIAJUN TONG

ABSTRACT. In this paper we study a tumor growth model with nutrients. The model presents dynamic
patch solutions due to the contact inhibition among the tumor cells. We show that when the nutrients
do not diffuse and the cells do not die, the tumor density exhibits regularizing dynamics. In particular,
we provide contraction estimates, exponential rate of asymptotic convergence, and boundary regularity
of the tumor patch. These results are in sharp contrast to the models either with nutrient diffusion or
with death rate in tumor cells.

1. INTRODUCTION

A model system that appears in literature describing tumor growth with nutrients is

pe =V - (pVp) =(n—0b)p, p<1, pe Px(p),
(P)

ng—DAn=—pn, n—c>0as|z|— o0

set in Q := R? x [0, 00), with b, D and ¢ being non-negative constants (see e.g. [MRCS14] [PTVi4,
[DP21]). It is equipped with the initial conditions

(1.1) p(,0) = pola), n(x,0) = no(x).

Here p and n respectively denote the density of tumor cells and the nutrients. The cells grow by consuming
the nutrients which are supplied from the external environment, while they die at a constant rate b in the
meantime. The pressure p > 0 can be understood as the Lagrange multiplier for the constraint p < 1 that
represents the contact inhibition in cells. In (]ED, P (p) denotes the Hele-Shaw graph

Poo(p) = 0, if pe€10,1),
V0, 400), ifp=1.

It is well-known that the resulting solution features time-evolving patches of congested cell region where
p equals 1. We call this set a tumor patch for later reference.

This model, while relatively simple, presents a complex phenomena. One can view the system as a
singular limit of a reaction-diffusion system, where one first takes p = p™~! and then sends m to +oo; see
[DP21]. With finite m, the reaction-diffusion system has been actively studied in the literature:
see Kit97, Mim04].

The well-posedness of (]ED is not hard to achieve: see Section for more discussions. On the other hand,
qualitative behavior of the solutions of (]ED is much less understood. In particular, the growth of the tumor
patch appears to generate fingering phenomena, as observed by numerical experiments [Kit97]
PTV14] even when the patch is almost radial and when n is initially a constant. Such “dendric growth”
is well-known to persist in models of bacterial growth that aggressively consumes nutrients [BJSTT94].
When D > 0, the formation of dendritic patterns is conjectured to occur because there are more nutrients
available near the tips of dendritic fingers compared to valleys [MRCS14] (in the valleys there are more
surrounding bacteria to consume the nutrients). As a result, dendritic tips grow faster than the valleys,
leading to the amplification of instabilities. When D = 0 and b > 0, numerical experiments still observe
the fingering phenomena, possibly due to the movement of tumor cells toward the necrotic core, where
cells decay from the maximal density (c.f. Figure [1). The scale of the aforementioned instabilities in
terms of b and D remains to be understood. While we do not pursue regularity analysis in such general
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FIGURE 1. Numerical simulations from [JL22] of the tumor growth system with D = 0 and b = 0.4
and ng = 2. The first image represents the initial patch density. Brighter colored pixels indicate larger
density values. The evolution shows dendritic growth at the boundaries once cells begin to die in the

interior.

cases, a variational scheme is introduced to approximate and yield well-posedness in general settings:
see Theorem Although there are many other possible ways to approximate the equation and obtain
the well-posedness, the variational scheme we introduce is particularly numerically efficient and preserves
many desirable properties of the true system (c.f. the discussion in Section .

The main goal of this paper is to study the singular case b = D = 0, with particular focus on the
dynamics and regularity of the tumor patch evolution. This case is particularly interesting, as numerical
experiments in [MRCS14] suggest that, when b is fixed to be zero, the dendritic behavior becomes more
and more branched and irregular as the diffusion parameter D becomes smaller and smaller. Surprisingly,
we find that once the diffusion parameter is set to zero, there is no dendritic growth whatsoever and the
evolution is regularizing. Roughly speaking, we will show that there is no rough growth of the tumor patch
other than those caused by topological changes (Theorem . Moreover, when n is initially a constant,
we can further show that the dynamics of the tumor patch can be understood in terms of a single-variable
nutrient-free system (Theorem . We hope our findings serve as the first step to understanding the
complex behavior of the system with general values of b and D. In particular, reconciling our results
with the numerical experiments in [MRCS14] would be a very interesting future direction of study.

Our results are based on the following rather unexpected comparison principle when b = D = 0
(Proposition ) for two different solutions (p*, p*,n) (i = 0,1) of (P):

Let n' :=n{ —n". If p* < p® and n* < n° at t = 0, then p' < p° and n* <7 for all ¢ > 0.

This comparison property is somewhat unintuitive, as the smaller density should have more nutrients
available for growth, raising the posibility that the ordering could be violated as the system evolves. As
such, observe that this is not a standard comparison principle. While the initial ordering is with the
nutrient variable, the ordering at later times are associated with the n-variable. To see why this should
hold, we introduce the variable w(z,t) fo x,s)ds. Integrating the p-equation of (| . in time and
noticing that np = —n; =1, when D = 0 we obtain

t
(1.2) p—Aw=po+/ (np) ds = po +n,
0
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and

(1.3) ne = (no —n)p.

The time integrated system reveals that the total growth of the density at time ¢ only depends on 7, the
total amount of nutrients consumed by the time ¢, rather than the amount of available nutrients at time
t. Thus, by working with this version of the problem, the possibility of a comparison property becomes

much more evident. Indeed, a large part of our analysis, including the proof of the above comparison
principle, will be based on this time-integrated system (1.2))-(1.3]).

Heuristically speaking, since p only grows and the set {p = 1} expands in time, the pressure variable is
positive in the growing parts of {p = 1}. More precisely, the set {p = 1} can be decomposed as the union
{w >0} U{py =1,n9 = 0} (c.f. Lemma[£.6). On the other hand, p = po + n in {w = 0}. Thus, (w,n)
satisfies

(1 =1 = po)X{w(-ty>0py — Aw(-,t) =0 in RY,

m = (no —n)p-

It is then not difficult to see that the aforementioned comparison principle holds for this system. Since
the above system is in the form of an obstacle problem, let us discuss the free boundary regularity of
the set {w > 0}. The standard theory for the obstacle problem yields that, as long as 7 is less than
1 near the boundary of {w > 0} and is C®, the boundary of {w > 0} has C*“-regularity, away from
cusp-type singular points [Bla0Il [Caf98]. Thus, when we study the boundary regularity of the tumor
patches, an important step in our analysis is to ensure the regularity of n, the non-degeneracy of w, and
the nonexistence of cusp points on the patch boundary.

We will see in Theorem and Corollary that, if ng(x) > 1, the pressure dominates the evolution
and there is a generic (local-in-time) regularity of the patch boundary after some finite time, whereas for
no(z) < 1, the pressure diminishes exponentially fast as the nutrient vanishes, and the tumor patch
approaches an asymptotic profile. The finite-time regularization result for ng > 1 features similarity to
those of porous medium equations [CVWS87] and the Hele-Shaw flow [Kim06]. In the case of ng < 1,
the large-time regularity of the tumor patch remains open in general, and it may be possible that fractal
structures persist as the set approaches its asymptotic profile. Nonetheless, if the asymptotic tumor patch
is sufficiently far away from the convex hull of its initial position, we can show that the patch evolution
turns smooth within finite time.

Our last main result focuses on the problem when the initial nutrient is constant, namely when ny(z) =
c. In this case, very surprisingly, one can characterize the behavior of the tumor patch solution in
through what we call master dynamics. There are two of them, stated in Proposition and Proposition
[6.7] respectively. Let us take the first one as an example. Consider the following problem that concerns
the density evolution only:

(HS) Orpx =V - (pxVps) = po, P« <1, pu € Poc(ps),  peli=0 = po-

po is the initial data in which is assumed to be a patch here. (HS|) is reminiscent of the classic Hele-
Shaw flow, whose regularity and long-time convergence property is relatively well-understood in various
settings [EJ81l [Kim06, [CJKO7]. We will show in Proposition that, once ng = ¢ > 0 is given, the
corresponding p-evolution in (]E) is simply a re-scaled (in time) version of the p,-evolution in , and
the re-scaling depends on ng explicitly. The n-evolution in can be readily represented as well. In
other words, once we understand the density evolution in 7 which is parameter-free and much simpler
than , we can fully characterize all the (p,n)-evolutions in corresponding to all different values of
ng > 0. This is why we call {p.(-,t)}+>0 the master dynamics. The second master dynamics is proposed
in a similar spirit; see Proposition [6.7] Given that the value of ng has a non-trivial impact on the patch
solution dynamics in (]ED, and that n does not stay as a constant over time, this connection is far from
being apparent. We should emphasize that neither of the master dynamics can be obtained by a mere
change of space and time variables in (]E), and even the relation between the two master dynamics is also
highly non-trivial. Their proof relies on a very special property of the system (]ED when b= D =0, ng(x)
is a constant, and p is a patch solution (see Lemma : for any harmonic function, its average on the
set {p = 1} is time-invariant.
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The rest of the paper is organized as follows. In Section 2] we state our main results and discuss their
implications. In Section |3] we introduce a discrete-in-time variational scheme to approximate (]ED in the
general setting of b, D > 0 and prove well-posedness. Sections are devoted to the case b= D = 0. In
Section we first study the elliptic equation (see a more precise formulation in ), and then prove
general properties of the time-integrated system when the initial nutrient is bounded. Section [5|is focused
on free boundary regularity of the tumor patch solutions under suitable geometric assumptions. Finally,
in Section [6] we prove the master dynamics when ng is constant. Then we apply that to characterize
long-time behavior and uniform boundary regularity of the patch solution p.

2. SUMMARY OF MAIN RESULTS
2.1. Well-posedness in the general setting. We first define weak solutions of as follows.

Definition 2.1. Let ng € L>®(R?) N BV(R?) and py € L*(R?) N BV(RY) such that py € [0,1] almost
everywhere. Fix 7' > 0 and denote Q7 := R? x [0, T]. Non-negative functions p € C([0,T]; L*(R4)) N
L>=([0,T); BV (R%)), p € L?([0,T); H'(R%)), and n € L*°(Qr) N L>=([0,T]; BV (R?)) on Qr are said to
form a weak solution of (]ED in Qr, if they satisfy:

(i) p€[0,1] and p(1 — p) =0 in Qr;

(ii) For any v € H'(Qr) that vanishes at ¢t = T, we have

T T
/ V- Vp — poyp dx dt = / Y(x,0)po dx + / Y(n —b)pdx dt;
0o Jre Rd 0 JRrd

(ii) In addition,
on — DAn = —pn in D'(Qr), n(-,0) = ny.

Here and in what follows, by saying a function f € BV (R9), we mean that the total variation of f is
finite, and yet f may not be integrable on R?.

Using an adaptation of the minimizing movements scheme introduced in [JKT21], we establish the
following well-posedness result.

Theorem 2.2 (Well-posedness, a summary of Propositions andand Remark. Letng €
L®RYNBV(RY). Let po € BV (RY) be compactly supported, such that py € [0, 1] almost everywhere. Then
for given b, D > 0, and any T > 0, there exists a unique weak solution (p,p,n) of in Qr = R4 x[0,T]
in the sense of Definition|2.1].

Moreover, p and p are compactly supported in Qr, and satisfy the complementarity relation in the
distribution sense:

p(Ap+n—>b)=0 inD'(Qr).
If, additionally, po(x) € {0,1} almost everywhere in space, then for every time t € [0,T] we have
p € {0,1} almost everywhere in space.

As we mentioned above, we obtain this result via a variational approximation scheme, which is a
simplified version of the more general scheme introduced in [JKT2I]. Although there are many different
ways to establish the well-posedness of the system (such as the degenerate diffusion approach considered
in [PQV14] and [GKM22]), we emphasize our variational scheme, as it has a very efficient numerical
implementation via the Back-and-Forth method [JL20, JLL21]. For instance, the images displayed in
Figure |1 are computed on a high-resolution 1024 x 1024 grid. Carrying out simulations of this size has
been out of reach for previous methods, owing to the difficult nonlinearities in the equation. The efficiency
of the scheme will be studied further in the upcoming paper [JL22]. In addition to the favorable numerics,
the scheme also preserves many desirable properties of the true system, such as the patch-preserving
property and various important estimates that will prove useful in our analysis of the scheme.

2.2. Contraction and stability estimates. The rest of the results focus on the case b = D = 0. In this
setting, it will be useful to introduce the quantity 7 := ng — n which represents the amount of nutrient
that has been consumed. It solves

o = (no —n)p, n(x,0) =0,
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which can be derived from (]E[), and which is equivalent to the n-equation. Therefore, in what follows, in
the case of b = D = 0, we will use (p,p,n) and (p,p,n) interchangeably as the solution of . In this
case, the system (]E[) enjoys a lot of nice properties, especially for patch solutions, i.e., py and p take the
value 0 or 1 almost everywhere in space at all times.

We first state the following L'-stability estimate for patch solutions, from which the comparison prin-
ciple can be readily derived.

