1. You complete an experiment by rolling a six sided fair die.

The following events are defined:

i. A={1,2, 3}

ii. B={4,5,6}

iii. C={1}

iv. D={1,3,5}

v. E={2,4,6}

a. Determine AUD
Solution:

AUD={1,2,3}U{1,3,5} = {1,2,3,5}

b. Determine A(\D

Solution:
AND={1,2,3}N{1,3,5} ={1,3}

c. Determine AB
Solution:

ANB={12,3'{4,5,6} =@

d. Determine A°

Solution:

A° = {4,5,6)

e. Determine B°NC

Solution:

B°NC={12,3}N{1}={1)



f. Determine (BUC)®

Solution:

(BUC)® =({4,5,6) U{D})" =({1.4,5,6})° ={2,3}

Or Using Demorgan's Law

(BUC)® =B°NC°=1{1,2,3}N{2,3,4,5,6} ={2,3}

g. State whether the following statements are true of false. If false, state why it is false.
1. Events A and B are disjoint events.
True
2. Events A, B, and C are mutually disjoint events.
False. They are disjoint events but not mutually disjoint.

3. D()E isanempty set, but not a null set

False. Itis both an empty set and a null set. These terms are
synonymous.

4. CcA

True.

2. Youare given:
i. P[A]=0.5
i. P[B]=0.4
ii. P[ANB]=0.3
a. Calculate P[AUB]
Solution:
P[AUB] = P[A]+P[B]-P[ANB]=0.5+0.4-0.3=0.6
b. Calculate P[A° UB®]
Solution:

P[A° UB“]1=P[(ANB)“]=1-P[ANB]=1-0.3=0.7



c. Calculate P[A° N B°]

Solution:

P[A° NB°]1=P[(AUB)°]=1-P[AUB]=1-0.6=0.4

d. Calculate P[A° N B]

Solution:

P[B]=P[BN A]+P[BNA°]=P[ANB]+P[A°NB]

P[A°NB]=P[B]-P[ANB]=0.4-0.3=0.1

e. Calculate P[A° UB]

Solution:

P[A®° UB]=P[A®]+P[B]-P[A°NB]

= (1-P[A]) +P[B]-P[A" NB]

= (1-0.5)+0.4-0.1=0.8

General Comments and Notes

An easy way to solve most of this question is with our table. This will give you the direct answers to c.
and d. and help with others.

P[A] P[A°]

=0.5given =1-P[A]=1-05=05
P[B] P[ANB] P[A°NB]
=0.4 given =0.3 given =P[B]-P[ANB]=0.4-0.3=0.1
P[B°] P[ANB°] P[A° N B°]

=1-P[B]=1-0.4=0.6

— P[A]-P[ANB]=0.5-0.3=0.2

= P[A°]- P[A°B]=0.5-0.1=0.4




3. Let E and F be events such that P[E]=1/2, P[F]=1/2, and P[E NF¢]=1/3.

Calculate P[EUF°] .

Solution:

P[EUF®]=P[E]+P[F°]-P[ENF°]

P[E]+(1-P[F])-P[ENF°]=1/2+(1-1/2)+1/6=5/6

To get P[E N F°], use the table below:

P[E] P[E°]

=0.5 given =1-P[E]=1-0.5=0.5
P[F] PIENF] P[E° NF]
=0.5 given
P[F] PIENF€] P[E°NF¢]=1/3 given

=1-P[F]=1-05=0.5

=P[F°]-P[E°NF®]=1/2-1/3=1/6

4. Youare given P[AUB]=0.7 and P[AUB“]=0.9 . Calculate P[A] .

Solution:

(¢

Area 2 + Area 3 is Event A. Area 3 and 4 is Event B.

Area 1 + Area 2 + Area 3 +Area 4 = 1 since this is the entire sample space.

Area 2 + Area 3 +Area 4is P[AUB]=0.7 which is given.

Areal+Area2 +Area3is P[AUB®“]=0.9 which isgiven

This means that Area 4 must be 1 -0.9=0.1

P[A]=Area2 + Area3 = (Area 2 + Area 3 +Area4) — Area4=0.7-0.1=0.6




5. A marketing survey indicates that 60% of the population own an automobile, 30% own a house,
and 20% own both. Calculate the probability that a person chosen at random owns an
automobile or a house but not both.

Solution:

Let A represent the Automobile Owners and H be the Home Owners.

P[A]-P[ANH] are the Auto Owners with no house.
P[H]-P[ANH] are the House Owners with no auto.

Answer : P[A]- P[ANH]+P[H]-P[ANH]=0.6+0.3-2(0.2) =0.5

Or Using a Venn Diagram:

(¢

Area 2 + Area 3 is Event A. Area 3 and 4 is Event H.

Area 2 + Area 3is P[A]=0.6 which is a given.

Area 3 +Area 4is P[B]=0.3 which is a given.

Area 3is P[A(B]=0.2 which is a given.

Therefore Area2=0.6-0.2=0.4 and Area4=0.3-0.2=0.1

People who only an auto or only a home are Area 2 and Area4=0.4+0.1=0.5



6. A visit to a doctor’s office results in a lab work 40% of the time. A visit to a doctor’s office
results in a referral to a specialist 30% of the time. A visit to a doctor’s office results in no lab
work and no specialist referral 35% of the time.

What is the probability that a visit to the doctor’s office will result in both lab work and a
referral to a specialist?

Solution:

Let L be the set of people who need lab work and let S be the set of people who need a
Specialist.

We are given:

P[L]=0.4 and P[S]=0.3 and P[(LUH)®]=0.35.
We want P[(LNS)]
P(LUS)] = P[L]+P[S]-P[LNS]==>P[(LNS)] =P[L]+P[S]-P[LUS]

= P[(LNS)]=P[L]+P[S]-(1-P[(LUH)])=0.4+0.3—(1-0.35) = 0.05

Or

(¢

Area 2 + Area 3 is Event L. Area 3 and 4 is Event S.

Area 2 + Area 3is P[L]=0.4 which is a given.
Area 3 + Area 4is P[S]=0.3 which isa given.
Area1is P[(LUH)®]1=0.35 which is given.

Area 2+ Area3+Aread4=1-Areal=0.65

Answer = Area3 =Area2 + Area3 + Area3 + Area4 — (Area 2 + Area3 +Area4)=0.4+0.3-
0.65 =0.05.



7. An employer offers employees the following coverages:
a. Major Medical Coverage
b. Vision Coverage
c. Dental Coverage.

Employees who enroll are required to enroll in at least two coverages. You may elect to have
zero coverages. You are given:

a. The probability of enrolling in Major Medical is 80%.

b. The probability of enrolling in Vision is 40%

c. The probability of enrolling in Dental is 70%

d. The probability of enrolling in all three is 20%
Calculate the probability of enrolling in zero coverages.

Solution:

a
A

Let A be Major Medical, B be Vision, and C be Dental.

Area 1 =Area 3 = Area 7 =0 since a person must buy two coverages if they buy any.
Area 5 = All three coverages = 0.2 which is given.

P[A] =0.8=Areal+Area2+ Aread +Area5= 0+Area2+Area4+0.2

= Area2+Aread=0.6

P[B]=0.4=Area2+Area3 +Area5+Areab6= Area2+0+0.2 + Area 6

= Area2+Area6=0.2

P[C]=0.7=Area4 + Area5+Area6+Area7= Aread4+0.2+Area6+0



= Aread+Area6=0.5

We now have three equations and three unknowns and we can solve for

Area2=0.15 Aread4=045 Area6=0.05

We need P[(AUBUC)®]1=1-P[(AUBUC)]

=1-Sum of Area 1 through Area 7=1-0.85=0.15

In a survey of 120 high school students, the following data was obtained:

a. 60 students participated in Cross Country
b. 56 students participated in Track
c. 42 students participated in Golf
d. 34 students participated in both Cross Country and Track
e. 20 students participated in both Track and Golf
f. 16 students participated in Cross Country and Golf
g. 6 students participated in all three sports
Calculate:

i. The number of students who did not participate in any of these sports.
ii. The number of students who did Track only.

iii. The number of students who did Cross Country and Track, but not Golf.



Solution:

Q
Sa

Let C be Cross Country, T be Track, and G be Golf.

Area 5 = All three sports =6

Area2and Area5is C(1T =34 =» Area2=34-6=28

AreaS5and Area6is T(1G =20=> Area6=20-6=14

Area4 and Area5is C(1G =16 > Area4=16-6=10
EventC=60=Areal+Area2 +Aread+Area5=> Areal=60-28-10-6=16
Event T=56=Area2 +Area3 +Area5+Area6 = Area3=56-28-6-14=8
EventG=42=Aread +Area5+Areab+Area7 = Area7=42-10-6-14=12
Total of Areas 1 through7=16+28+8+10+6+14+12=94

Area 8 =120-94 =26 Which is the answer to Parti.

Part ii = Track only = Area3=8

Partiii= TNCNG® = Area2 =28



9. You roll two fair dice. Calculate the probability of the following events:
a. Total of the two dice is 8.

Solution:

Number of Outcomes in Event ~ _ {2,6}.{3,5}.{4,4.{53}{6.2} _ 5
Number of Outcomes in Sample Set 6x6 36

P[Event] =

b. Yourolla4anda?2.

Solution:

Number of Outcomes in Event ~ {2,4}{42} 2 1

P[Event] = - _
Number of Outcomes in Sample Set 6x6 36 18
c. The total of the two dice is less than 6.

Solution:

Number of OQutcomes in Event

P[Event] = -
Number of Outcomes in Sample Set

3343042322323 838343 10 5
B 6x6 36 18

The other way to do the numerator is:

Die 1 =1, four values for Die 2
Die 1 =2, three values for Die 2
Die 1 =3, two values for Die 2

Die 1 =4, one value for Die 2

4+3+2+1=10
d. The number on each die is the same.

Solution:

Number of Outcomes in Event 6

P[Event] = - =
Number of Outcomes in Sample Set 6x6

1
6



10. Alicense plate contains a letter followed by five numeric digits that can be 0 to 9.

11.

