GROTHENDIECK DUALITY THEORIES—ABSTRACT
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ABSTRACT. Grothendieck Duality—the theory of the twisted inverse
image pseudofunctor (—)' over a suitable category of scheme-maps—
can be developed concretely, with emphasis on explicit constructions,
or, in greater generality, abstractly, with emphasis on category-theoretic
considerations. We aim to connect these approaches, a nontrivial matter
involving some alluring relations, for instance among differential forms,
residues and duality. In particular, it emerges that the culminating Ideal
Theorem in Hartshorne’s “Residues and Duality” holds for arbitrary
essentially-finite-type maps of noetherian schemes and bounded-below
complexes with quasi-coherent cohomology.

What appears here mostly concerns pseudo-coherent finite maps.
The rest is being prepared.
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1. INTRODUCTION

1.1. (Notation and terminology.) A ringed space is a topological space X
furnished with a sheaf Ox of commutative rings. A map (f,0): X — Y of
ringed spaces consists of a continuous map f: X — Y and a homomorphism
of sheaves of rings 0: Oy — f,Ox. (The appropriate 6, though understood
to be present, is often left out of the notation.) Such spaces and maps form
a category S: the composition of (g,v) : Y — Z with (f,0) is (gof, g«0°1),
and the identity idx of X is the map for which Y = X and both f and 6
are identity maps. Schemes and their maps constitute a full subcategory.
A diagram depicting S-maps is natural if each unlabeled arrow in it
represents a map whose description, while omitted, is presumed evident.

Arrows decorated with a “~” or “~” represent isomorphisms.
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The abelian category of Ox-modules on a ringed space X is denoted A(X);
Aqe(X) C A(X) is the full subcategory spanned by the quasi-coherent Ox-
modules. The derived category of A(X) is denoted D(X); Dqc(X) C D(X)
is the full subcategory spanned by the Ox-complexes with quasi-coherent
cohomology. D*(X) C D(X) is the full subcategory spanned by the locally
cohomologically bounded-below complexes (those C' € D(X) for which there
is an open cover (X, )aea of X and for each « an integer n,, such that the re-
striction (H'C)|x,, vanishes for all i < n4); and D} (X):= Dgc(X)ND*(X).

To reduce clutter, for any monoidal category (C,®) and A, B, C € C we
will identify—harmlessly, via the natural isomorphism—(A ® B) ® C' with
A® (B ® (), and denote either of these objects as A ® B® C.

Assigning to each ringed-space map f: X — Y the derived direct image
Rf.: D(X) — D(Y) and the derived inverse image Lf*: D(Y') — D(X) leads
to a pair of adjoint monoidal pseudofunctors on S, see [1.09, 3.6.7, 3.6.10].

The abbreviation “qcqs” denotes “quasi-compact and quasi-separated.”’
A basic fact of Grothendieck Duality theory is that for any map f: X =Y
of qcgs schemes, the restriction to Dqc(X) of Rf, has a right adjoint, i.e.,
there exist a functor f*: D(Y) — Dqc(X) and a functorial map

7O RASG =G (GeD(Y))
such that for any complex F' € Dqc(X), the natural composite map

HomD(X)(F7 fXG> - HomD(Y)(Rf*F7 Rf*fXG) Vla—Tf> HomD(Y)<Rf*F7 G)

is an isomorphism. (See, e.g., [[.09, Corollary 4.1.2] and the notes following
its proof.)

1.2. One of our goals, ultimately, is to prove the “Ideal Theorem,” called
in [ , p- 6] the primum mobile of that book, and which—with restrictions
we won't need (existence of dualizing complexes, coherence of cohomology
of sheaf-complexes)—is one of its main results (ibid., p. 383, Corollary 3.4).

Paraphrased, the Ideal Theorem asserts, first of all, the existence of a
duality pseudofunctor, by which is meant a D;’c—valued pseudofunctor (—)'
on the category € of finite-type separated maps of noetherian schemes, and
for each proper &-map f a functorial map Ty Rf.f' — id, satisfying the
following properties, of which (i), (ii) and (iv) jointly determine these data
up to unique isomorphism:

(i) For any étale &-map f, f' is the usual restriction functor f*.

(ii) (Duality). For any proper &-map f, 7; makes f ' right-adjoint to Rf,
. . |
(i-e., in §1.1, one can take (f*,7;):= (f",73)).

In the oft to be referred-to exposition [L.09], this condition is called “concentrated.”

The frequent subsequent references to [LL09] (of which these notes may be viewed as a
continuation) are due much more to its approach and convenience than to any originality.
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(iii) (Flat base change). For any fiber square in &

X —— X
(1.2.1) gl & lf

z' — 7
with f (hence g) proper and u (hence v) flat, and F' € D3 (Z), the map
(1.2.2) Ba(F): v f'F = gu'F
adjoint (via (ii)) to the natural composition

Rg:v*f'F =5 uw*Rf,f'F E) u'F

is an isomorphism.

(iv) (For gluing (i) and (ii)). In (iii), if u (hence v) is an open immersion,
then Sg(F') is equal to the natural composite isomorphism (which exists for
any commutative square (1.2.1) with u and v étale)

VF =0 f'F 5 (fo)'F = (ug)'F =5 ¢"'F = g'u*F.
This much of the Ideal Theorem is contained in Theorems 4.8.1 and 4.8.3
of the notes [L09], and was extended to essentially-finite-type maps by
Nayak in | , §5.2]. The methods of proof are largely category-theoretic,

in line with the “abstract” development of Grothendieck Duality initiated
by Verdier and Deligne (see Deligne’s Appendix in [H66], and also | 1.

The pseudofunctor (—)" extends from D;’c to Dgc if one restricts to proper maps
or to &-maps of finite tor-dimension [ , §85.7-5.9]—and even without such
restrictions if one relaxes “pseudofunctor” to “oplax functor,” i.e., one allows that
for an &-diagram W L+ X L 7 the associated map (fg)' — ¢'f' need not be
an isomorphism, see | ]. (For maps of finite tor-dimension the agreement of
the oplax (—)' with the preceding pseudofunctor results from | , Prop. 13.11].)
In fact, Neeman’s results apply to a broad class of noetherian stacks, including
those of Deligne-Mumford.

Nayak has also established extensions to composites of pseudoproper maps and
étale maps of formal schemes | , Theorem 7.1.6], and to composites of proper
flat pseudo-coherent maps and étale maps of qcgs schemes | , Theorem 7.3.2].
In another direction, extensions are emerging in derived algebraic geometry, see,
for example, | , 83], [ I, [ ]

Secondly—and this will be the focus of our attention—the Ideal Theorem
gives concrete realizations of the pseudofunctor (—)' over the subcategories
of € spanned, respectively, by its finite maps and its smooth maps, and con-
crete descriptions of abstractly specified pseudofunctorial maps associated
to some combinations of these two types of map.
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A concrete realization of (—)' is, informally stated, a concretely describable
duality pseudofunctor (—)* preferably, though not necessarily, canonical.’

A concrete realization of a functorial map built up from concrete elemen-
tary maps involving the identity functor id, the derived tensor product and
derived direct image, by means of categorical operations like adjunction,
composition and successive application of previously defined functors, is a
concrete description of such a map. (This somewhat vague characterization
will be clarified by a number of examples, starting in section 2.6.)

In particular, for proper &-maps f one wants a concrete right adjoint f*
of Rf., and a concrete counit map Rf, f* — id, varying pseudofunctorially.
Two such pairs are necessarily canonically isomorphic.

The first part of this exposition explores constructs associated to certain
finite maps f: X — Y, for which, as in [[66, pp. 164-175]—though with
weaker hypotheses, see §2.3—one defines “quasi-concretely” a functor

f7: DY) = D (X)
plus a functorial f,Ox-isomorphism
t_f: Rf>(<fb — RHomY(f*OX7 _)a

such that with ty the natural composite map
RLS" =+ RHomy([f,0x,~) — RHomy (Oy,~) =+ id,
f

(fb,tf) is a right adjoint for Rf,. Thus (fb,tf) is a realization of (f!,Tf)
(pseudofunctorially, see §2.5). The definition involves RHom(f,Ox,—) and
the left adjoint f* of f, where f: (X,0x) — (Y, f.Ox) :=Y is the natural
ringed-space map (see Example 2.1.1); these functors, being characterized
by universal properties, are well-defined only up to canonical isomorphism,
and thus limit the extent to which (f”, t;) can be considered to be concrete
or canonical.

Sometimes, simpler realizations exist. For example, restricting to finite
maps f: X — Y that are locally finitely presentable and flat (that is, f,Ox is
locally free of finite rank over Oy ), and to quasi-coherent Oy-complexes F,
there is a right adjoint ( fb,t}) for the D(Aqc)-valued pseudofunctor (—).

with f°F:= f"Homy (f.Ox, F) € Aqe(X), and t;(F) the isomorphism

LPF = [,f Homy (£,0x, F) = Homy (f.0x, F)
arising from f*: Aqc(Y) — Aqe(X) being quasi-inverse to f,. This (f°, te) is
as concrete or canonical as f is. If Y is separated and quasi-compact, the

natural functor D(Aqc(Y)) — Dqc(Y) is an equivalence, so every complex
G € Dg(Y) is isomorphic (functorially) to a quasi-coherent complex QG

2Concrete and canonical are somewhat flexible concepts. In what sense, for instance, is
the number 1 canonical? As Humpty Dumpty said, “a word means . ..just what I choose
it to mean.”
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thus, over such schemes one gets a realization of (f', Tf) that is concrete or
canonical to the extent that the functors f* and Q are.

Suppose, moreover, f is étale. The usual trace map f,Ox — Oy lifts to
an f,Ox-isomorphism f,Ox —= Homy (f.Ox,Oy), giving, for G € D(Y),
the first of the functorial f,Ox-isomorphisms (the second being natural)

(1.2.3) fO0x ®y G = Homy(f*OX, Oy) Ry G == Homy(f*OX, G).

If : Y — Y is the ringed-space map corresponding to the natural map
Oy — f.0x (sothat f = ¢f), then the functor f,Ox®y (—): D(Y) — D(Y)
is left-adjoint to ¢,, and so may be identified with ¢*. Then by applying f"
to (1.2.3), one gets a functorial Ox-isomorphism

cj: f*G == f"Homy(£.0x,G) = f'G,

whence the concrete realization (f*,tr;) of (f!,Tf), where for G € Dy (Y),
trf(G) is the natural composite map

* Rf*C; b
Rf.ffG——=Rf.fG— G,

which can be shown (using e.g., [L09, (3.7.1)] with f:= f and g:= ¢ plus
[L09, (3.4.7)(ii)] with A:= ¢*G and f:= f) to be the natural composite map

REF'G =5 £.0x @y G 29 00 2y G = G.

Again, this realization is canonical insofar as the left adjoint f* of f, is.
For an extension to “almost étale” f, see Proposition 2.9.13.

When f is a map of affine schemes, this all has a well-known commutative-
algebra translation. Indeed, for any commutative ring R, sheafification and
the derived global-section functor induce inverse equivalences between dual-
ity theory over the derived category of R-modules and that over Dqc(Spec R),
allowing us to realize functors and functorial maps in the latter through con-
crete commutative-algebra constructions in the former.

For example, when S is a finite R-algebra, with corresponding scheme-
map f: SpecS — Spec R, then one gets a concrete right adjoint for Rf, by
sheafifying the fact that the restriction-of-scalars functor from D(S) to D(R)
has as right adjoint the functor RHompg(S, —) together with the natural
functorial D(R)-map

RHomp(S, M) — RHomg(R, M) = M (M € D(R)).
Another example is the commutative-algebra map corresponding to the
projection map ((iii) in §1.3 below), as described in Lemma 3.3.6.
There is much more along these lines in §3.
As another example, a detailed account of duality provides, for a smooth
E-map f: X — Y with fibers of pure dimension d and Q}l the sheaf of
relative d-forms, a canonical functorial isomorphism

(1.2.4) f*F = Qf[d) ®x f°F ﬁ) f'E (F €Dg(Y))
r
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(where “[d]” denotes d-fold translation in D(X)), having pseudofunctorial
variance induced by canonical isomorphisms of the form
Ofle] @x Q5] = QIFld+ €]
for smooth E-maps g: Y — Z with fibers of pure dimension e; and further,
when f is also proper, an explicit elucidation of the composite map
Trp: RE* = Rff—id
R “Cr T
via the theory of residues, as sketched in | , PP- 398-400] and developed
in [ ] or | , Proposition 4.2.2].%

Assuming the first part of the Ideal Theorem, together with a canonical
representation of ¢' when g is a regular immersion [I166, p. 180, Corollary 7.3]
(reproduced, in essence, in Proposition 2.10.12 below), Verdier constructed
such a ¢; in [V, Proof of Theorem 3]. (A much expanded treatment of
this “fundamental class” is given in | ].) But proving pseudofunctori-
ality of cp is far from straightforward. That, and much more about ¢y and
its relation to traces and residues, is addressed in | |, in the context of
formal schemes.

The finite étale situation is the overlap between the finite one and the
smooth one. The “concrete” proof in [HG6] of the Ideal Theorem depends
on pseudofunctorially gluing (—)I’ and QZ*_)[*} along that overlap. In con-
trast, the basic idea here will be to show (with weaker hypotheses) that
the above pseudofunctor (—), abstractly constructed via gluing of (—)* over
étale maps and of a right adjoint of R(—). over proper maps, is isomorphic
over finite (resp. smooth) maps to (=)’ (resp. Q(f)[*}).

1.3. The foregoing instantiates a more general theme, as follows.

For our relatively unsophisticated purposes, the abstract yoga of duality
takes a dualizing structure on a category C to be an adjoint pair (*,,) of
monoidal pseudofunctors ([1.09, §3.6] or | , Lecture 3]), taking values in
closed categories Dx (X € C) with product ®x and unit Ox, plus for each
C-map ¥: X — Y a right adjoint ¥* of the functor v¢,: Dy — Dy, with
specified counit map ¥,¥™ — id, plus a class S of oriented commutative

C-squares”*
d X VX

gl 'Y lf
z =7

with S closed under vertical and horizontal juxtaposition, such that for all
. X — 'Y, the following maps are isomorphisms:

3In [ , p- 383] this is required only for X := Pd(Y) and f: X — Y the natural map,
in which case Tr; can be described explicitly via Cech complexes, see e.g., [ , §5].

4An oriented commutative square is a quadruple of maps (u, f,v, g) such that ug = fv,
plus an ordering of the pair (u, f). A diagram such as the following one always represents
a commutative square that is oriented by putting the bottom arrow u ahead of f.
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(i) the map ¥*Oy — Ox adjoint to the natural map Oy — 1. Ox;
(ii) for all F, G € Dy, the map ¢¥*(F ®y G) — ¢*F ®x ¢¥*G adjoint to
the natural composite map

FoyG— ¢*¢*F ®y ¢*¢*G - ¢* (@Z}*F ®x T/J*G)Q

(iii) for all E € Dx and F € Dy, the map . FE ®y F — ¢, (E @x V*F)
(“projection map”) adjoint to the natural composite map

W(%E ®Y F) — W%E ®X WF — F ®X WF;

(iv) for each # € S and G € Dy, the map u*f,G — ¢.v*G adjoint to the
natural composite map g*u*f,G == v*f*f.G — v*G,

(v) for each # € S and F € Dy, the map v*f*F — g*u*F, adjoint to the
natural composite map g,v*f*F —> u*f, f*F — u*F.

On these axiomatic foundations, one constructs, using only categorical op-
erations (adjunction, composition, composite functors. .. ), a superstructure
of pseudofunctorial maps, and compatibilities among them expressed by
commutative diagrams. (For more in this vein, see e.g., [L09, §3.5.4] or
[ , Lectures 4 and 6]. Even more generally, see | Jor | , Part 1].)

This abstract theory is modeled by a variety of specific situations. For ex-
ample (somewhat oversimplified), C could be some category of commutative
rings, Dy the category of X-modules (or its derived category) with the usual
closed structure, and (*, ) the usual (or derived) extension- and restriction-
of-scalars pseudofunctors. (For elaboration, see §3.) Or, C could be some
category of ringed spaces, Dx the category of quasi-coherent Ox-modules (or
D3 (X), see §1.2), and (*, «) the usual (or derived) inverse- and direct-image
pseudofunctors. Or, C could be the category of compactifiable maps of qcgs
schemes, and Dy the derived category of torsion sheaves on X with the étale

topology | ]. Other categories that support duality theories are those
whose objects are certain finite diagrams of noetherian schemes, with flat ar-
rows | ], or certain finite ringed spaces | |, or certain algebraic stacks

[ |]. With a few extras, one can also consider categories of topological
rings (local duality) or noetherian formal schemes, each Dx being a suitable
ordinary or derived category [ ]. There are other examples, for instance
those mentioned in §1.2. Undoubtedly, more will emerge in the future.

In specific situations, to enliven things and enhance applicability one
needs concrete interpretations of the functors and maps in the preceding
conditions (i)—(v), as well as of useful pseudofunctorial maps that can be
categorically derived.

For instance, in the context of §1.2, concrete interpretations of f* were
indicated for smooth or finite E&-maps. As for noteworthy derived maps, in
that situation there are concrete descriptions, at least via flat or injective
resolutions, in various places in | |. However, the question of whether the
maps so described are the same as the corresponding categorically-defined
ones is not often addressed. (See the footnote in the proof of 2.1.9 below.)
So one cannot say without further ado that, for example, the multitudinous
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diagrams in [L09] that are abstractly shown to commute remain commuta-
tive when their maps are interpreted as in [HG0].

The overall goal here is to embed the concrete duality theory in [HG0]
(amended in | ]) into the abstract one in [1.09], by showing how impor-
tant maps in [[166] can be described in category-theoretic terms.”

Section 2 below is devoted to doing this for certain finite maps, section 3
to translation into commutative-algebra terms. Beyond (i)—(v), there being
an endless number of maps that can be categorically deduced, only a few
salient examples will be examined closely, such as the maps

Lf*E @% f*F — f*(E &Y} F) (E, F € Dgc(Y)),
RHomx (Lf*E, f*F) — f*RHomy (E, F) (E, F € D (Y)),

associated with a finite map f: X — Y. (See 2.7.7 and 2.8.2.)

It is intended that smooth &-maps will be treated in a subsequent part of
this exposition. For such maps, basic results—even for the context of formal
schemes—can be found in | ].

2. PSEUDO-COHERENT FINITE MAPS

Recall that a scheme-map f: X — Y is affine (resp. finite) if for each
affine open subscheme U C Y—or equivalently, for every member of some
affine open cover of Y—the scheme f~'U is affine (resp. affine and such
that the natural map makes I'(f~1U, Ox) into a finite I'(U, Oy )-module),
see [ , 1.3.2, 6.1.4]. Any affine f is separated, and when for each U
the I'(U, Oy )-module I'(f~U, Ox) is locally finitely presentable, proper.

This section 2 is concerned with a concrete Dgc—valued pseudofunctor (—)°
together with functorial maps R(—).(—)” — id, over the category @ of finite
maps f: X — Y that are pseudo-coherent, meaning f,Ox is locally resolv-
able by a complex of finite-rank locally free Oy-modules (see 2.3.7). (For
example, finite maps of locally noetherian schemes, finite locally free maps,
and regular immersions all are pseudo-coherent.) These data constitute a
pseudofunctorial right adjoint for R(—),. Restricting to qcgs schemes in @,
one has then a concrete realization of the pseudofunctorial pair ((—)*, 7).

The locally noetherian case is treated in | , pp. 164-175], where it is
indicated that the “usual reductions” cut things down to the elementary
context of modules over commutative rings. (Cf. section 3 below.) The
present approach is more general and technical, and also more explicit, than
that classical one, but basically similar, as follows.

Fix a scheme Y. The direct-image functor gives an equivalence between
(i): a category whose objects are pairs (X, F') with X a scheme affine over Y’
and F a quasi-coherent Ox-module and, (ii): the opposite of a category

S5For orientation, consider the analogous theme in the elementary duality theory of
ordinary restriction- and extension-of-scalars pseudofunctors between modules over com-
mutative rings.
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whose objects are pairs (L, F) with L a quasi-coherent Oy-algebra and F a
quasi-coherent L-module, see | , §9.2]. In greater generality, with F’
and F replaced by objects in Dqc(X) and Dgc(L) respectively, the derived
direct-image functor induces an equivalence, see Proposition 2.1.6. There
is an explicit Dgc(—)-valued duality pseudofunctor over quasi-coherent Oy-
algebras, globalizing the well-known pseudofunctor over commutative rings.
(For the latter, see 3.1.18-3.1.23). To transfer this pseudofunctor over to
Y-schemes, via the equivalence, one needs to remain in a quasi-coherent
context. This can be done, for instance, using right adjoints RQ; for the
inclusions Dgc(L) < D(L); but discussion along these lines appears only
briefly, in §2.11, because RQ is awkward to explicate for non-affine schemes,
and it doesn’t commute with open immersions.