Theorem 2.3 (L!-contraction, a simplified version of Theorem. Suppose that (p',p',n') (i = 0,1) are
weak solutions of (]ED, starting from initial datum (p§,nd) respectively. If ply are patches andn) € L (R9),
then

1" (1) = PG, 1) lle < N(B)II(ng — 1)+ llze + MBI (o5 — )+ 21
Here L" = L"(RY),

Undlpoo =1t _q . 0
(2.1) Ny =4 T il £ 1,
t otherwise,
and
IngllpooeImBlizoo -1ty 0 o
(2.2) M@ =4 R if [[ngllLe # 1,

t+1 otherwise.

Based on the L'-contraction and symmetries of the Laplacian operator, we can derive the following
BV-estimates for p. Note that here we consider a somewhat non-standard norm that we call the BV4-
norm, where A is an antisymmetric matrix. The BVj4-norm is the L'-norm of the product Vp - Ax.
For antisymmetric matrices A, Vp - Ax picks up a non-radial component of the derivative of A, with
a stronger weight as one moves further from the origin. By bounding this norm, we obtain a stronger
control (compared to the vanilla BV-norm) on the behavior of the non-radial components of the boundary
variation as the tumor grows.

Theorem 2.4 (BV-estimates, Proposition [4.9). Given an antisymmetric matriv A € R and some
g € LY(RY), define

9]l BvaRay == sup / g(x)Az - Ve dr.
SOGCSO(Rd)v”‘pHLoo(]Rd)Sl R4
Let (p,p,n) be a weak solution of (P)) with initial data (po,no). If po € L*(R?) N BV (RY) is a patch, and
no € L= (RY) N BV (R?), then, with N(t) and M(t) given above in ([2.1) and (2.2)),
o, Ol By ey < N(@E)lInollpv@ey + M) |poll gy e,
oG Ol Bvaay < N@)nollpv,mey + ME)|lpoll By, ey

From the comparison principle as well as analysis on radial solutions, one can conclude the following
result on the long-time behavior of the solution when |[ng|lz= < 1. In this case, the tumor eventually
stops growing and approaches a stationary solution.

Theorem 2.5 (Theorem [4.10). Suppose that ||[no|| ey < 1 and po(z) € {0,1}. Let (p,p,n) be as given
above. Then

mopoller @)  qinol o ety-10t

llo(t) = poollLrmey <
POllEHED =7 1120 | Loo (Ra)

Inopollr®e)  (jno| —1t
(1) —nopool||L1(rey L ———F————e€ P ED ’
In(-, ) lzr(ee) < 7 701l Loe et

where po, solves the elliptic equation

(1 =1n0)poo — AWoo = po, Woo(l — poo) = 0.
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2.3. Geometry and regularity of the patch boundary. Under suitable assumptions on the initial
patch data py and the initial nutrient ngy, we can study boundary regularity of the growing part of the set
{p(-,t) = 1}. We will use reflection invariance of the problem and comparison principle, using reflection-
based geometry of the sets, to achieve these. Such an argument was used first in [FK14] and later in
[KK20l, [KKP21] to obtain regularity results for interface motions with reflection invariance.

The following version of the comparison principle plays an important role.

Theorem 2.6 (Reflection comparison, Proposition. Suppose that (p,p,n) is a solution of starting
from the initial data (p°,n°). Given a hyperplane H, let py, p%,nm, and n% denote the reflections of
p,p%,m, and n° about the hyperplane H respectively. Let HT be one of the half spaces generated by H. If
%Y < p° and n% < n® almost everywhere in HY, then pg < p and ng < n almost everywhere in H*.

We say a set S C R? satisfies r-reflection if it contains the ball B,.(0) = {|z| < r}, and if for any
hyperplane H not intersecting with B,.(0), the reflected image of S with respect to H is a subset of S
when restricted on the side of H that contains the origin; see Definition[5.1] It is a notion that is stronger
than being star-shaped, tailored to work with the reflection comparison above. With this concept, we
obtain the following results based on the above theorem.

Theorem 2.7 (Corollary . Suppose ng is C1, and its super-level sets satisfy r-reflection for some

r > 0. Let Qg be an open bounded set in R? contained in B,.(0), and py = xq,- Let T(R) be defined as in

Corollary[5.5 Then the followings hold for any 0 < o < 1 and a dimensional constant cq:

(a) If no(x) > 1 on RY, then for any R > cqr, O{w(-,t) > 0} is uniformly C in a unit neighborhood
for any finite time range within [T(R), c0).

(b) If ng(x) < 1 on R?, the same holds in for any finite time range within [T(R),00) if R > cqr satisfies
Br(0) C {wee > 0}. Here ws is defined in Theorem above (or equivalently, Theorem[{.10}).

In both cases of the above theorem, since we can start with pg = xq, where €y is quite arbitrary, the
evolution of the set Q; := {p(-,t) = 1} may go through topological singularities such as merging of the
free boundaries. However, the above results state that, if the initial nutrient ng is “well-prepared” outside
of B,., then after a finite time there is no further topological changes in the evolution, and €); evolves with
smooth boundary outside of B,.

2.4. The case of constant ng. When ng is constant, even stronger characterization can be provided for
the evolution of patch solutions p. In particular, the p-evolution in (]EI) coincides with density evolutions
in some nutrient-free and parameter-free Hele-Shaw-type systems, up to explicit rescaling in space and
time. Such very surprising relation cannot be derived from trivial change of variables, but it crucially
relies on special properties of the system under the given assumptions.

Theorem 2.8 (Two master dynamics, Lemma Proposition and Proposition . Let (p,p,n)
solve with po(z) € {0,1} almost everywhere and no(x) = ng > 0 being constant. Then n can be
represented in terms of p using . Let m(t) be explicitly defined by . Then the total mass of the
tumor satisfies

[ otatyaz=m) [ po(o)do.

Ra
Moreover,
(1) Let (p«,ps«) be a weak solution of
(HS) Oips =V - (puVpi) = po, p« <1, pu € Pus(ps),  pult=0 = po-

Then p(x,t) = pe(x,m(t) — 1) for all t > 0.
(2) Let (pt,p;:) be a weak solution of

(HS?) Ohpy =V - {PTV(Z’T + V(I))} =0, pi <1, py€Pxs(pi), pili=o=po,

where V(z) = %. Then p(xz,t) = pT(m(t)_éx, Inm(t)) for all t > 0.
Here the notion of weak solutions is provided in Definition below.
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Thanks to the master dynamics, we can characterize the long-time behavior of the patch solutions when
no > 0 is constant in R? (c.f. Theorem [2.5)) under a suitable rescaling.

Theorem 2.9 (Proposition. Suppose ng > 0 is constant in R%. Let m(t) be defined in . Assume
Qo to be a bounded open set, such that By, (0) C Qo C B,,(0) for some r1,r9 > 0. Let 1o > 0 be defined
such that | B, (0)| = |Q0]-

Let (p,p,n) solve (]E[) with po = Xq,. Then there exists a constant C' > 0 only depending on r1 and ra,
but not on ng, such that

Wy (p(m(t)%x,t),XBroo 0) (x)) < Cm(t)_%
for allt > 0. Here Wy denotes the 2-Wasserstein distance.

Lastly, we present a regularity result for the rescaled solutions when ny > 1. It is possible to use
viscosity solutions approach to study (HS|) and (HS’) as pressure-driven free boundary problems. For
instance, for (HS) we have p = x>0} and the set {p > 0} evolves according to

—Ap=xq, in{p>0},

Vo, = |Vp| on d{p > 0}.
In the case of a classic Hele-Shaw problem, the interior pressure equation is replaced by —Ap = 0 on a
perforated domain, with the value of p being prescribed along the fixed inner boundary. In such case, the

free boundary regularity has been studied in [CJK07]. While we expect parallel results to hold for our
problem, it seems not straightforward to verify this.

Theorem 2.10 (Theorem . Fiz ng > 1, and let pg, 1, r2, and m(t) be as in above theorem. Then
there is a € (0,1) and T > 0 which depends on r1, r2, and ng, such that the followings hold for allt > T.

(a) The rescaled set Q, := m(t)~*/9 has uniformly C*-boundary;
(b) The rescaled nutrient variable ii(z, t) := n(m/%(t)z, t) is uniformly bounded in C*({|z| > 2m=Y(t)r}).

3. DISCRETE-IN-TIME SCHEME AND WELL-POSEDNESS

In this section, we explicitly construct solutions for the PDE under the assumption that ng €
L>®RY) N BV(RY) and py € LY(R?) N BV (RY) along with py € [0,1] almost everywhere. We shall use
the following discrete-in-time scheme introduced in [JKT21]. Given a time step 7 > 0, an initial density

p077 = po, and an initial nutrient density n%™ = ng, we iterate that
1
(3.1) PP = argmin — W2 (p, PP (1 + T(nPT — b))),
p<1 2T
nk-i—l,r — e‘rDA (nk’T(l o Tpk+l7T)),
where e7P2 is the heat kernel. The optimal pressure variable can be recovered by considering the dual
problem to (3.1)),
(3.2) phtlhT = argmax/ PP T (1 + 7 (T — b)) — pda,
p20 Rd
where

1
Ccr _ f i _ 2
P () = inf ply) + 5-ly —al?

is the c-transform. We additionally define p®™ = 0.

We now import the following three crucial lemmas from [JKT21] with minor adaptations. The first
lemma gives a link between the primal and dual variables; the second lemma establishes an energy dis-
sipation property for the scheme; and the final lemma establishes some useful properties enjoyed by the
discrete density.

Lemma 3.1 ([JKT21]). The optimal primal and dual variables {p*7}, and {p* ™} are linked through
the following relations

(33) pk+1,7(1 _ pk+1,7) _ O7 (Zd+ Tvpk+1,7) k+1,7 _ pk’T(l + T(nk,r _ b))

#P
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Lemma 3.2 ([JKT21]). Each step of the scheme enjoys the energy dissipation property
1
(3:4) SV T gy < / PHT (P = )T da
2 -
Lemma 3.3 ([JKT21]). For almost every x € RY, we have p*7(1 — 7b) < p**L7. Furthermore, if
po(z) € {0,1} almost everywhere and b = 0, then p*7(z) € {0,1} almost everywhere.
Now we are ready to introduce piecewise-constant-in-time interpolants: for ¢ € [k, (k + 1)7), define
o7 (z,t) = pP7(x), n(x,t) =nPT(x), p(x,t):=p""(z).
In addition, for ¢ < 0, define p"(x,t) = po(z) and n™(z,t) = ng(x). Unlike in [JKT2I], our growth rate

here is independent of the pressure. Hence, we will need the following estimates to obtain compactness
for the interpolants.

Lemma 3.4. Let p7,p",n" be the discrete interpolants defined above. For anyt > 0, we have
o™ (- t) | L1 (may < eflimollee ey llpoll L1 (ray =: B(t),
and
T dat4 3
IP7 (| L2Rix (0, < CB(E) 27 [[n0l|} o (ay»
T dj
P71 (ax(o,) < CB() T,
r a2 3
IVP" (|2 (rax(o,) < CB(t) 27 [[nol| } oo gay-
Here C > 0 is a universal constant only depending on d. Moreover, when T < 1 such that 7b < 1,
IV (Ol gy + 1907 () ey < ePImo o 9 (119 1 aty + ([T ) 1y )-
Proof. 1t is clear that ||n"(-, )|~ is non-increasing with respect to time and thus
o7 (o t) | 21 ray < (14 T||n0||L°°(Rd)) lp" (-t — Tl L1 (ray-

Iterating and using the fact that (1 + 7|ng||pe ra))* < emklImollieea) for any k, the first result follows.
For the second result, we can use the duality relation p™ (1 — p”) = 0 to obtain

1
"¢ D)l Lrray < No™Co B L2ay lp7 (5 D)l L2ay < o7 (O 1 gay 17 ¢ ) L2 Ra) -
Next, the Gagliardo-Nirenberg inequality implies that
2 _a_
Ip7 (5 Ol 2eay < Cllp™ (0O L Ra) VDT (02 (Ray»
where C' > 0 is a universal constant only depending on d. Thus,
1
IP7 (5 D)l 2rey < Cllp™ (O 2 @ay IV 5 )l L2 Ry
Integrating in time and combining this with the energy dissipation inequality (3.4]), we see that
Hp‘r||%2(Rd><[O,t] < CB(t)EHVPT”%z(RdX[o,t] < OB)2p" L1 (maxjo,) 1m0l Lo (ray-
Here we used the fact that

||Vpk+1,r|‘%2(Rd) < Q/Rd T BT pRHLT g < 2Hpk+1,7'||L1(Rd)HnOHLW(Rd).