12.

13.

a. What is the size of the sample space if digits can be repeated.
Solution:

There are 26 possible letters for the first item and 10 possible numbers for the next five
items on the license plate.

(26)(10)5 = 2,600,000
b. What is the size of the sample space if digits cannot be repeated.
Solution:

There are 26 possible letters for the first item and 10 possible numbers for the next
item. There are only 9 possible numbers for the third item, etc.

(26)(10)(9)(8)(7)(6) =786, 240

A bowl has five balls. They are red, green, blue, purple, and yellow. You draw all five balls out
of the bowl.

How many possible orders are there?
Solution:
51=120

A bowl has five balls. They are red, green, blue, purple, and yellow. You draw all three balls out
of the bowl without replacement.

How many possible orders are there?
Solution:
(6)(4)(3) =60

A bowl has five tiles which each tile being numbered. The tiles are numbered 1to 5. You draw
three tile out of the bowl without replacement.

What is the probability of getting a number greater than 350?
Solution:

If you select a 3 first, then a five second, then you can select the 1, 2, 4. This is 3 possibilities. If
you select the 4 first, then you can select the second digit from the four remaining number and
the third digit from the 3 remaining numbers. This is (4)(3) = 12 possibilities. If you select the 5
first, there are also 12 possibilities so the total possibilities is 27. The total in the sample space is
(5)(4)(3) = 60.

Therefore, the probability is 27/60.



14. A bowl has 10 balls. Four balls are purple, three balls are red, two balls are blue and one ball is
green. You draw three balls without replacement.

a.

Determine the number of unique arrangements.
Solution:

Assuming that we had at least three balls of each color, the answer would be easy. It
would be (4)(4)(4) = 64. But we only have one green ball and 2 blue balls. Therefore
there are certain combinations that we cannot get — for example — GGG or BBB. We
must determine these combinations and subtract from 64. If G is first, then there is only
3 colors left for the second ball and 3 colors left for the third ball. Thus we have (3)(3)
(instead of (4)(4)) so we need to subtract 7 which is 16 — 9. If we have P, R, or B taken
first and G taken second, then there are only three colors that can be taken third.
Therefore there are only (3)(G)(3) versus (3)(G)(4) so we need to subtract 3 which is 12 —
9. Finally, if BB are the first two, then there are only 3 possibilities for the third ball
because all the blue balls have been selected so it is BB(3) instead of BB(4) so we need
to subtract 1 which is 4 — 3.

That means there are 64 — 7 —3 — 1 = 53 unique arrangements.
The alternative way to solve this is to add up all the possibilities:
(R)(Ror P orB)(4) = (1)(3)(4) = 12

(RIG)(3) = (1)(1)(3) =3

(P)(R or P or B)(4) = (1)(3)(4) = 12

(P)(G)(3) =(1)(1)(3) =3

(B)(Ror P)(4) =(1)(2)(4) =8

(B)(G)(3) = (1)(1)(3) =3

(B)(B)(3) = (1)(1)(3) =3

G(3)3)=(1)(3)(3) =9

12+3+12+3+8+3+3+9=53

Determine the probability that you will draw 2 purple and one red ball.

Solution:

4\(3
Number of Outcomes in Event (2)(1) 18
Number of Outcomes in Sample Set (10) 120

P[Event] =



15.

16.

17.

A bowl contains 4 blue, 5 white, 6 red and 7 green balls. You chose a sample of 5 balls without
replacement. How many different ways can you select a sample that has every color
represented?

Solution:

We need to pick 1 apiece from 3 colors and 2 from the fourth color. The number of ways to do
this is:

(RN e )

A softball team has 10 players which consists of five males and five females. All players bat. In
determining a batting order, a female must bat first. Furthermore, successive batters must be
of the opposite gender.

Determine the number of possible batting orders.
Solution:

We must select a female as the starting point. Then each time we must select someone from
the other gender. Therefore it is:

(5)(5)(4)(4)(3)(3)(2)(2)(1)(1) =14,400
A committee of five people is randomly chosen from a list of that contains 7 men and 3 females.

Calculate the probability that the committee will have 3 men and 2 women?

Solution:

7\(3
Number of Outcomes in Event (3}(2} 5

P[Event] = - =
Number of Outcomes in Sample Set [10} 12




18.

19.

What is the probability that a hand of five cards chosen at random and without replacement
from a standard 52 card deck will have a king of spades, exactly one other king, and exactly two
gueens?

Solution:

L))
Number of Outcomes in Event ~ (1){2){ 1 ) (3)(6)(44) —0.000305

P[Event] = = =
[ ] Number of Outcomes in Sample Set (52) 2,598,960

5

3
The king of spades is given so it does not factor into the numerator. The [J reflects chosing
one additional king out of the 3 remaining kings. The (2} reflects selecting of two queens out

44
of the four queens. Finally, ( 1 j reflects chosing the fifth card which is not a king or queen.

This card is out of 44 as there are 44 cards that are not kings or queens.

A bowl has 6 balls. Three balls are red, two balls are blue and one ball is green. You randomly
draw three balls without replacement.

Determine the probability that at least one color is not drawn.
Solution:

P(At least one color is not drawn) = 1— P(Every color is drawn)

HHH
LW e, 67

(6) [(6)(5)(4)} T 20 10
3 ©lealey




20. A bowl has 10 balls. Five balls are purple, three balls are red and two balls are blue. You
randomly draw three balls with replacement.
What is the probability that the three balls are include one of each color?
Solution:

Probability of getting a purple ball is 5/10. Probability of getting a red ball is 3/10. The
probability of getting a blue ball is 2/10. Then, there are 3! orders of selection. Therefore:

33 3Jo-o

21. If four fair die are rolled, what is the probability of obtaining two identical even numbers and
two identical odd numbers.

Solutions:

4
. ©)]E)
Number of Outcomes in Event 2 54 1

P[Event] = _ = —= =—
Number of Outcomes in Sample Set 6 1296 24

4
There are 3 odd numbers and 3 even numbers. The (2] reflects that there are 4 dice

and 2 must be even and 2 must be odd.

22. An employer has 30 employees. There are 5 employees that are older than 60 and 25
employees that are 60 or younger. Two employees are selected at random.
What is the probability that exactly one of the two selected employees is over 607?

Solutions:

25)\(5
P[Event] = Number of Outcomes in Event [ 1 j[l} __(25(5) _25
Number of Outcomes in Sample Set (30} { (30)(29) } 87

2 2




23. In a neighborhood with 10 houses, K houses are not insured.

A tornado randomly damages 3 of the houses. The probability that none of the damaged
houses are insured is 1/120.

Calculate the probability that at most one of the damaged houses is insured.

Solution:

P(None is insured) = _

NP
5=

P(At least one is insured) = P(None is insured) + P(One is insured)

P(One is insured) =

2141 22
120 120

24. A professor approaches 12 undergraduate students independently, each of whom is equally
likely to want to participate in research projects. Six are interested only in applied statistics
research, four are interested only in actuarial science research, and two are interested only in
data science research.

After the talking with the students, six students state that they want to participate in the
research.

Calculate the probability that two participate in applied statistics research, two participate in
actuarial research, and 2 participate in data science research.

Solution:

6)(4) 2
Number of Outcomes in Event (2](2)[2} _(15)(@6)@) 15
Number of Outcomes in Sample Set (12) 924 154
6

P[Event] =



25. Roll a six sided fair die. Let A be the event that the outcome on the dice is an even number.
Let B be the event that the outcome on the dice is 4 or smaller. Let C be the event that the
outcome on the dice is 3 or larger.

a. Are A and B independent?
Solution:
If A and B independent, then
P[ANB]=P[A]P[B]

A={2,4,6}==> P[A] =

> o w

B={12.3,4}=>[B] =

ANB ={2,4}=> P[AN B]=§=
3\(4) 12 1

PLAIFIE] [a)(g) %3

.. Independent

Wl

b. Are B and C independent?
Solution:
If B and C independent, then
P[BNC]=P[B]P[C]
B={1234}==>[B] :%

C ={3.4,5,6} => P[C] = %

BNC ={3,4} =—=> P[BNC] :%

4\(4) 16 4
P[B]P[C] _(Ej(gj "% 9
. NOT Independent



26. You roll two six sided fair die — one is red and one is green. Event A is that the red die is a 6.
Event B is that the sum of the two die exceeds 8.

a. Demonstrate that these events are not independent.
Solution:
If A and B independent, then
P[ANB]=P[A]P[B]

6
10
[B] =3
P[ANB]= 3;46

. NOT Independent

We can create a box to help us get these probabilities:

1
2
- |3 B
O
@ |4 B B
5 B B B
6| A|A|A&B | A&B | A&B | A&B
12 3 4 5 6

Green
b. Calculate P(B| A).
Solution:

P[ANB]_4/36 _2

PIBIAI= P[A] 1/6 3




27. A dresser drawer contains five gloves — One pair of blue gloves, one pair of red gloves, and a
single white glove. Suppose that Olivia is looking for two matching blue gloves.

Olivia randomly simultaneously pulls two gloves out of the drawer without looking in the
drawer. Let Event B be the event that at least one of the gloves is blue. Let Event A be the
event that both gloves are blue.

Calculate the conditional probability of Event A given that Event B occurs.

Solution:

F>[A|B]——P[AHB]—E—E
~ P[B] 07 7

P[B]=1-P[B“]=1-P[Neither Gloves Is Blue] :1—@)(%} =1-0.3=0.7

P[A B] = P[Both Gloves Are Blue] = (%JG) =0.1

28. You roll two pair of fair dice. Let B be the event that the two dice have different values. Given
the B occurs, calculate the conditional probability of A, the event that the sum of the two dice
is an even number.

Solution:
P[A|B] = P[ANB] _ 12/36 _
P[B] 30/36
6 30

P[B]=1-P[B] =1-_ ="

P[ANB]= % >>>18 out of 36 rolls result in an

even number but 6 have the same number on both die.