Rather, we’ll just restrict to ®, where RQ is not needed because ®-maps
f: X = Y have the following key property (Lemma 2.3.8):

RHO’/TLY(f*OX, D:]-C(Y)) - Dgc(y)
Consequently, the equivalence Rf,: Dgc(X) =5 Dqc(f,Ox) in 2.1.6 reduces
finding a concrete right adjoint (f”, t¢) for Rf,: Dge(X) — Dg(Y) to finding
one for the restriction-of-scalars functor ¢.: Dgc(f,Ox) — Dgc(Y). But

derived adjoint associativity, as enhanced in Proposition 2.2.1, implies that
the functor ¢.: D(f,Ox) — D(Y) has the right adjoint

¢ (=)= RHomy (£.0x, -),
with counit the natural D(Y)-map (“evaluation at 1”)
$+¢’G = RHomy (£,.0x,G) — RHomy (Oy,G) =G (G € D(Y)),

giving the desired construction (see Proposition 2.3.5).
In fact Theorem 2.3.9 says more: for any ®-map f: X = Y, F € Dy (X)
and G € Dy (Y), there is a sheafified duality isomorphism

Rf.RHomx(F, f’G) =+ RHomy (RL.F,G),

which turns out to be a concrete realization of the standard abstract one,
namely the natural composite

Rf.RHomx(F, f'G) — RHomy(Rf.F,Rf,f'G) — RHomy (Rf.F,G),
see Proposition 2.4.5.

Arguing as one does for (—)*, one gets, for pseudo-coherent finite maps,
basic properties of (—)” such as pseudofunctoriality (Proposition 2.5.2) and
tor-independent base change (Theorem 2.6.4).

In further illustration of §1.3, concrete interpretations are given, for suit-
able f: X — Y and F,G € Dg(Y), of some basic abstractly defined
maps: the pseudofunctoriality isomorphism (Proposition 3.1.23), and the
base-change map of (1.2.2)—with f* in place of f' (Proposition 2.6.14);
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and the maps
PP % LG — f(F ey G),
RHomy (Lf*F, f°G) — f°RHomy (F,G),

(2.7.7 and 2.8.2, respectively).
Section 2.9 deals with the role played in concrete duality for a perfect
affine map f: X — Y by the functorial trace map

trp(G): RELFFG— G (G € Dgc(Y))
from [I171, p. 154, 8.1], and by its dual, the fundamental class map
Ci(G): LF'G — PG (G € Dye(Y)),

which is an isomorphism whenever f is étale.

Section 2.10 discusses duality for Koszul-regular immersions—a class of
perfect closed immersions of schemes which includes all regular immersions.
On this class, there is a well-known concrete realization of (—), involving
normal bundles (see Proposition 2.10.12). The surprisingly difficult task of
showing that this realization is pseudofunctorial (see Theorem 2.10.22) gets
reduced to the case of affine schemes, which is translated into commutative-
algebra terms in section 3, and then disposed of at the end of that section,
along the lines of the proof in [ , Appendix C.6]. (] , §§2.5-2.6]
contains the only other proof I know of.)

2.1. Associate to an affine scheme-map f: X — Y the map of ringed spaces

f:=(f,id —
(x,0x5) L2y pog) = ¥

This f is flat, i.e., for all € X, the stalk Ox,; is flat over O?,f(x): to check
this one can assume that X = Spec S, Y = Spec R, with f corresponding to
a commutative-ring homomorphism ¢: R — 5, then note that if p is a prime
S-ideal, the stalk S;, of Ox at p is a localization of—thus flat over—the stalk
S ®@r Ry, of f,Ox at f(p). So the functor fAY) = A(X) is exact.
The restriction of f, to Aqc(X) is an equivalence (necessarily exact) from

Aqe(X) to Age(Y) [ , p. 361, (9.2.1)]°. The left adjoint f* of f, takes
Aqe(Y) to Aqe(X) | , p-108, (5.1.4)], and so provides a quasi-inverse
equivalence.

These quasi-inverse equivalences, being exact, extend to quasi-inverse
equivalences of derived categories

D (Aqe(X)) = D(Aqe(Y)).
Example 2.1.1. (Cf. | , top of p.362]) When f = Spec(y) with
p: R — S as above, here is what’s happening, in concrete terms.

Denote by ¢, the functor “restriction-of-scalars via ¢” from S-modules
to R-modules. Let M be an S-module, and let Mg (resp. Mp:= (p«M)R)

6whose proof states incorrectly, if harmlessly, that Y is a locally ringed space. This proof
has other features that make it harder to read than the original | , (1.4.1), (1.4.3)].
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be the corresponding quasi-coherent Ox-(resp. f,Ox-)module. Any quasi-
coherent f,Ox-module M is naturally isomorphic to such an M, r: take
M:=T({Y,M)]| , p-207, (1.4.5)]; and | , p-214, (1.7.7(ii))] gives
a natural f,Ox-isomorphism M R = j_“*]\AJS Hence, since f* is quasi-inverse
to f., there is a natural isomorphism f*M R = M, 5.

2.1.2. If i » F», - F — F3 — F, is an exact sequence of f,Ox-modules
with Fy, Fy, F3 and Fj quasi-coherent, then F' is quasi-coherent (as fol-
lows via [ , p-218, (2.2.4)] from the similar property of Oy-modules
[ , p- 217, (2.2.2)(iii)]). Hence Dqc(Y) C D(Y) is a triangulated sub-
category (identifiable with the derived category of the category of f,Ox-

complexes with quasi-coherent homology, see [L.09, (1.9.1)]).

Since f* is exact and, as above, preserves quasi-coherence, therefore
(2.1.3) ' Dge(Y) CDge(X) and f'D{ (V) C D} (X).

Also,
(214)  RE(Dge(X)) € Dge(Y) and RE(DE(X)) € DE(Y).
For, with ¢ = 9, Oy — f.Ox the homomorphism associated to f and
(2.1.5) ¢=¢p=(id,¢): Y > Y

the resulting ringed-space map (so that f = ¢f), there are, for all i € Z
and E € Dgc(X), natural isomorphisms

¢ H'Rf,E =~ H'¢,Rf.E =~ H'R(¢f),E = H'Rf.E;

hence—since an f,Ox-module G is quasi-coherent if ¢.G is | , p- 218,
(2.2.4)], and, clearly, vanishes if ¢,G does—it’s enough to prove (2.1.4) with
f: X = Y replaced by f: X — Y, which is done in [1.09, 3.9.2]. (Or, reduce
to where Y and X are affine, say X = Spec R, and apply [ , p-225,5.1].)

Proposition 2.1.6. The functor fr D@) — D(X) induces an equiva-

lence from Dqc(Y') to Dgc(X) (resp. Dgc(Y) to D (X)), with quasi-inverse
induced by Rf,: D(X) — D(Y).

Proof. The functor Rf, is right adjoint to f*: D(Y) — D(X) [1.09, (3.2.1)];
so in view of (2.1.3) and (2.1.4), it suffices that the counit and unit maps
¢p: [ RAE - E (E€Dg(X)) and np: F =R fF (F €Dg(Y))
both be isomorphisms (see [ , p-93, Theorem 1]).
To show that €, is an isomorphism one can assume that E is K-injective
(:= g-injective [1.09, §2.3]), so that Rf,E = f.FE and €z can be identified
with the counit map associated to the adjunction between f* and f, (see

[L09, (3.2.1.3)]), an isomorphism because these functors are, as above, quasi-
inverse equivalences.
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As for np, since €p 18 an isomorphism and the composite map
,]F*F f”]F J?*RJ?*f*F o f*F
is the identity map, therefore 7 r is an isomorphism. Since f is flat one has,
denoting cohomology functors by H™, that for all n € Z, f"H™n - 1s isomor-

. n_* . . . . TX o .
phic to H"f ™ and so is an isomorphism. Since f| Aqe(Y) 18 a0 equivalence,
therefore every H"n is an isomorphism, so 7 is an isomorphism. ([l

For any ringed-space map h: V. — W and E, E' € D(V), one has the
natural bifunctorial composite

v(E,E"): Rh,RHomy (E, E') — Rh,RHomy (Lh*Rh.E, E")

(2.1.7) /

~y RHomy (RhyE, Rh, E')
with the isomorphism as in [[.09, 3.2.3(ii)]. Using [1.09, 3.2.5(f)] and the last
assertion in [1.09, 3.2.3(i)], or otherwise, one verifies that application of the

functor HRT'(W, —) to this composite map produces the obvious map
HOHID(V) (E, E,) — HOIIID(W) (Rh*E7 Rh*El)

If the natural map Lh*Rh.E — FE is an isomorphism—for example if
h:V — Wis f: X =Y (as above) and E € Dqgc(X)—then so is the com-
posite map (2.1.7). Hence:

Corollary 2.1.8 (Sheafified duality for f). For E € Dgc(X), F € Dgc(Y),

one has the composite bifunctorial isomorphism

Rf.RHomy (E, f'F) (ﬁ?) RHomy (Rf.E,Rf.f'F) . RHomy(Rf.E, F),

to which application of H'RT(Y, —) gives the adjunction isomorphism
Homp, (x)(E, fF) == Homec(?)(RﬁE,F). O

The equivalence 2.1.6 between Dgc(Y) and Dgc(X) is compatible with
standard additional structures. For example, it respects the derived tensor
product and sheafified hom functors, in the following sense:

Corollary 2.1.9. For E,F € Dq(X), the natural maps are isomorphisms
k: REE®E RLF =5 RE(E®% F),
v: Rf.RHomx (E, F) ﬁ RH*omy (Rf.E,RfF);
and if RHomy (E,F') € Dgc(X), then the natural composite
f' RHomy(Rf,E,Rf.F) — RHomy (f'RE.E, ['RIF) -~ RHomy(E, F)

18 an isomorphism too.
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Proof. By definition ([1.09, 3.2.4(ii)]), & is the unique map such that the
following diagram, with € as in the proof of 2.1.6, and the isomorphism on
the left as in [L09, 3.2.4(i)], commutes:

[ (RF.E®L REF) I f(E®% F)

o~ J l CEQLF

L
F'REE L ['REF By F

€p Ox €p

By 2.1.6, the counit maps €j, € and € Bgk F are isomorphisms, and therefore
so is f'k, whence, by 2.1.6 again, so is k.
That v is an isomorphism was noted above (just before 2.1.8).
As for the last assertion, it holds by assumption that
RHomy(Rf,E,Rf,.F) = fRHomy(E,F) € Dg(Y)
and :
RHomy (f"Rf.E, f'Rf.F) =, RHomy (B, F) € Dge(X).

But it follows easily from 2.1.6 that for A € Dgc(Y) and B € Dgc(X),
a D(X)-map f*A — B is an isomorphism < so is its adjoint A — f*B So
the map p is an isomorphism, since by its definition [L.09, (3.5.4.5)]7 it is
adjoint to the natural composite D(Y)-isomorphism
RHomw(Rf.E,Rf.F) = RHomw(Rf.E,Rf.f (Rf.F))
— Rf.RHomx(f'REE, f'REF).
O
Corollary 2.1.10. For E € Dyc(X) and F € Dy (Y), the projection maps
p ;i REE @y F — Rf(E @ ['F)
Py ;i FO®LRLE — RE(FF &% E)

are isomorphisms.

Proof. As in [1.09, 3.4.6.2], is the natural composite isomorphism

Py g
RS/ (RLEQSF)

RE(REE @% ['F) = RL(E &k ['F);

and similarly for p, 2 O

S
RLE®S F >
=

7Apropos of §1.3, it is left to the interested reader to show that for ringed spaces
this p is the same as the explicit map in [ , p-109, 5.8]. For this, [L.09, 3.5.6(g)], with
a: [D, E] ® D — E the natural map, might be useful.
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2.2. Let Y be a ringed space, and 1: Oy — S an Oy-algebra. Let Y be

the ringed space (Y, S), and ¢: Y — Y the ringed-space map (idy, ).
(This subsection is independent of the preceding one. Subsequently, only the

case where ¢: Oy — S:= f,Ox is as before—just after (2.1.4)—will be needed.)

Note: Oy = S, A(Y) is the category of S-modules, ¢,: A(Y) = A(Y) is
just restriction of scalars, ®y = ®g and Homy = Homg.

The functor o _
Homy: A(Y)P x A(Y) = A(Y)

“oP” denotes “opposite category”) is given by

(where
Homy (F,G):= Homy (¢ F, G) € A(Y) (FeA®Y), G e A(Y)),

with scalar multiplication given by the following natural composite map,
where mg, p: S Ry ¢« F — ¢ F is scalar multiplication,

S ®y Homy (¢, F, G) = Homy (¢ F, G) @y S
0 Homy (S ©y ¢.F, G) ©y S
= Homy (S, Homy (¢« F, G)) @y S — Homy (¢ F, G),

and with the the obvious action on maps in A(Y)°P x A(Y).
This scalar multiplication is adjoint to the natural composite

viameg, r

Homy(qS*F, G) Ry S Ry d)*F _— Homy(czﬁ*F, G) Ry QZS*F — G,
that is, the border of the following natural diagram with [—, —] := Homy (—, —),
®:= Qy and m:= mgy,F, is commutative.
[6.F, G © (S® ¢ F) — 2" (6, F,G|@ ¢, F
viam @ @
[S@ ¢ F,Gl® (S@ ¢ F) —— ([S, (¢ F, G| ®S) ® ¢ F —— [ F,G] @ . F

Indeed, subdiagram (1) commutes by [L09, 3.5.3(h)] (with B =S ® ¢.F, A= ¢.F
and C = G), and (2) by, e.g., the Kelly-Mac Lane coherence theorem | , p- 107,

Thm. 2.4] applied to (2) after replacement of S and ¢, F, respectively, by arbitrary
objects D and F in A(Y).
It follows that scalar multiplication factors naturally as
[0 F,G]® S — [¢F, G| @ 9. F, 0. F'| — [+ F, G]
where the second map is “internal composition” [L09, 3.5.3(h)], that is, the map
adjoint to the natural composite

[6.F, G| ® ([¢+F, 6. F] @ ¢ F) —> [$.F, G| ® ¢, F — G.

Let RHomy: D(Y)P x D(Y) — D(Y) be a right-derived functor of
Homy,, specified on objects by choosing for each Oy-complex G a K-injective
resolution G — I and then setting, for any S-complex F,

RHomy(F,G):= Homy(F, 1),

and specified on maps in the standard way.
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The next proposition is a slightly upgraded version of derived adjoint
associativity—which it becomes when % is an isomorphism. (This termin-
ology is clarified in Remark 2.2.7.)

Proposition 2.2.1. There is a unique trifunctorial D(Y)-isomorphism
a(E,F,G): RHomy(E ®% F,G) = RHomy(E,RHomy(F,G))
(E,FeD(Y), GeD(Y))

such that the following natural diagram, with H = Hom and oy(E, F,G)
the standard isomorphism of Os-complexes, commutes.

Hw(E®7F> G)"RIHdJ(E@?F?G) R/HTZJ(E@%?F’G)

aO(E7F7G)JN NJO‘(E’FuG)

Hy (B, Hy(F,G)) —— RHy(E, Hy(F,G)) — Rty (E, R, (F,G))

In fact, a(E,F,G) = ay(Pg, F,Ig) where Pp — E (resp. G — Ig) is
a quasi-isomorphism with Pg a K-flat Oy -complex (resp. Ig a K-injective
Oy-complex). The proof is the same as that of [L.09, Proposition (2.6.1)*],
except that in the remarks preceding loc. cit. one sets

L) := K(Y) (the homotopy category of Oy-complexes),
5:= full subcategory of K(Y) spanned by all K-flat Oy--complexes,
L5 := full subcategory of K(Y) spanned by all K-injective Oy-complexes,

adjusts L] and D{ accordingly (i = 1,2,3), and then observes that for
(F,G) € Ly x Ly, if the Oy-complex E is exact then so is

Hy (B, Hy(F,G)) = Hy(E @5 F, G),
that is, Hy (F, G) is K-injective. O

Upon replacing S by Oy in the above definition of scalar multiplication
for Homy, (F,G), one checks the equality of Oy-complexes

(2.2.2) o Homy (F,G) = Homy (¢ F, G);
replacing G by I gives the natural isomorphism (in D(Y"))
(2.2.3) d«RHomy(F,G) = RHomy (¢ F, G).

As is readily verified, the isomorphism (2.2.3) is naturally identifiable with
the inverse of the isomorphism ay(Oy, F, G) given by the next Corollary.

Corollary 2.2.4. There is a unique trifunctorial D(Y')-isomorphism
ay(E,F,G): RHomy(qﬁ*(E@"?F), G) = ¢.RHomy(E,RHomy(F,G))
(E,FeD(Y), GeD(Y))
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such that the following natural D(Y')-diagram, with H:= Hom, commutes.

Hy (¢(E @3 F), G) — Riy (¢.(E ®%F),G) — RHy (6.(E®LF), G)
~ ~ J ag(E, F,G)

¢ Hy (B, Hy(F,G)) — ¢RHy(E, Hy(F,G)) — ¢.RHw(E,RHy(F, G))

Proof. Applying ¢, to the diagram in 2.2.1, one sees that the diagram in
2.2.4 commutes when ayg4(E, F,G) is the isomorphism ¢.a(E, F,G).
Uniqueness need only be checked when FE is K-flat and G is K-injective,
in which case it holds because the maps in the top row of the latter diagram
are isomorphisms. [l

Corollary 2.2.5 (Sheafified duality for ¢). Setting
¢’(=):= RHomy (O3, —): DY) — D(Y),

one has, for E € D(Y) and G € D(Y), the bifunctorial isomorphism
ay(B,0,G): RHomy (6.E, G) = ¢.RHomw(E,§G).
Remark. The inverse of ay(E, Oy, G) is described in Proposition 2.4.4.

Corollary 2.2.6 (Global duality for ¢). For E,F € D(Y) and G € D(Y)
one has, with ag:= ay(E, F,G), the functorial isomorphism

H'RT (Y, ay) : Homp(y)(¢+(E @5 F), G) = Hompy) (B, RHomy(F,G)).

In particular, one has the adjunction ¢, - ¢* given by the functorial
isomorphism, with oj,:= ay(E, Oy, G),

HORT (Y, o) : Hompgy)(6+E, G) =+ Homp g (E, ¢'G).

Remark 2.2.7. For fixed E and F in D(Y), the functorial isomorphism
alE,F,G) in 2.2.1 is right-conjugate (see for instance [L09, 3.3.5, 3.3.7]),
via natural adjunctions, to the standard associativity isomorphism

¢« (D&% (E®L F)) +— ¢. (D&Y E)®L F)  (DeD(Y)).
2.2.8. As always, one can explicate an adjunction through the associated
counit and unit maps. One does so for ¢, 4 ¢° by means of the well-
known counit and unit maps for the standard adjunction ¢, + Homy,(Oy, —)
(of functors between A(Y) and A(Y)), obtaining that the corresponding
counit map at G € D(Y) is the natural composite

DG = ¢«RHomy (O, G) (2%;:) RHomy (905, G)

(2.2.8.1)
— RHomy (Oy,G) = G|

viay
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and the corresponding unit map at £ € D(Y) is the natural composite
(2.2.8.2)
E % Homg (O, E) <5 Homy(Og, 6. E) — RHomy(Og, 6. E) = ¢ 6. E.
(The inclusion map j is easily seen to be Oy-linear.)
2.2.9. The functor ®,: A(Y) x A(Y) = A(Y) is given by
F®yG:=¢.F oy GeAl) (F e AY), G € A(Y)),
where the scalar multiplication map is the natural composite
Oy ®y (¢ F @y G) == (Oy ®y ¢:F') @y G — ¢ F @y G,
and the action of ®, on maps in A(Y) x A(Y) is the obvious one.
One has for £ € A(Y), G € A(Y), the natural isomorphism
Homy (Oy ®y G, E) = Homy (G, ¢ E).
Thus the functor Oy ®y, — is left-adjoint to ¢., and so can be identified
with ¢*, after which the counit A(Y)-map ¢*¢. — id becomes the scalar
multiplication -
Oy @y o' — F (F e A(Y)),
and the unit map id — ¢.¢* becomes the natural D(Y)-map
G = Oy @y G — .03 @y G = ¢.(03 @4 G) (G € A(Y)),
There is an obvious functorial isomorphism
(2.2.9.1) F®yG = Fey (0y @y G) =F ey ¢'G.
One has then the natural isomorphism
(229.2) 0. (FOy¢'G) = 0.(Foy(Oyp@yG)) = ¢ (F®yG) = ¢ F Oy G,
whose inverse is easily seen to be the projection map
Phyi 0.F @y G — 6.(F @3 ¢'G),

cf. [L09, 3.4.6], so that p} s U an isomorphism.
Similarly, one has the isomorphism

p’M): G Ry ¢ F = ¢.(¢"G @ F);
and, as in [.09, 3.4.6.1], the following natural diagram commutes:

o @y G ,;’ (b*(F Ky ¢*G)

:J e E

G ®y ¢ F —— ¢.(¢"G @y F)

P2
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This all applies more generally, mutatis mutandis, to Ogp-complexes F
and Oy-complexes GG. In that case, upon replacing G by a quasi-isomorphic
K-flat complex one sees that the derived projection map is an isomorphism

(22.9.3) p1y: B F Ry G = ¢ (FRELE'G)  (FeD(Y), G €D(Y)).
Similarly (and by [L.09, 3.4.6.1], equivalently), one has the isomorphism
(2.2.94) pyy: GOy ¢ F = ¢ (Le*"GRLF)  (FeD(Y), G € D(Y)).
One checks that (2.2.9.4) is left-conjugate to the inverse of the duality isomorphism
RHomy (¢ F, E) == ¢.RHomy (F, #"E) given by Corollary 2.2.5.