Reusing the estimate on the pressure L!-norm from above and noticing that

t
| B s < ol oy B0
we get

r aga,
[Pl L2 rax(o,) < CB(#) 27 [[nol| f oo ay -

Combining this with our previous work, we get all of the estimates except for the last one.
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To prove the final estimate, we can use the BV-bound from [DPMSV16] to obtain that, when 76 < 1,

VP s ey < [V (057 (147057 = 0))]| 1 g

< IVO* 7| L1 ey + TlInoll oo rey IV 05 T (| L gay + TNV L1 (Ray.
It is then straightforward to see that the interpolants satisfy
Vo™ (5 )l ray < IVpollLr ey + 170l oo ey VAT |t maxj0,) + 1VRT I L1 e x[0,4))-
From the discrete scheme, we also have

ank+177—”L1(Rd) < ||ve‘rDA (nk’T(l - Tpk"r)) ||L1(Rd) < ||v(nk7‘r(1 - Tpk"r)) HLI(Rd)

< |IVRPT || L1 ray + Tl|no | Lo may || VO

| L1 (Ra)-
Thus, the interpolants satisfy
VAT ()l L way < [1VnollLrgay + 1m0l Lo @) IVAT (|21 Rax (0,4
Summing the two estimates together, we see that
Vo™ ()l L1 @ay + VAT (5 0)| 1 (ma
< [IVpolpr ey + Vol o (e
+ (2||”0||L00(Rd) + 1) (”vPTHLl(Rdx[O,t]) + ||V”T||L1(Rdx[o,t])>~
The final claimed inequality now follows by Gronwall’s inequality. t

In addition to the above pressure estimates, we have the following control on the time derivatives of
the density.

Lemma 3.5. Let p” be the discrete density interpolant defined above, with Tb < 1. For any 0 <tg < t; <
T, we have

[p™ (- t1) — p" (-, to) | L1 (ray < (t1 —to +7) (25 + ||”0||Loo(Rd)>HPTHLOO([O,T];Ll(Rd))«

Proof. Using the fact that for any k > 0 we have p**%7 > (1 — 7b)p* ™, we can estimate
lp" (- t1) — p" (5 to)ll L1 (e

< / P (@ 1) + 7 (,t0) — 2(1 — 7b)[ = (1) o7 (2, ) d
Rd

lt1/7]—1
<2 {1 -(1- Tb)(%(tlftn)q o Coto)l iy +7 Y /d PP da
k=lto/7] " ®

< (g —to+7) (2b + ||n0HL°°(le)) 071 oo (jo,77: L1 () -
O

Using the estimates above, we can prove that the discrete interpolants converge to a weak solution of
the continuum PDE as we send 7 — 0.

Proposition 3.6. Assumeng € L>®(RY)NBV (R?) and pg € LY (RY)NBV (RY) along with py € [0,1] almost
everywhere. Take an arbitrary finite T > 0 and denote Qp = R% x [0,T]. The family {p” }+~¢ is strongly
LY(Qr) precompact, {p™}r>0 is weakly precompact in L?([0,T); H'(RY)), and {n"},o is precompact in
the weak-+ topology of L=(Qr). Let (p,p,n) be a limit point in the above-mentioned topology. Then
(p,p,m) is a weak solution of the tumor growth PDE . More precisely, we have p € L*(Qr), p €
L2([0,T); HY(RY)), and n € L>=(Qr), satisfying that for any 1 € H*(Qr) such that (-, T) = 0 almost
everywhere, it holds

T T
(3.5) /o /Rd V- Vp — pdyp dx dt = /Rd P(x,0)po(z) de + /0 y Yp(n —b)dxdt,

and

On — DAn = —pn in D'(Qr), n(z,0) = ng(z).
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Moreover, p € C%1([0,T]; L*(RY)) N L>=([0,T]; BV (R?)), n € L>([0,T); BV (R%)), and p € [0,1], p > 0
with p(1 —p) =0 a.e. on Qr. If po € {0,1} and b = 0, then for all t € [0,T] we have p € {0,1} a.e. in
RY,

Proof. From the estimates in Lemma {p" }r>0 is weakly precompact in L2([0,T]; H*(R?)). Thanks
to Lemma 3.5 for any 0 <ty <t; < T,

(3.6) th})lPHPT(',tl) P (s to)ll ey < (B —t0) (20 + [|nol| Loo (ra)) B(T)-
T—

Combining this with Lemma we know that {p"},>¢ is uniformly bounded and equicontinuous in
L'(Q7) (in space-time). Thus, by the Riesz-Fréchet-Kolmogorov compactness theorem, {p” },~¢ is strongly
LY(Qr) precompact.

With these compactness properties, now we turn to considering the PDE. Given a smooth test function
1) that vanishes at time 7', we can use to obtain

/ pT(;L‘,t) — pT(’JJ,t _ T>1/J(.T,t) dx
Rd

— [ AT (01— ) - )" (ot~ 1)

Integrating both sides in time along [, T], we get
/T T/ l‘t)fd)(.rt‘i’T)d it
Rd
/ /Rd (t+T -1z, t+T —7) — p" (z,)(x,t + 7)dedt
/ / (z, ) L&) = WHTW’ @) | 7 (st — 1) — b)p" (0, — )b (s t) i i,
Thanks to the fmoothness of 1) and the estimates from above, the previous line is equivalent to

T T
(3.7) / / —pTOpp dx dt — / pot(x,0)dx = e, + / / —p"Vip-Vp" + (n" —b)p Y dxdt.
0o Jra R4 0o Jra

Here

‘67‘ < C\/>||Vw||L°° (Qr) ||Vp ||L2 (Qr) ||p ||L°°([O T]; L1 (R%))
+C7 (1Dl (@) IVP 132 0

+ (100 Lo @y + 107 Lo @) 107 oo o, 73521 (R ] 5

where C' is a universal constant depending on ||ng||ge, b, and T. Clearly, lim,_,¢ |e-| = 0. Since p” €
L2([0,T); HY(R?)) and p™(1 — p7) = 0, it follows that p"Vp™ = Vp".

Now we can claim that, there exists p € LY(Qr), p € L?([0,T]; HY(R%)), n € L=(Qr), and a se-
quence {7;}; converging to 0, such that p — p € [0,1] strongly in L'(Qr), p™@ — p > 0 weakly in
L2([0,T]; H(R%)), and n™ converges weak-* in L>(Qr) to n. It is then clear that we can pass to the
limit in to obtain . One may relax the regularity of ¥ to find actually holds for all
Y € HY(Qr) satisfying ¥ (-, T) = 0 almost everywhere.

The strong convergence from p™ to p in L*(Q7) also implies

i il 1) — pf- =
im0 = ple D)l sy =0
for almost every ¢t € [0,7]. Hence, by , up to modifying p(x,t) for those ¢ on a measure-zero set
in [0,7] if necessary, we can make p be Lipschitz continuous in L'(RY) with respect to time. That
p,n € L>([0,T); BV(R%)) follows from Lemma

Thanks to the strong L!-convergence of {p™ } j» we can readily verify that the n-equation and p(1—p) =0
hold in the sense of distribution (we omit the details). Given the regularity of p and p, p(1 —p) = 0 almost
everywhere in Q7. Hence, we may suitably modify p on a measure-zero set of Qr, if necessary, to achieve
p(1 — p) = 0 everywhere on Q7.
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By the strong L'-convergence of {p™};, Lemma and the fact that p is Lipschitz in L'(RY) with
respect to time, we find that for all ¢t € [0, T, p € {0, 1} almost everywhere if py € {0, 1} almost everywhere
and b= 0. (]

Then we show that our solution satisfies the so-called complementarity condition.

Proposition 3.7. If (p,p,n) is a weak solution of the tumor growth PDE (in the sense of Definition
, then for any bounded open set Q C RY and ¢ € L2([0,T]; H*(Q) N LY(RY)), such that (1 — p) =0
and Plaaxo,r) = 0, we have

/OT/QW'pr(nb)dxdto,

Remark 3.8. Let us note that the space of i satisfying the above conditions is nontrivial. For instance,
given a smooth function 7 : R% x [0,7] — R such that 7 is compactly supported inside Q x [0,T], the
choice 1 := pn satisfies all of the above conditions.

Proof. We begin by assuming that there exists § > 0 such that ¢ (z,t) = 0 for all (x,t) € [T —§,T] x Q.
Fix € € (0,6) and let

1 min(T,t+e€)
Ye(x,t) = 7/ Y(zx, s)ds.
t

€

Since ¢¢ € H' (2 x [0,T]), when extended by zero to the whole Qr, it is a valid test function for the weak
formulation (see (3.5))). Hence, we have

/ —pOY© + Vy© - Vp —¢pp(n — b) dv dt = / ¥(x,0)po(x) du.
Qx[0,T] Q

Note that

Y(x, min(T, t + ¢€)) — ¥(x,t) < Y(x, min(T, t + ¢€)) — (x, t)

€ €

p8t¢e = p(mv t) = 6t’¢€7

where we use (1 — p) = 0 and the non-negativity of ¢ to justify the inequality. Therefore,
/ V¢ - Vp — o p(n —b)dxdt < / ¥e(z,0) (po(x) — 1) dz < 0.
Qx[0,T] Q
Sending € — 0 and once again using (1 — p) = 0, we see that
/ Vip-Vp—1(n—>b)dedt <0,
Qx[0,T]

giving us one side of the equation.
To obtain the other direction, we instead smooth backwards in time and define

t
VYe(x,t) = 1/ P(x,s)ds.
€ Jmax(0,t—e)

Note that ¥.(z,T) = 0 since 1 vanishes on [T'— §,T]. An analogous argument shows that pd;1. > 9y,
and thus

/ Vipe - Vp — pe(n —b) dx dt > / Ve(x,0)(po(x) — 1) dz > 0.
Qx[0,T] Q
Note that ¥(x,0) < 0. Sending ¢ — 0 and combining with our previous work, we obtain
/ V- Vp — p(n — b) da dt = 0,
Qx[0,T]
for all non-negative ¢ such that (1 —p) = 0, ¥|sax[0,r] = 0, and ¥ (z,t) = 0 on Q x [T'— 0, T]. Since the

equation is linear in ¥ and does not include time derivatives, we can drop the non-negativity assumption
and then take limits to drop the assumption that ¢ vanishes on Q x [T'— ¢, T]. [
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We now proceed to show the uniqueness of weak solutions. Similar results have been established in
the literature using the Hilbert duality principle [PQV14] [GKM22]. However, they require the nutrient

variable to be at least L}H}, which does not hold in our case when D = 0. Instead, we proceed with

L'-contraction approach to provide a unified proof of uniqueness for all D > 0.

Let us focus on the p-equation for the moment. Consider the model problem

(3.8) pe—=V-(pVp)=f, p<1, pe€Px(p), p(z,0)=po.
Similar to Definition [2.1] we introduce the notion of its weak solutions.

Definition 3.9. Let py € L'(R?)NBV (R?) such that py € [0, 1] almost everywhere. Fix T > 0 and denote
Qr = R¥x[0,T]. Assume f € L>=([0,T]; L*(R%))NL>(Qr). Non-negative functions p € C([0,T]; L' (R%))
and p € L([0,T]; H'(R?)), which are defined on R? x [0, T, are said to form a weak solution of (3.8)), if
they satisfy:
(i) p€10,1] and p(1 — p) = 0 in Qr;
(ii) For any ¢ € C§°(Qr) that vanishes at t = T', we have
T

T
/ Vi//-Vp—p@twdxdtzf w(x,O)podz+/ Y fdxdt.
0 JRrd Rd 0 JRd

Remark 3.10. Under the assumptions that py € L'(RY)NBV (R?), and f € L>([0, T]; L*(R*))NL>®(Qr)N
L>=([0,T]; BV (R%)), it is not difficult to show existence of weak solutions of (3.8). In fact, one may use

still the discrete scheme (c.f. (3.1]) and (3.2))

1
pFHLT = argmin — W3 (,0, oo+ Tfk’T>,
p<1 2T

P = argmaX/ P (P57 + 7 fET) = pda,
p20  JR4

where f*7 can be defined as, e.g., time-average of f on each small time interval of size 7. Then arguing
as before, we can prove the existence. We omit the details.

We can show that the weak solution of ([3.8) satisfies the comparison principle. See Appendix [A] for
the proof, which follows the Hilbert duality argument in [PQV14] with minor modifications.

Lemma 3.11. Fori = 0,1, assume p} € L*(R%) N BV (RY) such that p}y € [0,1] almost everywhere. Take
a finite T > 0 and denote Qr = R? x [0, T]. Let f* € L>([0,T); L*(R%)) N L>®(Qr). Let (p',p*) (i =0,1)
be weak solutions of

pi=V-(p'Vp) = [, p <1, plePu(p), pl(x,0)=pp,
respectively. If pS < pb almost everywhere in RY and f© < f' almost everywhere in Qr, then p® < p
almost everywhere in Q.

1

Remark 3.12. In a similar spirit, one can show that if (p,p,n) is a weak solution of on Qp with pg
being compactly supported, then p and p are compactly supported in Q7. Indeed, assuming py < x5,
for some g > 0, we can prove p < p and p < p, where

. _ [[n0]| oo (ra 1
p(,t) = XB,, (), P(z,1) := T() (r(t)2 — |x\2)+, and r(t) := roexp EH'I’LOHLOO(Rd)t )

Note that (p, p) is chosen to be a weak solution (in the sense of Definition of
9p =V (pVD) = [InollL=@eyp, p<1, D€ Px(p), px,0)=xs,,(2)
We skip the details.
Now we present uniqueness of the weak solution for (]ED

Proposition 3.13. Under the assumption of Pmpositz'on the weak solution of (]ED s unique.
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Proof. Fix T > 0. Suppose (p,p,n) and (p,p,7) are two weak solutions. We first show an L!-contraction
principle regarding p and p.
Denote

f:(n_b)p’ f:(ﬁ_b)ﬁ7 f*zmax{f,f}-

Since f, f € L([0,T]; BV(R%)) (c.f. Proposition [3.6), we have f. € L>([0,T]; BV (R%)). Let (p.,p.) be
a weak solution (see Remark [3.10) of

(p)t =V - (pu VD) = fu, pe <1, ps € Poo(ps),  pu(,0) = po.