29.

30.

31.

You roll two pair of fair dice. Let B be the event that the sum of the two dice is 9 or larger.
Given the B occurs, calculate the conditional probability of A, the event that the sum of the
two dice is exactly 10.

Solution:
P[A|B] = P[ANB] _ 3/36 _
P[B] 10/36
10
P[B] —g
3
P[ANB] —%

At Purdue, 40% of the students live on campus and 60% live off campus. Students who live on
campus arrive to class on time 85% of the time. Students who live off campus arrive to class on
time 70% of the time.

A randomly selected student arrived on time. What is the probability that the student lives on
campus.
Solution:

Let A be the event that the student lives on campus and B be the event that the student
arrived on time. We use Bayes Theorem and we need:

P[B | AJP[A] - (0.85)(0.4) 17

A B BB T APIAT- PIB I ATPIATT ~ 085)04)+ (0.108) 38

There are two coins in a hat. One coin has two heads. The other coin has one head and one tail.
Shannon reaches into the hat and pulls out a coin. The side facing up is heads. What is the
probability that the side facing down is a head also?

Solution:

Let B be the event that the side facing up is a head. Let A be the event that the side facing
down is a head. P[B]=3/4 since that are four equally likely sides that couple be facing up

and three are heads. P[A[1B]=1/2. Both are true only if we chose the two headed coin.
Then:

P[ANB] 1/2 _
P[B] 3/4

P[A|B] = 2/3



32. Let A, B,C be three events. You are given:

P[A]=0.3 P[B]=0.2

P[C | A] = 0.6 P[C |B]=0.8

You are also given that C() A and C()B are mutually exclusive.

Calculate P[CN(AUB)] .
Solution:

P[CN(AUB)]I=P[(CNA)U(CNB)I=PI(CNA)]+P(CNB)I

since these are mutually exclusive.

P[C| A] = P[Ff[—Q]A] —=> P[CN A] = P[C | AJP[A] = (0.6)(0.3) =0.18
P[C | B] = P[FC)[—Q]B] —=> P[C(NB] = P[C | B]JP[B] = (0.8)(0.2) =0.16

PI(CNA)]+P(CNB)] =0.18+0.16=0.34

33. Let A, B,C be three events. The events are pairwise independent but not mutually

independent. The probability of each event is 1/3 and the probability that all three occur is
1/10. Calculate the probability that none of them occur.

Solution:

P[A] = P[B] = P[C]=1/3 and P[ANBNC]=1/10

We need P[(AUBUC)®]1=1-P[(AUBUC)]
We are given

=1-{P[A]+ P[B]+P[C]-P[ANB]-P[BNC]-P[CNA]+P[ANBNC]}

ssassas () (2] (322

Since the events are pairwise independent
P[ANB]=P[A]P[B] etc.




34. A die is rolled three times in succession. What is the probability that the outcome on each roll is

35.

less than that on the previous roll and the product of the three outcomes is an even number?
Solution:
This is just a counting problem

Number of Outcomes in Event 19 19

P[Event] = - ===
Number of Outcomes in Sample Set 6° 216

The numerator is:
{3,2,1},{4,2,1}{4,3,1},{4,3,2} {5,4,3},{5,4,2} {5,4,1},{5,3,2} {5,2,1},{6,5,4},
{6,5,3},{6,5,2},{6,5,1},{6,4,3}{6,4,2},{6,4,1}{6,3,2},{6,3,1}.{6,2,1}

It is simplified if we recognize that because the product is even, we must have one
even number among the three rolls.

A box contains 4 red balls and 6 white balls. A sample of size 3 is drawn without replacement
from the box. What is the probability of obtaining one red ball and two white balls, given that at
least 2 white balls are drawn in the sample.

Solution:

Let A be the event that we get 1 red and 2 white balls. Let B be the event that at least

PIANB] _ KEJ@H?)
e

{WWRHWRW HRWW} 3

We can also do this by counting: ==

{WWRIHWRW HRWWI{WWW} 4

2 balls are white. We need P[A|B] = :%




36. Let A, B,C be three events such that A and B are independent, B and C are mutually
exclusive, and P[A] = l, P[B] = 1, and P[C] = 1 .
4 6 2
Calculate P[(ANB)° UC] .
Solution:

P[(ANB)” UC]=P[(ANB)°]=1-P[(ANB)] =1-P[A]P[B] = ;

Since B and C are mutually exclusive, then Due to Independence
CcB®(ANB)°®

37. Aresearcher examines medical records of a group of 937 men who died in 1999 and discovers
that 210 of the men died from causes related to heart disease. Moreover, 312 of the 937 men
had at least one parent who suffered from heart disease. Of those 312 men, 102 died from
causes related to heart disease.

Calculate the probability that a man randomly selected from this group dies of caused related to
heart disease, given that neither of his parents suffered from heart disease.

Solution:

Let A be the event that the man selected died of causes related to heart disease. Let
B be the event that neither of his parents suffered from heart disease. We need P[A| B].

We are given:
p[A]:@;P[BC]:g;and P[A|BC]=%

937 937 312

210 102

_P[ANB] _ P[A]-P[ANB®] 937 937 _108

P[A|B]= = g - =
P[B] 1-P[B] 1312 625
937

c;_ PIANBC] 1. prRt 7 (312)(102) 102
PLAIB= " peey = PLANB"]=PIB"IPIA|B ]_(937J(312]_937



38. You are given:

a. An automobile owner is twice as likely to purchase collision coverage as disability
coverage.

b. The event that an automobile owner purchases collision coverage is independent of the
event that he or she purchases disability coverage.

c. The probability that an automobile owner purchases both collision and disability
coverage is 15%

Calculate the probability that an automobile owner purchases neither collision nor disability
coverage.

Solution:

Let A be the event that an auto owner purchases collision coverage and B be the
event that an auto owner purchases disability coverage. We are given:

P[A] = 2P[B]; P[AN B] = P[A]P[B] =0.15

Independence

We need P[(AUB)°]=1-P[(AUB)] =1—{P[A] + P[B] - P[ANB]}

P[A]P[B] =0.15 = 2P[B]P[B] ==> P[B] = /% =/0.075 ==> P[A] = 24/0.075

—1- {2Jo.o75 ++/0.075 - 0.15} —0.32842



39. You are studying the prevalence of three health risk factors denoted by A, B and C withina

population of women. For each of the three factors, the probability is 0.1 that a women in the
population has this risk but not the other risk factors. For any two of the three factors, the
probability is 0.12 that she has exactly these two factors but not the third factor. The
probability that a woman has all three risk factors given that she has A and B is 1/3.

Calculate the probability that a woman has none of the three factors given that she does not
have factor A .

Solution:

We are given:

P[ANB®“NC°]1=P[A°NBNC°]=P[A°NB°NC]=0.1
P[ANBNC“]=P[ANB°NC]=P[A°NBNC]=0.12

PI(ANBNC)|(ANB)]=1/3

Areal=Area3=Area7=0.1
Area 2 =Area4=Area6=0.12

Area 5/(Area 2 +Area 5) = 1/3 =» Area 5 =0.06

e~ e~ o . P[A°NB°NC°] 1-P[AUBUC
P[A° N B NCC | A°]= [ Q[Ac]ﬂ 1_ 1[_LJ[A]U]

~1-Areas 1-7 1-(0.1+0.12+0.1+0.12+0.1+0.12+0.06 7

1—Areas 1-3 1-0.40 15




40. Aiden rolls two six sided die. Let D be the random variable representing the absolute value of
the difference between the value of each die. Let M be the random variable representing the
minimum value on the two die.

a. State the possible values of D.
Solution:
{0,1,2,3,4,5}

b. State the possible value of M .
Solution:
{1,2,3,4,5,6}

c. Calculate P(D=2).
Solution:

Number of Outcomes in Event  _ 2x[{1,3},{2,4}{3,5}.{4.6}] _ 2
Number of Outcomes in Sample Set 6° 9

P[Event] =

d. Calculate P(M =2) .
Solution:

Number of Outcomes in Event ~_ {2,2}+2x[{2,3},{2,4}.{2,5}.{2,6}] _ 1

P[Event] = : 2
Number of Outcomes in Sample Set 6 4




e. Calculate F,(d) .

Solution:

Using the technique in part ¢, we can find:

PID =01= p(O) =i PID=1=pW)=5; PID=21=p(2) =
PID =3]= p(3) = o=i PID=4]=p(#)==; PID=5]=p(S) =~

0, forx<0
6/36, for0<x<1
6/36+10/36=16/36, for1<x<?2
F,(d)=P[D<d]=:16/36+8/36=24/36, for2<x<3
24/36+6/36=30/36, for3<x<4
30/36+4/36=34/36, for4<x<5
34/36+2/36=36/36, forx>5

41. In a company, 10% of the employees in their first five years earn 100,000 or more while 20% of

employees with more than 5 years with the company earn 100,000 or more. Overall, 13% of
employees earn 100,000 or more.

The company has 10,000 employees. Determine the number of employees who are in their first
five years with the company.

Solution:

Total Employees earning 100,000 = (10,000)(0.13) =1300

Then, by the law of total probabilility,

(x)(0.1) + (10,000 — x)(0.2) =1300 where x is the number of employees in first 5 years.

X =7000



42. In a doctor’s practice, 20% of patients have high blood pressure and 30% of patients have high
cholesterol. Of the patients with high blood pressure, 25% have high cholesterol.

A patient is selected at random.

Calculate the probability that the patient has high blood pressure, given that the patient has
high cholesterol.

Solution:

Let A be the event of high blood pressure and B be the event of high cholesterol.

pra| Aj=PLANB] g 05—

ST => P[ANB]=0.05

P[ANB] _
~o02 -

P[ANB] 005 1
P[B] 030 6

P[A|B]=



43. A blood test indicates the presence of a particular disease 95% of the time when the disease is

44.

actually present. The same test indicates the presence of disease 0.5% of the time when the
disease is not present. One percent of the population actually has the disease.