2.3. Let f: X — Y be an affine scheme-map, f as in §2.1, and ¢ and ¢ as
in the lines following (2.1.4). So f = ¢f; and one gets properties of f by
combining the corresponding ones of f and ¢.

For example, from (2.2.9.3), (2.2.9.4) and 2.1.10 one gets, using transitiv-
ity of projection maps [[.09, 3.7.1], a simple proof of the well-known fact that
for all E € Dgc(X) and G € Do (Y) the projection maps are isomorphisms

(2.3.1) RE.E®Y G 5 RE(ERYLFG), GRLREE 5 RE(LFGRLE).

(For the general case of arbitrary qcgqs maps, see e.g., [1.09, 3.9.4].)
Here we will emphasize duality results, a basic one being Theorem 2.3.4
(sheafified affine duality).

First, with ¢” := RHomy(f.Ox, —) as in (2.2.5), set
(2.3.2) o= e
Lemma 2.3.3. If G € D(Y) is such that RHomy (f,Ox,G) € Dgc(Y)

then ¢*G € Dgc(Y) (whence f°G € Doc(X)), and so one has the composite
1somorphism

ta: REFG = . RLF GG Y e, (;7;) RHomy (f.0x,G).

Proof. The functor ¢, is exact, and ¢.¢’G = RHomy (f.Ox,G) € Dqc(Y),
so by | , p-218, (2.2.4)], #*G € Dy (V). O

Consequently:

Theorem 2.3.4 (Sheafified affine duality). Let G € D(Y) be such that
RHomy (f,Ox,G) € Dgc(Y). For all F € Doc(X) one has the natural com-
posite bifunctorial duality isomorphism

RE.RHomx(F, f°G) = ¢,RE.RHomx(F, ['¢’G)
¢.RHoms (REF, ¢°G)
RHomy (¢.Rf.F,G) == RHomy (Rf.F,G). O

‘)

1.

oo

[\
gk
ot

Proposition 2.4.5 below gives another factorization of the duality isomor-
phism in 2.3.4. The next Proposition, in essence, globalizes that.
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Proposition 2.3.5. Let G € D(Y) satisfy RHomy (f,Ox,G) € Dqc(Y),
and let ts be the composite map

RESG = 6REF G > 6.0°G oo @

given by the counit maps associated to the adjunctions f*4 RS, and ¢, ¢’
in 2.1.6 and 2.2.6 respectively. Then:

(i) (f"G, tG) represents the contravariant functor Hompy)(Rf,—, G)
from Dqc(X) to the category of T'(Y, Oy )-modules.

(ii) t is the natural composite map

RES°G ;5 RHomy (£.0x,G) — RHomy (Oy,G) = G.
Proof. (i) The assertion is that for all F' € Dqc(X), the map gotten by going

clockwise around the following natural diagram from top left to bottom left
is an isomorphism—which holds because, clearly, the diagram commutes.

Hompx)(F, f'¢’G) Hompy(RAF,Rf.f¢°G)

2.1.6 | >

HomD(y)(RﬂF, Rﬁf*¢bG)

2.1.6 | =~ ~ 216
Homp, 3 (RL.F, ¢°G) Homp v (¢«RfF, ¢’ G)
2,26 | =~ (2.2.8.1)
Hompy)(Rf.F, G) Hompy)(¢«Rf,F, G)
(ii) Left to the reader. O

Corollary 2.3.6. If Y is qcgs, then for G, t, as in Proposition 2.3.5 and
Tai= Tf(G'): Rf.f*G — G the canonical map, there is a unique D(X)-map
& /G — fXG

such that t, = 750 Rf*ff; and this £f s an isomorphism.

Proof. Both (f°G,t;) and (f*G, 1) represent Hompyy(Rf,—, G). a

2.3.7. We review some conditions under which RHoms3, (f,Ox, G) € Dgc(Y)
for all G € Dg.(Y) (resp. Dgc(Y))—see Lemma 2.3.8 below.

For this we need the notion of pseudo-coherence, discussed in detail in the
primary source [[I71], or, more accessibly, in | , pp- 283ff, §2], or in
[ , tag 08E4]. (A brief summary appears in [L.09, §4.3].) The simplest
characterization is that an Oy-complex FE is pseudo-coherent if over each
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affine open U C Y, the restriction E|y is D(U)-isomorphic to a bounded-
above complex F' of finite-rank locally free Ox-modules. (When E is an
Oy-module, this means that E|y is resolvable by such an F.) It suffices
for pseudo-coherence of E that this condition hold over each member of a
covering of Y by affine open subschemes.

Such an F being K-flat, it holds for any scheme-map h: Z — Y that,
with hy: h~'U — U the induced map, the natural map is an isomorphism
LhiF' = h{;F, and hence that if F is pseudo-coherent then so is Lh*E.

A finite scheme-map f: X — Y is pseudo-coherent if for any pseudo-
coherent Ox-complex E, Rf, E is a pseudo-coherent Oy-complex (see [1.09,
remark just before 4.7.3.4]). For this condition to hold, it suffices that f,Ox
be pseudo-coherent. (This assertion, being local, need only be shown when
X and Y are affine, for which case see | , 4.3.2, ()e(iii)].) IfY is
locally noetherian, then every finite f is pseudo-coherent.

If, in addition, f,Ox has finite tor-dimension locally (and hence globally
if Y is quasi-compact), i.e., f,Ox is a perfect complex [II71, p.135, 5.8.1],
then f is quasi-perfect, i.e., for any perfect Ox-complex F, Rf, F is a perfect
Oy-complex. (Use | , Proposition 2.1] locally on Y.) It is equivalent
that f be perfect, as defined in [I171, p. 250, Définition 4.1]—see, for instance,
[L09, Example 4.7.3(d)].

For example, perfection holds for any affine map f that is flat and locally
finitely presentable, so that f,Ox is a flat and locally finitely presentable—
i.e., locally free of finite rank—QOy-module, see [ , p-357, (9.1.15)(i)].

Perfection also holds whenever f is a regular immersion, so that f,Ox is
locally quasi-isomorphic to a Koszul complex.

Clearly, a composition of two pseudo-coherent (resp. perfect) finite maps
is again pseudo-coherent (resp. perfect).

Lemma 2.3.8. If FF € D(Y) is pseudo-coherent (resp. perfect) then for
all G € D (Y) (resp. Dac(Y)), RHomy (F, G) € DI (Y) (resp. Dgc(Y)).

Proof. The assertion is essentially local, so one can assume Y affine and
then proceed as in the proof of [L09, Lemma 4.3.5]. Alternatively, use [[60,
p. 73-74, Proposition 7.3 (ii) and (iii)], or see | , tag 0AGH]. O

Corollary 2.3.9 (Sheafified finite duality). Let f: X — Y be a pseudo-
coherent (resp. perfect) finite scheme-map, and G € D:']C(Y) (resp. Dgce(Y)).
For all F' € Dgqc(X) one has the composite bifunctorial duality isomorphism

Rf.RHomx(F, f’G) = ¢.RE.RHomx(F, ['¢’Q)

~ o T b
(E) ¢«RHomyw (REF, ¢°G)

(2%2;) RHomy (¢.Rf,F,G) = RHomy (Rf.F,G)

Proof. This follows immediately from 2.3.4 and 2.3.8. (|
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Application of the functor HRT(Y, —) yields an adjunction Rf, 4 f” com-
posed of those given by 2.1.6 and 2.2.6:

Corollary 2.3.10. For any f as in 2.3.9 the functor f°: Di.(Y) = D (X)
is right-adjoint to Rf,: D3 (X) — D3 (Y), with unit map the natural func-
torial composite map

up: F = fRLF — [@6.RLF = ['RL.F,
2.1.6 (2.2.8.2)
and counit the functorial map tg (see 2.3.5), which identifies naturally with
the canonical map (“evaluation at 1”)
R'Homy(f*(')x, G) — RHomy(Oy, G) =G.
When f is perfect, the superscript “*” can be omitted. O

2.3.11. (Cf. [H66, p.172, 6.8].) Similarly, if f is any closed immersion then
f? is right-adjoint to f, = Rf,: D(X) — D(Y). That’s because for such f,
Lemma 2.1.6 and hence Proposition 2.3.4 hold for all G € D(Y').

Example 2.3.12. Let G € D(Y) be such that RHomy (f,Ox,G) € Dqc(Y),
u the unit map in 2.3.10, and p the natural composite

The following natural diagram commutes.

Rf*Ufb(;

RELSG RISRESG

~ 233

233 | = R’Homy(f*(’)x, RHomy(f*Ox, G))

R

RHomy (f.Ox,G) Td#) RHomy (f,Ox ®I§/— £.0x,G)
This assertion will not be used, so the (not entirely trivial) proof is omitted.

2.4. The following Proposition 2.4.4 (resp. 2.4.5) shows that the duality
isomorphism in Corollary 2.2.5 (resp. Theorem 2.3.4) is concordant with the
abstract duality map given by [L.09, 4.2.1]. Proposition 2.4.6 characterizes
the isomorphism &y : PG = f*G in 2.3.6 by means of that abstract map.

Lemma 2.4.1. Let h: V — W be a ringed-space map, and let E, F be
Oy -complexes. With vy = vy(E, F) the natural map (cf. [L09, (3.1.4)]),
v=v(EF) asin (2.1.7), and H := Hom, the following natural diagram
commutes.
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hHy (B, F) Rh,Hy (E, F) Rh.RMy (E, F)

v

Y RHw(Rh*E, Rh*F)

Hyy (hoE, b F)

RHw (hE, hyF)

RHw (hE,Rh, F)

Proof. The diagram expands naturally as follows, with maps labeled €*

(resp. 1) induced by the counit map h*h,E — E (resp. the unit map
E — hh*E):

hHy(E, F)

Rh.Hy (B, F)

Rh.RMy (E, F)

hoHy (W*h.E, F) Rh..RHy (W*h.E, F))
© 0
w(EF)| W hFEF)|  RhRHy(Lh*hE, F)) «—— Rh.RHy (Lh*Rh.E, F)
Hy (heh*he B W F) - @ RHw (RhsE,Rh.F)

Hw (ho B, h*F) Ry (hoE, hoF) R (h E,Rh,F)

Commutativity of subdiagram (1) results from the obvious equalities

vw(E, F) =nvy(E, F) = nuy(h*h.E, F)e.

Commutativity of (2) results from [1.09, 3.2.3(ii)] (modulo replacement in
[L09, 3.1.5, 3.1.6] of (f, A, B) by (h, hoE,F)...)

Commutativity of (3) results from that of [L09, 3.2.1.2].

Commutativity of the unlabeled subdiagrams is clear. O

Lemma 2.4.2. Let h: V — W be a ringed-space map, and let E, F be
Oy -complezes. The following natural diagram commutes.

L v L
Rh.FE ®%V Rh.F 00, 3240) Rh*(Ef@V F)
hiE @Y hiF Rh.(E @y F)
hoE Qw hyF - h.(E @y F)
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Proof. By definition, (or, if a definition other than that in [L.09, 3.2.4] is
preferred, one shows that) v is adjoint to the natural composite map
Lh*(Rh.E ®% RhF) — Lh*RhE @Y Lh*RhF — E ®% F.

By [L.09, 3.1.9], and application of the “duality principle” of [L.09, §3.4.5]
to the argument at the beginning of that subsection® (or otherwise), Yo is
adjoint to the natural composite map

W (hoE @w hyF) — h*hoE @y h*hF — E @y F.

It suffices therefore to show commutativity of the natural diagram

Rh.E ®Y, Rh,F Rh.(Lh*Rh.E @Y Lh*Rh.F) Rh.(E @Y F)
\ / ® /
Rh.Lh*(Rh.E @Y% Rh.F) Rh.(h*hE @Y h*h.F)
Rh.(Lh*hE ®% Lh*h,F)
h.E ®% hoF — Rh,Lh*(h.E @Y%, h.F) +(h*h.E @y h*h.F)
RA.LW* (ho E @w ho F) — Rhh* (o E @w hoF) E®y F)

hoE @w hoF — hoh*(h E @w hoF) — hy(h*hE @y h*hF) — h,(E @y F)

Commutativity of the unlabeled subdiagrams is easily checked.

Commutativity of (1) (respectively (3)) is given by that of [L.09, (3.2.1.2)],
(respectively [L09, (3.2.1.3)]).
Commutativity of (2) is given by [L09, (3.2.4(1)]. O

As in §2.2, let Y be any ringed space, ¢: Oy — S an Oy-algebra, Y the
ringed space (Y, S), and ¢: Y — Y the ringed-space map (idy,v). Then
Oy = S, A(Y) is the category of S-modules, ¢, : A(Y) — A(Y) is restriction
of scalars, ®y = ®¢ and Homy = Homg.

Lemma 2.4.3. For E,F € D(Y), G € D(Y), the following natural dia-
gram, with H:= Hom and with v: ¢.ER% ¢.F — ¢.(E ®'{7 F) as in [L0O9,
3.2.4(i1))], commutes.

8 In connection with [1.09, §3.4.5], in the proof of [L.09, 3.2.4(ii)], the erroneous phrase
“the adjoint (3.5.4.1) of (3.4.2.1)” should be replaced by “(3.4.5.1)”.
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Rty (¢(E @% F),G) —5 17— ORHy (B, RHy(F,G))

2.2
Via'yJ

RHy (¢ E @Y% 0. F, G) (2.1.7)

|

RHy (¢« E, RHy (¢« F, G))

R «F, p«R F.G
0o Hy (0 E, p.RMy(F,G))

Proof. It may be assumed that F is a K-flat S-complex and that G is a
K-injective Oy-complex; and then (as in the proof of 2.2.1) H(S,G) is a
K-injective S-complex. The diagram in question expands naturally as

Rty (¢(E @5 F),G) -

F ¢.RHw(E,RHy(F,G))
X E Hw(F G)) /
viay Hy (¢« (E @ F O R’HV(EHMF, G))
©) @
Hy (0 FE @y ¢, F,G) @
/ (2.1.7) (2.1.7)
RHy (¢ E @5 . F, G) =~ Hy(¢E, ¢ Hy(F,G))
® / \
RHy(¢*E, Hy ()i F, G))

RHY((Z)*Ea RHY(¢*FaG)) (253) RHY(¢*E7¢*RH1/1(FaG)>

It suffices therefore to show commutativity of all the subdiagrams.
Checking commutativity of the unlabeled subdiagrams is straightforward.
Commutativity of subdiagram (1) is given by that of the diagram in 2.2.4.

Commutativity of (2) follows from Lemma 2.4.2; of (4) from Lemma 2.4.1;
and of (5) from Corollary 2.2.4 (with § = Oy and ¢ = id).

Commutativity of (3) is easily verified: just do so after applying global
sections over an arbitrary open U C Y. O
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Proposition 2.4.4. The isomorphism ay4(E, (97,6’)_1 in 2.2.5 factors as

¢.RHomy (B, ¢"Q) o RHomy (¢ E, ¢+’ G) ﬁ RHomy (¢ E, G).

Proof. In Lemma 2.4.3, set F':= Oy to get that the border of the following
natural diagram commutes:

RHy (¢:(E @5 Oy),G) «——— RHy (¢.E,G) o GRHp(E,¢°G)
® e
7 RHy(¢.E®Y Oy, G) 3 (2.1.7)

— o\ @ 7
®

Rty (¢« E,RHy (Oy, G))
/

RHy (¢« E, RHY(¢*O?7 G)) (2;3) RHy (¢« E, ¢*¢bG))

viay iy

Here, the map 7 is the left inverse of “via 7" induced by the right inverse
of v that is given by the natural commutative diagram

6+(E @5 Oy) = 2

1 -

¢ E @y 6.0y ¢ E @ Oy

(cf. subdiagram (2) in the proof of [L.09, 3.4.7(iii)]). Thus subdiagram (1)
commutes; and careful diagram-chasing shows it enough to prove that sub-

diagrams (2), (3) and (1) commute.

Commutativity of (2) and of (4) is obvious.

Finally, one finds, using the definition of the maps involved (see [.09,
3.5.3(e), 3.5.6(e)]), that the left-conjugate of (3) is the natural diagram

F @Y% ¢.E
—
F @Y (6. E @Y% Oy)

(F ®% ¢.E) @Y Oy,

whose commutativity is easily shown when F' is K-flat, so that it holds for
all F' € D(Y'), whence commutativity holds for (3). O

Now specialize to where Y is a scheme and, with f: X — Y an affine
scheme-map, 1: Oy — S:= f,Ox is the associated map.
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Proposition 2.4.5. The duality isomorphism in Theorem 2.3.4 factors as

Rf.RHomx(F, £'G) ZL2 RHomy (REF,REFG) & —> RHomy (REF,G).

Proof. As in Lemma 2.3.3, ¢"G < Dy (Y). The Proposition amounts to
commutativity of the border of the diagram

—x (2.1.7)
Rf.RHomx(F, f'¢°G)

RHomy (REF,RE 6 G)

" ® H
= = o (2.1.7) = T o
¢«RHomy (REF, RS, ['¢"G) —— RHomy (6.RF.F, 6.RL[$G)
2.1.6 | ~ ® :lg.m
_ . (2.1.7) _ )
o«-RHomy (REF, ¢°G) RHomy (¢:REF, ¢:¢°G)
225 |~ ©) l(2.2.8.1)
RHomy (Rf.F,G) RHomy (¢«Rf.F,G)

Commutativity of (1) results from that of the second diagram in |

3.7.1.1]—where “(gf)” should be “(fg)”—with (f,g, F"):= (¢ f °Q); that
of (2) is clear; and that of (3) is given by 2.4.4 with E:= Rf, F O

For amap f: X — Y of qcgs schemes, and G € D(Y'), the abstract duality
map § = 0(f,G) is the natural composite (with 75:= 7(G))
RE.F*G = RE,RHomy (Ox, £*G) s RHomy (R£,0x, RA.S*G)
76, Romy (RE.Ox, G).

If RHomy (Rf,Ox,G) € Dgc(Y) then § is an isomorphism. To see this via
Yoneda’s Lemma, one checks (cf. [V68, p. 404]) that for E' € Dgc(Y'), the map

Hompy)(E, Rf.f*G) — Hompy)(E, RHomy (Rf,Ox, G))
induced by ¢ is naturally isomorphic to the map
Hompy(Rf,Lf*E,G) — Hompy)(E ®% Rf.Ox,G)
induced by the projection isomorphism
E @Y Rf,Ox = Rf,(Lf'E % Ox) = Rf.LfE.