Then by Lemma [3.11] p, p < p, almost everywhere in Q.

Take an arbitrary ¢, € (0,7]. Let ¢ : R? — R be a smooth non-negative function such that ¢ = 1 on
the unit ball, and ¢ = 0 outside the ball of radius 2. For any R > 0, set (g(z) := ((z/R). With § < ¢.,
let ns(t) € C°°([0,T]), such that it is non-increasing, 17s = 1 on [0,t, — 8], and s = 0 on [t«,T]. Then we
take ¥(x,t) = (r(x)ns(t) € HY(Qr) in Definition and Definition and take a difference of them to
obtain that

T T
/0 _atné(t)H<p('at)_p*('at))CRHL1(Rd) dt:/o né(t)H(f("t) _f*('at))CRHL1(Rd) dt + eg,

where e is an error term with |eg| < R™2(||pll1(Qr) + |[P«ll1(@r)) and we used the facts that p < p,
and f < f.. Here one can derive an estimate for ||p.|z1(g,) as in Lemma Sending R — oo and then
d — 0, we can use the time-continuity of p and p. (see Definition and Definition [3.9)), to obtain

o« (- 84) = pCst )l may = 15 = Fllzr @axpo,ey-

Similarly,
o (- ts) = PCs ta)ll L ray = 1 f — fllor@ex(o,e.))-
As a result,
(3.9) 16(s ) — pCst)llrmay < fs = fllr@axpoeyy + 11« — f”Ll(]Rdx[O,t*])

= Hf - fHLl(]Rdx[O,t*])v

where in the last equality, we used the definition of f..
Now by the definition of f and f, for any ¢ € [0,T],

A(,t) — p(, Ol L1 (m)

t
S/0(HnOHLx+b)”ﬁ('a7>_p('vT)”Ll(Rd)+”ﬁ('aT)_n("T)HLl(Rd)dT-

Using the Duhamel’s formula for the heat equation, for every t € [0, T] and almost every = € R%, we have

A, t) —n(-t) = —/0 eIPA (G 7)p(, ) — n(-, T)p(-, 7)) dr.

Note that this formula is still valid even when D = 0. Since the heat kernel is a contraction on L', it
follows that

[0 8) = n( )l mey < /O [2(,7)p(s ) =l 7)p( )| L ey dT

t
< /O Inollee @a)l1A(, 7) = p(s Dl Lray + 17, 7) — n(, 7)|| L1 Ry dT.
Thus,
1C,8) = p( D)1 ay + [17(- 1) = n( )] 1 mey

t
< /0 (2llnollze +0)A(, ) — p(5 Tl L1 ey + 217(, T) — (-, 7) || L1 (ray AT
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It now follows from Gronwall’s inequality that [|p(-,t) — p(-,t)|| L1 (raey + [[2(, ) — n(-,t)||p1(rey = O for
all t € [0,T], and thus p(-,t) = p(-,t) and n(-,t) = n(-,t) for all ¢t € [0,T]. Lastly, thanks to the weak
formulation (3.5), for any v € L%([0,T); H'(R?))

T
/ Vi - V(p—p)dzdt=0.
0 R4

Choosing ¢ that approximates (p — p), we conclude that p = p. O

4. THE CASE OF ZERO NUTRIENT DIFFUSION AND NO DEATH

In the rest of the paper, we will always assume b = D = 0 in (P). This section aims at studying
qualitative properties of the solution. Recall that in this case, 1 := ng — n solves

(4.1) 9 = (no —n)p, n(z,0)=0.

Given (p,p,n) as a weak solution of (P)), it is straightforward to show that 7 is continuous in L' (R?) with
respect to time.

The assumption b = 0 implies the tumor region is always expanding. This enables us to study the
p-equation of (P)) through the so-called Baiocchi transform [BCMPT73]. Indeed, if we define w(z,t) =

fot p(z, s) ds, we see that for any ¢ > 0,

wa, t)(1 - pla, 1)) = / P, 8)(1 — pla, 1) ds < / P, 5)(1 - pl, 5)) ds = 0

everywhere on R?. Hence, by integrating the p-equation of (]ED over the time interval [0,¢] and using the
time continuity of p and 7 in L*(R%), we get the elliptic equation

(4.2) p—Aw=po+n wl-p) =0, pel0,1l], w>0

along with the boundary condition that w vanishes at infinity.

The main advantage of this formulation is that w enjoys much better regularity as compared to p
(clearly w € W27 (R?) for any r < oo) while still describing the active tumor region. Section [4.1| will be
focused on proving comparison/contraction properties of this elliptic equation.

On the other hand, that D = 0 gives rise to many nice properties of the model. For example, it gives
a direct pointwise dependence of the nutrient variables n and 7 on the density p

(4.3) n(@, ) = no(2) {1 ~ exp (- /0 oz, s) dsﬂ .

This allows us to extend the comparison/contraction results for p-equation (£.2) to the full PDE (P)). See
Section

4.1. The elliptic formulation. Let us start from the elliptic equation (4.2)). We first establish the
following comparison principles and stability estimates.

Proposition 4.1. Let Q C RY be an open set with a smooth (possibly empty) boundary. Suppose
that for i € {0,1} we have non-negative functions p', f* € C([0,T]; L*(Q)) N L>°( x [0,T)) and w'® €
L2 ([0, T]; H*(Q)) such that for all t € [0,T)

pr—Auw' =f w'(l-p)=0, p' €01, w >0

€ 00 x [0,T], and fO(z,t) < fl(x,t) for every t € [0,T] and

on Q. If w®(x,t) < wh(xz,t) for all (z,t)
[0,T] and almost every x € Q we have p®(z,t) < p'(z,t) and

almost every x € ), then for all t €
wO(z,t) < wh(w,t).

Remark 4.2. Let us emphasize that this comparison property does not immediately imply that solutions
to satisfy a comparison principle, since we have not shown that the nutrient variables stay ordered
along solutions to the PDE (however, see Theorem [4.7]).



TUMOR GROWTH WITH NUTRIENTS: REGULARITY AND STABILITY 15

Proof. Taking the difference of the two equations and integrating against (w® — w!), on  x [0, 7], we

obtain
/ /p — (W’ —why + | V(w® —w') | dedt = / / (w® —w') du dt,

where we have used the fact that (wy — wp)y vanishes on (“)Q x [0,T]. The right hand side of the
equatlon is clearly non-positive. On the other hand, if w® > w! then we must have w® > 0. Therefore
(p° — pH(w® —wh)y = (1 — pt)(w® — wl); > 0. Thus, the left hand side of the equation is non-negative.
Hence, both sides must be equal to zero, which allows us to conclude that (w® —w!); = ¢(t) in Q x [0, T
for some non-negative constant ¢ that depends only on time. Since both w’ and w' approach zero at
infinity and w® < w! on 9Q x [0, T, it follows that ¢ = 0. Thus, w" < w! almost everywhere on Q x [0, T7.

It is clear from the equation and the fact w® < w! a.e. that {(x,t) € Q x [0,T] : p%(z,t) > p(x,t)} C
{(z,t) € QA x [0,T) : w'(x,t) = 0,w°(z,t) = 0} up to a set of measure zero. Since the equation implies
that w® € L°°([0,T]; W27 (R%)) for any r < oo, it follows that Aw’ = 0 a.e. on the set where w' = 0.
Thus, p* = f almost everywhere on {(z,t) € Q x [0,T] : w'(x,t) = 0,w’(z,t) = 0}. This allows us to
conclude that p® < p! almost everywhere on Q x [0, 7T7. O

A similar argument gives us the following L!-stability property. It is a strengthening of Lemma
and the L!-contraction principle ([3.9) in the proof of Proposition

Proposition 4.3. Let Q C R? be an open set with a smooth (possibly empty) boundary. Suppose that
for i € {0,1}, pi(z) € [0,1] are integrable on Q, p.n* € C([0,T); L*(2)) N L>®(Q x [0,T]) and w' €
L*>([0,T); H%(R)), such that

pl=Aw' =py+n', w'(l-p)=0, p'el0,1], w >0
on Q. If w(z,t) = wl(z,t) for all (z,t) € N x [0,T), then for all t € [0,T)

(" (1) — pO(.,t))+||L1(Q) < H(mﬁ() —p5() + 0t (1) — nO(.,t))+ e

Proof. Given small § > 0, let fs : R — R be a smooth increasing function such that fs(a) =0 foralla <0
and fs(a) =1 for all @ > §. Choose some 0 < t; < to <T'. Taking the difference of the two equations and
integrating against fs(w! —w®) on Q x [t1, 2], we have

/ (0" — ) fa(w" — ) + fi(w — w)|V (" — w®)? e dt
QX[t],tz]

:/ (o =Py + 0" = ") fs(w' —w) da dt.
QX[tl,tQ]
Sending d — 0, we see that
[ 0= s - u)dede < [ (b= g0 ) s, (! ) ddt
QX[tl,tz] QX[tl,tz]
Let E = {(z,t) € Qx [t1,ta] : wh(z,t) < wO(a, t), p (JU t)<p Yz, t)}. Then w!,w® = 0 almost everywhere

on E. Thus the regularity of w? implies that p' = py+n* almost everywhere on E. Now we use the above
inequality to derive that

/ (p' = ")y dxdt
QX[tl,tz]

= / (' = p°)sgny (w' —w®) ddt + / (p' = ") dadt
QX[tth] E

< / (po— P +n" —n°)sgny (w! —w’)dedt +/ (po — po+n' —n°) 4 dadt
QX[tl,tQ] E

< [Coo = oo+ 1" = 1)+l L o t1.00))-

Then the result follows since ¢; and ¢, are arbitrary and p® and 71’ are continuous in L'(Q) with respect
to time. g
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Thanks to the symmetries of the Laplacian, the above stability result implies the following derivative
estimates.

Proposition 4.4. Suppose (p, po, w,n) solve
p—Aw=py+n, w(l-p)=0, pel01], w=0
on R4 x [0, T], where py € [0,1] is integrable on R, n >0, p,n € C([0,T]; L*(R%)) N L (R? x [0,T]) and
w € L2([0,T]; H*(R%)). Then for any antisymmetric matriz A € R¥*9 vector v € R, and scalar A > 0,
we have for all t € [0,T],
IVp(e,) - (Az + Az + 0)ll ey < 900 (@) + 1(2, 1)) - (A2 + Az + )| 1 aey.
In particular, for all t € [0,T),
(@, )l v ®e) < llpo(@,t) + n(2, )| By (Ra)-
Proof. Given an antisymmetric matrix A and A > 0 we define Ay := exp((AI + A)s) for each s € [0,1]. A
direct computation reveals that
0s(AsAT) = AN + A)AT + A;(M + A)TAT = 2\ A AT.
Since AgAJ = I, we can integrate directly to see that A;AT = e?**I. Given v € R%, if we define
T, : R? — R such that Ty(x) = A,x + sv, then T, is a smooth curve of affine transformations such that
9sTo(z) = Az + Az + v and DT, DTT = €2**] for all s € [0, 1].
Define py := po Ty, w, := e 2w o Ty, 1, :=no Ty, and po,s := po © Ts. We can then compute
A(ws) = DTDTT : (D*w o Ty) + AT, - Vw, = (Aw) o T,
where we have used the fact that DTDTT : (D?w o Ty) = e**tr(e=2**D?w o T,) and ATy = 0. Thus,
Ps — Awg = (P_Aw) oTs = (p0+77)oTs = po,s T Ns-
It is also clear that ws(1 — ps) = 0. Proposition [4.3| now implies that for all ¢ € [0,T] and every s € [0,1],

Hp("t) - ps('vt)HLl(]Rd) < HpO('7t) - pO,S('vt) + n('vt) - 775('7t)||L1(]Rd)-

Dividing both sides by s and then sending s — 0, the first result follows. The second result follows from
choosing A = 0 and A = 0 and then taking supremum over the vectors v with |v| < 1. O

4.2. The full system with bounded initial nutrient. Now we study the full system under the
assumption that the initial nutrient ng is bounded. In what follows, we shall always assume the initial
density pg is a patch, namely,

po € LY(RY) N BV(R?), and po(z) € {0,1} almost everywhere.

While we already know that this must imply that p(z,t) € {0,1} almost everywhere for all ¢, the following
lemma shows that in this case 1 will be concentrated on the support of p.

Lemma 4.5. Suppose po(x) € {0,1} almost everywhere in RY. Then for all t € [0,T], p € {0,1} and
(1 —p)n =0 almost everywhere in R.