Calculate the probability that a person has the disease given the test indicates the presence of
the disease.

Solution:

Let Y be the event of a positive test and D be the event of having the disease.

PLY | DIP[D]

P )= oy T DIPIDT+ PIY [ DETPIDC]

~ (0.95)(0.01)
~ (0.95)(0.01) +(0.005)(0.99)

=0.657439

Mihika takes a test consisting of multiple choice questions with five answer choices for each
guestion. Mihika may or may not know the answer to the question. If she knows the answer,
she will answer the question correctly. Otherwise, she will randomly guess the answer.

For a given question, the conditional probability that that Mihika knows the answer to the
question, given that Mihika answered it correctly, is 0.824. Find the probability that Mihika
knows the answer to the question.

Solution:

Let A be the event of answering correctly and B be the event of knowing the question.
We know:

0.824 = P[B| A] = PIA|BIP[B] _ (MP[B]
' P[A|B]P[B]+P[A|B°IP[B°] (1)P[B]+(0.2)(1— P[B])
. OPIBl _ 4 goa—_s prpy= 282

1+4P[B] 1.704



45. A continuous random variable X has a density function:

1
——, x>0
f()=1 (@+x)
0, elsewhere

Calculate P(2< X <5).

Solution:

P2<X <5)=[ 1, (dx=[ @+ 2de=-@+x)" ] :é_ %

ol

46. For the random variable X , you are given the probability density function:

cx?, 1<x<4
fx (X) =
0, elsewhere
Calculate P(2< X <3).

Solution:

First we must determine c.

374 _
r fy (X)dx=1::>'|'4cx2dx:ci :c[64—1}: 2lc=>c¢ _1
1 1 3 | 3 21

P<X <3) = f,(xdx=

x T 27-8 19
3(21) |, 63 63



47. The distribution of the size of claims paid under an insurance policy has PDF of:

f . (X)= o, 0<x<5 fora>0and c>0
0, elsewhere

For a randomly selected claim, the probability that the size of the claim is less than 3.75 is
0.4871.

Calculate the probability that the size of a randomly selected claim is greater than 4.

Solution:

Weknow f,()=1 ' O<X<%  andF (=1 and F(3.75)=0.4871
0, elsewhere

a+l a+l
Fx(X)=J. eseds = X L CO g a+11
0 a+l a+l (5)*"
a+l a+l a+l
S CTE Sy Y ST A R L L) S S (—3'75j = 0.4871
a+1 B ) a+l 5

==> (. +1) In(0.75) = In(0.4871) ==> o =1.50028

15+1
(5) 25

a+l 25
> Ans=1-F(4)=1- 2@ _y LAy g2 04276
a+1 5)>° | 25



48. The lifetime of a car has a continuous distribution on the interval (0,40) with a PDF that is
proportional to (10+ X) ™ on the interval.

Calculate the probability that the lifetime of the car is less than 6.

Solution:

We can simply divide the integral of the expression (10 + x) to 6 by the integral to 40,
since the integral to 40 is the reciprical of the proportionality constant.

6 1 1
10+u)?du=—-(10+u)* [f=——-—=0.0375
[ @o+u) 10+0) =516
40 1 1
10+u)?du=—(10+u)*[’=—=——-—=0.08
[ @o+u) 10+u)* =155

P[X <6]= % = 0.46875

49. The lifetime of a car has a continuous distribution on the interval (0,40) with a PDF that is equal
to 12.5(10+X) on the interval.

Determine S, (X) .

Solution:

S, (X)=1-F, (x) =1-[1.25-12.5(10+ x) '] =12.5(10+ x) * -0.25

F, (X) = j 12.5(10+X) *dx = | ~12.5(10+ x)-llj =1.25-12.5(10+x)*
0



50. A discrete random variable N has the following probability function:

P, n=1
fy(n)=42p, n=3
1-3p, n=5

You are also given that E[N]=3.8.
Calculate p.

Solution:

E[N]=3.8= x-p(x)=(0)p+(3)(2p) +5(1-3p)
==>p+6p+5-15p=3.8=>8p=12=>p=0.15

51. John rolls a die and will be paid 10 minus the number on the die as a reward.

Calculate the expected value of John’s reward.
Solution:

Let the random variable R be the amount of the award.

E[RI=(10-1)- p(1)

1 1 1 1 1 1) 39
= (9)(gj + (8)(6) +(7) (E}L (6)(gj + (5)(§j + (4)[5) Ny 6.5

52. Calculate 8+16+32+64+...+8192.
Solution:

This is a geometric summary. The first term in 8. The ratio is 2.

Answer — FirstTerm — NextTermAfterLast _ 8-(8192)(2) 16,376

1- Ratio 1-2



53. Calculate 8+14+20+26+...+596 .
Solution:

This is an arithmetic summary. The first term in 8. The ratio is 2.

Answer = { FlrstTerm; LastTerm } (NumberOfTerms) = [8 +2596j(59%_8 +1j = 29,898

54. Ethan rolls a six sided fair die until he gets a 6. Let N be the random variable that is the
number of the roll on which Ethan gets the first 6.

Calculate E[N] .
Solution:

E[N]=Q)(L/6)+(2)(5/6)(L/6) + (3)(5/ 6)(L/ 6) +...

16
(1-5/6)>

%/_/
Based on Formula
Derived in Class



55. The length of a staff meeting, in hours, is a random variable having the following probability
density function:

5(x—05)* 05<x<15
fx (X) =
0, otherwise

Calculate the expected length of the staff meeting.

Solution:

E[X]= [, x- f, (x)-dx = [ x[5(x ~0.5) ]

=5[ " X[(x* ~ 2% +1.5x" ~0.5x +0.0625)]dx
=5 . 5x+0.

x¢ 2x° 15x* 05x° 0.0625x% |
=5 —- + - +
6 5 4 3 2

0.5

=5[0.2671875-0.000520833] =

wl

or using u substitution

U=X—-05=>du=dx=>x=u+05

Integral becomes Jjj (u+0.5)[5u*]du

6 5t
- I;j (5u® +2.5u*)du ={5%+ 23 } o1



56. Let X be the continuous random variable with density function

Ox+156x2 0<x<1/0

fx (X) =
0, otherwise

Where 6 >0.
What is the expected value of X intermsof 6 .

Solution:

E[X]= f;/@ x- fy (x)-dx = j:/ﬁ x[Ox+1.56"°x*]dx

3 15,4 UNO
I:Ja[exzﬂlwl.sxs]dx{eg +1.5194 x} 1 15

57. Let X be a continuous random variable with density function:

m —-2<x<4
10

fx (X) =
0, otherwise

What is the expected value of X .

Solution:
4 4 X 0 —x? 4 X2
E[X]:J-_Zx- fX(x)-dx:j_zx(%jdx{_zﬁdxqo 1™

T 7T 8 64 28
S et S R A (Y DU . P
30 30 |, 30 ' 30 15

-2

17

- 42 0-0=——
., 3o 4l 246



58. Let X be a continuous random variable with a density function:

p-1
XD

Xx>1

fx (X) =
0, otherwise

Calculate the value of p such that E[X]=2.

Solution:

E[X]=[x- f, (x)-dx:jx{ px_pl}dX:J. ppflldx
1 1 1

(p-)x** | . .
= 2—p <== At this point, we need to make an assumption that p > 2.
N 1

If p <2, the integral goes to infinity so we will make this assumption and solve for p.

; — P _; =2 ==> p =3 which is consistent with our assumption.
— p —

59. A box contains 10 balls, of which 3 are red, two are yellow and 5 are blue. Five balls are
randomly selected with replacement.

Calculate the probability that fewer than 2 of the selected balls are red.

Solution:

Let A= Fewer than 2 of the selected balls are red.

P[A] = (0.7)° + @ (0.7)*(0.3) = 0.52822



60. A plane has 30 seats. The probability that an particular passenger does not show up for a flight
is 10% and independent of other passengers. The airline sells 32 tickets for a flight.

Calculate the probability that more passengers show up for the flight that there are seats.
Solution:
» (32 31
P[32 or 31 passengers] = (0.9)* + 31 (0.9*(0.1) =0.15642
61. Defective items on an assembly line occur independently with a probability of 0.05. A random

sample of 100 items are selected. Calculate the probability that the first item sampled is not
defective given that at least 99 of the items are not defective.

Solution:

Let A= First is not defective and B = at least 99 are not defective.

P[ANB] _ (0'95)[[23 (0.95)(0.05) + (0.95)99}

PIE] Hls?s?j (0.95)%(0.05) + (0.95)100}

P[A[B]=

_(99)(0.05)+0.95 5.9

= =2~ ~0.991597
(100)(0.05)+0.95 5.95

62. Let X be a continuous random variable with density function

1 X(1+3x), 1<x<3
30

fx (X) =
0, otherwise

Calculate E[1/ X] .

Solution:

3

E[l/ X]= i(%) fy (X)-dx = i(%}[% x(1+ 3x)}dx = I[%(ﬂ SX)}dx

1( 3\ 165 1 7
30 2 )|, 30 12 15



63. You are given two random variables X and Y .

X is has a probability mass function of:
0.2 if x=3
0.3 if x=8
0.5 if x=10
0 elsewhere

3
Y has a probability density function of f, (y) = é for 0<y<4.

Calculate E[4X +5Y].

Solution:

E[X]=(3)(0.2) + (8)(0.3) + (10)(0.5) = 8

e b Y [y T e
EVI= [yt )-dy= [y oy {(64>(5>l “6aE) 7

E[4X +5Y]=4E[X]+5E[Y]=(4)(8) +(5)(3.2) =48
64. You roll a fair 6 sided die three times. Let X be the number of 6s that are rolled.
a. Calculate the E[X] using the definition of Expectation.

Solution:

o812 12T

b. Calculate the E[X] using the Indicator random variables.

X =1+1,+1, wherel, isalif youroll a6 onthet" roll and a zero otherwise.