Proposition 2.4.6. Let f: X — Y be an affine map of qcqs schemes, let
G € D(Y) be such that RHomy (f,Ox,G) € Dgc(Y), and let 6 = 6(f,G) be
the above duality isomorphism. The isomorphism § of Corollary 2.3.6 is
the unique D(X)-map &: f’G — f*G such that the composzte isomorphism

fc: RLFG = 0.RLF G > ¢*<z>bG 553, Ritomy (1.0x, ).
in 2.3.3 factors as
RES GRS RE P°G -2 RHomy (£.0x, G).
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Proof. If tg = §°oRf.£ then the following natural diagram commutes, i.e.,
Ta° Rf,.£ is the map ¢, in 2.3.5, and so by 2.3.6, £ is the isomorphism 5f.

R *
Rf.f°G 1 Rf,f*G =————— RHomy (Oy, Rf.f*G)

commutes, by
[1.09, 3.5.6(c)]

Rf,Homy (Ox, f*G)
fo=0oRfE (1)
O RIS PG RHomy (f,.Ox,Rff*G)

:J?.l.(i ViaTGJ

¢*¢bG RHomY(f*OX7G>

viaTg,

RHOMy(Oy, G) =G
It remains to be shown that tg = do Rf*gf, that is, the outer border of
the following natural diagram commutes.

Rf.€
REF°G ’ Rf.[*G

\ "

. REF G Rf.RHomy (Ox, f*G) —5 Rf,RHomy (Ox, f*G)
\ “/

o.RHomy(f.Ox,Rf.f¢°G)

(2.1.7)

via &
RHomy (f.0x, RS, f’G) —> RHomy (f,Ox,Rf,f*G)
®
¢*RH0mY f*OX7¢ G @

viata via g

/ \,

Commutativity of the unlabeled subdiagrams is obvious. Commutativity
of (1) is a simple consequence of that of the first diagram in [L.09, 3.5.6(e)].
That of (2) is what is asserted immediately after (2.2.3), with F:= f,Ox.
That of (3) is given by Proposition 2.4.5, and of (4) by Corollary 2.3.6. [
2.5. (Pseudofunctoriality) One verifies formally that over the category F
of pseudo-coherent (resp. perfect) finite scheme-maps there is a unique
D (resp. Dqc)-valued contravariant pseudofunctor (—)? such that for any
map f € F, Corollary 2.3.10 holds, and for any W % X i> Y in F, the
associated isomorphism ¢’f° - (fg)” is the natural composite (see §2.2.8)

(2.5.1)
I = (f9)R(f9):g'f == (F9)'RERgGF — (fg)’RES — (f9),

~12.1.6 2.1.6 | ~

¢’ G RHomy (f,0x,G)
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i.e., it is right-conjugate to the natural isomorphism Rf,Rg, <= R(fg),,

see [L09, 3.3.5] with (f,,g., f* g*) replaced by (¢°f", (f9)’,Rf.Rg,. R(f9).),
and cf. [L09, 3.6.8.1].

Restricting to qcgs schemes, one has the same statement with (—)* in
place of (—)’. Consequently:

Proposition 2.5.2. Qver the category of pseudo-coherent (resp. perfect)
finite maps of qcqs schemes, the map §f in 2.3.6 is the f-component of an
isomorphism of pseudofunctors (—)° =% (—). O

Remark 2.5.3. The F-maps f, g and fg entail maps of sheaves of rings
Y: Oy — f.Ox, §: Ox — g.0w and (:= (f,§)°®, and ringed-space maps
X =X f0x), 3: W = (X,0.0w), fg: W —= (Y, £,9:.0w) (see §2.1);
and (2.5.1) is a functorial isomorphism

g*RHome(g.0w, ' RHomy(£.Ox,—)) == fg RHomc(f.9:0w, ).

The description of such an isomorphism in [H66, p. 167] needs noetherian
hypotheses not assumed here. In any case, locally, where one deals, in
essence, with a composition R — S — T of ring homomorphisms, one
realizes (2.5.1) as the sheafification of the natural D(7")-isomorphism

RHomg(7,RHomp(S,G)) = RHompg(T,G) (Ge D(R)),
see the paragraph preceding Proposition 3.1.23.
The duality isomorphism in Corollary 2.3.9 has the following transitivity
property, making it compatible with (2.5.1).

Proposition 2.5.4. Let W £ X IS Y in F be as above. For F € D(WV)
and G € D(Y), the following natural diagram commutes.

(2.5.1)

R(fg)«RHomw (F, ¢’f*G) R(fg)sRHomw (F, (fg)°G)

| lg.g_g

Rf.Rg.RHomw (F, ¢'1°G) RHomy (R(f9).F, G)

2.3.9J l“‘

Rf.RHomy (Rg.F, be) RHomy (Rf.Rg. F,G)

2.3.9

Proof. Using Proposition 2.4.5, and with H := Hom, expand the diagram
naturally as follows:
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(2.5.1)

R(fg)* RHW(F7 gbbe) R(fg)* RHW(F> (fg)bG)

e
= RHY(R(fg)* F, R(fg)*gbbe) (2.1.7)
(251
Rf.Rg.RHw (F, ¢’f'G) @ RHy (R(f9). F, R(f9).(f9)’G)
(2.1.7) RHy (Rf,Rg.F, Rf.Rg.g"f’G)
/(2.1).7) ©)
Rf.RHx(Rg.F, Rg.gf°G) RHy (R(f9)+F, G)
RHy (Rf,Rg.F, Rf. [*G) =
Rf.RHx (Rg.F, f’G) RHy (Rf.Rg.F, G)
Commutativity of (1) is given by the second diagram in [1.09, 3.7.1.1].

That of (2) follows from (2.5.1) being (as stated above) right-conjugate to
the natural isomorphism Rf,Rg. —= R(fg), see e.g., the second diagram in

[L09, 3.3.7()), with (f,, g«, f* g*) replaced by (¢°f", (9)"s Rf.Rgw R(f9)s)-
Commutativity of the unlabeled subdiagrams is obvious. O

2.6. Given Corollary 2.3.9, one can translate many standard results about
the pseudofunctor (—)* (see e.g., [L09, §4.7]) into corresponding results
about the pseudofunctor (—)” of 2.5, and ask for concrete interpretations.
In this section, an elaboration of [ , p-167, 6.3], tor-independent base
change for (—)” is treated, both abstractly (Theorem 2.6.4) and concretely
(Proposition 2.6.14). In the following two sections, which elaborate [HG0,
p. 174, 6.9], further illustration is provided by an explication of the interac-
tion of (—)” with derived tensor (Proposition 2.7.7) and with derived hom
(Proposition 2.8.2). Later, section 3 deals with the case of affine schemes,
where the foregoing examples can be described in equivalent commutative-
algebra terms.

Note, in perusing such examples with regard to a pseudo-coherent finite
map f = ¢f: X — Y, that concretely representing a Dqc(X)-map &: F — G
is more or less the same (via 2.1.6) as concretely representing the Dqc( f,Ox)-
map Rf.&, and that the latter involves more than doing the same for the
Dy (Y)-map Rf,§—because the natural map

Homec(f*Ox)(Rf*Fv Rf*G) - Homec(Y)(Rf*F7 Rf*G)

isn’t always injective.’

9Let k be a field and R a finite-dimensional local k-algebra with maximal ideal m # 0
such that the natural map k¥ — R/m is an isomorphism. The natural composite

0 # Homy,(m/m?, k) = Hompg(m, k) — Extg(k, k)

is an isomorphism, so that the natural map Extk(k, k) — Extj(k, k) = 0 is not injective,
i.e., the natural map Hompg)(k, k[1]) — Homp) (k, k[1]) is not injective.
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2.6.1. To any oriented commutative square of scheme-maps

X ——X
(2.6.2) gJ . Jf
v %

u

one associates the map
(2.6.3) 0-(E): Lu"Rf,E — Rg.Lv*E (E € Dgc(X))
adjoint to the natural composite map

Rf.E — Rf,Ru.Lv*'E = Ru4Rg.Lv*E.

For a concrete local description of 6,, see the end of §3.2 below.

Asin [L09, §3.10], the square o is called independent if for all E' € Dqc(X),
0,(F) is an isomorphism.

If o is independent, f and g finite and f pseudo-coherent (resp. perfect),
then ¢.O0x & g.Lv*Ox = Lu*f,Ox is pseudo-coherent (resp. perfect), i.e.,
g is pseudo-coherent (resp. perfect).

If o is a fiber square (i.e., the associated map X' — X xy Y’ is an
isomorphism), then independence of ¢ is equivalent to tor-independence,
i.e., for all ¥ € Y’ and x € X such that y:= u(y’) = f(x),

r_]:‘Oj(‘Z(?Y’Z“I((’)Y/’y/7 OX,CC) =0 fOI' all 4 > 0.

For the proof, one reduces as in [1.09, 3.10.3.2 and 3.10.3.3] to where Y, X,
Y’ and X' are all affine, in which case [1.09, 3.10.3.1] applies.'’

Hence, if ¢ is a fiber square then its being independent does not depend
on its orientation; and such a ¢ is independent if either f or w is flat.

The following Theorem 2.6.4 is essentially contained in [L09, 4.4.1], in
whose proof the assumption (at the beginning of Section 4.4) that all schemes
are gcgs is needed only to ensure that Rf, has a right adjoint—which in the
present circumstances is known to be so (Corollary 2.3.9) without the said
assumption. The proof here, though related to that of loc. cit., is more direct.

In Theorem 2.6.4 and Remark 2.6.5(a), these abbreviations are used:

(—)s:=R(—)x, (=) :=L(—)", Hom:= RHom.
Theorem 2.6.4 (Tor-independent base change). Let o be, as above, an
independent fiber square, in which f—hence g—is finite and pseudo-coherent
(resp. perfect) and u has finite tor-dimension (resp. u is arbitrary), and let
G € D (Y) (resp. Dgc(Y)). With ()" and tg as in Prop. 2.3.5, the adjoint
of the composite map g,v*f°G F) w . f°G — u*G is an isomorphism

o Ul
B, (Q): v f°G =5 gu*G.

10Misprint: references to (3.10) in loc. cit. should be to (3.10.2.3).
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Proof. Since g is affine, [1.09, 3.10.2.2] makes it enough to show that g.5,(G)
is an isomorphism—i.e., that the top row of the following natural diagram,
with ‘H:= Hom, composes to an isomorphism.

g0 f°G 9.9°9:0* f° G —— g. g’ f, [’ G ——— g.g"uw'G
via 0,1
>~ 0;1\ @ @ o~
9 Hx (Ox, v f°G) [ ® o~
uf, f°G \ Hy (92 Oxr, "G
via 0,1 —
~ HY’ (Q*OX/79*U*be) - HY/ (g*OX/7U*f*be) via@;] =
®
uHy (f.0x,G) Hy (v f.Ox,u*G)

p(G)

The natural map p(G) is an isomorphism: this assertion, being local,
results, e.g., from [[.09, 4.6.7] (in whose proof the untreated case where E
is strictly perfect—i.e., a bounded complex of finite-rank locally free Oy-
modules—and H arbitrary is easily disposed of by induction on the number
of n such that E™ # 0.) Thus it suffices to show that the diagram commutes.

Using Proposition 2.4.6 and the second diagram in [L09, 3.5.6(e)], one
verifies—with a bit of patience—that commutativity of subdiagram (1) is
given by [L.09, Lemma 4.6.4] with F:= Ox and f' replaced by f’.

Commutativity of (2) results from that of the natural functorial diagram

9s 949"
\ @1

Hy (Oyr, gs) =~

@2 ~—

gxHx' (OX’v id) Hy (9* Oxr, 9*)

Here, by the description in 2.3.10 of the counit map ¢, commutativity of (2);

means just that the natural composite gx — ¢5¢"gs AN gs« is the identity;

and that of (2)2 is given by that of the first diagram in [L.09, 3.5.6(e)].
Finally, commutativity of (3) and (4) is clear. O
Remarks 2.6.5. (a) If the schemes in Theorem 2.6.4 are qcgs, the following
diagram, with £ as in 2.3.6 and 5} (G) as in [L09, 4.4.3], commutes:
Be (G
VPG © Pu*G

sl s

* £ X X, %
v*f G—m g u*G

Indeed, 57 (G), resp. B+(G), is by definition adjoint to

gV G i WG —— u*G, resp. gvf’G = u'f f'G —— u*G,

* *
urT, utG

from which definitions one readily derives the assertion via 2.3.6.
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(b) The special case of Theorem 2.6.4 where the map w is an open im-
mersion is equivalent to the composite map in Proposition 2.4.5 being an
isomorphism, cf. [L.09, 4.3.6].

(c) A noteworthy result of Neeman [ , Lemma 5.19] (using dbid.,
Convention 5.5) implies that when w is flat and ¢ is perfect, then 5,(G) is
an isomorphism for all G € Dqc(X).

The rest of this section is devoted to realizing the map 5,—or equivalently,
the map g.[,—concretely. (As indicated before, this is rather more difficult
than doing the same for g, ., which was shown in the proof of Theorem 2.6.4
to be naturally isomorphic to the map p, whose explicit description was
indicated in the footnote in the proof of 2.1.9.) Locally, a more explicit such
realization, in commutative-algebra terms, is given in Proposition 3.2.13.

Until further notice, the symbols (=), (—)*, ® and Hom will have their
ordinary (non-derived) meaning.

2.6.6. Let Y be a ringed space, ¢: Oy — S an Oy-algebra, and Y the ringed
space (Y, S). The category A(Y) of S-modules is naturally isomorphic to the
category having as objects the pairs (N, myr) with N' an Oy-module and
my: S ®y N — N an Oy-homomorphism satisfying the usual conditions
for scalar multiplication, and having the obvious morphisms.

For example, when F' is an S-module and G an Oy-module, the S-module
Homy (F, G) is specified as such a pair in §2.2.

Let u: Y’ — Y be a map of ringed spaces. Let ¢': Oy — &’ be the
Oy-algebra u*y, S — u,u*S = u,S’ the natural map, and

Y= Y,8)— (Y,8) =Y
the corresponding map of ringed spaces. By definition, essentially, the direct

image @yx(M,muq) of an §’-module is the S-module (ueM,mq, A1) where
My, M 18 the natural composite

S Qy UM — 1, (u*S @yr M) Z 4y M.

The direct image of a map of S’-modules is, in these terms, specified in the
obvious way.

One checks that the functor u, has the left adjoint @* given objectwise
by @* (N, mp) = (N, mysnr) where mysps is the natural composite
(2.6.7) u*S Qyr u'N =5 u* (S @y N) wm, uN,
and mapwise in the natural way.

Let ¢: Y = (Y,S) — (Y, Oy) be the ringed-space map (idy, ), and let
@Y = (Y"8) = (Y,0y) be (idy,'). With the preceding @* it holds
that u*¢. = ¢Lu*.
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Lemma 2.6.8. For any complezes F € A(Y) and G € A(Y) there is a
unique S’-map
po = po(F,G): u*Homy(F,G) = Homy (0'F,u*G)
such that ¢lpy is the natural map
w* ¢ Homy(F, G) = w*Homy (¢ F, G) 2% Homy:(u*¢. F,u*G).

Proof. This follows easily from the standard explicit realization of p, and of

the scalar multiplication map in §2.2.

More formally, the uniqueness of p, is obvious, and its existence is given
by commutativity of the border of the following natural diagram, in which
H:= Hom and E:= ¢, F, whose left (resp. right) column composes to scalar
multiplication by u*S = &':

po ®id

wHy (E,G) @y, u*S Hy (W' E,u*G) @y, u*S
~ W ©)
uW(Hy (E,G)®yS) uwHy(S®yE,G)Qy, u*S viamy g
viamy / \
w(Hy (S ®y E, G) ®y S) Hy ' (4*S ®y, w'E, uw'G) @y, u*S
©)
u(Hy (S, Hy (E,G)) ®y S) Hy (u*S, Hy (v*E, u*Q)) @y, u*S
\ /
wHy (S, Hy (B,G)) ®y,u'S /-
®
Hy (u*S,w*Hy (E, G)) @y, u*S
/
wHy (E,G) Hy ' (W, u*G)

Po

Commutativity of the unlabeled subdiagrams is clear.

That subdiagram (1) commutes follows easily from the definition of m«g
(see (2.6.7), with N' = E).

Commutativity of (3) results from [1.09, 3.5.6(a)] with (f, A, B) replaced
by (u,S,Hy(E, G))

It suffices now to show commutativity of the following natural diagram,
with [—, —]:= Hy(—,—) and [—, =] := Hy+(—, —), whose border is adjoint
to (2) without “®yu*S.” (Note that u*[A4, B] — [u* A, v*B]' is adjoint to the
natural composite map [A, B] — [A, u,u*B] == u.[u*A,u*B], see [L09,

(3.5.4.5) ff].)
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[S®y E,G] [S ®y E, uu*G] u[u*(S @y E),u*G)
@ (S, [E, usu*G]) ®  u[u*S @y v E,u*G)
[S, ux[u*E, u*G]'] us[u*S, [u*E, u*G]")
©® @
[S,[E,G]] [S, usu*[E, G| us[u*S, u*[E, G])

Commutativity of subdiagrams (1) and (7) is clear. Commutativity of (6)
results from the fact, noted above, that v*[E, G] — [u*E,v*G]’ is adjoint to
[E,G] — [E,uu*G] == u[u*E,u*G])'. Commutativity of (5) is given by

[L09, Exercise 3.5.6(c)], with (f, E, F,G):= (u, S, E,u*G). O
2.6.9. Let there be given an independent square of scheme-maps

XI L) X

.(I| o [f

Y’ Y

u

in which the maps f and g are affine. This ¢ decomposes as the border of
the commutative diagram of ringed-space maps

X’ X
g:= (g,id) fi=(f.id)
V= (V) 0.0x) — o (v, LOy)
@' = (id, ¢') ¢:= (id, )
Y’ Y

where ¢: Oy — f,Ox and ¢': Oy — g.Ox/ are the maps associated with
f and g respectively, and ¢ is the natural composite map

f*OX — f*U*OX/ - u*g*OX/

The ringed-space maps f and g are flat (see §2.1), so that the functors f*
and g* are exact, as are the functors ¢, and ¢/.

There results, for any E € Dgc(X) a natural commutative diagram (see
[L09, 3.7.2(i1)]):
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* r -~ /= *
Lu*R(of ) E B R(¢'g)«Lv*E
(2.6.10) :l l:
Lu*¢.REE 'La*Rf, E ——— ¢.Rg.Lv*E
u R, oRLE ¢, Lu*R S 0E) ¢, Rg«Lv

The definition |
diagram commutes:

§*'Lu*Rf.E

|

Lo*f*Rf.E

, 3.7.2(1)(c)] of B2 implies that the following natural

g 0 (FE
IO | S RG Lo E

ZlQ.l.G

- = Lv*E

2.1.6

So g*62(E)—whence, by 2.1.6, 03(F)—is an isomorphism, whence so is
01(Rf.E) (see (2.6.10)), i.e., by 2.1.6, so is 01(H) for any H € Dy (Y).

For a ringed-space map u: Y/ — Y, an Oy-complex F is called u*-acyclic
if the canonical map is an isomorphism Lu*E = u*E. For example, any
K-flat E is u*-acyclic.

For a scheme Y, a strictly perfect Oy-complex is a bounded complex
of finite-rank locally free Oy-modules. Note that an Oy-complex is per-
fect if locally—even globally when Y is affine—it is the target of a quasi-

isomorphism with source a strictly perfect one [II71, p.122, 4.8, p.175,
2.2.10, p. 163, 2.0, and p. 96, 2.2].

Lemma 2.6.11. In 2.6.9, let F € D(Y), and assume either that ¢.F is
pseudo-coherent, G € D;’C(Y) and u has finite tor-dimension or that ¢.F is
perfect and G € Dgc(Y).

(i) There is a unique bifunctorial D(Y')-map
p = p(F,G): Lu*RHomy(F,G) = RHomy (Lu'F, Lu*G)
such that if G is u*-acyclic, the following natural diagram commutes:
La*RHomy (F, G) % La*Homy (F, G) % w*Homy(F,G)
2.6.8lﬁ0(F,G)
Homy (W'F, u*G)
:la
RHomy (0*F, u*G)

|a

RHomy (Lu*F, u*G);

RHomy (La*F, Lu*G)

™

and this p(F,G) is an isomorphism.
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(ii) The following diagram commutes.