Proof. Since > 0 and 9;p > 0 (c.f. Proposition , a direct computation shows that

% (@ thn(z, ¢ de < /Rdu — p(x,t))p(z, t)(no(z) — n(x,t)) dz = 0.

Thus, Gronwall’s inequality and the non-negativity of (1 — p)n implies that, for all t € [0,T], (1—p)p =0
almost everywhere in R [l

The next result gives a more complete characterization of the tumor patch, i.e., the set {p = 1}.
Formally it says that the tumor patch coincides with the support of the pressure variable, characterizing
the evolution of the tumor as a free boundary problem driven by the pressure. It will be useful later in
Section |5, When the tumor boundary is regular, this is easy to prove since the pressure solves the elliptic
equation —Ap = n in the interior of the tumor. However such regularity is unknown a priori, so we instead
argue with the more regular variable w, the time integral of p.
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Lemma 4.6. Assume po(z) € {0,1} almost everywhere. Suppose (p, po, w,n) satifies
(4.4) p—Aw=po+n, w(l-p)=0, pe{0,1}, w=0, 9n=(no—n)p.
Then for all t € (0,7,
{z eRY: p(z,t) =1} = {x € R s w(x,t) > 0} U {z € R?: po(z) = 1,n0(x) = 0},
up to a measure zero set in R4,
Proof. Thanks to the regularity of w, Aw vanishes almost everywhere on the set where w vanishes. Thus,
combining the elliptic equation and the relation w(1 — p) = 0, it follows that for every ¢t € (0, T
(4.5) pl,8) = X ) + (1= X (2, ) (o) + (2, 1))
almost everywhere, where x,, is the characteristic function of the set {w > 0}.

Using Lemma [L.5] we see that n solves d;n = ngp — 1. Therefore, we have the following integral
representation for n:

n(z,1) = no(x) / plz, 5)e ds

=no(@) / (. ) + (1=l 9)) (p0(e) + (e, 5)) ) e~ ds.

Define

h(z,t) :=n(z, t)(1 — xw(z,1)).
Since x., is increasing in time, it follows that x.,(x, $)(1 — xw(z,t)) = 0 and (1 — xw(z, $))(1 — xw(z, t)) =
(1 — xw(zx,s)) whenever s < t. Therefore, multiplying the integral representation of n by (1 — xu(z,t)),
we obtain that

hix,t) = no(x)/o (1 = Xw(,5))(po(x) +n(z,s))e " ds

= no(a:)/o (1 = xw(z,8))po(x) + h(z,s))e* " ds

holds almost everywhere. For almost every x such that ng(x)po(z) = 0, Gronwall’s inequality implies that
h(z,t) =0 for all t € [0,T].

By and the definition of h, we may write {(z,t) : p(z,t) = 1} = {(z,t) : w(z,t) > 0} U
{(z,t) : po(x) + h(x,t) = 1} up to a measure-zero set. From our work above, when ng(x)po(z) = 0,
h(z,t) = 0 almost everywhere. When ng(z)po(x) # 0 we have po(x) = 1 and ng(x) > 0, which implies
that po(z) + n(z,t) > 1 for all ¢ > 0 and it is non-decreasing. For almost every such z, we must have
w(z,t) > 0 for all t > 0, as otherwise would not hold.

This completes the proof. O

Next, we state two results on the stability of the full system (]E[) They respectively extend Proposition
and Proposition [4.4]

Theorem 4.7. Suppose that (p°,p°,n°) and (p*,p',n') are solutions to the PDE (P)) starting from initial
datum (p3,n3) and (p§,nd), respectively. Fiz a domain D C R%. Suppose p) and p§ are patches, n €
L (D), and p = p' on dD x [0,T]. Denote

GUIngllLoo(py =1t _y

t : 0
Np(t) = / U8l =D7 g — ) Tl i Iollzeo) # 1,
0 t otherwise,
and .
P e s SRPRTING
Mp(t) = [l (pyNp(t) + 1 = T (o1 it lmollze-o) # 1
t+1 otherwise.

Then for all t € [0,T],
1(p" = P+l 1 px 3y < No@)ll(ng — 10)+ | 1oy + Mp @) (05 = £0)+|11(D)-
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If in addition, pY < p§ and nd < nf for almost every x € D, then for allt € [0,T)] we have p°(x,t) < p*(z,t)
for almost every x € D.

Remark 4.8. Compared with the proof of Proposition this theorem provides an improved estimate
by taking advantage of the conditions b = 0 and p’ (i = 0, 1) are patch solutions.

Proof. Thanks to Proposition for every t € [0,T] we have the contraction inequality

H(Pl - p0)+||L1(D><{t}) < H(P(l) - p8)+||L1(D) + ||(771 - 770)+HL1(D><{t})-
On the other hand, by direct computation and Lemma [£.5]

d
@H(ﬁl — )i oxqey + 10" = 0°) 1l ox e
< |l(ngp" —ngp°)+llLr (pxep)

<Ny — 1)+l oy + In0ll L=y (P = P") Lt (D gep)-

Plugging in the contraction inequality, we see that

d
@H(ﬂl =)l oxqey < (In0ll e @ay — D)0 = 1)l (pxgen)

+11(ng — nd)+ Loy + 1m0l e (my 1 (5 — P9)+ 22 (D)-

Then Gronwall’s inequality implies that

10" ="+l gen) < No@ (11005 = 1)+ 20 + 1§l e (05 = o) 1210 )
and thus
1(p" = °) sl oxry) < No@)ll(ng = n6)+ |10y + Mp (@) (p5 — p0)+ [l 1 (D)-
The final comparison property is automatic from the above estimates. O

Proposition 4.9. Let (p,p,n) be a solution to starting from initial data py and ng. Given an
antisymmetric matriz A € R4 and some g € L'(R?) define

9l Bvaray = sup / g(x)Az - Vodz.
WECSO(]Rd)aHVJHLDC(Kd)Sl R4

If po € BV(R?) is a patch and ng € L>®(R%) N BV (RY), then for all t € [0, T),

lollBy@ix () < N@)lnoll sy @y + M(E)|lpoll By ey,
and
ol Bva sy < N(@O)lnoll sy, wey + M(E)|lpoll By, ray-
Here N(t) := Nga(t) and M(t) := Mya(t) are defined as in Theorem[{.7
Proof. Proposition [4.4] immediately gives us the bound
o, Ol By ray < llpoll By ey + 70, D)l By (R -
Using (4.3), it is clear that p,n € L>([0,T]; BV(R?)). To obtain a better bound, we differentiate the
n-equation
0V = pVng +neVp — Vn,
which allows us to estimate

d
%(etH’?('at)HBv(Rd)) < e ([Inoll pv@ay + Inoll Lo @ay o, )| By Ray)

<e (”nOHBV(Rd) + [[noll oo ey lpoll BV (re) + ||nOHL°°(Rd)||"7('at)||BV(Rd)) .
Rearranging this yields
d in —In
%(6(1 Il OHLoo(Rd))tHn(,’t)HBV(Rd)) < e(1 I OHLOO(]Rd))t(H’I’LOHBv(Rd) + ||n0||Loo(Rd,)HpOHBV(Rd)).
Thus,

() sy < N6 (Imoll v ey + Imoll ey oL v ey )
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The BV-estimate now follows. The estimate for the BV4-norm can be proved analogously. O

By the comparison principle Theorem [£.7], one can see that any solution starting with an initial nutrient

such that ||| re) < 1 must have bounded mass for all time. Indeed, we may take in Theorem {4.7|that

pg =0, p(l) = po, and n8 = n(l) = ng. In such case, the solution approaches a stationary state as t — oo.

The following theorem characterizes the stationary state and provides a convergence rate.

Theorem 4.10. Suppose |[ng||pray < 1 and py € {0,1} and that (p,p,n) is a solution to the PDE (P)
starting from the initial data (po,no). Let poo solve the elliptic equation

(4.6) (1 = np(2))poo — AWeo = po, Woo(l — poo) =0, poo €[0,1], weo > 0.
Then we have

n,
llo(st) = poollLrmey < _lImnopollzr@e) elInoll oo gy =1t
L — [|no]| oo (ray

In0p0ll L1 (rey (Imoll “1)
m(-t) = nopeollpr(rey < 7 ———e"ONETED .
B = T Tinol e ray

Proof. Recall that n = pn, since p is a patch solution. A direct computation shows that

8tpdx:/ nop — ndx, / Oupdr = / no0ip — (nop —n) dz.
R4 R4 Rd Rd
Therefore,

/ 8ttpdx + (]. — ||n0HLoo(]Rd)) / atpdx < 0.
R4 R4

Hence,

Op(z,t)dx < e(”"oubwmdﬁl)t/ pong dzx.
Rd Rd

A similar calculation gives

on(x,t)dae < e(nnonm(md)_l)t/

pong dx.
]Rd

Rd
Since d;p,d;n > 0 almost everywhere, the above bounds imply that there exists pso,neo € L'(R?) such
that

[nopollr @y elInoll oo ey =1t

p'7t — Poo TR =
1p(+ 1) = poollLr @) 1= [[noll Lo (ray

n d
I+8) el ey < PR ED_ oleu10
1- ||n0||Loo(Rd)
Finally, it is clear that 0 = lim;— 0o On(-,t) = pPooo — Noo- Hence, N = Nopeo. Since all of the
variables are increasing with respect to time, we can pass to the limit in the elliptic equation (4.2) to

obtain (4.6]). O

5. REGULARITY OF THE TUMOR PATCH

In this section we analyze the free boundary regularity of the tumor region {p = 1}. For simplicity we
only consider patch solutions p of the tumor growth model (P).

When pp equals the characteristic function yq, with Qo being a compact set, Proposition and
Lemma imply that for any ¢ > 0, p(-,t) = xq, for some Q; that increases in time. Lemma
gives a characterization of ;. We will focus on the boundary regularity of €2; under suitable geometric
assumptions.



20 M. JACOBS, I. KIM, AND J. TONG

5.1. Reflection geometry. First, we recall from [FK14] that sets having reflection geometries, i.e.,
those satisfying ordering properties when reflected with respect to a family of hyperplanes, have locally
Lipschitz boundaries. For both simplicity and relevance to the case ng(x) > 1, we focus on isotropic
reflection geometry defined as r-reflection property below. For more general types of reflection geometries
that ensure Lipschitz regularity of the set boundary, see [KKP21].

For a hyperplane H in R? with unit normal vector vy, the reflection with respect to H is given by

¢r(x) ==z —2(x —y,vy)vy for some y € H.

Definition 5.1 (Definition 3.10, [FK14]). For r > 0, we say a bounded open set Q C R? satisfies 7-
reflection property if, for any hyperplane H such that H~ := {z : (x —y) -vg < 0,y € H} contains
B(0),

du(QNHT)CQNH™.
Here H' := ¢y (H™).

Lemma 5.2 (Lemma 3.24, [FK14]). Let C(x,0) := {y : (x,y) > cos8|z||y|} denote the cone with direction
x and angle 6 € [0, 7/2]. Suppose Q) satisfies r-reflection property, and that Q contains the closure of B.(0).
Then for all x € 9, there is an exterior cone C(x, ¢,) to Q at x, such that

r

=]’
Definition 5.3. Let P be a family of hyperplanes in R? that do not go through the origin. u is said to

have reflection properties with respect to P, if for any H € P, uy < win HT. Here uy(z) := uo ¢y (z) is
the reflection of u with respect to H, and H™ is the half-space generated by H that contains the origin.

x4+ C(z,¢,) C Q°, where cos ¢, =

Lemma [5.2] implies that, if u has reflection properties with respect to P and there is enough of these
hyperplanes in P, then the super level sets of u should have locally Lipschitz boundary.

5.2. Lipschitz regularity for the tumor patch. Using the invariance of the system with respect to
reflections, we will show that, under suitable assumptions on ng, if r-reflection property holds for Qg
initially, it remains to be true for €, for all ¢ > 0 (see Proposition . This allows us to prove that
09, enjoys Lipschitz regularity in various typical cases. For example, if ng(z) > 1 on RY, we will show
that for any initial tumor region g, Q; has locally Lipschitz boundary for all sufficiently large times: see
Corollary We will build on the Lipschitz regularity to later show C'1:®-regularity of the free boundary,
using the elliptic equation that w solves.

We first prove the so-called reflection comparison result.
Proposition 5.4 (Reflection comparison). For a given hyperplane H in R?, define py := po ¢g. Let

H™ be one of the half-spaces generated by H. If (po)g < po and (ng)g < ng a.e. in HT, then (p)g < p,
and (n)g <n a.e. in HT x [0,00).

