MA 385 FINAL EXAM
May 4, 2004

NAME

¢ No calculators, books, notes, or any other aids may be used.
e Don’t work on this cover page. If necessary, use the back of any page.

e Pages 56 carry 15 points altogether, and page 9 carries 15 points. The other five pages
carry 10 points each, for a total of 80 points, (which works out to 10 points for every 15
minutes of exam time—so budget accordingly.)



1. In (a), (b), and (c), translate the bulleted formulas into colloguial English, interpreting the predicates
as indicated. (That is, express the meaning as you would in ordinary conversation.)

» (a) @ 3z(Czx A MyVz((Rz A Exz) — Szy)). NOTE There are usul(‘ many
Cz : z is a candidate (for some political office). 4 \;;Qxettt cortect answers

Rz : z is a political rally.
Ezy : y is an event where z speaks.

Suv : u delivers the speech v.

Some CO.NA|AQ-‘¢; gre 'l’ke Same Speec\n uﬂr\eheve\r ‘H"e‘i eddres<
A Pb‘\“\ca\ e “\r :

(b) e Pz »VaVy(z=zy = (z =1V y=1)).
(The domain of discourse is the set of positive integers.)

Pz : z is a prime number. A pasi-"\\le m‘tejer s prime J'f of 1S VIa'L ~tHhe Pvgduci
of  two iategers unless one of them s 4

Rewarhs Q). The 'co\\:l.u-‘—.:m 2# | sheuled have been part of Pe (1 s not
@. Sterctly s,,eqlmS, f should be “if aund 9“‘! -‘,f‘l.' Tn He & censidered to be

fPrime ).

(c) o Lay o Jz(y=z+2). COntext of a dQFnM"’.o“’ +his abuse of L

language s ug
(The domain of discourse is the set of gosit§ve intgegers.) m“\( o llowed (““vexs‘d"““'“‘] ).

Luv : u is less than v. (conversationally uwderstood )

0 s less Han v f favd M\l\( 1?) vV ;G He Suwm e.‘? w awd

another nymber ]
(d) Using the above predicates P and L, express the following sentence as a wif in the Predicate Calculus.
(You may not use the abbreviation 3'2.)

¢ There are exactly two prime numbers less than 4.

Ix Iy [x#\’ A w2 (Paaled) e (zex v 27Y)) |

(e) Express the following sentence as a wif in the Predicate Calculus, using the given abbreviations.
¢ Every student solves some problem on each exam he/she takes.

Sz : x is a student.
Eu : u is an exam. (Twis should have been given as & Lw\q,r\‘ rredma.‘le.
Pzxy : z is a problem on exam y. T Euv i U 1§ an exawm +uhen b\‘ v )

Czz : x solves z.

5 My (Lsx/\ Ey)—> J2(Pay A Cﬂ))



2. A sentence S containing just three atoms A, B and C has the following truth table:

@ A B C §

& ABC

MmN
R T R B e B R
o T e R Bl B> B
T e B o e e R

Whrite a disjunctive-normal-form sentence equivalent to S (= ~.5); and use that to decide which of the follow-
ing conjunctive-normal-form sentences is equivalent to S. (Circle the letter in front of the correct answer.)

() (AVBVC)A(AVBVO).

S= ABC Vv ABC /,_(Avﬁvc')/\(ZVBvﬁ).
—_ - - (c) AvBVC)A(AVBVO).
1S '—:(AVBVC ) A (A"B"C) @) (AVB)A(AVC)A(BVT).

(e) None of the above.

3. For the formula 3zR(z,y) — 3z(P(zx)V-3yQ(z,y)), construct an equivalent formula in prenex form.

P R(x,@ \V4 QM(PQ.A)V 31 &(u,'dﬂ)
AP S R(x,\\) vV Bu’d% (PG}J V ”@(%@)

W v x 1w v (;* Rlgy) v (P v = Q(u.%))>

- e T——————
C a.\'\'uf\o.-iwe\\( )

e (2()(,\0_; (.Q(‘*:"@_‘ P(u\))



4. For any x, abbreviate Dodec(x) to Dx and Cube(x) to Cx. Write down a formal (Fitch-style) proof

whose premises are
1. Cb « (Ca « Cc),
2. Db — —Cb,

arigi whose conclusion is

Db — a#c.