SLa*RHomy(F,G) —=" . 4/ RHomy (La"F, Lu*G)

~J911 (2.2.3)J:

Lu*¢.RHomy(F, G) RHomy (¢.La*F, Lu*G)

2J(2.2.3) Via01J~

Lu*RHomy (¢, F, G) RHomy (Lu*¢. F, Lu*G)

Proof. (i) First, the canonical map Homy(F,G) — RHomy(F,G) is an
isomorphism (whence so is a)—whether or not G is u*-acyclic. For proving
this, application of the functor ¢, justifies replacing “¢” by “Y” and “F”
by “¢.F” (see (2.2.2) and (2.2.3)). Moreover, the question being local, one
can assume ¢, F to be a complex of locally free Oy-modules. Then one
can proceed as in the second- and third-last paragraphs of [1.09, §4.6], with
(E,H) := (¢+F,G). (In line 3 of the third-last paragraph, “isomorphism”
should be “quasi-isomorphism.” Also, when ¢, F' is strictly perfect and G is
arbitrary, induct on the number of degrees in which F' doesn’t vanish.)

Likewise, ¢ is an isomorphism.

Now every Oy-complex G is D(Y)-isomorphic to a u*-acyclic one, which
can be assumed bounded-below if u has finite tor-dimension and G € D*(Y)
[L09, 2.7.5,(vi) and (a)]. Thus to prove (i) one may assume that G is u*-
acyclic, so that € is an isomorphism, whence, via [[.09, 2.6.5], the existence
and uniqueness of a map p making the diagram commute.

A similar inductive argument shows that if G is u*-acyclic, then for each
integer n, the canonical map is an isomorphism

H"Lu*"Homy (¢ F,G) = H"u*Homy (¢ F,G),
ie., Homy (¢« F,G) = ¢ Homy(F,G) is u*-acyclic. Also,
H:= Homy(F,G) = RHomy(F,G) € Dgc(Y),

as follows via [ , p- 218, (2.2.4)] from the exactness of ¢, and the fact
that, by (2.2.3) and 2.3.8, p,RHomy(F,G) = RHomy (¢« F,G) € Dgc(Y).
So as in the remarks right after (2.6.10), 6;(H) is an isomorphism; and,
as noted right after (2.6.7), u*¢. = ¢, u*. Thus, from the natural diagram

Lu*p.H ”H ¢ Lu*H

61(H)
e

W H ——— oli'H,

which commutes (see [1.09, Lemma 3.10.1.1]), one gets that ¢.b, and hence
b itself, is an isomorphism.
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Finally, another similar induction shows that ¢/ p,(F,G) = py(F,G) is
an isomorphism, whence so is py(F,G). Therefore, if G is u*-acyclic then
p(F,G) = py(F,G) is an isomorphism, whence so is p(F, G) even if G is not
u*-acyclic.

(ii) This says that in the following natural diagram, where H:= Hom,
subdiagram (4) commutes. (The maps labeled 6 ! exist by the remarks after
(2.6.10) because the isomorphic complexes Homy (F, G) and RHomy,(F, G)

are in Dqc(Y), as follows via [ , - 218, (2.2.4)] from the exactness of ¢,
and the fact that, by 2.3.8, p.RHom (F, G) = RHomy (¢ F,G) € Dgc(Y).)
gib

AN @ /
Lu*p.Hy (F,G) W Hy (F,G)
dla N Z 9.p

Lu*Hy (6. F, G) -5 w*Hy (. F, G)

©)
LLu*RH,(F,G) L Hy (@F, u*G)
9;\2} a Po /
Lu*¢.RHy(F, G) Hyr (L0 F, u*G)

22303, / $.e
Lu*RHy (6. F,G)  Hy (u*¢.F,u*G)
® GLRHy (0*F, u*G)

<
¢ %”’\

@ p Ry (0" F, u*G)

~

\£

RHy: (u*p. F,u*G)

Ry (Lu*p. F, Lu*G) J ¢.d
x
~ | viaf RHy (L’LL*QZS*F‘7 U*G)
ViaN
RHy (¢.La*F, Lu*G) ———— Rty (¢.La*F,u*G)
%23) 2233

¢ RHy (LT*F, Lu*G) = &' RHy (Li*F,u*G)

As before, one may assume that G is u*-acyclic, so that the maps e and e
are isomorphisms.

Commutativity of subdiagram (1) is given by [L09, Lemma 3.10.1.1] (with
(f,g,u,v):= (¢, ¢',u,w))—which holds over the category of arbitrary ringed
spaces; and of (2) by Lemma 2.6.8. Subdiagram (3) is just diagram (4.6.7.1)
toward the end of [L09, §4.6], shown there to commute. By (i), the outer
border commutes. Diagram-chasing shows then that (4) commutes. ([l
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Let p = p(f.Ox,G) be as in 2.6.11, and 69: Lu*Rf,Ox == Rg.Lv*Ox
as in (2.6.10) (an isomorphism by the remarks following (2.6.10)). With
notation as in (2.6.10), Proposition 2.6.14 below shows that applying g* to
the composite map

B,(G): La*¢’G = La*RHomy(f.0x, G)

(2.6.12) — RHomy (Lu*f,Ox, Lu*G)
= RHomy (9.0x0, Lu'G) = LG
via U2

gives a realization of the base-change map [,(G) of 2.6.4, a realization that
is concrete, modulo taking resolutions, as far as indicated by 2.6.11(i) and
the explicit local description of # in [.09, Lemma 3.10.1.2].

A more explicit local realization of ,(G), in commutative-algebra terms,
results from Proposition 3.2.13 below.

Lemma 2.6.13. In the situation of Theorem 2.6.4, B,(G) is the unique
D(X')-map B(G): v*f’G — g°u*G making the following diagram commute.

e * ~ —*xR F £b ~ —%
Rg.Lv*f°G "y La*Rf.f'G —5 7~ La e

R7.A(C) (26.12) | 3,(G)

2.1.6

RG.¢’Lu*G ¢"’Lu*G
Proof. Uniqueness results from Proposition 2.1.6.

Applying H°RT'(W, —) to the composite isomorphism in Corollary 2.4.4,
and using the sentence right after (2.1.7), one gets that for F' € D(Y”) the
natural map

Homp g (E, ¢"F) — Homp(yn (¢.E, ¢,¢"F)
has a left inverse, and so is injective. Hence, for Lemma 2.6.13 to hold it

suffices that the border of the following diagram, in which H := RHom,
p:=p(f.0x,G), (=)« :=R(—)« and (—)* := L(—)*, commute:
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1 n—1

*9 3 : f
0Lg G s G LG S GG — ¢LaHy(£.Ox, G)
\ ® ot
*rb * b —1
g«v f G g-1 U f*f G 01
2.3.3 216
* PR b
u Hy(f*OX,G)(M:Du ¢+’ G

8,955 9bs @ P ® P

Hy (w1, 0x, 0" G) == Hy (w9 L.Ox, uG)
viaf, @ ‘Viaﬁl
401G = Hy (9050, 0 G) o Hyo (", O, uw"G)

/ (2.2.3) (2‘2'3\

d)ig*gbU*G 16 (bin’(g*OX’yU*G) — qbkaw/(ﬂ*ﬁOX,u*G)

2. via 6y

The unlabeled subdiagrams are easily seen to commute. Commutativity
of subdiagrams (1) and (4) is given by that of the diagram (2.6.10), with
E:= f°G or Ox; commutativity of (2) was shown in the proof of 2.6.4; and
commutativity of subdiagram (3) is 2.6.11(ii). The conclusion follows. [

Proposition 2.6.14. The following natural diagram commuites.

Lo*f° G == Lv*f*¢’G — §*Lu*¢"G

Bs(G) (2.6.12) | g*B,

PLuG 7 ¢ Lu*G
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Proof. The diagram, without “G,” expands naturally to the following one,
where (—)*:= L(—)" and (—).:= R(—)s:

U*f*qbb -~ g*ﬂ*¢b
LS S
B —k kT % b
grarff e
© i
Bo 90 9°Bs
7 g0 f* e ®
J/g*g*ﬂ(f
—x /b, % —x = —x /b, % -~ —x /b, *
g 9"u 999" Pu" —————— g u
Commutativity of subdiagram (1) results from 2.1.6 and adjointness of 65 to
the natural composite g*a*f, —> v*f*f, — v* (see [.09, 3.7.2(1)]); and that

of (2) from Lemma 2.6.13. That of the other two subdiagrams is clear. [

2.7. For a pseudo-coherent finite map f: X — Y, and F,G € Dq+C(Y),
with G perfect (so that f’F @% Lf*G € D} (X) and F &} G € D{(Y)),
Proposition 2.7.7 provides a concrete representation of the map
X=X/, F,G): ['F &% Lf*G — f(F &} G)
that is defined abstractly to be adjoint under 2.3.10 to the natural composite
RE(FF @5 LI*G) =5 RLSF @y G — F ey G,

where p is the first (projection) isomorphism in (2.3.1) with E:= f°F.

The pseudofunctoriality of x is explicated in Proposition 2.7.8.

Let (Y, Oy) be a ringed space, and
(2.7.1) Y(E,F,G): Homy (E,F) @y G — Homy (E, F ®y Q)

the natural map of Oy-complexes. The next result is, mutatis mutandis, an
instance of [L.09, Corollary 2.6.5].

Lemma 2.7.2. There exists a unique trifunctorial map
v(E,F,G): RHomy (E, F)®%G — RHomy (E, F&L'G) (E,F,G € D(Y))

such that if F is K-injective and G is K-flat then the following natural
diagram commutes.

Homy (E,F) ®y G —— Homy (E, F) @ G —— RHomy (E,F) @} G

%J E

Homy (E,F ®y G) — RHomy (E,F @y G) —— RHomy (E, F @} G)
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Corollary 2.7.3. The map v(Oy, F, G) factors naturally as
RHomy (Oy, F) @5 G =5 F &% G =5 RHomy (Oy, F @Y% G).

Proof. Replace F' (respectively G) by a quasi-isomorphic K-injective (re-
spectively K-flat) complex, and then use the commutative diagram in 2.7.2
to reduce to the corresponding easily-verified statement for . ([

Remark 2.7.4. As a relatively easy example of “concrete vs. abstract,” it is
readily shown that v, is adjoint to the natural composite

(Homy (E,F)®y G)®y E = (Homy(E,F)Q®y F)®y G — F Qy G,
and hence that v is adjoint to the natural composite
(RHomy (E, F) &Y G)@% E = (RHomy(E,F)®% E)ob G — Fab G.
Now let ¢: Oy — S, ¢: (Y,05) = (¥,S) = (Y,Oy) be as in §2.2, and
¢’(—):= RHomy (O, —) as in 2.2.5.
Define the map of Oy-modules
(2.7.5) ’VO(F, G) Hom¢(0?, F) Sy ¢*G — Homw((’)?, F ey G)
to be the natural composite Oy-linear map
¢«(Homy(Oy, F) @5 6°G) —= ¢Homy (O, F) @y G
= Homy (¢.0v, F) @y G
e Homy (6.0, F @y G)
— ¢ Homy(Oy, F @y G).

Lemma 2.7.6. In the situation of §2.2:
(i) The map adjoint under 2.2.6 to the composite map

by oL | ~ b oL L
(OF @< Lo*G) = ¢ ¢°F G — F G F,GeD(Y
:(¢'F @y Le )(2.2.9.3)¢ o ®y (2.2.8.1) ©y ( € D))

is the unique D(Y)-map
X: F @5 Lg*G — ¢ (F @} G)

such that the following diagram commutes.

ou(PF 2L Lg*G) —— 2N g P (F ) G)
(2.2.9.3) | ~
$.¢’F @Y G @ ~ | (2.2.3)
(2.2.3) | ~

212, RHomy (£,0x, F & G)

RHomy (f,0x. F) @y G —
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(ii) (Explicit x) For K-injective F and K-flat G, X factors naturally as
¢'F @% Lo*G = RHomy(Oy, F) @5 Lo*G
= Homy(Oy, F) @y ¢"G

@”TOF; Homy(O5, F @y G) — RHomy(Og, F oy G) = ¢’ (F @% Q).
Proof. First, the uniqueness in (i). If (1) commutes then, as made clear
by 2.7.3, so does the following diagram, where going clockwise from upper
right to lower left gives the counit map from (2.2.8.1).

6. ($'F &L Lp*G) o 6.0 (F 0L G)
(2.2.9.3) | ~ @ ~ | (2.2.3)
P ’F @Y G T;z) RHomy (¢.03, F) &L G —> RHomy (6.0, F 2L Q)
(2.2.8.1) Jviaz/) via )
Feba ——— RHomy (Oy, F) 2L G % RHomy (Oy, F @Y G)

Thus any D(Y)-map x such that (1) commutes must be the one adjoint
under 2.2.6 to the natural composite
b Lo o ~ b L L
Fesle"G) = F G — F G.
H(PF Sy Lo )(2.2.9.3)¢*¢ Sy (2.2.8.1) Gy
This being so, (i) and (ii) can be proved by showing, after replacing F
(resp. G) by a quasi-isomorphic K-injective (resp. K-flat) Oy-complex, that
for x as in (ii), (1) commutes; and for this just note that each subdiagram of
the following natural diagram, where H := Hom, commutes—more or less
by definition of the functorial maps involved, whence so does the border.

¢ ('F @5 Lo*G) == ¢ (RH (O3, F) @Y Lo*G) — 6. (Hy (O3, F) @3 ¢*G)

(2.2.9.3%: = (229.2)
. °F @5 G — ¢ Hy(O5, F) @y G
(zzs)l: ‘ .
RHy (.05, F) @5 G ———— Hy (0,03, F) @y G

’YJ (see 2.7.2) J’Yo

RHy (¢.0y, F @} G) Hy (.05, F @y G) =———
(2.23)[2

¢ ¢’ (F @ G) — ¢.RHy (O, F @y G)

a

¢ My (O, F @y G)
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The following proposition addresses, both concretely and abstractly, the
relation between (—)” and @

Proposition 2.7.7. Let f: X — Y be a pseudo-coherent finite scheme-
map, and p: Oy — f.Ox the associated homomorphism, so that f factors as

X:= (X,0x — (Y, £.0x) ZZ8Y (v oy =
(see §2.3). For F,G € D(Y) let x = x(f, F, G) be the natural composite map

) f=(f,id) }7

PEeELIG = F(@FehLo'G) IS P el ) = P el 6).
(i) If F € D{.(Y) and G € Dgc(Y) are such that F ®Y5 G € DF(Y), then
xX(f, F,G) is the unique D(X)-map x': f’F ®% Lf*G — f*(F @% G) such
that the following diagram commutes:

Rfx'
RE(SF @k LIG) : RES(F @l G)
|31
RffF &Y G O, 2.3.3 | ~
~ l 2.3.3

RHomy (f,Ox,F) 2t G RHomy (f.Ox, F &% G);

and x corresponds under 2.3.5 to the composite map
REL(F &% LI'G) = RESF @y G —— Foy G.
FXy1

(ii) If f is perfect then (i) holds for all F,G € Dqgc(Y'), and both x and x
are isomorphisms.
Proof. For diagram (1) to commute when x' = x, it clearly suffices that the

following natural diagram commute.

G RE(FOF &% FLEG) —— RE(PF @k LF'G) — R f(F &Y G)

@ ARAF(OFRLLEG) &RE[¢(F &} G)
512.1.(5 2.1.(3J’i
0 (RESOF @5 Lo*G) ST ¢« (¢"F @5 Lo*G) ox ¢ ¢’ (F @Y G)
%(2.2.9.3) %(2.2.9.3)
¢.RE [ OF % G — b ’F @5 G ® (2.2.3) | ~

2.1.6

| |

Rf.f°F &Y G —55 RHomy (£.0x, F) L G —— RHomy (£.0x, FeLaG)

o.RESX

But subdiagram (2) commutes, by [1.09, 3.4.7(i)], subdiagram (3) commutes,
by 2.7.6, and all the unlabeled subdiagrams obviously commute as well.
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As for the rest of (i), unwinding the definitions of the maps involved, one
verifies that the unlabeled subdiagrams of the next diagram commute; and
via 2.3.5(ii) and 2.7.3, that going around clockwise from upper right to lower
left gives th t :
eft gives the map ¢ .1 .
RE(fF @% LF*G) = REP(F &Y G)

p l o~ ® 2.3.3 l =~
RLFRY G +o RHomy (£.0x, F) ®L G — RHomy (f,0x, Fel Q)
tr @Y id l l via l viat

F ®I{/ G — RHOTny<Oy, F) ®I{/ G % Rﬂomy(Oy, F®I{/ G)

natural y

Thus, and in view of 2.3.8 with F:= f,Ox, any X’ such that (1) commutes
must correspond under 2.3.5 to the composite map

RE(fF ®% Lf'G) = REFF @Y G —— F &} G.
p tF®Y1d

(ii) If f is perfect, the proof of (i) is valid for all F' and G in Dgc(Y).

For x and ¥ to be isomorphisms, it suffices that Rf, x be an isomorphism:
for if Rf,x = ¢+Rf,x induces homology isomorphisms, then so does Rf.Y,
ie., Rf.x = Rf,fx is an isomorphism, whence by Proposition 2.1.6, so are
x and x.

Since (2) commutes when x' = x, therefore Rf,x is an isomorphism if
v is an isomorphism—which v is when f is perfect. (This is well-known:
the question being local, one can replace f,Ox by an isomorphic bounded
complex F of finite-rank free Oy-modules, then by induction on the number
of nonvanishing components of E, using the triangle [HG6, p. 70, (1)], reduce
to the trivial case where E itself is a finite-rank free Oy-module.) g

The following variant of [L.09, 4.7.3.4, (a) and (d)] contains the pseudo-
functoriality of x (cf. the part of §5.7 in | ] that follows (5.7.3)).

The proof of 2.7.8 that appears here is abstract; a concrete treatment,
via 2.7.6(ii), is left to the curious reader.

Proposition 2.7.8 (Transitivity of x). Let f, F, G and x be as in 2.7.7.
Let g: W — X be a pseudo-coherent finite scheme-map, assumed perfect
if f is perfect. The following natural diagram, with x':= x(g, Ox, f’F) and
E:= f’F ®}‘{ Lf*G, commutes.
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via x’
(¢ Ox &Y Lg* P F) @Y Lg"LF*G s @ PP @Y, Lg*LF*G — (fg)’F @Y, Lg"LF*G

l @ lx@,fbﬂ LfG) J
¢’ Ox &Y, Lg*(f°F ok Lf*G)X@TX)E) PPPFRYLFG) @ (f9)°F Y L(f9)*G
lybx(fyF-,G) Jx(fg’FG)

PP (F &Y G) ——— (f9)(F ®% G)

Remark. It should be noted that under the assumptions of 2.7.7(i), one
has = f°(F @Y G) € D (X); so in any case, x(g,Ox, E) is well-defined.

Proof. The commutativity of subdiagram (2) is equivalent to that of its
adjoint, which, in view of 2.7.7, is the border of the natural diagram

R(f9)«(9f'F ©f Lg*Lf*G) R(f9)((f9)’F @ Lg"Lf*G)

RERg (1 F @Yy Lg*Lf*G)

R(f9)«((f9)’F &% L(f9)*G)

\
Rf.(Rg.g’f’F @% Lf*G) @
™~
® Rf.Rg.g’ P F &Y G
RERg.g (f°F &% Lf*G) R(f9)«(f9)’F &Y G
/ \
R(f9): (9" (f°F ®% Lf*G)) RE(fF ®% LFG) ®
N
Rf.Rg.g’f" (F @Y G) REFF&Y G
/ \ ® \
R(f9)+g"f"(F &Y G) R (F®YG) Fey G

In that diagram, the commutativity of (4) and (6) is given by 2.7.7, that
of (3) follows from [L.09, Proposition 3.7.1], and, with notation as in the
first paragraph of §2.5, (5) is the second (commutative) diagram in [L.09,
3.3.7(a)]. Commutativity of the unlabeled subdiagrams is easily checked.
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Similarly, the commutativity of (1) results from that of all the subdiagrams
of the following natural diagram.

Rg. ((¢°Ox ®Y, Lg*f’F) &, Lg*Lf*G)
\

Row (4" Ox ® Lg*f"F) @k LF*G viax’
o | ®

Rg.g’Ox @k fF @k Lf*G —— Ox &k PR ek LfG

/ AN

Rg. (9 Ox ®Y, Lg*(f°F @% Lf*G)) FFeLLFG

via x’

Ry« (¢°f°F ®%, Lg*Lf*G)

Ro.g’f°'F @Y%, Lf*G

The commutativity of subdiagram (7) is given, mutatis mutandis, by [1.09,
3.4.7(iv)] (with f replaced by g, A:= Lf*G, B:= f°F and C := ¢"Ox).
The commutativity of (8) is clear, and that of (9) results from 2.7.7. So the
border, and hence (1), commutes. O

2.8. Let f: X — Y be a pseudo-coherent finite scheme-map (see §2.3.7),
let F € D(Y) be pseudo-coherent, and let G € D} (Y). Let f = ¢f be as
in §2.1, ¢* as in 2.2.5, and f7:= f'¢’ as in (2.3.2).