E[X] = E[|1]+ E[|2]+ E[|3]: +=+

ol
ol
ol
N |-



65. A cookie jar that has five cookies of which 3 are chocolate chip and 2 are oatmeal. Gayathri
randomly selects a cookie from the cookie jar. After she selects a cookie, the cookie jar is
replenished by adding one cookie which is the same type as the cookie that she selected.
Gayatbhri selects two more cookies where the same process is followed. (This means that this a
problem with replacement.)

Let X be the number of chocolate chip cookies that Gayathri selects.

a.

Calculate the E[X] .

Solution:

Let S be the number of chocolate chip cookies. We will use indicator variables.

S=1+1,+1,

3

E[S]=E[l, +1,+ 1,]=E[l ]+ E[lL]+E[l;]= 5+

3 3 9
_+_ —
5 5 5

Calculate the E[X] if there is no replacement of the cookies.

Solution:

Let S be the number of chocolate chip cookies. We will use indicator variables.

S=1+1,+1

3.3 3 9
E[S]=E[l, +1,+1,]=E[l,]+E[l,]+ E[I3]=g+g+g:g
Proof of E[l,] = AR +(2)3) _3
(5)(4) 5
proof of £[1, ] = OO+ D) + BRI +@INE) _3
G)(4)B) 5



66. You are given that the random variable X is has a probability mass function of:

0.2 if x=3
0.3 if x=8
0.5 if x=10
0 elsewhere

Calculate the Var[X] .

Solution:

E[X]=(3)(0.2) + (8)(0.3) + (10)(0.5) = 8
E[X?] = (3)2(0.2) + (8)2(0.3) + (10)3(0.5) = 71

Var[X]=E[X?]-(E[X])’ =71-(8)* =7

67. You are given that the random variable Y has a probability density function of
3

y
f =2 for 0<y<4.
v (Y) 64 y

Calculate the Var[Y] .

Solution:

e Y [y T e
E[Y]—{y f, () dy‘lymdy{(m)(s)l‘(64)(5)‘3'2

; _4 . ‘ _4 2)’_3 B ye 4_ 45 _g
E[Y ]—!y . (y) dy—!y e4dy‘[(64)(e)l‘(e4)(6)‘ 3

Var[Y]=E[Y?]-(E[Y])’ :%—(3.2)2 :%



68. You have a standard deck of playing cards. There are 52 cards. There are 4 suits. Each suit has
cards numbered from 2 to 10 and then four face cards (jack, queen, king and ace). You
randomly draw a card from the deck. | will pay you the number on the card. If you draw a face
card, | will pay you 15 unless it is an ace in which case you will pay me 100.

Let X be the random variable representing the amount of the payment.

a. Calculate the E[X] from your standpoint.

Solution:

p2=p3="'=p10=pJ=pQ=pK=pA=E

E[X]=(2)(éj+(3)(%j+...+(9)(11j+(10)( j+(15)( j+(—100)(%j:_%

b. Calculate the Var[X] .

Solution:

E[X?] = (2)? (13}(3) (13j+ +(9)? (13j+(10) (13)+(15) ( 3j+( 100)? ( 3) 850.6923

Var[X]=E[X2]-(E[X])? =850.6923— (~1/13)? = 850.686

69. You are given that E[X]=10 and Var[X]=40. Calculate E[(X +5)°] .
Solution:

Var[X]=40 = E[X ?]-(E[X])’ = E[X 2]~ (10)? ==> E[X 2] =140

E[(X +5)%] = E[X 2] +10E[X ]+ 25 =140+ (10)(10) + 25 = 265



70.

71.

You are given that E[X]=2, E[X®]=9, and E[(X —2)*]=0.

Calculate Var[ X] and the standard deviation of X .

Solution:
E[(X —2)3] = E[X3 —-6X2+12X -8]= E[X3]—6E[X2]+12E[X]—8

—9—6E[X2]+12(2) -8 =0=—> E[X?] =%

Var[X]=E[X*]-(E[X])’ :%_22 :%

Standard Deviation = \/%

A recent study indicates that the annual cost of maintaining a car in West Lafayette averages
200 with a variance of 200. West Lafayette has just levied a 20% tax on car maintenance so the
cost of everything if 120% of the prior cost.

Determine the expected value and variance of car maintenance in West Lafayette with the new
tax in place.

Solution:

Let X be the random variable before the tax. The cost after the tax is 1.2X.
E[1.2X]=1.2E[X]=1.2(200) = 240

Var[l.2X]=(1.2)°Var[ X ] =1.44(200) = 288



72. A random variable X has the cumulative distribution function:

0, X< 2
2_
F (X) = %Oxu,zsxa
1, X=>4

Calculate Var[X] .
Solution:

F, (1.999999999....) =0 but F, (2)=0.2 so we have a mixture distribution with a weight of 0.2
at 2. We also note that F, (3.999999999....) = F, (2) =1 so the function is continuous otherwise.

d 2x—-2 x-1
For values from2to 4, f, (x)=—F, (X) = ="
W)= ==
E[X]=@p@)+] x-f (X)-dX—(Z)(O2)+'[4x[x—_l]dx—o4+ ©
2 R s "5 10,

04,54 16 8 4 44

E[X?]= (2 p@)+ [ % £, (x)-dx = (2)2(0.2) + [ % [%}.dxz O_S{;_Z)_X_T

4% 4% 2% 2® 136
—084 2 L& P
20 15 20 15 15

Var[X]=E[X*]-(E[X])* = @_(44j _ 104

15 \15) 225



73. The moment generating function for X is M (t) =c+0.4e' +0.3e* +0.2e™ where C isa

constant. The mean of the random variable is 2.

Determine a .
Solution:

M’(0) = 0.4+0.6+0.2a =2

a=>5
3t+t?

74. Let the random variable X have a moment generating function of M (t) =e

Calculate E[X?] .

Solution:

M(t) = (3+21)e™ "
M"(t) = % (3+2t)e™ =26 + (3+2t)%e™

M"(0) = E[X?]=2+9=11

9
2+¢€
75. Let the random variable X have a moment generating function of M (t) :( 3 j .

Calculate Var[X] .

Solution:

ey o 2+€" ’ e ) e
wo-{22] (¢ o=

M”(t)=(9)(8)(22etj [e—;j +9[2;et] (%) ——>M"(0)=8+3=11

Var[X]=11-3° =2



76. The damage to a house as a result of a tornado has a random variable X with a moment
generating function of:

1

M®)= (1— 2500t)°

Determine the standard deviation of the amount of damage.
Solution:

1

= A= 25000° = (1-2500t)

M (t)

M’(t) = (—4)(L— 2500t) *(~2500) = (10,000)(1 - 2500t) ® ==> M'(0) = E[X] =10, 000
M "(t) = (10,000)(-5)(L— 2500t) * (—2500) = (10,000)(12, 500)(L— 2500t) ®

—=> M"(0) = E[X ?] =125,000,000

Var[X]=125,000,000 — (10,000)2 = 25,000,000

==> Standard Deviation = /25,000,000 = 5000



77. You are given that the Probability Generating Function for the random variable X is

tt 2t t!

PU)=—+—+—+—

«(® 6 3 3 6
a. Calculate p(x) for x=1,2,3,4

Solution:

P (®) lo=n!p(n)

1 2t 3t° 4t 1 1
PP)| =llp)=|=+=—+—+—| ===>p@Q)==
x (1) o=1"p(@) {6 33 610 5 p) 5

) 2 6tt 1227 2 2 1
PX(t)It—OZZ!p(Z):|:0+§+?+ 5 j|tO:§::>2!p(2):§::> p(2):§

P)§3))|t0=3!p(3)={0+0+§+ﬁ} :E::>3!p(3)=2=:> p(3):1
36 |, 3 3

PM) | _,=4'p(4) = [0+0+0+2—ﬂ = % ==>41p(4) = % => p(4) =%

t=0
b. Calculate E[X] .

Solution:

E[X]=@) p@)+(2)p(2) +(3) p(3) +(4) p(4)

1 1 1 1
=(1)[gj+(2)(§j+(s)[§]+(4) (5}2-5



C.

Calculate Var[X] .

Solution:

E[X*1=(0)°p@) +(2)* p(2) +(3)* p(3) +(4)* p(4)

ogalolol)-3

1

Var[x]- - @8 - =



78. The random variable X is distributed as a discrete uniform distribution and can take on values
of 1, 2, 3, ..., 100.

a. Calculate E[X].

Solution:

Under a discrete uniform distribution from 1, 2, to 100, E[X] = 1002+1 =50.5.

We could also do this from first principles.

E[X]= 3 xp(x) = (1)(&} (2)(&} (3)(ﬁj+....+ (100)(&}

1+100
142+43+..4100 5 (100)

100 100

=50.5
b. Calculate Var[X] .
Solution:
Under a discrete uniform distribution from 1, 2, to 100,

100 -1 33333
12

Var[X]= =833.25



79. The random variable X is distributed as a discrete uniform distribution and can take on values
of0Q, 1,2, 3, ..., 100.

a. Calculate E[X].

Solution:

LetY = X +1. Then, Y ={1,2,...,101}

101+1
2

51

E[Y]=

X =Y —1==> E[X]=E[Y 1] = E[Y]-1=51-1=50

Or
. . . 100+1
Under a discrete uniform distribution from 1, 2, to 100, E[X ] = =50.5.
. . o 100+0
Under a discrete uniform distribution from 0, 1, 2, to 100, E[X ] = ;= 50.

Or

We could also do this from first principles.

E[X]= pr(x) =(0) (%)+ @ (ﬁj-ﬁ- (2) (ﬁj+ 3 (%)+....+(100) (%j

0+100
041424344100 5 0D

101 101

=50



b. Calculate Var[X]

Solution:

LetY = X +1. Then, Y ={L,2,...,10%}

10121

Var[Y] =850

X =Y —1==>Var[X]=Var[Y —1] =Var[Y] =850

80. The random variable X is distributed as a discrete uniform distribution and can take on values
of 4, 8,12, ..., 300.

a. Calculate E[X].