Number your lines, and indicate whenever you can which inference rule you are using, as well as the
appropriate lines or subproofs referred to by the rule.

| [Cb & (a2 (c)
e
3 [ Db
41 1¢bh
51| |#=¢
6 Ca
7 (c
§ (e
Nj Ca
6 CoerCc
|l b
12 L
3 1] a%c
19 Db — a¥c
——bb-—> axc

{ = Elim 563

{ = Elimy 5,9

{ <>Tntroy 67,979}
£ € Elimy 1, 10§
%_LIn‘l'VU) ‘i)ll}

£ = Intro, 5123
%\ﬁIW&D)—s—B%



5. (a) The following formal proof has one faulty step. Say which one, and explain why it is invalid.

. : C 11 Vx 3y (Tet(x) — Tet
Step & . When 3 Elim 1s used, i =T t(x) oy
2 et(a
e letter \V\'l'VOAuceJ i Hhe B 3y (Tet(a) — Tet(y)) Y Elim 1
breceching qubpraaf (i #his + [H Tet(a) - Tet(b)
@ Case, ) cannst be 4a Le " 5. Tet(b) — Elim 24
°"‘t '_‘, He S“Lp‘m’p ) 6. Tet(b) _ 3 Elim 345
7. Vx (Tet(x) — Tet(b)) V Intro 2s
8 3y Vx (Tet(x) - Tet(y)) 3 Intro 7

(b) Nevertheless, the conclusion, Sentence 8, is a first-order validity. Explain why (informally).

NOTE mMany pecple (miSdread s qu,eS‘l'un as S+a41{3 Hd
Se\‘\'ev«ce | & Sev\“ewce g c‘s a FO Va.’ml\-"q . dn 'fac‘tj

“Ij Sewlewnce § (s addressed here.

Solu,“‘lo.v\ Discussed n c‘qs: .. break mte  Fwo cascs,
QtlS“S a Tet or Ywere ceesn't ...,

acco ro\\hc‘ as ‘YHhere

This s independent of He mean\ng of "Tet™

Bo,\(er Salv.‘}tot’\ (From one eyawm p.po'\, SQV\.'QQNCG ] l; “H~0.

P“CV\Q* §¢(“ 0{ 3)( TQ(\-—) 33 T-(S)' N\\\Ck 'S O‘Vlbus l\{
o~ FO V&‘\d\‘\'\(! (The 5 Sawme holdg 'for Sewlewce l-)




(c) Write down a formal (Fitch-style) proof whose premise is JyVz T(z,y) and whose conclusion is
VzIy T(z,y). (T is any binary predicate.) Number your lines, and indicate whenever you can which inference
rule you are using, as well as the appropriate lines or subproofs referred to by the rule.

\ 35 My T(x,ﬂ)

i
2 g y
3 ® vy TG 3
t Ta,b) C velw, @y
S 33{’\'(41,\() 3 wteo, & Iy
b ‘3\.‘ T(a,\) Jelim (|' 3-¢ )
6
T [¥x Q’T(!C,‘l) , ¥ mive (2-6)
1

(d) Why is Vz3yT(z,y) — IyVzT(z,y) not a first-order validity?

Fards for He mte rpretation of TC’:“)

oR

==

3'1'4)( T(t,\‘)
| By T(x,a)
LY

’l-'Cb'-m) Gl 2

] Y T(b,\\) quh-ol Y

e, 3.‘ (TQ'\‘)) i Tuteo 3¢~

Moy ;‘( TQ"_‘() JElwm 2-6

as X=Y own Fhe sc:l:&?—?,



6. In the following statements, a and b are sets, and pz is the powerset of the set . For each of the
statements, explain (informally) why it is always true or sometimes false, as the case may be.

1. b€ pb.
2. bC pb.
3. p(aUb) = pa U ph.
4. p(anb) = pa N pbd.

. TrULe R b ;s a su.LSe.t o's: \), auwl Se s a mem\:‘if 0{\ éL‘

Q, C&\SQ: TO-\-Q b "('0 he Q sEt COV\S;S" \vsS g-c one 403‘
S0 Tt doq s nel @ member of gh (whel consists of sebs)

& 3 . Fa;\s)& K H‘ a Nas « memke( X vso" iv\ L) dﬂ\d b has a
Gswalk ' . .
e vnew ber y not n a, Hen {x"é; [on avbd 15 &

member of &(a.v 5)1 but wet of f< U&L
(EXa-ur\e: Q={|}‘L: {z})
@L’\ Tf.‘ue B A 5“"“*« é'f a n L v a Su.'ose,'[: La'ﬂ c{ a c.\c'
of b, so @é(aak\c&an&k.