Proof. Let wg := w o ¢y and there holds trivially w|y = wg|g. Thanks to the symmetries of the
Laplacian, we have

pr —Awp = (po)u +nu, wu(l—pu)=0, puw€l0,1], wy>0
almost everywhere in H+. Thus, the stability estimate in Proposition implies that for every ¢t € [0, T],
I (prr — P)+||L1(H+x{t}) < |(nm — 77)+||L1(H+><{t})'
Since 9yn = ngp — 1, it follows that dny = (no)wpy — . Thus,

d
el =)l caesqeyy + I 0m = m+ o <o
< |[((mo)pr — nop)+ |l (a+x (1))
< (o) all o) l(pr — )4l e x ey
< l(no)ullLoe eyl — M)+l (a2 x{e3)-
Now it follows from Gronwall’s inequality that, for all ¢ € [0,T], [[(na — 1)+ |1 s+ <13y = 0, and thus
(o = p)+ s (mr+ a3y = O O
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The following is a consequence of the reflection comparison and Lemma [5.2}

Corollary 5.5. Assume that the super-level sets of ng satisfy the r-reflection for some r > 0. Then the
followings hold:

(a) Suppose no(z) < 1 on Re. If Qg satisfies r-reflection, then so does 0 for all t > 0. In this case,
suppose Br(0) C {ws > 0} for some R > r, where ws is defined in Theorem . Then there
is T > 0 such that Q contains Br(0) whenever t > T. Consequently, for t > T, Q; has uniformly
Lipschitz boundary, with Lipschitz constant less than O(5=).

(b) Suppose ng(z) > 1 on R? and that Qq is a bounded open set contained in B,(0). Then for any R > 0,
T(R) := inf{t : Br(0) C Q:} is finite. Consequenctly, for any R > r, when t > T(R), the set Q4 has
Lipschitz boundary with respect to radial direction with Lipschitz constant less than O(g=).

Remark 5.6. Note that the r-reflection condition does not restrict the shape of either €2y or super-level
sets of ng inside B,.(0). Hence, we can start with any initial data Q¢ C B,(0) in both cases of the above
corollary, where the evolution of the set may go through topological singularities such as merging of the
free boundaries. The above results state that, given that the initial nutrient ng is “well-prepared” outside
B,-(0), once 9€; moves outside B,.(0), there will be no further topological changes in the evolution, and
02 remains being Lipschitz.

Remark 5.7. One could relax the assumption on ng so that for level sets lying between Br(0) and Bag(0),
the corresponding super-level set only satisfies R-reflection. That would allow us to study the case, e.g.,
where level sets of ng are ellipses. That may admit possibly non-radial asymptotic shapes for ;. We
leave such discussion to interested readers.

Proof. For (a), Q, satisfies r-reflection due to Proposition Moreover, both p and 7 monotone increases
in time and converge to ps, and ngps in L'(R?), due to Theorem In the patch case we have
Poo = Xa.., Where Q. is bounded. This implies the above convergence also holds in L?(R?) for any
p € [1,+00). It then follows from and that w then uniformly converges to wo, as t — oo.
Hence if we know that Br(0) C {we > 0}, from the fact that w(-,¢) monotonically increases to converge
t0 Weo, we conclude that §2; contains B,.(0) for sufficiently large ¢. Then we can conclude (a) by Lemma

For (b), that T(R) being finite follows from comparison with the case ng(z) = 1; see Theorem and
Remark below. Also note that for any hyperplane H such that H~ contains B,(0), Qo N H™" is an
empty set, and thus its reflected image ¢ (Q9 N HT) is trivially contained by Qg N H~. Thus € satisfies
r-reflection for all ¢ > 0, and once ¢t > T(R) with R > r, we can apply Lemma O

Let us now assume that, for a domain D C R™ \ Qg, 9 N D is non-empty but has Lebesgue measure
zero. Then Lemma [4.6] yields that p(-,t) = X{w(.1)>0} in D, and thus [£.2) can be written as
Aw = p—n=X{w>0} —nin D.
Moreover, by its definition 7 = ng —n is supported only in x>0} Hence, (4.1)-(4.2) yields the following
(w, n)-system in D:
ne = (no —mn)p = noX{w>0} — 7
(W)
X{w>0} — AW = NX{w>0}-

In what follows, we will explore the second equation in to prove further regularity of the free
boundary, in the setting given in Corollary

5.3. Cl®-regularity of the free boundary. According to 7 away from the support of pg, w solves

(1 = m)X{w>0y — Aw = 0.

As long as n < 1 near d{w > 0} and is C'®, this problem falls into the category of standard obstacle
problem, whose singular points feature a blow-up profile of a quadratic polymonial with sub-quadratic
error term. This is impossible if the set {w > 0} is known to have locally Lipschitz free boundary in D.
Hence, if we know a priori that €, has Lipschitz boundary, then the free boundary d{w > 0} consists of
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only regular points, i.e., it is C*?; see [Bla01, Theorem 7.2]. This would be the conclusion we will obtain
at the end of this section, in Corollary with a class of initial data discussed in Corollary

To complete this argument, we need to prove that n is indeed Holder continuous in space. Note that
n(z,t) starts evolving in time once the set €; reaches x. Regularity of n thus is directly related to the
dynamics of the set €, or equivalently that of {w(-,¢) > 0}. We will show a version of non-degeneracy for
the pressure variable near the boundary (see Proposition 7 which further implies non-degeneracy of
the propagation speed of the boundary, ensuring that the tumor patch reaches nearby points with small
time difference.

To study the dynamics of the tumor patch, we will need a direct comparison principle for (p, p), with
barriers with a fixed n, as follows.

Lemma 5.8. Let (p,p,n) solve the original system (]E), and suppose (p,p) weakly solves

0:p— Ap < mnp in D X [to, 1],
with p € L*([0,T); H'(RY)) such that p=sgn, (p). If p< p att =to, p <p on D x [to, 1], and 8ip > 0,
then p < p and p < p almost everywhere on D X [to,t1].

Remark 5.9. We expect the result to still hold if one drops the requirement that d;p > 0 and p = sgn (p).
Nonetheless, these assumptions make the proof substantially easier and the above statement is sufficiently
strong for our purposes.

Remark 5.10. Let us note that this result is closely related to the comparison and uniqueness statements
Lemma and Proposition Nonetheless, neither statement directly applies to prove the above
result. Lemma |3.11| assumes that one already has an ordering for the source terms, while Proposition [3.13
proves uniqueness through stability rather than comparison. On the other hand, it is very likely that one
could obtain a strengthened version of this result by appropriately tweaking the argument in Lemma[3:11]

Proof. Let w(zx,t) ft (x,5)ds. Since p is increasing and p = sgn_ (p), it follows that p = sgn_ (w) for
any t > tg. Hence integrating in time, we see that w weakly solve

sgn (w)(z,t) — Aw(zx,t) < p(z, t0)+/t nsgn, (w)(z,s)ds.

If we set w(z, ) j; (z, s) ds with abuse of notations, we recall that the original system solves

plz,t) — Aw(z,t) = p(z,to) Jr/ np(x,s)ds, w(l—p)=0, pel0,1], w>0

to
almost everywhere in D X [tg,t1]. Then we argue as in the proof of Proposition Fix § > 0 and let
f5 : R — R be a smooth increasing function such that fs(a) =0if a <0 and fs(a) =1 if a > §. Fix some
time t > to. Taking the difference of the above two formulas and integrating against fs(@w — w) along
D x [to,t], we see that

/Dx[t t](sgn+(ﬁ/) — p)fs(® — w) + fi(w — w)|V(0 — w)|*da ds

t
< lImol oz / (s () — )4 l121 (o) 45
0

where we have used the fact that fs € [0,1] almost everywhere, that fs(1w —w) vanishes almost everywhere
on 0D x[tg, 1], and that p < pat ¢t = to. Since sgn, (w) and p only take the values 0 or 1 almost everywhere,
we have

(sgny (@) — p)+ = (sgny (W) — p) sgn (0 — w).
Hence, we can send § — 0 in the above inequality to obtain

t
[[(sgny (@) — p)4llr(Dx[to,)) < ||n0||L°°(]Rd)/ [(sen (@) — p)+ |1 (Dx]to,s]) d5-
to

Now Gronwall’s inequality implies that p = sgn, (@) < p almost everywhere in D X [to, t1].
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It remains to prove p < p almost everywhere in D X [tg,t;]. Choose some ¢ € L?([tg,t1]; H' (D)) such
that ¢ > 0 almost everywhere in D x [to, 1], 1 = 0 at t = t1, (1 —p) = 0, and Y|spx[ty,+,) = 0. If we fix

€ > 0 and let ¥¢(x,t) = ! tmin(tl’He) Y(x, s)ds, then ¥ is a valid test function for the weak equation

0¢p — Ap < pn since ¥ = 0 at t = t;. Hence,
/ —pob + V- Vp — Y pndr dt < / plx,to)(z, to) du.
Dx[to,t1] D

Note that for almost every t € [to, t1],

V(o minfty, t +e}) = P(z,t) _ Pz, min{ty, ¢ +e}) —9(z,1)

PO = p(a,t) = 0",

where we use (1 — p) = 0 and the non-negativity of 1€ to justify the inequality. Therefore,

/ V¢ - Vp — ¢ pndedt < / (p(x,to) — 1)9p(x,to) dz < 0.
DX[tQ,tl] D

Sending € — 0 and once again using ¢ (1 — p) = 0, we see that
/ V¢ -Vp—yndzdt <0.
Dx [to ,tﬂ
Since p < p, we also have (1 — p) = 0. Therefore the complementarity condition, Proposition implies

that
/ V¢ - Vp—yndrdt =0.
DX[to,tl}

Combining the above two formulas yields
/ Vi -V(p—p)dxdt <O0.
Dx [tU ,tl]

Choose ¢ = w(t)(p — p)+, where w(t) is a smooth non-negative function such that w > 0 on [tg, 1) and
w(ty) = 0. It is clear that this choice satisfies our assumptions on ¥. Hence, we obtain that

[ eV Pdrd <o
DX[t(),tl]

Since p < p almost everywhere on 9D X [tg,t1], we obtain p < p almost everywhere on D X [tg, t1]. O

Based on above comparison principle, we will build a radial barrier (p,p) to compare with (p,p), to
show that the pressure support spreads with a uniform rate. To construct the barrier it is useful to recall
Dahlberg’s lemma:

Lemma 5.11 (Dahlberg’s lemma, [WW79]). Let uy,us be two non-negative harmonic functions in D C R?
of the form

D={(2',2,) ER" " x R: |2/| <2, |z,| <2M, 2, > f(2')}
with a Lipschitz function f with Lipschitz constant less than M and f(0) = 0. Assume further that
u1 = ug = 0 along the graph of f. Then there exist constants Cy,Cs only depending on M, such that
ur (', zy)  u2(0, M)
up (2, y)  uy (0, M)

0<01§ §C2

in the smaller domain
Dy = {\x’\ <1,|z,| < M, z,, > f(x’)}
Let us now define Cy := C(—e,,0) = {z, < f(2')} with f(z’) := — cot §]2’|, and let h solve
—Ah = 6fz—_3c,3 in Cp, h=0on {z, = f(z')}.
Then A has a polynomial growth from the origin, namely,
there exists some k = k(f) > 0 that decreases in 6, such that

(5:1) h(z) ~ (f(z') — z,)% in Cp N B(0).
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Let 64 be the angle such that k(64) = 2, where h has quadratic growth near the origin. For instance,
0y = /4, and 0, increases as d increases.

Proposition 5.12 (Nondegeracy of the pressure). Suppose o € O{p(-,t9) > 0}, and suppose that
{p(-,t0) > 0} contains (xo+Cy)NBa(xg) with 8 > 04 > w/4. Let i := min{n(x,tg) : |x — (xo —2e,)| < 1}.
Then there exists a dimensional constant C' > 0 such that the following holds: for any 0 < r < 1/C, we

have
C’ «
B,.(x9) C {p (~,to + 7,: ) > O},
where o = 2 — k(0) > 0, with k() given in (5.1)).

Proof. Throughout the proof, we use C' to denote various dimensional constants. We may assume g = 0
by shifting the coordinates properly. By our assumption 6 > /4, we have Bi(—2e,) C {x, < f(z)},
where f(2') := — cot f]2’| as above. Since —Ap(-,tg) > @i in Bi(—2e,), it follows that p(z,ty) > Cn in
Byja(—2en).

Next consider a harmonic function ¢ in the domain {z,, < f(z’)}N(B2(0)\B1/2(—2ey,)), with boundary
data

q=0on {z, = f(z')} UdB2(0) and ¢ = C7 on 9By j2(—2ep).

Since p(-, tp) is superharmonic, it follows that p(-,%9) > ¢ in By /2(0) N {z, < f(2)}.

To obtain explicit lower bound for ¢ near {x,, = f(z')}, let us compare ¢ with h given in (5.1). By
Dahlberg’s lemma, ¢ > Cnh in {z, < f(2’)} N Bi(xo). In particular, it follows that

(5.2) p(z,to) > Ca(f(2') — x,)3"* in {z, < f(2')} N Bi(x0).

Since {p(-,t) > 0} increases in time, by the same logic and the property of the n-equation n; = —np, we
have

(5.3) p(a,t) > Crie” O (f(2') — 2,)27 in By (x0) X [to, 00).