Solution:

LetY = X /4. Then, Y ={L2,..., 75}

75+1
2

E[Y]= 38

X =4Y ==> E[X]= E[4Y]=4E[Y] = (4)(38) =152

Or

300+4

E[X]= =152

Or

We could also do this from first principles.

E[X]= Z Xp(X) = (4) (7—20j +(8) (%j +(2) (%j ot (300)(%]

44300
448412+..4300 5 (O

75 75

=152




b. Calculate Var[X]

Solution:

LetY = X /4. Then, Y ={L2,...,75}

7571 1406

Var
Y] 12 3

1406

X =4Y ==>Var[X]=Var[4Y]= (4)*E[Y] = (16) (T] = 7498.67

81. The Purdue freshman class has 10,000 students. The probability that a student will not return to
campus next year is 0.15. A student’s return to school is independent of any other student’s
return to school.

Let R be the random variable for the number of students that will return to school.

Calculate E[R] and Var[R] .
Solution:

E[R] = np = (10,000)(0.85) = 8500

Var[R] = np(L- p) = (10,000)(0.85)(0.15) =1275



82. You are given that X is distributed as a binomial distribution with parameters of n =5 and

p=0.3.

a. Calculate the probability that X =2 or 4.

Solution:

p(x)= [”J (- p)""

X
2)=[ > l©3ra-0377 =[ 2L |(0.37(0.7)° =0.3087
p(2)=| ,|(0.83)°(1-03) —(EJ(-)(-)—-

p(4)= i] (0.3)*(1-0.3)>* = (%) (0.3)*(0.7)* =0.02835

Answer = 0.3087 +0.02835 = 0.33705
b. Calculate Fy (2) .

Solution:

F, (2) = p(0)+ p() + p(2) = 0.16807 +0.36015 + 0.3087 = 0.83692

p(2) =0.3087 from the previous part.

p(0) = @ (0.3)°(1-0.3)° = 0.16807

p() = @ (0.3)'(1-0.3)* = 0.36015



83. The ice cream machine in Hillenbrand Hall has a probability of breaking down in any day of 0.20.

84.

The breakdowns are independent of any other breakdowns. The machine can only breakdown
once per day.

Calculate the probability that the machine breaks down two or more times in a 10 day period.

Solution:

Since the breakdowns are independent, this is a binomial distribution with
n=10and p=0.2.

Pr(X >2)=1-Pr(X <2)=1- p(0) - p(L) :1—(1(;)] (0.2)°(0.8)" —(110] (0.2)'(0.8)° =0.6242

Two studies are being conducted on Covid vaccines. There are ten participants in each study.
There is a 20% chance that a participant will not complete the study. Drop outs are
independent of other drop outs.

What is the probability that at least 9 participants will complete the study for one of the two
groups but both groups will not have at least 9 participants complete the study.

Solution:

We can treat each trial group as a binomial distribution with n =10 and p =0.8.
10 9 1 10 10 0
Pr(X >9) = p(9)+ p(10) = o (0.8)°(0.2)" + 10 (0.8)7(0.2)" =0.376

Pr(X <9)=1-0.376=0.624
Probability that one group has at least 9 but not both groups is
Pr(Group 1 > 9)-Pr(Group 2 <9) +Pr(Group 1 <9)-Pr(Group 2 > 9)

=(0.376)(0.624) + (0.624)(0.376) = 0.469



85. You have three random variables which are distributed as follows:
i. X ~Binomial(4,0.4)
i. Y~ Binomial(8,0.4)
ii. Z~ Binomial(12,0.4)
The random variable S=X +Y +Z .
a. Calculate the E[S] .

Solution:

S ~ Binomial (4+8+12,0.4)

E[S]=np = (24)(0.4) = 9.6
b. Calculate the Var[S] .

Solution:

Var[S]=np(@@- p) =(24)(0.4)(0.6) =5.76



86. A bowl has four tiles numbered 1, 2, 3, and 4. You randomly draw a tile from the bowl and note
the number. You replace the tile and draw again.

A success is if the sum of the two tiles exceeds 6.

N is the number of times you repeated the experiment when you have your first success.
a. Calculate the probability that N =4 .

Solution:
This is a geometric distribution with parameter of p = % since the probability of getting a

.2 . . 1
7 is — and the probability of getting an 8 is —.
16 p yorg g 16

p(4) = (L— p)* ' p= (% (%j _ 0.10057

b. Calculate E[N] .

Solution:

1 16
E[N]====
[N] 03

c. Calculate Var[N] .

Solution:

(2]



87.

88.

A part of a wellness check for faculty at Purdue, all faculty members are being tested for high
blood pressure. Let X be the number of tests completed when the first person with high blood
pressure is found. The E[X]=125.

Calculate the probability that the sixth person tested is the first person with high blood
pressure.

Solution:

If the expected number of tests until the first positive is 12.5, then application of the geometric

distribution yields the proportion of people having high blood pressure is é =0.08.

So the probability that the sixth person tested is the first person with high blood pressure is

(1-0.08)°(0.08) = 0.052727

A fair coin is tossed repeatedly. Calculate the probability that the third head occurs on the nth
toss.

Solution:

We need two heads in n—1tosses and a head on the nth toss. The probability of two heads on

n-1)1\"
n—1 tosses is ( 5 J(%) and the probability of a head on the nth toss is (%j

n-1\/1)"
Answer = —
2



89. A bowl has five tiles numbered 1, 2, 3, 4 and 5. You randomly draw a tile from the bowl and
note the number. You replace the tile and draw again.

A success is if the sum of the two tiles exceeds 7.

X is the number of times you repeat the experiment when you have your third success.
a. Calculate E[X] .
Solution:

X ~ NegativeBinomial(r, p)

r=3

3+2+1

p = probability of a success =Pr(X >7) = = 0.24
E[x]zizizlz,s
p 024
b. Calculate Var[X] .
Solution:
Var[x]="L-P)_OU-024) _ o9 g3q5_475
P (0.24) 12



90.

91.

In a shipment of 20 packages, 7 packages are damaged. The packages are randomly inspected,
one at a time, without replacement, until the fourth damaged package is discovered.

Calculate the probability that exactly 12 packages are inspected.
Solution:

Since this question is sampling without replacement, the negative binomial distribution
is not applicable. The probability of 3 damaged packages in the first 11 is:

i

The probability that the 12th package is damaged is g as there are 9 packages remaining,

of which 4 are damaged.

Answer = (0.268189) (g} =0.119195

Let X be the number of independent Bernoulli trials performed until a success occurs. Let Y
be the number of independent Bernoulli trials performed until 5 successes occur. A success
occurs with a probability of p and the Var[X]=3/4.

Calculate the Var[Y].

Solution:

By the relationship between negative binomial and geometric distribution, we have:

Var[Y]=5Var[X] :§



92. You are given that X is distributed as a Poisson distribution with 4 =1.
a. Calculate the probability that X > 2.
Solution:

'R e’
o 1l

PI[X >2]=1-Pr[X =0]-Pr[X =1] =1- =1-2e"=0.26424

b. Calculate that probability that X >2 given that X <4.

Solution:

PrX >2|X <d]=M2SX <4l Pt Ps+Pps
PIIX <4]  po+P+P,+ P+ P,
e'(1/2+1/6+1/24) 17

e (1+1+1/2+1/6+1/24) 65

93. The number of traffic accidents per week in Remington has a Poisson distribution with a mean
of 3.
What is the probability of exactly two accidents in two weeks.

Solutions:

The number of accidents in one week has a poisson distribution with a A=3, so the number of
accidents for two weeks has a poisson distribution with a 1=6.

e°(6)?

Answer =p, = =18e° =0.044618

94. The number of power surges in an electric grid has a Poisson distribution with a mean of 1 surge
every 12 hours.
Calculate the probability that there will be no more than one power surge in a 24 hour period.

Solution:
The A for 24 hours is twice the A for 12 hours so A = 2.
e—2 20 e—2 21

Answer = p, + p, :T+ T

=3e” =0.40601




95. You are given that N is distributed as Poisson. You are also given that

96.

Pr(N =2)=3Pr(N =4) .

Calculate the Var[N].

Solution:

12 —1 04
Pr(N =2) =3Pr(N = 4) —> 2 zs{e ’1}

2! 41
2 4
::>/1—:ﬂ—::>/12:4——>ﬂ:2
2 8
Var[N]=1=2

The number of people who ride an elevator in the Math Building is distributed as a Poisson
distribution with an average of 60 people per hour. Students make up 80% of those riding the
elevator while faculty make up the other 20%.

Calculate the probability that no faculty member rides the elevator during a 15 minute period.

Solution:

The number of riders in an hour is 60. Of these, the average number of faculty and staff is 12
per hour. This means that in a 15 minute period, the average number would be 3.

e®3

Therefore, A =3 and p, = e =0.049787



97. Let the random variable L be uniformly distributed between 2000 and 20,000.

a. Calculate the E[L] .

Solution:

a+b 2000+ 20,000

E[L] ==

=11,000

b. Calculate the Var[L] .
Solution:

_ (20,000 —2000)?

= 27,000,000
12

Var[L] = b Iza)z

c. Calculate the probability that L will exceed 15,000.

Solution:

s, (15,000) =1 F, (15,000) =1 200072000 _ 5

20,000—-2000 18

d. Calculate the probability that L will exceed 15,000 given that it exceeds 12,000.
Solution:

Pr(L >12,000)NPr(l >15,000) _Pr(L >15,000) 5/18 ~
Pr(L >12,000) Pr(L>12,000) ,_12,000-2,000
20,000 — 2000

>
8

98. The expected inter-arrival time of busses at the Greyhound station in Indianapolis is 20 minutes.
a. Determine the parameter @ for the exponential distribution.
Solution:

E[X]=20=L—>0=1
0 20

b. Calculate the probability that the time between busses will be at least 20 minutes.

Solution:

1
—5(20)

S, ()=e"==>S, (20)=e ®  =e=0.368



c. Calculate the probability that the time between busses will exceed 20 minutes but will
be less than 30 minutes.

