
Addenda to the introduction of Volume 4 of Oscar Zariski’s Collected papers

§1: Branch loci
The connection between the geometry of branch loci and differential equisingularity is now better un-

derstood, thanks to the use of the local polar varieties (see the addendum to §4 below); in particular the
numbers µi associated to the isolated singularities of hypersurfaces have been generalized as polar multiplic-
ities, stressing their connection with multiplicities of discriminant loci. A recent result on the geometry of
the local polar varieties due to Henry and Merle has provided a clear picture of Zariski equisingularity in
codimension 2.

Concerning the connection between Zariski equisingularity and resolution, a very significant example
was found by Luengo: it is a one parameter family of surfaces, with equation z7 + y7 + ty5x3 + x10 = 0;
the discriminant of a general projection is equisingular along the image of the t-axis T , but there is no
equisingularity along a stratum mapping onto T .
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§2: Saturation
A definition of saturation in positive characteristic was introduced and studied by Campillo and his

students.
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§3: Simultaneous resolution of singularities
Several canonical processes for resolving singularities of algebraic varieties in characteristic zero, or

of complex-analytic spaces, have now been discovered. The first method was announced by Abhyankar,
but has not yet been completely written up. A paper providing a constructive resolution was published
by Villamayor. A preprint by Moh treats the hypersurface case. Another approach is being developed by
Youssin. Most recently, a very elegant proof of canonical resolution has been found by Bierstone and Milman
(in preparation).

Concerning simultaneous resolution, a breakthrough was made by Laufer, who proved numerical criteria
for (weak and strong) simultaneous resolution of a family of isolated Gorenstein surface singularities, in the
complex analytic framework. The resolution is not, however, obtained in general by blowing up nonsingular
permissible centers. Then Vaquié proved a somewhat more general result in algebraic geometry, extending
to a criterion of simultaneous resolution for rational surface singularities; and finally Kollár and Shepherd-
Barron proved another similar result using recent advances in the theory of three-dimensional algebraic
varieties. The general case remains completely open.
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§4: Differential equisingularity
An algebraic characterization of differential equisingularity for reduced complex spaces and algebraic

varieties over C was given by Teissier, who also answered affirmatively the question of Zariski in [88] on the
analyticity of the locus of points of a subspace where the Whitney conditions are not satisfied. The key tool is
the collection of local polar varieties introduced by Lê and Teissier, and the main result is a characterization
of the differential equisingularity of the stratum X◦= (smooth part of a reduced complex space X which is
purely of dimension d) along a nonsingular space Y ⊂ X by the local constancy along Y of the sequence
M∗

X,y = (my(P0(X)), . . . ,my(Pd−1(X))), where my(Pk(X)) is the multiplicity at y of the (general) polar
variety of codimension k of X. Since P0(X) = X, this contains the result of Hironaka mentioned above.
The paper of Merle and Henry mentioned in §1 can be deemed to generalize this criterion to a criterion for
Zariski equisingularity in codimension 2.

The topological invariance of hypersurface multiplicity is still an open question, but affirmative answers
have been given in special cases (see the paper of Laufer mentioned below and its references, and also Cor. 4
in the paper of Yau and Xu); and the C1-invariance of multiplicity in any codimension has been proved by
Gau and Lipman.
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