Now we will use Lemma to estimate the time it takes for the positive set of p to fully cover B,.(z).
Let 2, := x9 —re, and D := {z : |z — 2| > 7}. Let p be a barrier solving

—Ap=0 in I <|r—x]<r),
p = Cre (t-to)p2—a o {lo —z,| = %},

p=0 on {lz—z =7}
If we set r(t) so that r'(t) < |Dp| on {|z — x| = r(t)}, then p will solve
Pt —Ap < 0in D X [tg,0),
where p = X (p>0y. If in addition r(tg) = & so that {p(-, o) > 0} C {p(-,t0) > 0}, we will apply Lemma

and (|5.3) to conclude that p < p for ¢t > to, which will then yield a lower bound for the time it takes for
the positive set of p to include B, (z).

Now we choose a specific 7(t). Observe that |Dp| > Cae~(t—t)rl=® on {|z — x,| = r(t)} as long as
r(t) € [4r,2r]. Hence we can set
r(t) ;== g +Cn(1 - e*(t*to))rlf".
Now we conclude, since r(t) = 2r when n(1 — e~ (¢=%0)) ~ 7@ ie. when t — o ~ . O
Corollary 5.13. Suppose that, given a point xo € d{w(-,t1) > 0} with t; > 0, the set d{w(-,t) > 0} is

a Lipschitz graph in By(xq) for all 0 <t <ty with respect to a fized direction. Further suppose that the
Lipschitz constants of the graphs are all smaller than a dimensional constant. Then the followings hold:

(a) n(-,t1) € C*(Bi(x0)) ;
(b) {w(-,t1) > 0} is C1* in By(zo).

Here the C® and C*® norms only depend on n := ming, ;) n(-, t1).
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Proof. Define T, := inf{t : w(z,t) > 0} for all z € R% Then for z,y € By (zo)N{w(-,t1) > 0}, Proposition

5.12| implies that, with r being smaller than a universal constant, T,, < T, + Cri;a as long as |z —y| <.
Hence we have

Clz — yl®
T, —Ty| < M for all z,y € By(zo).

Note that 7(x,t) = ng(z)(1 — exp~*~T2)+), and ng is Holder continuous by our assumption. Thus we
conclude (a) by deriving that

Clz —y|*

In(x,t1) —n(y,t1)] < for all z,y € By (xo).

(b) then follows from [Bla01l Theorem 7.2]. O

Remark 5.14. Once we obtain C'1:®-regularity of the free boundary d{w(-,t) > 0}, the interior cone angle
0 given in Proposition can be chosen as close to 3 as desired, in a smaller scale. We can thus improve
the regularity of  to C1=¢ for any € > 0, which in turn improves the free boundary regularity to C*'—¢
for any € > 0.

Combining the above results with Corollary we arrive at the following conclusion.

Corollary 5.15. Suppose ng is C', and its super-level sets satisfy r-reflection for some r > 0. Let Qq

be an open bounded set in R? contained in B,.(0). Let T(R) be defined as in Corollary . Then the

followings hold for any 0 < a < 1 and any R > Cr with C > 1 being a universal constant:

(a) If ng(x) > 1 on R?, then 0{p(-,t) = 1} = {w(-,t) > 0} is uniformly C1* in a unit neighborhood for
any finite time range within [T(R), 00).

(b) If no(z) < 1 on R4, the same holds in for any finite time range within [T(R), o) if R additionally
satisfies Br(0) C {weo > 0}. Here wo is defined in Theorem[{.10,

Both Corollary and Corollary only apply to finite time ranges. It is natural to ask what can
be said about uniform regularity of the free boundary up to t = 4+oc0. This is a nontrivial question due
to the possible decay of i (defined in Corollary as t tends to infinity. Note that, roughly speaking,
at a boundary point zg, 7 > nge™! if the free boundary does not move significantly. When ng < 1, this
bound is close to optimal since the tumor patch converges to a bounded set. When ng > 1, however, it
is possible to improve this bound by comparison with radial barriers. We will discuss this in Section [6.2
under the additional assumption that ng is constant.

6. THE CONSTANT ng CASE

In this section, we further look into the case when ng is a positive constant, while still inheriting the
assumptions that b = D = 0 and pg is a patch with compact support. What is special and surprising in
this case is that the dynamics of the system (]ED can be fully characterized by simpler parameter-free and
nutrient-free model problems, which produce the so-called master dynamics. As an application of that,
we will address the question of uniform regularity of the free boundary 0€2;.

Recall that for patch solutions, we have np = 7. Then 7 solves (c.f. )

o +n=mngp, n(z,0)=0.

This gives
t

. x,t) =ng e VT z,7)dT,
6.1 n ; (t T)p d
and therefore,

t

. n(x,t) = ng — no e V- x,7)dT.

6.2 i =) d

This holds even for non-constant ng. As a result, in the following, we will focus on the p-evolution in .
Let us also recall the elliptic formulation of the p-equation in R¢ that is derived from (]ED

(6.3) p—Aw=po+mn wl-p) =0, pel0,1], w=>0.

Here pg is a patch with compact support.
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6.1. Two master dynamics. We first prove a growth law of total mass of p and a generalization of it.
The latter will be the key of proving the master dynamics.

Lemma 6.1. Define (c.f. Theorem

t nge("0 1 ; 1
(6.4) m(t) =1+ no/ emo—17 g0 _ T o 75- ;
0 t+1, otherwise.

(a) For anyt >0,
/]Rd plx,t)dx = m(t)/ po(x) dz.

Rd

(b) For any arbitrary smooth function g = g(z) in R, we have for anyt > 0,

/R pla, gl dz = m(1) / pola)g(a) da
(6.5)

+/Rdw(x,t)Ag(z)da:+ Otm'(t—r) [/Rdw(:r,T)Ag(x)dx dr.

In particular, if g is harmonic in an open neighborhood of the support of p(x,t), then

(6.6) / et () dr = m(1) / pola)g(z) do.

Combined with (a), this implies that when p is a patch solution, the average of any harmonic g on
{p(:,t) = 1} is time-invariant.

Proof. Take an arbitrary smooth function g = g(x) in R?. We integrate (6.3) in R? against g(z) and use
(6.1) to find that

/]Rd plx, t)g(z) de = /Rd pog + w(x, t)Ag(x) dx + no/o e~ (=) /]Rd p(x, 7)g(x) dx dT.

Solving this integral equation, we obtain

[ otw0g(@)da = [ pog + wlet)Ago) do
Rd

Rd

t
—|—n0/ e(no—l)(t—T)/ pog + w(z, 7)Ag(z) dx dr
0 R4

t
= <1+n0/ e(no—1(t=7) d7>/ pog dx
0 Rd

¢
+/ w(z, t)Ag(x) dI+TLO/ (o~ D(t-7) [/ w(z, 7)Ag(x) dz| dr.
R? 0 R4

Taking g(x) = 1 yields (6.4). That in turn implies (6.5]). O
Remark 6.2. Taking g(z) = x; (i =1,--- ,d) in (6.6)), we find the center of mass of p(z, t) is time-invariant.

Remark 6.3. Suppose pg = x By, (0)- Then thanks to (6.4)), Remark and the uniqueness (c.f. Proposition
and Theorem [£.7)),

plz,t) = XB,(0); Where r(t) = m(t)%To-

Here m(t) is given in (6.4). In this paper, such radial solutions are repeatedly used as barriers for
comparison.

Lemma 6.4. Let T be the fundamental solution of —A in R?, i.e., —Al = §,—q. For anyx € {w(-,t) = 0},
(67) (T % o, 1) (2) = m(B)(T » po) (2).
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Proof. We introduce a smooth mollifier ¢ € C§°(R?) such that ¢ > 0, ¢ is radially symmetric, and
Joap = 1. With € > 0, define p(z) := e %p(£). Let I'c := I * ¢, which is clearly smooth in R? and
R

which satisfies —AT'e = ¢.. Applying Lemma with g(-) = Ic(x — -), we find that, for any = € R?,

Cex D)@ = [ o)l =) dy
=m(t) /Rd po(y)Te(x —y) dy
+ [ woA G-+ [ (- 7) [ [ wnare =) dy] dr
= () (T, % po) () — oo [wc,t) + [ (¢l 7) dr} .

Then we take € — 0. Since w(x,t) is non-decreasing in time (c.f. Proposition and the fact 1 is non-
decreasing in time), the term in the bracket in the last line can be dominated by m(¢)w(-,t). Hence, for
any = € R? satisfying

(6.8) m (e xw(-,t))(z) =0,

li

e—0
we can show by using the spatial continuity of T x p and T % pg. Since w(-,t) is continuous, the
condition holds in the set {w(-,¢) = 0}. This completes the proof. O

Lemma 6.5. Let m(t) be given by (6.4). Consider the elliptic equation in R?
(6.9) p—Ab=m()po, ©(1-5) =0, 50,1, @>0.

Then p=p for all t > 0 and almost everywhere in space.

Proof. By and Lemma [6.4] For all z € {w(-,t) = 0},
(F * n(~,t))(1:) = no/o e_(t_T)m(T) dr - (T * po)(z) = ng (m(t) — e(""_l)t) (T % po)(z).

Here we calculated by integration by parts that

/0 LDy dr = o <etm(t) . /O Lt () dr)

t
=m(t) —e ' —e! / e - nge™ VT dr
0
=m(t) — e(no—1t,
In the view of right-hand sides of (6.3) and (6.9), let
® =T (po + (-, t) — m(t)po) -
One can check that, for all € {w(-,t) = 0},
o(z) = [(no — 1)m(t) — ngemo—Dt 4 1} (T % po)(z) = 0.
Now we claim that
ﬁ =P w=w— (I),

gives a solution of . One only has to verify that w(1 — p) = 0. From what has been proved, whenever
w = 0, we have ® = 0 and thus @ = 0. On the other hand, p = 1 whenever p = 1. Therefore, w(1—p) =0
holds whenever w(1 — p) = 0. This justifies the claim.

Since the solution of is unique (c.f. Proposition , we conclude that p = p. O

This leads to the following equivalent characterization of {p(-,t)};.
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Proposition 6.6 (Master dynamics I). Let p, = pi(x,t) and p. = p.(x,t) be a weak solution (in the
sense of Deﬁm’tz’on of

(610) 875[)* -V (P*Vp*) = pPo, Px S 17 P« € Poo(p*)v p*‘t:O = pPo-
Then for any given ng > 0, {p(x,t)}+ defined by (6.1)) and (6.3) (or equivalently, by (]E)) satisfies
plx,t) = pu(z,m(t) — 1) for allt >0,

where m(t) is defined by (6.4). {p«(x,t)}i>0 is thus called the first master dynamics.
In particular, when ng = 1, p(x,t) = p(z,1).

We stress that this is a highly non-trivial property of the model under the given assumptions. It cannot
be obtained by a nonlinear change of the time variable.

Following the spirit of Lemmas and we may derive a second equivalent characterizations of
{p(z,t)}:. It will be particularly helpful for understanding long-time behavior of p when ng > 1 because
it comes with a suitable spatial re-scaling.

Proposition 6.7 (Master dynamics II). Let p; = pt(z,t) and p; = pi(x,t) be a weak solution of
(6.11) Owpy =V - [pr(pf + V(:v))} =0, p;r<1, pi€Pxslpt), pili=o = po,

where V(x) = %. Then for any given ng > 0, {p(z,t)}+ defined by (6.1) and (6.3) (or equivalently, by
([P)) satisfies

p(z,t) = py (m(t)_éx, 1nm(t)> for allt >0,
where m(t) is defined by (6.4). Thus, {p:(z,t)}i>0 is called the second master dynamics.

Proof. Following a similar argument as in Lemmas and we can prove that, if one defines

:P0+/0 ?:;((:))5(77) dr, @(1*5) =0,

En

p—A

then p = p for all ¢ > 0. Indeed, it suffices to show that, on {w(-,t) = 0},

(T (1) (2) = m()(T % po) (x),
and thus

I« <P0 + /Ot ::L;((:)) p-7)dr — m(ﬂpo) =0

on the same set. We skip the details.
Hence, p satisfies

~ m/(t) ~
(6.12) dp—V - (pVp) = O L, p€Px(p), pli=o = po-

It is then straightforward to verify that, if p; and p; solve (6.11), then

pla,t) = pi (m(®) "4z, lnm(®)),
plx,t) = an/((f)) ~m(t)%pT (m(t)féx, lnm(t))

satisfy (6.12)). O

Using Proposition [6.7] one can readily characterize the long-time behavior of the p-patch when ng > 0
is constant. Indeed, when ng > 1, the long-time dynamics of p in and corresponds to infinite-
time asymptotics of p; in , which has been well-studied the literature, see e.g. [AKYT14, Theorem
5.6]. While for ng € (0,1), we knew from Theorem that p converges to a compactly supported poo
as t = 4oo. On the other hand, under the rescaling of Proposition [6.7} such dynamics of p actually
corresponds to an excerpt of the master p;-dynamics up to a finite time. Therefore, we may characterize
the long-time behavior of p in the model and with any value of ng in the following unified way.
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Proposition 6.8. Suppose ng > 0 is constant in R%. Let m(t) be defined in (6.4), and denote B(t) =
m(t)i. Assume Qq to be a bounded open set, such that B, (0) C Qo C B,,(0) for some r1,r5 > 0. Let
Too > 0 be defined such that |B,__(0)| = |Qo]-

Let p(z,t) solve and with po = Xq,- Then there exists a constant C' > 0 only depending on
r1 and 9, but not on ng, such that

BOWa (p(8(1)2,), x5, 0)(@)) < C
for allt > 0. Here Wy denotes the 2-Wasserstein distance.