Solution:
Fy (30)- F, (20) = Sy (20) - Sy (30) = et—e™®=0.14475

d. Calculate the variance of the inter-arrival time.

Solution:

1
Var[X]= — = (20)2 =400
o0
e. If you arrive at the bus station 10 minutes after the last bus arrived, what is the
expected time until the next bus arrives.

Solution:

Due to the memoryless property, it is 20 minutes.

99. The lifetime of a printer is exponentially distributed with a mean of 2 years. The printer costs

200. The manufacturer of the printer provides a guarantee that it will refund the cost of the
printer if it fails in the first year. Additionally, the manufacturer will refund 50% of the cost if
the printer fails in the second year. No refund is provided if the printer does not fail in the first
two years.

Calculate the expected total amount of refunds for each printer sold.

Solution:

The refund for failure in the first year is 200. The refund for failure in the second year is 100.

Expected lifetime is 2 years. Therefore, % =2=>60=05

Failure in the first year = F, (1) =1—e **") = 0.39346934
Failure in the second year = F, (2)— F, (1) =1—-e %% — [1— e‘o's(l)}

= 0.632120559 —0.39346934 = 0.238651219
Amount = (200)(0.39346934) + (100)(0.238651219) =102.56



100. The time to failure of an electronic component has an exponential distribution with a median of

101.

102.

four hours. Remember that the median is the X such that F, (x)=0.5 .

Calculate the probability that the component will work without failing for at least 5 hours.

Solution:

For an exponential distribution, F, (x) =1-e . We are given that F, (4) =1-e™*’ =0.5.
=>e* =05

We need F, (5) =1-¢* =1-(e™*)"" =1-(0.5)"* =0.42045

A company has two independent electric generators. The time until failure for each generator
follows an exponential distribution with a mean of 10. The company will begin using the second
generator upon the failure of the first generator.

Calculate the variance of expected total time that the generators produce electricity.

Solution:

Let X be the random variable for the time of generator 1 and let Y be the random
variable for the time of generator 2.

1 1
0, =—=>Var[X]=— =100
10 X1 6?

1 1
6, =—==>Var[Y]=— =100
Y10 [¥] 6?

Since the generators are independent, Var[ X +Y]=Var[X]+Var[Y]=100+100 = 200
Calculate T'(6) .

Solution:

I'(6) =5'=120



103. The random variable X has a Gamma distribution with parameters =6 and £ =0.5.
a. Calculate E[X] .

Solutions:

Ex]=%=2L 1
g 05
b. Calculate Var[X] .

Solutions:

104. The random variable Y has Gamma distribution with a mean of 24 and a variance of 12.

Determine the parameters o and £.

Solutions:

E[x]=% =24
[X] 1

var[ X :2:12:2(1}2{1}: 128=24==> =2
ar[X] ﬂz v ; >12[ > [

% =24 ==>q = (24) B = (24)(2) = 48



105. Let X be distributed as a Gamma distribution with ¢ =6 and S =3 and Y be distributed
as a Gamma distribution with =21 and £ =3.

The random variable S =X +Y .

Calculate the Var[S] .

Solution:

S ~ Gamma(a, +a,, ) =Gamma(6 + 21,3) = Gamma(27,3)

Var[S]:%:§=3

106. If X ~ Normal(5,16), calculate the Pr(X >7) .

Solution:

Pr(X >7)= Pr(x_—“>7_—”j= Pr(Z >Ej= Pr(z >0.5)
o o 4

~1- ®(0.5) =1-0.6915 = 0.3085

107. Let X be a normal random variable with a mean of zero and a variance of a > 0. Calculate the
Pr(X*<a) .

Solution:

Pr(X2 <a) =Pr(X <+a)+Pr(X >—/a) =Pr(-va < X <+/a)

Pr[_\/ao__’u<XO__'U<\/EO__’U]:P{—_\/55_O<Z<%J:

Pr(-1<Z <1)=PrZ <1)-Pr(Z > -1) = ®(1) —[1- D(Q)] = 2 (1) -1

=2(0.8413)-1=0.6826



108.

1009.

Let X, X,,..., X35 be an random sample from a distribution with mean z, =30.4 and

standard deviations of o, =12.

Using the Central Limit Theorem, calculate the approximate value of I:’I’[)z36 > 29].

Solution:

K=t _ 29-30.4

o, In " 12/4/36

Pr[X, >29]= P{ }: Pr{z >-1.4]

=1-®(-1.4) =1-[1- d(1.4)] =1-[1-0.7580] = 0.7580

Let X, X,,..., X5 and Y,,Y,,...,Y,q be independent random samples from distributions with
means u, =30.4 and z, =32.1. Further, the distributions also have standard deviations of
oy =12 and o, =14.

Using the Central Limit Theorem, calculate the approximate value of Pr[Xs >Y,,].

Solution:

By the CLT, X is distributed approximately N (30.4,12?).
By the CLT, Y is distributed approximately N (32.1,14%).
- X =Y is distributed approximately N (30.4 —32.1,12? / 36 +14% / 49) = N(-1.7,8).

0--1.7

B

Pr[X >Y]=Pr[X -Y >0]= P{z > } =Pr[Z >0.601] =1-®(0.602)

=1-0.7257=0.2743



110. Let Xl, Xz,..., XlOO be a random sample from an exponential distribution with a mean of 0.5.

100
Determine the approximate value of Pr[z X, > 57} using the Central Limit Theorem.
i-1

Solution:

[ 100 100 _
Pr| Y X, >57} = P{%Z X, >57/100} =Pr[ Xy, >057 =
L i=1 i=1

Xyoo = E[X 0] _057-05

Pr =
L \/Var[xloo] 0.05

] = Pr[Z >1.4] =1-®(1.4)=0.0808

E[Xyp0]= 115 =0.5

Var[X,,,] = o2 1100 = (0.5)° /100 =>,(0.5) /100 = 0.5/10 = 0.05




111. Let X, X,,..., X, be an random sample from a distribution with mean x, =30.4 and

standard deviations of o, =12.

Using the Central Limit Theorem, determine the number of samples necessary to be 95% certain

that Xn is within 1 of the true value of 1, .

Solution:

Prl-1< X, — u, <1]=0.95

-1 X — Ly 1 ( \/ﬁ _
Lz/\/_ aX/J_ 12/\/_} P{ 12 %" 12}0'95

{8l

ZCD([] -1=0.95
12

1.96 = */_ N o 0 =[(1.96)(12)] =553.19 => 554



112. Letthe random variable N be distributed as Poisson with an expected value of 81.

Use the normal distribution to approximate the probability that N will exceed 100.

Solution:
Pr[N >100] ~ Pr{ N-4. 100_81} = P{z > Q}
NFEREN T 9

=Pr[Z >2.11] =1~ ®(2.11) =1-0.9826 = 0.0174

Or With the Continuity Correction

Pr{N >100] ~ Pr{ N-4 100-5—81} _ P{Z N %}

>
Vi 8L
= Pr[Z >2.17]=1-®(2.17) =1-0.9850 = 0.0150

113. Let the random variable N be distributed as Poisson with an expected value of 81.

Use the normal distribution to approximate A such that Pr[81— A< N <81+ A]=0.80.

Solution:

Pr[81- A< N <81+ A]=0.80 ==> Pr[Sl_ A-8L N-4 8L+ A_ﬂ ~0.8

Ji 9
p{—_AQ<é}zo.8=:>q>(éj_@(—_’*qu{éj_ 1_@(éj =z<p(éj_1=o.8
9 9 9 9 9 9 9
cp(g] -09=—> g ~1.282 ==> A=11.54

Or, taking into account the fact that Poison is discrete, A=12.



114. Aninsurance company sells 500 auto insurance policies. The number of claims per year for each
policy follows a Poisson distribution with a mean of 0.2 claims. The number of claims between
policies is independent.

Using the normal distribution to approximate the probability that the company will have 80
claims or more.

Solution:

4 =500(0.2) =100

N-A4 S 80-100

Ji 10

Pr[N 280]zP{ }:Pr[z >-2]=

1-0(-2) =1-[1-D(2)] = ©(2) = 0.9772
Or with the continuity correction

N-1 S 79.5-100

Ji 10

Pr[N ZSO]zP{ }=Pr[Z >-2.05]=

1- (~2.05) = 1-[1- B(2.05)] = D(2.05) = 0.9798



115. Aninsurance company issues 1250 vision care policies. The number of claims filed by a

116.

policyholder under a vision care policy during one year is Poisson with a mean of 2. The number
of claims filed by each policy is independent of other policyholders.

Using the normal distribution of approximate that the total number of claims will be between
2450 and 2600 during a one year period.

Solution:

A = (1250)(2) = 2500

2450-2500 N -4 _ 2600-2500

< <
J2500 Ja 2500

Pr[2450 < N <2600] ~ Pr{ }: Prl-1<Z <2]=

D(2) - O(-1) = D(2) -[1- P (1) ] = 0.9772—[1-0.8413] = 0.8185
Or with the continuity correction

2449.5-2500 N -4 _2600.5-2500

< <
2500 Ji 2500

Pr[2450 < N < 2600] ~ P{ } =Pr[-1.01<Z <2.01] =

®(2.01) - D(-1.01) = B(2.01) —[1- D(1.01) | = 0.9778 —[L—0.8438] = 0.8216

You are given that the Random Variable X can have values of 1, 2, 3 and random variable Y can
have values of 1, 2, 3, 4. Further, the table below lists the joint probability mass function.

X
Y 1 2 3
1 1/10 1/20 1/5
2 0 1/10 1/20
3 1/20 1/10 1/10
4 3/20 0 1/10

a. Calculate Pr[X =2,Y =3] .
Solution:

Pr{X =2,Y =3]=1/10



b.

[oN

d.