By 2.3.8, RHomy (f,Ox,G) € D (Y), so PG € DI.(Y). (See the proof
of 2.3.3). Similarly, (2.2.9.4) gives

¢.Lo"F = F @y 6.0y = F @y f,0x € Dgc(Y),

s0 Lg*F € Dy (Y).

Hence, by 2.1.6, there are natural isomorphisms

Lo*F = R f'L*"F 2 RELF'F, @G =RLF$G=RLFG.

Moreover, Lf*F € Dgc(X) is pseudo-coherent and f°G € Di.(X), s0 2.3.8
gives RHomy (Lf*F, f°G) € D;.(X), and 2.1.9 gives an isomorphism

(2.8.1) F'RHomy (L*F, #°G) > RHomy (Lf*F, °G).
Proposition 2.8.2. Under the preceding conditions:
(i) The map adjoint under 2.2.6 to the natural composite

¢ RHoms (Lo*F, ¢"G) <= RHomy (F, d.¢’G) YT RHomy (F,G)

is the unique D(Y)-map
(: RHomy (Lo*F, ¢"G) — ¢’RHomy (F, G)

making the next, natural, diagram commute—whence ( is an isomorphism:
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¢.RHomy(L¢*F, ¢ Q) = 626" RHomy (F, G)
®
RHomy (F, ¢.¢"G) (2.2.3) | ~
~ | (2.2.3) RHomy (F @y £.0x, G)
= T
RHOTI’Ly(F, RHomy(f*Ox, G)) RHomy(f*Ox, R?—lomy(F, G))

(ii) (Explicit ¢) Suppose that G (hence Homy(f.Ox,G)) is K-injective
and that F is K-flat. Then ( is the natural composite map

RHoms (Lo*F, ¢’ G) < Homy(¢*F, Homy(f.0x, G))
= Homy (£, 0x, Homy (F, G)) =+ ¢’'RHomy (F, G),
0
with C_() the natural composite map—f, Ox -linear via the multiplication action
of f.Ox on itself,
¢*H0m§7(¢*F7 Homd}(f*OXa G)) — HOmy(F, Qb*%Omw(f*OX, G))
= Homy (F, Homy (f,Ox,G))
— Homy (F ®y f.0x,G)
= Homy (f.Ox, Homy (F,G))
= ¢ Homy(f,Ox, Homy (F,G)).
(iii) The composite isomorphism
RHomy (Lf*F, f°G) (ﬁ) ' RHoms(Lo*F, ¢ G)
=+ ['¢’RHomy (F,G) = ’RHomy (F,G)
F¢
is the unique D(X)-map ¢ making the following natural diagram commute:

Rf.C

Rf.RHomx (Lf*F, f°G) Rf.f’RHomy (F,G)

~

@
RHomy (F,Rf,f°G) 2.3.3 | ~

~ (233 RHomy (F &% £,0x, Q)
= —
RHomy (F,RHomy (f,Ox,G)) RHomy (f.Ox,RHomy (F,G));

and this ¢ corresponds under 2.3.5 to the natural composite map

Rf.RHomx (Lf*F, f’G) = RHomy (F,Rf.f’G) — RHomy (F,G).
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Proof. First, uniqueness in (iii) and (i). Consider the natural diagram

Rf.
Rf.RHomx (Lf*F, f°G) Lo Rf.f"RHomy (F,G)
} ®
RHomy (F, Rf*be) 233 ~
~ (233 RHomy (F ®% f,0x, G)
= &}
RHomy (F,RHomy (f.Ox,G)) RHomy (f.Ox,RHomy (F,G))
RHomy(F ®|1'/ Oy, G)
= &
RHomy (F,RHomy (Oy,G)) & ®  RHomy (Oy,RHomy (F,G))
& /
RHomy (F,G)

After replacing G by a quasi-isomorphic K-injective complex, one can drop
all the Rs in (3) and (4) and check that the resulting subdiagrams—hence
the original ones—are commutative.

More generally, in any closed category, using the definitions of the maps involved
(see [L09, 3.5.6(e) and 3.5.3(e)]) one checks that subdiagrams (3) and (4) are right-
conjugate to the (clearly) commutative natural diagrams

D @y (F &% Oy)
(D @y F) @Y% Oy @ @ (D &L Oy) &L F
\ /

DgYL F

It follows, in view of the definition of the counit ¢ for the adjunction
Rf.— f7in 2.3.10, and of 2.3.8, that any D(X)-map ¢ such that (2) commutes
must be the one corresponding under 2.3.5 to the natural composite

Rf.RHomx (Lf*F, be) —~5 RHomy (F,Rf.f’G) — RHomy (F,G),
whence the uniqueness in (iii).!

Similarly, using (2.2.8.1) one shows that any ¢ making (1) commute is
adjoint under 2.2.6 to the natural composite

P RHomy (LO*F, ¢*G) < RHomy (F, $.¢’G) — RHomy (F,G),

whence the uniqueness in (i).

Uy, fact, ¢ is right-conjugate to the projection isomorphism
RLE@x F = RE(E @ Lf'F),
cf. [L09, Exercise 4.2.3(f)]. Moreover, (™! is adjoint to the natural composite map
FRHomy (F,G) @k Lf'F === f’(RHomy (F,G) @y F) — f’G,
Giify
cf. [L09, Exercise 4.9.3(b)] (in whose third last line “f' should be “F.
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This being so, (i) and (ii) can be proved thus: assuming (as one may) that
G (resp. F') is a K-injective (resp. K-flat) Oy-complex, show that with y as
in (ii), diagram (1) commutes; and for this, note that each subdiagram of
the following natural diagram, where H := Hom, commutes (more or less
by definition of the functorial maps involved), whence so does the border.

¢.RH5 (L$*F, ¢*G)

~ [ , 3.2.3(i1)] J:
RMy (F,$.¢°G) == RHy (F, $.RHy(£.Ox, G)) «— Hy (F, ¢ Hy(f.0x, G))

~ [(2.2.3) = 529) H

RHY(Fa RHY(f*OXaG)) HY(F7HY(f*OX7G))
~ [ , 2.6.1%] Jﬁ

RHy (F @Y% £.0x,G) Hy (F @y £.0x,G)

~ [L09, 2.6.1%] l:

RHY(f*OX7 RHY(F’ G)) (f*OXaHY F G))

~

$+0’RHy (F,G)

(2.2.3)

¢ Hy (f.Ox, Hy (F,G))

As for (iii), to see that the following natural diagram expands (2), apply
the first diagram in [
subdiagram (1) commutes, therefore for (iii) to hold—i.e., for the border to
commute—it suffices that all the other subdiagrams commute.

, 3.7.1.1] to the leftmost column.

Since by (i),

RERHX (LFF, f°G) —= Rf.f'RHy(L*F, ¢*G) e R fRMy (F,G)

~

¢-RHy(Lo"F.Rf. [ ¢’G) 7= ¢.RHy (L

@

8.1) |

¢.RERHx (LF*F, f°G) s

2.1.6

®

¢*F, ¢'G)

2.1.6

RHy (F, ¢.¢"G)

~

(2.2.3)

=

\

0GR f

RHy (F &% f,0x,G)

Fo'RHy (F,G)

~

2.1.6

@—*<> ¢*¢bRHy(F, G)

(2.2.3)

~

RHy (F,Rf. f°G )T{ RHy (F,RHy (f.O0x,G

))  RHy(f.Ox,RHy(F,G))

Commutativity of (5) results, in view of [

definition of the map p given in the proof of Corollary 2.1.9.
Commutativity of the remaining subdiagrams is obvious.

, Example 3.5.2(d)], from the

O
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Proposition 2.8.3 (Transitivity of ¢). Let ( = ((f, F,G) be as in 2.8.2(iii).
Let g: W — X be a pseudo-coherent finite scheme-map. Then, modulo
natural isomorphisms,

C(9f. F.G) = ¢’C(f, F,G)o (g, Lf'F, f°G).
Proof. Left to the reader. ([

2.9. This section deals with the role played in concrete duality for a perfect
affine map f: X — Y by the functorial trace map
trp(G): RELFF\G — G (G € Dgc(Y))
from [I171, p. 154, 8.1]. Dual to this map is the fundamental class map
Ci(G): LF'G — G (G € Dyc(Y)),

an isomorphism if f is étale.

The trace map is “transitive” with respect to a composition of perfect
affine maps, and so the map Cy is pseudofunctorial, see Proposition 2.9.7.

For “almost étale” f: X — Y, there results a canonical pair involving a
“complementary sheaf” and a trace map, which pair represents the functor
Homy (f,—,G) from Aq(X) to abelian groups, or, if f,Ox is locally free,
the functor Hompy)(Rf,—, G) from Dgc(X) to abelian groups, see Propo-
sition 2.9.13.

2.9.1. Let f: X - Y, f: X =Y, ¢: 0y = fOx, : Y — Y and
f°: D(Y) — D(X) be as in §2.3. Let F be a quasi-coherent Ox-module and
G an Oy-module such that the Oy-module Homy (f,Ox, G)—equivalently,
the Oy-module Homy(f,Ox, G)—is quasi-coherent.
One has the isomorphism, affine duality for quasi-coherent sheaves,
fHomoy (F, f"Homy(f,0x,G)) == ¢.Homys o (f.F, Homy(f.0x,G))
= Homo,(f.F,G).
that over open U C Y is the standard isomorphism, with S := I'(f~!U, Ox),
Fy:=T(f"\U,F), Ry:=T(U,Oy) and Gy = T'(U,G),
Homg, (Fi7, Homg,, (Sy, Gv)) —~ Homg, (Fu, Gy).
If RHomy (f,Ox,G) € Dqgc(Y'), then this duality isomorphism arises from
application of H? to the isomorphism in Theorem 2.3.4.
It follows that the pair consisting of f*Hom¢(f*OX, G) (= H"@G) and
the natural composite
th: L Homy(£.0x,G) = ¢, Homy([.0x,C)
= Homy (f.Ox,G) — Homy (Oy,G) =G
represents the functor Homy (f,—, G) from Aqc(X) to abelian groups.
If f is flat and locally finitely presentable, that is, the Oy-module f,Ox
is locally free of finite rank, then the natural map is an isomorphism

FHomy(f,0x,G) = Hf'G = f°G,
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and Proposition 2.3.5 implies that the pair above also represents the functor
Hompy)(Rf,—, G) from Dy (X) to abelian groups.
In this case, moreover, the natural map is an f,Ox-isomorphism

Homy(f,0x,Oy) @y "G = Homy(f.0x,G),
whence the representing pair is naturally isomorphic to the pair
(Hofb(')y ®x f*G, tby Ry idg).

If fis finite and étale, so that the Oy-module Homy (f,Ox, Oy ) is free
of rank one, generated by the usual trace map try: f,Ox — Oy, then

HP° Oy @x G = fO5 @x f*G = Ox ®x f*G = f*G,

and the representing pair is naturally isomorphic to the pair consisting of
f*G and the natural composite map

RLS'G = [Ox &y G 2% 0y oy @ =5 G.
2.9.2. For dealing with more general f, recall from 2.7.4 the trifunctorial
map, over any ringed space (Y, Oy ),
vy : RHomy (L, M) @5 N — RHomy (L, M @ N)  (L,M,N € D(Y)),
that is adjoint to the natural composition
RHomy (L, M) @5 N @5 L = RHomy (L, M) ®% L ®% N — M @4 N.

Elaborating 2.7.2, one finds that v can be obtained from a K-injective
resolution M — M and a K-flat resolution N — N as the sheafification

Homy (L, M) @y N — Homy(L,M ®y N)
of the map of presheaves of complexes that sends, for each open U C Y, any
; —j —k .
(a: Lly = M’|v) ®oy (ux € N'(U))  (i,j,k € Z)
to the map taking A; € LY(U) to (—1)*a(\;) ®oy, k-

Lemma 2.9.3. (i) For any ringed-space map g: Y' — Y, the following
natural diagram commutes.

Lg*”/y

Lg*(RHomy (L, M) @5 N) Lg*RHomy (L, M @5 N)

J

Lg*RHomy (L, M) @, Lg* N RHomy:(Lg*L, Lg*(M ®% N))

| |

RHomy(Lg*L,Lg*M) ®%, Lg*N 5 RHomy(Lg*L,Lg*M ®%, Lg*N)

1

(ii) If the complex L is perfect, then all the maps in this diagram are
isomorphisms.
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Proof. (i) It suffices to show the commutativity of the adjoint diagram, i.e.,
of the border of the following natural diagram, in which g* stands for Lg*,
‘H for RHom, ® for ®'17 and ®' for ®'§,,, and « is adjoint to the identity map
of H(L,M ® N):

viayy

g*(Hy (L,M)® N) ®'g*L

Hy (L,M ® N) ®L Hy (g*L, g* (M @ N)) ® g*L
Vla"%

*(Hy(L,M)® N ® L)

®

g*(Hy (L, M) ®L®N) M ® N)

*HY(L M ® N)® g*L

g*(Hy(L,M) ®L)® g*N
/ \

g Hy (L, M) ®"g"L &' g*N g*M &' g*N

— ®

Hy (9°L, g*M) ®' g*N @' g*L Hy (9°L, g*M) @' g*L &' g*N

viayy

Here, the commutativity of the unlabeled subdiagrams is easily verified.
The commutativity of (1) results from that of the diagram that is dual

(see [L.09, 3.4.5]) to the second one following [1.09, (3.4.2.1)].

That of (2) results from [[.09, 3.5.6(g)], with C:= Hy (L, M®N), D:= L,
and E:= M ® N (details left to the reader).

That of (3) is given by [1.09, 3.5.6(a)].

Thus (i) is proven.

(ii) A strictly perfect Oy-complex is a bounded complex of direct sum-
mands of finite-rank free Oy-modules. An Oy-complex is perfect if locally
it is the target of a quasi-isomorphism with source a strictly perfect one
[1171, p. 122, 4.8, p. 163, 2.0, and p. 96, 2.2]. So to prove (ii), one can reduce,
by localizing, to where L is strictly perfect, and then by a simple induction
on the number n of degrees in which L doesn’t vanish, to where n = 1,
in which case the assertion is readily verified. O

2.9.4. Let (Y, Oy) be a ringed space and L a perfect Oy-complex, so that,
as in 2.9.3(ii), the map v = vy is an isomorphism.
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The trace map tr, = tr; ,, is defined to be the natural D(Y)-composite

RHomy (L, L) =% RHomy (L, Oy) @y L — Oy,
-

see [I171, p.154, 8.1].'"2 There results, for any perfect Oy-algebra A, the
natural composite D(Y')-map

tri8: A =5 RHoma(A, A) 24 RHomy (A, A) %25 Oy.

From 2.9.3(ii) and commutativity of subdiagram (2) (with N := Oy ) in
the proof of 2.9.3(i), one gets a natural identification gt 0, = tr. 0.,
Together with the natural identification g*ia = g4, this gives a natural
identification g*trjlg = tr;,}f‘.

Recall that for any Oy-complex G, the natural D(Y)-map is an isomor-
phism Hom(L,G) = RHom(L,G). (Proof: localizing on Y and induction
on the number of degrees in which L doesn’t vanish reduces the assertion
to the trivial case L = Oy.) Consequently, and by the last part of §2.9.2,
tr, can be identified naturally with (the D(Y')-image of) the natural com-
posite A(Y)-map

HOWLy<L, L) - Homy(L, Oy) Qy L — Oy.

In particular, if L is a finite-rank locally free Oy-module then tr; can

be identified naturally with (the D(Y')-image of) the the usual trace map

tr; : Hom(L, L) — Oy. Moreover, it follows from the explicit description of
the map 7y in 2.9.2 that there is a natural identification

More generally, if L is strictly perfect, so that the degree-i component L'is
a finite-rank locally free Oy-module for all 7, and vanishes for all but finitely
many 4, then there is a natural identification

(2.9.4.1) try, = > (=1)'try,

i
as is easily shown by induction on the number of i such that L #0.
29.5. If f: X — Y is a perfect affine scheme-map, so that Rf.Ox is a
perfect Oy-complex , then one has the D(Y)-map try:= tr?l(ggx : 1.0x — Oy,
whence for any G' € Dqc(Y'), the natural functorial composite

. * ~ L L ~
whence, by Corollary 2.3.10, a natural functorial Dgc(X)-map
(2.9.6) Ci(@): Lf*G — fG.

127 similar definition holds in any closed monoidal category for an object L such that,
with [—, —]:=internal hom, the natural map is an isomorphism [L,1]® L - [L, L]. For
even greater generality, see e.g., | ].
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For example, if f is flat and finitely presentable, so that f,Ox is locally
free, then trf(Oy): f,Ox — Oy identifies naturally with the usual trace
map; and if, also, Y is noetherian, then C;(Oy): Ox — Oy becomes the
(naive) fundamental class (| , (0.2.3) with n = 0, plus Example 2.6]).

For finite étale f, Cy is the isomorphism at the end of §2.9.1.

The map Cy: Lf* — f? is pseudofunctorial, in the following sense.

Proposition 2.9.7. Let W - X Iy (hence fg) be perfect affine maps.
The following diagram of functors from Dgc(Y') to Dgc(W) commutes.

Lg*Lf* L(fg)*

natural
via Cy | and Cf Ctg

9 r (2—71)> (fg)’

Proof. Tt suffices to prove commutativity of the dual diagram, which is the
unlabeled subdiagram in the following natural diagram.

Rf.Rg.Lg*Lf* — R(f9)«Lg*Lf* —————— R(fg):L(f9)*
via Cy | and Cy

il O R(f9g'f

RJ.tr Rf*Rg*gbLf*me*Rg*gbfb R(f9)«(fg)" |t
@ ®
®
via Cf Rf*fb
M T\
RELLST o id

The commutativity of subdiagrams (1) and (3) is clear, subdiagrams (4) and
(5) commute by definition, and the commutativity of (2) holds because the
map (2.5.1) is, by definition, dual to the composite map

R(f9)«(f9)’ = RERg:g’f” = RES — id.
Hence diagram chasing shows it sufficient that the border commute (i.e.,
that transitivity of the trace map hold).
The border in question, applied to an arbitrary G € Dqc(Y'), expands to
the border of the following natural diagram.
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Rf.Rg.Lg"Lf*"G —— R(fg):Lg*Lf*G —— R(fg)«L(f9)*G

~ @ ~
Rf(9.0w ®% Lf*G) o) 90w @y G == (f9):Ow &y G
viatr, viatr, @ via tryg
L * ~ L L
Rf.(Ox ®@x Lf*G) 51 [.Ox ®y G - Oy @y G
~ i~ ~
RELF*G G
el trg (G)

Here, commutativity of the unlabeled subdiagrams is clear, and that of (7)

results readily from |

, 3.7.1] with F:= Ox. So to prove the commu-

tativity of the border, it suffices to prove that of with all occurrences
of “@L G” ignored (i.e., to prove transitivity of the trace when G' = Oy),
which one can do by taking A:= ¢.O in the next lemma, where, for an
Ox- or Oy-algebra S, [—, —]s:= RHoms(—, —) and ®g:= ®§.

Lemma 2.9.8. If A is a perfect Ox-complex then f, A is perfect over both
f.O0x and Oy, and the following natural diagram commutes.

fA fA LA, L Aloy
0)
flA, Alog LA, [ A]fox ~
®
= fIA, Oxloy ®1. 0y A ~|  [£A Ov]oy, ®oy fA
/ 219 ®
f.([A, Ox]oy ®oy A) ® [f A, L.Ox]1.0x @f.0x LA

f*OX — [f*OXaf*OX]Oy — [f*OX70Y]Oy®Oy f*OX - OY
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Proof. To see that f, A is perfect over f,Ox and over Oy, one can localize
on Y, and so can assume that X and Y are affine schemes, in which case
the assertions have a standard translation into the analogous, and simple,
ones in commutative algebra.

As for the diagram, we first show subdiagrams (1), (2) and (3) commute,
so that “trace is preserved under the equivalence in 2.1.6.”