Proof. Let us recall that, by virtue of Lemma [6.1} p(5(¢),?) has the same total mass as xp,__(0)()-

First we assume ng > 1.

By comparison with the radial barriers, p(8(t)z,t) and xp, _(o)(z) are both supported in B,,(0) for
all time. Let T' > 0 satisty 8(T) = % Then it is obvious that the above inequality holds on [0, 7], with
C > 0 only depending on r; and 7.

Next we consider the case t > T. Assume p(x,t) = xq,(z). By Corollary b) and comparison with
the radial barriers (see Remark, for all t > T, Q; contains Bs,,(0) and thus it has Lipschitz boundary.
By Proposition [6.7]

pi(z,Inm(T)) = p(B(T)x,T) = Xp(r)-10, (2).
Note that the rescaled set 3(T)~'Qr has Lipschitz boundary. We then solve starting from t =
Inm(T') with “initial data” pi(x,Inm(7T')). By [AKY14, Theorem 5.6 and its proof], for all ¢ > 0,

Wy (p]u (x, Inm(T) + t’), XB, . (0)(x)) < 6_%W2 (pJr (x, In m(T)) s XB,.. (0)(36)).

Then the desired result follows from suitable change of variables.
By Proposition
(6.13) pt(z,Inm(t)) = p(B(t)x,t) holds for all ny > 0.

Hence, the above argument essentially proves that, without assuming € has Lipschitz boundary (c.f. [AKY14]),
for all 7 > 0,

ed Ws (pT (’I, 7_)7 XB,, (0) (17)) <C.
Hence, using (6.13)) again, the case ng € (0,1) is proved immediately. O

6.2. Uniform free boundary regularity. In this section, we are going to prove uniform free boundary
regularity up to ¢t = 400 under the assumption that ng is constant in R%.

Thanks to the master dynamics, the case ng < 1 is trivial. This is because, up to a re-scaling in time
(see Proposition, its p-evolution in a time range of the form (¢, +00) corresponds to the p-evolution in
a finite time range with a different ng > 1. The latter has already been characterized in Corollary a).

Also by the master dynamics, it suffices to study regularity of 9, of the solution corresponding to one
arbitrary ng > 1. When ny > 1, one can apply comparison principle and radial barriers constructed in
Remark to show that 2; expands exponentially fast. It is thus reasonable to expect uniform regularity
of the free boundary after a suitable re-scaling. Indeed, the key lies in the uniform Lipschitz estimate for

d{w(-,t) > 0} in Corollary [5.5{(b).

Let us point out that, while the master dynamics in rescaled variable (6.11]) corresponds to a Hele-Shaw
flow, the presence of the drift prevents us from directly applying existing regularity results (e.g. [CJKO07])
to our problem.

Theorem 6.9. Fizng > 1. Let Qq, r1, r2, and B(t) be given as in Proposition . Let po = xq,- Then
there is « € (0,1) and T > 0 depending on r1, T2, d, and ng, such that the followings hold for all t > T.

(a) The rescaled set Q; == B(t)~'Q has uniformly CY*-boundary;
(b) The rescaled nutrient variable fi(z,t) := n(B(t)z,t) is uniformly bounded in C®({|x| > 2871 (t)r3/r1}).

Proof. From comparison with radial barriers (see Theorem [4.7] and Remark [6.3)), we find that
(6.14) Bgt)r, (0) € Q¢ = {p(-,1) = 1} C Bg(s),(0)
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up to measure-zero set. Also, for some C' > 0 depending on ngy and ry,

me)zcw%wifu|gfﬁ;Q.

Hence, the re-scaled pressure variable p(x,t) := 372(t)p(B(t)x,t) satisfies
pmmzc&mgg.

On the other hand, let T'(:) be introduced in Corollary From Corollary for t > T'(2r2), we know
that 9{p(-,t) > 0} is a Lipschitz graph with respect to the radial direction, with the Lipschitz constant
less than O((B(t)r1)~'ry). Therefore, Q; = {p(-,t) > 0} C B,,(0), with 9Q; being uniformly Lipschitz
with respect to the radial direction. When ¢ is suitably large, depending on 71, 2, and ng, we have the
Lipschitz constant to be small enough for applying a similar argument as in Proposition [5.12

Since p is superharmonic in its positive set, arguing with Dahlberg’s Lemma as in the proof of Propo-
sition we conclude that there is a constant « € (0,1) that is independent of the time such that, for
given #, € 9, and for t > T(2r3) we have

plx,t) > Cd(x, Q)%™ in By (Zy).
In the original coordinate, this corresponds to
p(z,t) > CA(H) d(x, 25)*

for any = € By(8(t)Z,) and ¢t > T(2r3). Thus the barrier argument as in the proof of Proposition
with 7 replaced by 8(¢)?%, yields that, for any x, € 9Q; with ¢t > T'(2r3),

(615) Br(lf*) - Qt_;'_c(ﬁ)a.
for sufficiently small r. This further implies

lz -y >a
min{3(Ty), B(Ty)}

To justify this, we assume T, < T, without loss of generality. We first consider the case where |z — y|
is large. By (6.14]), if T} > 0 satisfies that

ﬁ(Taz + T*)T'l 2 ‘y|7

(6.16) T, —-T,| < C ( for any «,y with T, T, > T(2r2).

then |T, — T,| < T.. Also by (6.14),
lyl < |z —yl+ 2| < |z —y|+ B(T:)re.

Hence, we let T} satisfy
ﬁ(Tm + T*)Tl = |5E - y‘ + ﬁ(Tm)T%

which implies (c.f. (6.4))

d

m(Tw) B(Tm)Tl 1
Therefore,
d |z —y| 7“2)
T,—T, < In + 2
| v no—1 (5(Tx)7"1 |
which implies (6.16) whenever |x — y|/B(T%) is sufficiently large. Otherwise, if |z — y|/8(T) < C where

C depends on 71, 79, d, ng, and «, we may apply (6.15]) to obtain (6.16]).
Under the assumption T < T}, we have that

In(,t) — n(y,t)] < no (1 _ efITszy\) e (T4 < pgmin {1, T, — Ty ye= T+,
Hence, thanks to (6.16)), for any z,y such that T, T, > T'(2rs),

In(z,t) —n(y,t)]

< Cmin{lz —y|™%, 6(T,)" ¢ e~ (t=Ty)+,
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Since we defined 7j(x,t) := n(B(t)z, ),

[7(B(t) " . t) —n(B() "'y, 1)

(647 B0l — l°

< CB(t)* max {|z — y|, B(Ty) } “e T,

We claim that
B(T,) < C(lz =yl + B(T)) < Cmax {|z —y|, B(T%)},

where C' may depend on 71, r3, d, and ng. Indeed, by the estimate for T derived above

,B(Ty) (=1 (no=1) p (|I — y|
<Ce a Tl <ce T <C +1).
B(T) B(T)

Hence, when ¢t < T, the right-hand side of (6.17) is bounded by a universal constant that only depends
on 71, 3, d, ng, and . We may further assume «a to be suitably small so that the right- hand side of (6.17)
is uniformly bounded for ¢ > T,,. Now noticing that |z| > 2r3/r; guarantees T, > T(2r2) (c.f. - we
can conclude (b), i.e., 7(z,t) has uniform-in-time Hélder regularity for ¢ > T'(2r3) for lz| > 2871t )7"2/7"1

Lastly, observe that w(x,t) := w(8(t)z,t) solves the obstacle problem

A = fx(s(.1)>0}, Where f=1—po— 1.
Then using the regularity of 7, and Theorem 7.2 of [Bla01], we can conclude (a). O

Before ending this section, let us briefly discuss the uniform boundary regularity issue in the case of
non-constant ng.

If ||nol|p~ > 1, long-time asymptotics of the p-patches can be rather complicated, as it does not rule
out that ng could be less than 1 in some areas. It is not even clear whether the total mass of the tumor
would diverge. Suitable conditions need to be imposed on ng in order to make the question of uniform
regularity more meaningful.

For |ng|lp= < 1, Theorem states that w(-,t) monotone increases to converge to weo, which
features bounded support. Thus, the pressure as well as n vanishes in 2; as time tends to infinity, and
the regularizing effect of the pressure variable vanishes over time. On the other hand, under suitable
assumptions, {w., > 0} features smooth free boundary. To see this, recall that ws, solves the obstacle

problem (c.f. (4.6))

Awoe = (1= po — nO)X{wm>0}-
When pg = xq, with Qo having smooth (say C1!) boundary, the set {w,, > 0} lies strictly outside of the
support of pg, and thus near its free boundary we solves Aws, = (1 — 10)X{w. >0} It follows that, in
the setting of Corollary [5.15f -(b ), O{ws > 0} is C™ provided that ng is smooth. Nevertheless, it remains

open whether one can use this asymptotic regularity of the free boundary to show uniform regularity of
o{w(-,t) > 0} in time.

APPENDIX A. THE PROOF oF LEMMA [B.11]

The proof closely follows the argument in [PQV14, Sections 3 and 5] (also see [GKM22| Proposition
5.1]), with some extra efforts for handling unboundedness of the spatial domain.

Proof. By definition, for any non-negative v € H'(Qr) such that (-, T) = 0,
T
[ [ 9096 =) = (¢ =)o dzds
0 JRd

:/Rd@[}(m,O)(pg() P (z dx+/ /]R )dzdt < 0.

Hence, for any R > 0 and any non-negative ¢ € H'(R? x [0,7]) supported in Br x [0,7] such that
,(/J('a T) = Oa

(A1) / /BRp — oY + (¢ — pt Az/)dacdt>/ /aBR O 0"~ ") do(a) dr.
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Define
. = pl 5o p° — p!
o0 — pl 4 p0 —pl’ PO — plp0 —pl
We define A = 0 whenever p° = p! (even when p° = p!), and B = 0 whenever p° = p! (even when

p® = pl). Since p° € Py (p°) and p' € P (p°), we have A, B € [0,1]. Then (A.2)) can be written as

(A.2) /OT/BR (P’ —p' +p° —p)(A8t¢+BA1/))dxdt>/ / (p —p')do(z) dt.

BBR

Let G be a compactly supported non-negative smooth function in Qp. Assume it is supported in
Bpg, x [0,T] for some Ry > 0. Take an arbitrary R > 2Ry. As in [PQV14], we introduce smooth positive
approximations of A and B, denoted by A,, r and B, g, such that for some universal Cr > 0 that depends
on R,

1 Cr Cr
AnryBnr € [n, 1} v NAnr = AllL2(Brxjo 1)) < 0 | Bn,r — Bll2(Brxjo0,1)) < —
In the view of (A.2)), let ), r solve the (mollified) dual equation
B .
Oytbn, R + A”’R At g = —G in By x [0,T],
n,R
Yn,rloBrx0,1] =0, ¥nr(-,T)=0in Bg.

¥n, g is then a smooth function on Bg x [0,T]. Plugging it into (A.2)) as the test function, we find that

T
// (p°—p1)<—G)dxdt+5nR>// QIR (19 — ') do(a)
0 Br 0BRr

g o 1,.0 1 ABn,r
EnR = (P’ =p'+p"=p") | B— v Ay, pdx dt.
0 Br n,R

We can argue as in [PQV14] [GKM22] to show that 1, r is non-negative and uniformly bounded on
Bpr x [0,T], whose bound only depends on G and T, but not on n or R. We can also prove that &, g — 0
as n — +o00. Moreover,

where

8wn R

ov

where C' only depends on d, T, and G,Nbut not on n or R. To prove (A.3)), we recall that R > 2R, and
Yn,r < Cy, where C, = C(G,T). Let ¥R solve

AvYr =0 on Bg\Bg,, @R‘aBRO =C,, 1[}3’833 =0.

(A.3) < CR™“Y on dBg x [0,T7,

Then we find

(0 — ) + 32 A (I — ) =0 in (Ba\Br,) x 0.7),

(JJR - wn,R) ‘a(BR\T%)x[o,T] =0, (QZJR - Q/JMR) =0 in Br\Br,.

By the maximum principle, ¢, g < zﬁR on (Br\Bg,) x [0,T], and thus (A.3) follows. In fact, when
d = 1,2, the bound can be improved.
Combining the above estimates yields that, whenever R > 2Ry,

T T
/ / (P’ = p")(-G)dxdt > — C’Rf(dfl)/ / |p” — p'|do(x)dt
0 Bpgr 0 OBRr
>—CR—</ / |da dt) ;
BBR
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where C' only depends on d, T, and G. By Definition p' € L?(Qr). Sending R — +oo, we obtain
that

2

0.

T T
/ / (p° = p")(-G)dzxdt > — Climinf R~“%" / / |p° —p1’2do(sc) dt
0o Jrd 0o JoBg

R—+o0

Since G is an arbitrary compactly supported non-negative smooth function in Qr, we conclude that
pY < p' almost everywhere. (]
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