Calculate the marginal pdf of X .
Solution:

f, (1)=1/10+0+1/20+3/20=6/20
f, (2)=1/20+1/10+1/10+0=5/20
f, (3)=1/5+1/20+1/10+1/10=9/20

Calculate the marginal pdf of Y .
Solution:

f,(1)=1/10+1/20+1/5=7/20
f,(2)=0+1/10+1/20=3/20
f,(3)=1/20+1/10+1/10="5/20
f,(4)=3/20+0+1/10=5/20

Calculate the Pr{X +Y >4] .

Solution:

fxy WA+ Ty (2.3)+ v (2,4)+ 15, (32 + 5 (3,3) + T (3,4)
=3/20+1/10+0+1/20+1/10+1/10=10/20
Calculate Fy  (1,2) .

Solution:

Fy(L2)=Pr[X <1Y <2]=f,, (LY + f,,(1,2)=1/10+0=1/10



117. Let X and Y be discrete random variables with joint density function:
1
fey(Xy)= s for x=1,2,3andy=2,3. f,,(X,y)=0 elsewhere.

Let U = X +Y . Calculate the probability mass function for U .
Solution:

There are six possible combinations:

(xy)=(12),(13),(2,2),(2,3),(3,2).(3,3)

Therefore:
Lifu=s
6
%, ifu=4
pPU)=17
=, ifu=5
3
l, if u=6
6

118. Let XandY be discrete random variables with Joint probability function:

f xy)= % for (x, y) = (0,1),(0,2), (1.2), (L 3)
h 0, elsewhere

Determine the marginal probability function for X.

Solution:

fx (x) = 2(0)+1+ 2(0)+2 :1 for x=0
12 12

fx (x) = 2(1)+2+ 2()+3 :§ for x=1

12 12



119. The continuous random variable X and Y have a joint probability density function of
fry (X, y)=k(x+y) for 0<x<2 and O<y<1.

a. Determine Kk .

Solution:

oy (% y)dxdy =1

O ey
O ey N

1 2 2 1
K(X+ y)dXdy:J‘k(X?-i- yxj dy:jk(2+2y)dy:k(2y+ yz)z =3k =1
0 0

0

O ey
O ey N

k=1
3

b. Calculate F, ,(0.4,0.5).

Solution:

0504 0504 0.5 2

(x+ 157 x

Fy(0.4,05) = ijnydxdyz J.—yd —j[—
. . 3 312

= ¥
O ey ©

o

1% 1 2105
=3 (0.08+0.4y)dy:5(0.08y+0.2y )0 =0.03

O ey -

c. Calculate Pr[X +Y >2] .

Solution:
vazlzf Jdxd (1O L[ Zd
r = S
[+>]U cr (6 y)dxdy = | xdy j(2+y><] y
y 02-y 0 2-y

1} (2-y) 1y VY V) T
~2M 242 2y ==l 2y=L ly=1|y2+ | =L
3£ y (y)yy3£y2y3y6018



d. Calculate Pr[X +Y >0.7] .

Solution:
0.70.7-y 0.70.7-y

PIX +Y >0.7]=1- [ [ f,,(x y)dxdy =1~ jjudxdy

0 0

3

0 0

1%7( 32 07-y 197 (0-7—Y)2
:1—§£(?+ yx} dy:l——j T+(O.7—y)y dy

107 1 y3 07
-1 [ (0.245-05y" )y - 1—5(0245y——] —0.96189
0

0

e. Determine the margin pdf of X .

Solution:

L(x+ 1 NETO
fX(X):l.(—gy)dyzg[Xery?l:§(X+E]



120. Let X and Y continuous random variables with joint density function:

12
X+Yy forl<x<y<?2
fry (X y)= 25( )
0, elsewhere

Determine the marginal density function of Y .

Solution:
X y12 12( x? T 12(y? 1°
f =|f, . (x,y)dx=|—= x+ Zohyix | == iy ———yi(1
() !X,Y( ) 1% y?) 25(2 y l 25(2 Vy-5-y'®
12(y 1 12 6 6
- =—y ' ——vy " —— for 1<y<2 andO elsewhere.
25( +y° y ] y y o5 y

121. Let X and Y be continuous random variables with a joint density function of
foy(xy)=e" x>0,y>0.

Calculate the Pr[X +Y <1] .

Solution:

11-x 11-x

PI[X +Y <1] = j j .y (X, y)dydx :j j e I dydx
00 00




122.

123.

A device runs until either of two components fails, at which point the device stops running. The
joint density function of the lifetimes of the two components, both measured in hours, is

Ty

fXYY(x,y):X—, for 0<x<2, 0<y<2.

Calculate the probability that the device fails in the first hour of operation.

Solution:

PrI{X <BU{Y <B]=1-Pr[X >1Y >1]=1— [ [ f,, (x, y)dydx

P C— N
- C— N

% _J-x+1.5 «

2
H

P — N
||

Let X and Y be continuous random variables with joint density function:

xy, for0<x<2 and 0<y<1
0, elsewhere

fX,Y (X’ Y) :{

Calculate the Pr[X /2<Y < X].

Solution:

1 x 2 1 1 2 X y2 !
Pr[X/2<Y <X] :J‘J.xydydx+J.'[xydydx:J‘x{y?} dx+j [ } dx
0 x/2 12

1 x/2 0 X x/2

1 3 2 3
:I3LdX+J' X_X dxzi+i=§
8 112 8 32 32 8



124. Let X and Y continuous random variables be independent with the following density
functions:

f,(x)=1 forO<x<1l and f,(y)=2y, forO<y<l.
Calculate the Pr[X <Y] .
Solution:

Since X and Y are independent, f,  (x,y) = f, (x)- f, (y) = (D(2y) = 2y,
for0O<x<1 and forO<y<1.

11 1 - 1 , 3 1 1 2
PW<X]:££2y-dydx=£[y ]X~dx:£1—x 'dx=[x—?} :1—§=§



125.

Let X and Y continuous random variables with joint density function:
12 ,
—(x+ , forl<x<y<?2
fry (X y)= 25( y ) y
0, elsewhere
Calculate E[X +Y] .
Solution:

ot 12 2 12, 3
E[X +Y]:”(x+ y)2—5(x+y )dxdy:J.J'Z—S(x +y?x+ Xy + y* xdy
11 11

25| 24 10 3 6 4

12_—1y4+£ 1y y° yZT
1

25| 24 10 3 6 4 |24 10 3 6 4

12'—1(2)4+3(2)5_g_(2)3_(2)2_{—_1+3 11 1H



126. Let X and Y be continuous random variables with a joint density function of:

fey(X,y)=025 for 0<x<2, x-2<y<x andO elsewhere

Calculate E[X°%Y].

Solution:
2 x 2 2% 2 2 )Y
E[XY]=[ [ 0.25xy-dydx = | [0.25x3 ﬂ dx = | {0.25X3X?—0.25x3 %} dx
0 x-2 0 X—2 0

2[5 3 (g2 _
:I XX (X —4x+4) dx =
5| 8 4 2

O ey N

127. You are given that the Random Variable X can have values of 1, 2, 3 and random variable Y can
have values of 1, 2, 3, 4. Further, the table below lists the joint probability mass function.

X
Y 1 2 3
1 1/10 1/20 1/5
2 0 1/10 1/20
3 1/20 1/10 1/10
4 3/20 0 1/10

a. Calculate E[X +Y] .

Solution:
ELX+Y]=)D (x+Y)p(xY)

=(@1+1(0.1)+(2+1)(0.05) + (3+1)(0.2) +(2+ 2)(0.1) + (3+ 2)(0.05) + (1 + 3)(0.05)
+(2+3)(0.1)+(3+3)(0.1) + (1+4)(0.15) +(3+4)(0.1) =4.55



b. Calculate E[Min(X,Y)] .

Solution:

E[Min(x, y)I=>_> Min(x,y) p(x, y)

= (1)(0.1) + (1)(0.05) + (1)(0.2) + (2)(0.1) + (2)(0.05) + (1)(0.05)
+(2)(0.1) + (3)(0.1) + (1)(0.15) + (3)(0.1) =1.65

128. The profit on a new product is given by Z =3X —Y —5 . Furthermore, you are given that X
and Y are independent with Var[X]=1 and Var[Y]=2 .

Calculate the Var[Z] .
Solutions:
Var[Z]=Var[3X -Y —5] =3*Var[X ]+ (-D)*Var[Y]=(9)1) + (1)(2) =11

129. The profit on a new product is given by Z =5X —2Y —3 . Furthermore, you are given that
Var[X]=1, Var[Y]=2,and Cov[X,Y]=-1.

a. Calculate the Var[Z] .
Solutions:

Because of dependence,

Var[Z]=Var[5X —2Y —3] =5*Var[X ]+ (-2)*Var[Y]+(2)(5)(-2)CoV[ X, Y]

=(25)(1) + (4)(2) — 20(-1) =53

b. Calculate p(X,Y) .

Cov[X,Y] -1 -1

Oy " Oy _ﬁ.ﬁzﬁ

p(X,Y)=



130. The continuous random variables X and Y have a joint density function of
fey(X,y)=6x, forO<x<y<1l and O elsewhere.
You are also given that E[X]=1/2 and E[Y]=3/4 .
Calculate Cov[X,Y] .

Solution:

Cov[X,Y]=E[XY]-E[X]E[Y]= E[XY]—(%)(

0

E[XY]= ﬁ xyf, o (X, y)dxdy = ﬁ Xy (6x)dxdy = jtizydxdy =
00 00 00



131. The continuous random variables X and Y have a joint density function of
8xy
fey(Xy)= 3 forO<x<landx<y<2x and O elsewhere.

Calculate Cov[X,Y] .

Solution:

E[X]= j‘TXfXY(X y)dydx = Jl‘ZJ.X x> ydydx = j[ xyTde:

X

1

1 5
F X* (4x* —XZ)}dx:I4x4dx= R
3 ) 5| 5

0

O ey

et e = B [ 2o | -
R S

EXY]= foyf“(x y)dydx = ” 7y = j[ XnydX:
[ror—n] o[ {2e] -4

Cov[X,Y]=E[XY]-E[X]- E[Y]—g—(gj(igj 0.0415