It is left to the reader to verify that the natural map

a: f,RHomyx (A, B) - RHomy (f. A, f.B) (A,B e D(X))
associated to an arbitrary ringed-space map f: (X,Ox) — (Y, Oy) via, e.g.,

[L09, (3.1.4) and 2.6.5], is characterized abstractly (cf. [L09, (3.5.4.1)] as
being adjoint to the natural composite map

f.RHomy (A, B) @y f,A = f.(RHomy (A, B) @% A) - £.B.
The commutativity of (3) is the special case where B:= Ox and Oy := f,Ox.

(Likewise, when other abstract properties of functorial maps, as in [[.09],
are used in the rest of this proof, it should be checked that the natural
concrete interpretations of those maps do have those properties—so that
the concrete result is an instance of an abstract one.)

The commutativity of (1) is that of the second diagram in [L09, 3.7.1.1]
(where f, and g, should be switched), derived from the natural composite
map denoted here by (X, A) — (X,0x) — (Y, f,Ox), with F = F':= A.

The commutativity of (2) is essentially the case B:= Oy, C:= A of the
next lemma, applied to the functor Rf,: D(Ox) — D(f.Ox) associated to
the natural ringed-space map f: (X,Ox) — (Y, f.Ox).

Lemma 2.9.9. Let f,: X — Y be a symmetric monoidal functor between
monoidal closed categories. With notation as in [1.09, §3.5], for any A, B
and C in X, the following natural diagram commutes.

| J
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Proof. '3 Expand the diagram, naturally, as follows:

| ® |
LA [A, BleC® A] [£A, £ [A, B]® f,C® f.A]
[1.A, f.(JA, Bl A® C)] LA LA LBl® fLA® [.C]
~_
LA, LA, Bl A)® f.C]

LA, BoC] — [fA, . (BRC)] [£.A, f.B® [.C)]

Commutativity of the unlabeled subdiagrams is simple to verify. That of (6)

and (7) follows at once from the definition of symmetric monoidal functor,
see e.g., [L09, 3.4.2]. That of (8) results from the above description of «a.
That of (5) is equivalent to that of the adjoint diagram, that is, the border
of the following natural diagram, where D := [A, B]; and this border does
commute, since all the subdiagrams clearly do.

LDeC)® f,A D fC®fA

l

LD@C®A)

LA DRCRARfA— f([A,DRICRAI®A]) — f(DRC®A)

This completes the proof of Lemma 2.9.9. O

To complete the proof of Lemma 2.9.8, whence of Proposition 2.9.7,
one needs subdiagram (4) to commute—which it does, by the next Lemma

(with S:= f,Ox and T := f A).

Lemma 2.9.10. Let (Y,Oy) be a ringed space, let S be a perfect Oy -
algebra, and let E be a perfect S-module. Then E is a perfect Oy -module,

and trE/Oy factors naturally as e
trE/S trS/Oy
s

(2.9.10.1) Homo, (E,E) — Homs(E, E) —— S Oy.
In particular, if T is a perfect Oy -algebra, then
1 1 lg
tr%%oy = trg/goyo triﬁs. T — Oy.

13Conceivably, the assertion is contained in | , Theorem 4.18].
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Proof. That E is perfect over Oy can be shown as in the beginning of the
proof of 2.9.8.

As for (2.9.10.1), compatibility of tr with base change (see section 2.9.4)
allows one to assume that E is D(S)-isomorphic to a bounded complex
of direct summands of finite-rank free S-modules (see proof of 2.9.3(ii)).
It suffices then, in view of (2.9.4.1), to show that for any direct summand F
of a finite-rank free S-module, the following natural diagram commutes,
where by previous considerations, the maps involved can be identified with
their nonderived precursors:

[F,Fls [F, Flo,

(2.9.10.2) [F,S]s ®s F [F, Oy]oy ®oy F

S I [878]0y — [87 OY]OY ®Oy S — OY

If F = F| ®s F», then (one verifies) this diagram is the direct sum of the
four natural diagrams obtained by substituting F; for the first occurrence
of F' at each node and Fj for the second occurrence, with (4,5) = (1,1)
or (1,2) or (2,1) or (2,2), the resulting arrow

F, Tlror F; — T (T:= S8 or Oy)
representing the natural composite map
[EsTlror Fy — [F.Tlr@r F; — [F;,Tlrer F; — T,

which vanishes when i # j. Hence, (2.9.10.2) commutes for F if and only if
it commutes for both F; and F5.

It follows that the question of commutativity of (2.9.10.2) reduces to the
trivial case where F' = S. gboo

Our underlying theme, concrete realizations of abstract constructions,
spurs continuing on with interpretations, via traces for perfect affine maps,
of maps involving (—)” via maps involving (—)*. Proposition 2.9.7 is just a
first example. But this could be an endless process.

Let some further examples, provided by the following assertions, suffice.
As before, justification of these assertions requires deploying the formalism
of adjoint functors between closed categories (see e.g., .09, §§3.5.5-3.5.6]),
and/or its scheme-theoretic realization (see [L.09, §3.6.10]).
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Ezercise 2.9.11. Let f: X — Y be a perfect affine map, F,G € Dy (Y), and
Cf as in (2.9.6) (an isomorphism if f is étale).

(i) Let o and 3, be as in Theorem 2.6.4. Then the affine map g is perfect,
and the following natural diagram commutes.

Lo*Lf*G —— Lg*Lu*G

Lv*Cy h hcg

Lo*f°G P PLu*G

o

(ii) Let x: f°F ®% Lf*G — f*(F @Y% G) be the isomorphism in 2.7.7(ii).
The following natural diagram commutes.

Lf*F @k Lf*G —— Lf*(F oL Q)

via Cf Cy

PFeYLIGC—— [ (FeyG)

(iii) Assume RHomy (F,G) € Dqc(Y) and RHomy (Lf*F, f’G) € Dy (Y)
(for example, F' perfect, or F' pseudo-coherent and G' € D.(Y)).

Let ¢: RHomy (Lf*F, f°G) — f°RHomy (F,G) correspond via 2.3.5(i) to
the natural composite map

* b ~ b Ze]
Rf.RHomx (Lf*F, f°G) = RHomy (F,Rf,f’G) — RHomy (F,G).

The following natural diagram commutes.

RHomy (Lf*F, Lf*G) —— Lf*RHomy (F,G)

via Cf Cy

RHomy (Lf*F, f°G)

: f’RHomy (F,G)

2.9.12. For additional illustration, generalizing the last paragraph in §2.9.1,
Proposition 2.9.13 below gives, for any “almost étale” f: X — Y, a concrete
representation of the representing pair (H°f’Oy, t’Oy) in §2.9.1.
Consider a fiber square of scheme-maps, with qcqgs f:
V=UxyX —— X
(2.9.12.1) gl J.f
U Y

Assume that wu is flat, or that f is affine. Then the natural map of functors
from Aqc(X) to Agc(U) is an isomorphism u*f, == g,v* | , 9.3.3], and
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one has the natural composite map
00 = 0o(f,u): Homy (f,Ox,Oy) — Homy (u"f,Ox,u"Oy)
- Homy (9.0v, Op),
which sends t: f,Ox — Oy to the natural composite
3.0V < u*f.0x L ur0y =5 Oy
That s = gt is equivalent to the commutativity of the natural diagram

uw'f,Ox —— g:Ov

u*Oy — Oy

or of its adjoint

[Ox —— uwu*f,Ox —— u.g.Oy

Oy u Oy us O

Suppose in addition that
(i) w is schematically surjective and qcgs, in other words, the natural
map Oy — u,Oyp is injective—whence the map g, is injective and v.Oy is
quasi-coherent; and that
(i) g is finite and étale—so that there is a unique g,Oy-isomorphism
cg: 9xOv = Homy (9:Ov, Oy )

that sends 1 € I'(U, g:Ov) to the usual trace map tr,: g.Oy — Op.
Denote base change to any open subscheme W C Y by “subscript W.”

With g, the sheafification of the map of presheaves associating to any W

the map gy (fw,uw), one has then the natural composite injective map

o': Homy (f,0x,Oy) - uHomy (9:0v, Ov) = ug:Ov = fu.Ov.
0 Cg
This map is in a natural way f,Ox-linear, so can also be represented, with
notation as in §2.9.1, as
o': Homy(f.O0x,0y) = fu.0y.

Setting
Cpui= o' Homy(f,Ox, Oy),
one gets a natural Ox-isomorphism

HPP Oy = [*Homy(f.0x,0y) =5 [Cyu =: Cru C 0.0y
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For an explicit description of the Ox-module €y, note that by the above
description of the image of g, €4, is the sheafification of the presheaf Y w
for which, with “subscript W” as above, Gg’u(W) is the set of r € T'(Viy, Oy)

such that the natural composite ( )
N Uy Tt

fW*OXW — UW*U*WfW*OXW — uW*gW*OVW — UW*OUW
factors (necessarily uniquely) as fy;,,Ox,, = Ow — uy,,Ouy, -

The next proposition results.

Proposition 2.9.13. Let f: X — Y be an affine scheme-map such that
the Oy -module Homy (f.Ox,Oy) is quasi-coherent, and let (2.9.12.1) be
a fiber square in which w is schematically surjective (i.e., the associated
map Oy — u.Oy is injective) and qcqs, and the map g is finite and étale.
The representing pair (Hobey, t/oy) in §2.9.1 is naturally isomorphic to
the pair whose components are the “complementary sheaf” Cr,, C v,Oy (see
above) and the restriction of ustry to f,Cry C f,v4Oy = uygOy.

Examples 2.9.14. (a) In 2.9.13, if u is the identity map then Cy4, = f,Ox,
giving the last paragraph in section 2.9.1.

(b) Let R be an integral domain with fraction field K, and R — S a ring-
homomorphism with .S finitely presentable as an R-module and L:= S®@r K
a separable K-algebra, with trace map trL/K: L — K. Let (2.9.12.1) be the
scheme-diagram corresponding to the natural diagram

J

L——SF§

|

K R

Then the complementary sheaf Cs, is the sheafification of the S-module
{rel] trL/K(m(jS)) C R}.

2.10. This section treats duality for a class of perfect closed immersions
of schemes, including all regular immersions. Described, on this class, is
a concrete realization of the pseudofunctor (—)” (see Proposition 2.10.12
and Theorem 2.10.22), as well as its interaction with ®" and with RHom
(see Proposition 2.10.25). One prior version of such material can be found
in | , §§2.5-2.6].

Throughout, f: X — Y will be a closed immersion of schemes, and Z the
kernel of the natural map Oy — f,Ox. The functor fi: Aqc(X) = Aqc(Y)
is “extension by 0,” and its natural left adjoint f* associates to G € Aqc(Y)
the restriction to X of G/ZG. So f*f, is the identity functor of Aqc(X);
and for G € Aqc(Y), the unit map G — f, f*G identifies naturally with the
canonical surjection G - G/ZG.
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2.10.1. Define the Oy-isomorphism
(2.10.2) Vi /T2 - Tor{¥(f,.0x, L,Ox) = f,H'Lf*f,0x,
to be —0~! where 0 is the usual connecting isomorphism

Tor{” (£.0x. £.Ox) = Torg” (£Ox.T) =T/T°

associated to the natural exact sequence 0 -+ Z — Oy — f,Ox — 0.
Any Oy-surjection ¢: P — Z with P flat expands to a flat resolution
Py:---— P — P — Oy of {,Ox = Oy/Z, entailing natural isomorphisms

Tory" (£.0x. [,Ox) = Hi(P./IP.) <> T/

whose composition one finds, by dissecting definitions, to be —0 = Vf_l.

For any flat u: Y/ — Y, the projection f': X':= X xy Y’ — Y’ being a
closed immersion, one gets (via P,, for example) a natural identification

The natural composite map
Lf*f.Ox ®% Lf*f.0x = Lf*(£.0x ®F £.0x)

— Lf(Ox @% Ox) = Lf*L.Ox.

makes the graded group @,>0H "Lf*f,Ox into a strict (= alternating)

graded Ox-algebra. (Localize, and see, e.g., [307, p. 201, Exercise 9(c)]).!*)
Thus with A denoting “exterior algebra,” the isomorphism

PV f(Z/TP) = fLH L ROx = HLfLOx
extends uniquely to a homomorphism of graded Ox-algebras
(2.10.5) Ax F(Z)T?) = @0 Ny FH(Z/T?) — @0 H "LFf, Ox.

(2.10.4)

2.10.6. Suppose the Oy-ideal 7 is generated by a sequence of global sections
t:= (t1,t2,...,tq) that is Koszul-regular, i.e., with K; the Oy-complex that
is Oy iy Oy in degrees -1 and 0 and that vanishes elsewhere, the Koszul
complex K(t) := ®%K; is a finite free resolution of f,.Ox = HCK(t).
This holds if the germ of t at any point y in the image of f is regular, see
[ , tag 063K]; and conversely if Y is locally noetherian | , tag 063L]
or, for arbitrary Y, modulo “smooth localization” [ , tag 0629].

As a graded group, K (t) identifies naturally with /\Y(’)gi,; and one checks
that exterior-algebra multiplication

(2.10.7) e K(t) @0, K(t) — K(t)

is a map of flat Oy -complexes that is D(Y')-isomorphic (via the natural map
K(t) — f.Ox) to the natural composite map

£LOx &% £,0x — f,(Ox ®% Ox) = f,0x.

14yWe'll need this only for “Koszul-regular” f (see §§2.10.6, 2.10.9), in which case one
can use—locally—the exterior-algebra structure on a Koszul complex that resolves f,Ox.
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Using, e.g., [L09, (3.2.4.1)], one deduces a D(X)-isomorphism from f*u
to the composite map (2.10.4). Hence the natural isomorphism

FE(t) = @no(H ") [n] = &_o(H"LFL.0x)0]
is an isomorphism of graded Ox-algebras. (Details left to the reader.)

Now let P, := K(t) — f.Ox be the natural map, and let the map o
in 2.10.1 be the induced map P := Py = (’){‘l/ — Z (which sends the i-th
canonical generator of O% to t; (1 <i < d)). From H1K(t) = 0 it follows
that f*9: Of — f*I = f*(Z/Z?) is an isomorphism, the resulting natural
composite D(X)-isomorphism
(2.10.8)

Do N [ (Z/T) ] = g A (OX) ) = [K(t) = Lf*[.0x
being sent by H~! to the isomorphism f*Vf. Furthermore, the preceding

paragraph implies that application of the functor @ZZOH " t0 (2.10.8) gives
an isomorphism of graded Ox -algebras, which, being determined by what it
does in degree 1, must be the map (2.10.5) (which does not depend on the
choice of the generating sequence t).

2.10.9. Let g: V — W be a map of ringed spaces. For each d € Z and
F,G € D(WV), one has the natural map
Ext{y(F, G) = Hompy(F, G|d]) — Homy(H “Lg*F, H'Lg*G).

Base-changing to arbitrary open subsets of W, one gets a map of presheaves,
whose sheafification is a bifunctorial D(W)-map

(g, F,G,d): Extl,(F,G) — g Homy (H Lg*F, HLg*G).

In particular, for g the closed immersion f: X — Y, F:= fOx = Oy/Z,
and G an Oy-module, one has the D(Y')-map

V(f,£.0x,G.d): Ext{(£.Ox, G) — fHomy (H 'Lf*£.0x, fG),
from which one gets, via (2.10.5), the natural composite map
O(f,G,d): Ext(£0x,G) — fHomx(fNY(Z/T?), FG)
=5 Homy (AL (Z/T?), G/IG),
sheafifying the natural composite map
Hompy)(f.Ox, G[d]) — Homy (H Lf*f,Ox, H'Lf*G)
—s Homy (A (Z/Z?), G/IG).

We'll say that f is a Koszul-reqular closed immersion of codimension d if
X is covered by open subsets of Y over each of which the ideal 7 is generated
by a length d, Koszul-regular, sequence of sections. Such an f is perfect.

(2.10.10)
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Lemma 2.10.11 (cf. [H66, p. 179, 7.2]). If f: X — Y is a Koszul-reqular
closed immersion of codimension d, I is the kernel of the associated map
Oy — f.0x, and G is an Oy -module, then ®(f,G,d) is an isomorphism

xtl (£,0x,G) = Homy (NS (Z/T?),G/IG).

Proof. As (2.10.5) is an isomorphism (see last paragraph in section 2.10.6),
the assertion means that ¥ := ¥(f, f.Ox,G,d) is an isomorphism. The
question being local (see (2.10.3)), one may assume that Z is generated by
a Koszul-regular sequence t = (t1,t2,...,tq) of sections. Then, by [II71,
p. 121, Cor. 4.6], the natural map, with K(Y") the homotopy category of Oy-
complexes, Homy ) (K(t),G[d]) — Hompy)(K(t), G[d]) sheafifies to an

isomorphism; and since the composition of the natural sequence of maps
HomK(Y)(K(t), G[d]) — Hompy) (K (t), G[d])
- Homg, (H ILf*K(t), H'Lf*G)
== T'(Y,G)/tI'(Y, G),
is just the natural isomorphism, therefore ¥, the sheafification of 5, is indeed
an isomorphism. O

For a Koszul-regular immersion f: X — Y, the next proposition gives
another representation of f” and the counit map f, f> — id.

As a preliminary, note that there exists locally a Koszul-regular sequence t
that generates the kernel Z of the natural map Oy — f,Ox; and one has
natural isomorphisms

1.1 0y ;53 RHomy (£.0x,0y) = Homy (K(t),0y) = K(t)[~d],

the last being inverse to the adjoint of the natural composite map
pe[—d]

K(t)[—d] @y K(t) == (K(t) ®y K(t))[—d] 2107)

K(t)[~d] — Oy.

Therefore, f, f?Oy—and hence f’Oy—has vanishing cohomology in every
degree other than d. So there are natural global D(X)-isomorphisms

(Hf*Oy)[~d] = f Oy
(Hf, f>Oy)[~d)] = L0y

~] lg

(HdRﬂomy(f*Ox, Oy)) [—d] RHOmy(f*Ox, Oy)

and

Proposition 2.10.12. Let f: X — Y be a Koszul-regular closed immersion
of codimension d, let T be the kernel of the associated map Oy — f,Ox, and
let wy be the locally free Ox-complex

wp = Homy (Ny [*(Z/T?), Ox)[~d).
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Let t' be the natural composite map
fuwp =5 Homy (A(Z/T?), Oy /T)[~d)

2m18$ty(f*@X70Y)[ d]

= (H'RHomy (f.0x,0y))[~d]
— RHomy (f.Ox, Oy)
— RHomy (Oy, Oy) = Oy.
The functorial map dual to the natural composite ch( ) -map
filwr @% Lf* G) 73 fewr ®y G — Or oy G = G
is a Dgc(X)- zsomorphzsm
}(G): wyp ®% LG =5 /G (G € Dgc(Y).

Proof. Let ¢”: wp — f?Oy be the natural composite Ox-isomorphism

wi = Homy (A% [*(Z/T?), Ox)[~d)]
=5 f*Homy (AL (Z/T?), Oy/T)[~d]
= ety (f.Ox,O d
(2.1012.1) o dy(fb x, Oy)[—d]
== [{(Hf.f Oy)[—d]
=5 [(LHYOY)[d]
=~ (HYf°Oy)|—d] = fOy.
Then with x(f, Oy, G): f*Oy ®}-{ Lf*G = f°G the isomorphism from
Proposition 2.7.7(ii), one has
¢f(G):= x(f, Oy, G)e (¢ ®f idisq),
that is, the border of the following natural diagram commutes:
fix

Fulwy ®% LFFG) —2C £ (pPOy @k LF*G) £PG

<2.3.1>J ~ ‘
@

f*beY ®I)_/ G

(2.3.1) G

f*wf ®y OY ®I§_/ G

~

via t/

Indeed, the commutativity of subdiagram (1) is clear, that of (2) is given by
the last assertion in 2.7.7(i), and that of (3) (signifying that ¢’ is dual to t)
is readily verified.

Thus c}(G ) is an isomorphism, as asserted. O
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The next lemma provides an alternative, local, description of the isomor-
phism in 2.10.11, hence of (2.10.12.1) and C;(Oy).

Lemma 2.10.13. In Proposition 2.10.12, suppose that I is generated by
a Koszul-reqular sequence t = (t1,...,tq) in D(Y,Z), and let ¥: O% — T
be the Oy -homomorphism taking the i-th canonical generator of (’){'ﬁ to t;
(1 <i<d) (so that, since HVK(t) = 0, f*0 is an isomorphism).

The following natural diagram of Ox-isomorphisms commutes.