A Sel é@n@k 15 a kase't of @ and of Iy,,
k&\ce .,'f a.l\\') (bﬁmwﬁe a.u l‘)(s e(‘-udu‘(s o v t;m a c.sA '.s L)

Thus @&anghc g (anb).
T"Sclu"e", ® QﬁA@) show Hat g(an\) -':(fq,n&’ly



7. The Fibonacci sequence
Fy, F1,Fy, F3, Fy, F5, Fg, Fy, ... = 0,1,1,2,3,5,8,13,...
is defined recursively by
Fo=0, Fy=1, Fopy=F,+F,, (n>1).
Prove by induction that for all n > 1,

F2 = FoyyFoy — (=1)™.

(Hint: Expand F,,11F, 1 using Fyqy = F, + F,,1.)

-~ >
Base case RE - V) o+t = F
ndwchve sheg Assume Frue Foe n= (th), prove fr n

(%o“ouhnﬁ k&*ﬁ F “.‘ (F ~ F ) c = F c“_‘ = ks

N4y w=\ w

= F ¢ » + iF‘.t—(.‘)"-u

N\ n

(b\\ cese l\-l)

= r (h'\* F*.;_\ *(.“)“

e F e
- “ ] - N
Suhivact ("'l)‘K Seom both sides 4o SC(T conclusion

RAEMARY Ma.m1 pesple +ried +the method of “ bockwards ]mv{

w here You start wl‘ﬂ\ He desired conclusion awnd mahe “"“s'ﬁ"‘“‘"’““‘
wnhi you ceach a  semfence which 15 cleacly rue. ‘Tk-s mey
Soue“mes Suggc,st « teal ym,f which  consists ranning Ke

beck wavdls froo'f Liown s end B e besmm'\%\‘ Bt 4o do So_

Jou ut c,\.eclb. Al every s«}a‘, in He proof s reversible . Ofherwise,
] o could get something hie He Bollowing “procf” hat /="l

==
It / 8



8. T denotes a set of sentences of Propositional Logic (Sentential Calculus).
¢ denotes the empty set.
T is tt-satisfiable if there is a truth assignment making all sentences in 7 true.

For a sentence S write 7 I~ S as an abbreviation for “there is a formal proof whose premises are among
the members of 7 and whose conclusion is S.”

Write 7 |= S as an abbreviation for “S is a tautological consequence of 7.” (Remember that this notion
is defined in terms of truth assignments.)

S is a tautology if ¢ |= S. (In other words, every truth assignment makes S true).

Prove the following statements:
(a) 7 |= S if and only if the set 7 U {—S} is not tt-satisfiable.

(b) For any sentence T', T — S is a tautology if and only if {T} | S.
(¢) f T+ S then (TU{~S}HF L.

(6.3 T EES  Means thal every deuth 4?5!3\»..»0.&‘5 ma,L."..s al) 5._\-1-,_“&,.
I ((V +rug alse mahes S ‘h'u.e) re, mahes 1S -Fa.\se‘ Theg
i$ t%-a.u\“ 4e Same as no fruwth ass's'u-aeut Mq,'u.\s “'e"l""“*s
w Y dvue and also S Hrue. In ather Ufai‘d‘i_’l"' say s Hat

Tou {‘\S; s wol tt-sa—'-;-rl&Ll&

Q\,} - TS . .\>ema’ a -l-aw4o\a57 means that every +rutl
a.ss;c}wnew‘t wmakeg 't 4rue. Tu other words C«-ccordwﬁ -b_}
He utl Yable for —> ) wheuever T (s drue Hen § 1s7True.

Tka. ‘9 ctu\vwlent +o {T} F=—‘ S .

T ., T aud
(c\ H ’TI"‘.S Hen Hece avwe Sev\'*é'hceﬁ (-,"') n N L
1:' . ’Pu.'H’tNS IS ot Jhe “"‘9 andl L
T.‘n at  the Bc*‘a‘w\, you Ob\noucly have
@ proo‘f Hhat l\a.s preucs.es '\SJ'T“.,. T

4w

Gad comclusion | (umun*ca at Ae hs*‘?l!f,)

Thus Tu{'-:S} ~ 1

a- b"oe‘?s

(M o