Homx (AL F(T/72), 0x) — L0 Homy (AL (O4), O)
f*/HO’rny(/\U}l/(I/IQ), Oy/I) Hd}[omx(f*Ky (t), Ox)
2.10.11
f*gxt{d/(f*OXaoY) de*Homy(Ky(t),Oy)
fHf.f Oy F*H Homy (Ky (t), Oy)

Proof. Noting that H*Homy (Ky(t),Oy) is annihilated by Z, and that
H? commutes with f,, one checks that the adjoint diagram is isomorphic to
the sheafification of the natural diagram

via f*9
Homy (A%, £*(Z/Z2), Ox) / Homy (Ay (O%), Ox)
Homy (A} (Z/Z%), Oy /T) HeHomy (f*Ky (t), Ox)
(2.10.10) W
HomD(Y) (f*OXa Oy [d]) Hd HOmy KY Oy)
de*bey HdHOmy Ky( ) Oy)

So it suffices to see that this last diagram commutes—which one can do by
pushing an arbitrary D(Y')-map f,Ox — Oy [d] clockwise and counterclock-
wise around the diagram to the upper right corner. O

2.10.14. Next, the setup for Theorem 2.10.22—pseudofunctoriality of ¢”.

Let X —f—> Y L5 Z be Koszul-regular closed immersions of codimensions

d and e respectively, let J be the kernel of the natural map Oz — ¢.Oy,
and let £ be the kernel of the natural map Oz — ¢.f.Ox—=so that J C L
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and Z:= ¢g*(L/J) is the kernel of the natural map Oy — f,Ox. Then the
map ¢gf is a Koszul-regular closed immersion of codimension d+e, see | ,
tag 067Q)].
The inclusion J C £ induces an exact sequence
0— g (T/T%) = frg*(L/L?) & F1(Z/T*) -0

of locally free Ox-modules of ranks e, d + e, and d, respectively, see | ,
tag 063N], whence a locally split exact sequence, with EY := Homp, (E, Ox)
for any Ox-module E:

\ v
0= (f(@/I*) == (Fg°(L/L)) — (Fg"(T/T*) = 0.
Locally, there exists a right inverse g of p, giving rise to the left inverse j
of 4 such that ij = id —¢gp, whence the isomorphism

(@) & (Fg"(TITH 2, (g (/L2
whence the standard isomorphism of presheaves (cf. [370, Chap. III, §7.7]),
hence of sheaves:
(2.10.15)

d * k ok ~ d k k
N ((FAZ/T)) @x A ((FPg(T/TH)) == A ((Fg" (/L))
readily seen to be independent of the choice of ¢, so that these local maps
glue together into a natural global isomorphism of invertible Ox-modules.

2.10.16. In more explicit algebraic terms, the maps ¢ and f correspond
locally to a pair of surjective ring homomorphisms R LN , with kernels
J and I generated by Koszul-regular sequences (ry,...,r.) and (5,...,54)
respectively. Let s; € R be such that 5; = £(s;) (1 < i < d). The R-sequence
(ris...,Te,S1,--,8q) is Koszul-regular | , tag 0669], and it generates the
kernel L of £p. The inclusion J C L induces an exact sequence

(2.10.17) 0— Ty (J/J%) 5 L/L2 5 1/12 >0

of free T-modules of respective ranks e, d+e and d (see just before (2.10.8)).
Let j: L/L? — T ®g (J/J?) be the left inverse of i such that

i(rm 4+ L) =1® (ry + J?) (1<m<e),

j(sp +L*) =0 (1<n<a).
Over Spec(R), one checks, (2.10.15) is the sheafification of the isomorphism
A: b Homy (1/1%T) @7 Ay Homp (T ®g J/J% T) = Aot Homy (L/ L2, T),
such that
Alag AvsNag) ® (By A AB)) = (agp) A Alagp) A (By) A+ A (Be)-
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2.10.18. Back in the global situation, if an Ox-module F is locally free of
rank d, there is an isomorphism /\i((E V) = (/\‘;(E)V, induced by the map
(EV)?x E? — Oy that takes local sections ((a, ..., aq), (e1,. .., €eq)) to the
determinant det(c;e;). Also, for a finite-rank locally free Oy-module F, and
FY:= Homo, (F,Oy), there is a natural isomorphism f*(FY) == (f*F)".
Using such isomorphisms, one gets from (2.10.15)—considered as a global
isomorphism—a natural isomorphism of invertible Ox-modules

(2.10.19) (NS (T/T2)) @x f*(N5 g7 (T/T2)) == (A (af)(£/£%)),
whence, for the Ox-complexes
wii= (NG FH(TITH)) [=d),  wgpi= (NS (af)*(£/L2)) [—d €]
and the Oy-complex
wgi= (Ay 9" (T/7%)) e,
a natural isomorphism
(2.10.20) wr ®x frwg =5 wgf,
equal in degree d + e to (—1)% times the isomorphism (2.10.19) (use the
map 6;; from [L09, (1.5.4)], with i = —d, j = —e).

In the local situation 2.10.16, routine manipulations show that (2.10.20)
identifies naturally with the sheafification of the isomorphism of T-complexes

(2.10.21)  h:Homyg (AL(I/1?),T)[~d] ©7 Homg (Ng(J/J?),T)[—e]
=~ Homy (NG “(L/L?),T)[~d — ]
such that in degree d + e, with r¥:= (r, + L?) € L/L?, etc.,
Ma@B)rE A ArEAsEA-Ashy=aBE A AEDBE A AT,

The pseudofunctoriality of ¢’ is given by the next theorem—essentially
[ , p.55, Theorem 2.5.1], whose proof in ibid., section 2.6 is long and
technical. The proof to be presented here is, mutatis mutandis, the more
direct one given in | , Appendix C.6].

Theorem 2.10.22. For G € Dy (Z), the following natural D(X)-diagram
commutes:

. Lt e x via (2.10.20) Lt e x
wr ®x Lffwy @% Lf*Lg*G wgr @x L Lg*G

2.10.12(i) l: :l

POy @k Lfg’G wer @ L(gf)*G
2.7.7(ii) lz ~ l 2.10.12(3)
el = (9f’G
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Proof of 2.10.22. It suffices to prove commutativity of the natural diagram
wr ®@x Lf*w, ®}'{ Lf*Lg*G Wef ®}} Lf*Lg*G
@

(fPOy ®% Lf*g"0z) @% Lf*Lg*G —— f’¢"Oy @% Lf*Lg*G

T

(9f)°0z &% Lf*Lg*G

POy @% Lf* (8" 0z @Y Lg*G) ——— ("0 2% Lg*G)
® (9/)°0z &% L(gf)*G

POy &% LfgG e

(9/)G

The commutativity of (1) results from the following Lemma 2.10.23. That
of (2) is clear. That of the other two subdiagrams is contained, mutatis
mutandis, in Proposition 2.7.8. The conclusion results. O

Lemma 2.10.23. The following natural D(X)-diagram commutes:

(2.10.20)

wy ®_'§( Lf*wy —— wr ®x [fwg ——— Wyr
2.10.12(1) |~
Oy @Y% Lf*¢°Oy A ~| (2.10.12.1)
2.7.7(ii) | ~
b b — )

The strategy for proving 2.10.23 is to reduce to the local situation 2.10.16,
which is disposed of in §3.5 below by means of arguments appearing in
[ , Appendix C.6.]. The reduction is given by the following lemma,
with Z the disjoint union of the members of an affine open covering of Z,
over each of which both Z and 7 are generated by Koszul-regular sequences
of sections, and with p the natural map. (Note that the vertices in A all have
homology that vanishes in degrees other than d + e, so that A is essentially
a diagram of quasi-coherent Ox-modules, whence for any faithfully flat map
r: X — X, A commutes if r*A does.)
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Lemma 2.10.24. The situation being as in 2.10.14, let p: Z — Z be a flat

scheme-map, and

f

@

X
d
X

N

NTNI

f

g

a composite fiber square. Then f and g are Koszul-regular immersions, and
the inner rectangle in the following natural diagram is isomorphic to the
outer one:

wi Q¢ ws ~ W
Fex T (2.10.20) 9f
N o p
r*(wr ®x frwy) ———— r*w
~|2.10.12() (s 2 21020) 9
~ | via 2.10.12(i)
® POy ek Lf*¢0y) 210120) |~ © 21012() |~
f0y &L L3P0, ~ | via 2.7.7(ii)
Oy ———— 1*(9f)° Oz
via (2.5.1)
~ | 2.7.7(ii) 264
g0z O
F 264
£90z = @770,

Proof. That f and § are Koszul-regular immersions (of respective codimen-
sions d and e) is easy to verify.

It needs then to be shown that subdiagrams (), (B), (©) and (D) commute.
(In other words, the maps in 2.10.23 are compatible with flat base change.)

Set h:= gf, hi= g f . These are Koszul-regular immersions of codimension
c:= d + e, the kernel of the natural map Oz — h.Ox (resp. O; — 71*(’)5()
being £ (resp. L:= LOj).

Using the definitions of the maps in (C), and the easily-checked fact that,
hs being exact, the two natural composite maps h*H h, =~ h*h,H® — H®
and h*HCh, — H°h*h, — H€¢ are equal, one sees that commutativity of (©)
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is equivalent to that of the border of the natural diagram, with H:= Hom,

r* My (A h*(L/L?), Ox) = Hy (r* A (L/L?), r*Ox) = Hy(Neh*(L£)L?), O%)

W H, (Ny(L/L?), Oz /L) WM, (p* N7 (L/L2), p*(Oz /L))

~__ _— ~ |

W p* M, (N5 (L/L?), Oz /L) W Hz(N5(L/L%), 04/L)

~

2.10.11

@

~

2.10.11 2.10.11

r*h*&xts (h.Ox, Og)

WHRH ;(p*h.Ox, p*Oz)  h*Extg(h

+0x, 0z)

] N F
h*p*€xts(h.Ox, Oz) h*H°RH; (h*o)*(, Oz)
h*Hp*RH, (h.Ox, Oy)
~ /
h*p*HRH., (h.Ox, Oy) ©)
R HCh WP Oy § h*HCh.h* O,
W*Hep*h,h* Oy N
\ / \ N@_(yb)
h*p*HCh, h* Oy h*HCh,r*h° Oy
r*Heh*h.h’ Oy N Heh*h,h* O,
Heh'p*h, h* Oy N
Her*h*h,h* Oy ®  Heh*h.r*h’Oy
*IrchHb Cr¥1b ~ crbm .
r*Heh Oz/ Herh Oz — =2 H ?OZ
r*h*Oyld] — R O]

(2.6.4)

Whether subdiagram (1) commutes is a local question. Hence one can
assume that £ is generated by a Koszul-regular sequence t = (t1,...,%),
and replace RH,(h.Ox,Oz) by H,(K,(t),0z) (vesp. RH(h.Ox,0y) by
M, (K,(p*t),Oz)). Then Lemma 2.10.13 gives the commutativity of (1).

Subdiagram (2) commutes, since without “R*H®” it is the diagram, with
(f,9,u,v,G):= (p,r,h, h, O), shown in the proof of 2.6.4 to commute.

Commutativity of (3) holds because the natural map p*h, — h.r* is, by
definition, adjoint to the natural composite map B*p*h* = r*h*hye — 7%,

Checking commutativity of the unlabeled subdiagrams is straightforward.

Diagram chasing shows now that the border commutes, whence so does
subdiagram (C).
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Subdiagram (A) involves only sheaves, so its commutativity is readily
checked, locally, via (2.10.21).

As for (B), expand it naturally as follows, where G := ¢”Oz—so that one

has the isomorphism ¢*G QLMK gbOZ =:G.

wi ®g fwg —— 1wy ®g frgiwy —— Wy Qg 1wy —— r*(wr ®x fwy)

® |
T*fboy ®)~( Lf*q*G
~ o / \
[P0y &% LG rf° Oy @5 r*Lf*G
\ ~ R / €\
[P0y &% Lf*q*G ® r(f* Oy % Lf*G)
fbé qu*G ’I"*be

The commutativity of the unlabeled diagrams is easily checked. That
of (4) is shown by arguments like those used above to show commutativity
of ©. For that of (5), it suffices to show the commutativity of the adjoint
diagram, as per the hint in [L09, 4.7.3.4(c)], mutatis mutandis.

Thus (B) commutes.
The commutativity of (D) can be shown in the same way as that of the last
diagram in [L.09, 4.6.8], thereby completing the proof of Lemma 2.10.24. O

For a Koszul-regular closed immersion f: X — Y, the interaction of the
isomorphism

}(G): wp ®F LF'G = f'G (G € Dge(X))

in 2.10.12(i) with independent base change, ®- and RHom is described in
the following proposition.

Proposition 2.10.25. Let f: X — Y be a Koszul-reqular closed immersion
of codimension d, and F, G € Dgc(Y).

(i) Let
X —— X
g[ o [f
Y Y

u

be an independent square of scheme-maps (see §2.6.1) in which g is affine.
Then o is a fiber square, and g is a Koszul-reqular closed immersion of
codimension d.
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Moreover, with By (G): Lo*f°G — ¢’ Lu*G adjoint to the natural compos-
ite map Ry, Lv*f° G == Lu*Rf, f° G — Lu*G, the following natural D(X')-
diagram commutes:

Lv* (wy ®% LF*G)
Lv*e f(G) l o~ ~ l cgb(Lu*G)
Lo*f°G — ¢ Lu*G

Lv*wy ®')‘(, Lv*Lf*G Wy ®'5(, Lg*Lu*G

Bs(G)
(ii) The following natural D(X)-diagram commutes:
wr @% LFF % LF*G wr @% LF*(F @Y% G)
h(F) &% idl: :M(F@ G)

b L 1 e 2.7.7(ii) ) L
Pk LG — o P(F % G)

(iii) If F is pseudo-coherent and G € Dy (Y), then the following natural
D(X)-diagram, where the map & is adjoint to the natural map

wr @% RHomy (Lf*F, Lf*G) % Lf*F — wy @% Lf*G,

commautes:

wr @Y% LfF*RHomy (F,G) RHomX Lf*F, wr ®% Lf*G)
(=) | = wp @% RHomy (Lf*F, Lf*G = | viagj(Lf*G)
2.8.2(ii)

f’RHomy (F,G)

= RHomx (Lf*F, f°G)

Proof. (i) Working locally on Y, one can assume that the kernel of the
natural map Oy — f,Ox is tOy, where t is a Koszul-regular sequence of

length d. Then f,Ox is resolved by the Koszul complex Ky (t), and, with t/
the sequence tOy, one has in D(Y”) the natural isomorphisms

9+0x 2 L Llv*Ox 2 Lu*Rf,Ox = u* Ky (t) = Ky (t).

Therefore, t’ is a Koszul-regular sequence of length d, whence the projection
G: X =Y xy X — Y’ is a Koszul-regular closed immersion of codimen-
sion d; and the natural map g.O¢ — ¢«Ox/ is an isomorphism, so that,
g being affine, the natural map X’ — X is an isomorphism. The first two
assertions, which need only be verified locally, result.
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As for the diagram in question, the definition of CJE(G) gives the following
natural expansion:

Lo* (wy @Y% LF*G) Lo*wy ®Y%, Lo*Lf*G wy ®% Lg*Lu*G
| 0 | ® |
Lo*(f° Oy &% Lf*G) — Lv*f* Oy ®% Lv*Lf*G — ¢*Oyr @Y% Lg*Lu*G

| ® |

Lo*f°G ¢ Lu G
The commutativity of (1) is clear. For that of (2), cf. that of (C) in 2.10.24.
For that of (3), cf. [L09, 4.7.3.4(c)] (with E:= Oy).
(ii) The diagram expands naturally as
wr % LFF QL Lf*G —— wy @5 Lf*(F &% Q)
viac}(@y)lz zlviac}(@y)
f Oy @5 LFFF % Lf*G — f*Oy &% Lf*(F &} G)
via c;(F)J: :lc}(F@}( G)
PERYLIGC—— s PP &Y Q)
x(f, F,G)

Commutativity of the top half is clear; and that of the bottom half is left
for the reader to verify (cf. [L09, 4.7.3.4(a)] with E:= Oy).

(iii) It suffices to prove the commutativity of the adjoint diagram, i.e., of
the border of the following natural diagram (where H:= Hom):

wr ®% RHx (Lf*F, Lf*G) % Lf*F
/
wr @Y% LF*RHy (F,G) ®% Lf*F @
\
wr ®% Lf*(RHy (F,G) &% F)
® | ©
f"(RHy(F,G) &% F)

_— 0

Ry (F,G) @% Lf*F — RHx (Lf*F, f°G) @% Lf*F — f'G

wf ®}‘( Lf*G

\ /

~r

/

The commutativity of subdiagram (1) is given by [L.09, 3.5.6(g)], with
a: [D,E] ® D — E the natural map. That of (5) is given by (ii), with
(RHy (F,G), F) in place of (F,G). That of (6) is clear.
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For (7), it suffices to prove the commutativity of its adjoint, and so of all
the subdiagrams of the following natural one:

RE(FRHy (F,G) ®% Lf*F) REF (RHy (F,G) @Y F)

\2.3.1)*1 o) /

Rf.f’"RHy(F,G) &% F RHy (F,G) &% F

N

@D G

RERMx (LFF, f°G) @F F — RHy (F,Rf.f°G) @ F

AJ)* @3 \

Rf,(RHx(Lf*F, f'G) @% Lf*F) R fG

The commutativity of the unlabeled subdiagrams is easily checked. That
of (7)1 results from 2.7.7(ii), and that of (7)9 (without “®% F”) from 2.8.2(iii).

The commutativity of (7)3 results from that of its adjoint diagram, namely,
with the abbreviations f, for Rf,, f* for Lf*, [—,—], for RHz(—,—), and
®z for ®% (Z = X or Y), from that of the natural diagram

PR PGy @ F) F([F. [.IG]y ® F)

(2.3.1)J J

[f*F, f'Glx @ fF e

which commutativity follows, e.g., from [.09, 3.5.5, 3.5.6(d) and 3.4.6.2]. O

2.11. Corollary 2.3.9 extends to all affine maps of qcqgs schemes if we replace Dgc
by D(Aqc), see Corollary 2.11.2. Corollary 2.11.3 records that this replacement is
unnecessary for schemes X such that the natural functor D(Aqc(X)) — Dgc(X)
is an equivalence of categories—for instance finite-dimensional noetherian schemes
[1171, p. 191, 3.7] or quasi-compact separated schemes | , P-230, 5.5] (but not
arbitrary qegs schemes, see [1171, p. 195, 0.3]).

Some details follow; the rest are left to the reader.

For any qcgs scheme X, the inclusion functor jy : Aqc(X) — A(X) has a right
adjoint Qx, the quasi-coherator [II71, p.187, 3.2]. For example, if X is affine one
can take QQx to be the sheafification of the global section functor.

Lemma 2.11.1. Let f: X = Y be an affine map of gcgs schemes, let ¢: Y =Y
be as in (2.1.5) and let Q:= Qy be the quasi-coherator.

(i) The inclusion j: Aqc(Y) < A(Y) has a right adjoint Q such that $.Q = Q..
(ii) The derived functor RQ is right-adjoint to Rj: D(Aqc(Y)) — D(Y).
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Proof. (i) For N € A(Y), let ex: QN = jyQN — N be the counit map for the
adjunction jy 4 Q. Set O:= ¢, 0y = f,Ox, and ®:= ®p, (nonderived).

For any M € A(Y'), scalar multiplication is an A(Y)-map
p: O@ ¢ M — .M.
Since @ is right-adjoint to jy-, there is a unique Aq(Y)-map A making the following
diagram commute:
0®Q¢.M —>— Qp.M

ase| I

0® M —— ¢.M
m

One checks that A makes Q¢,M into a quasi-coherent Q—module QM; that this
construction is functorial; and that the resulting functor @) is as asserted in (i).

(ii) Since by (i),g has an exact left adjoint, therefore if G is a K-injective com-
plex in A(Y) then QG is K-injective in Aqc(Y); and for any complex F in Aq(Y),
the functorial isomorphism of complexes of abelian groups

Hom , ) (JF, G) = Hom, v (F,QQG)
that results from (i) gives a functorial derived-category isomorphism
RHomg v (RJF, G) — RHomgp 4 (7)) (£, RQG),
to which application of the homology functor H° gives a functorial isomorphism
Homp v (RJF,G) — HomD(ch(y))(F7 RQG)
that extends via K-injective resolution G’ — G to arbitrary G’ € D(Y). O
Corollary 2.11.2. With f as in 2.11.1 and ¢° as in 2.2.5, the functor [ RQ¢’ is
right-adjoint to Rf,: D(Aq (X)) — D(Y).
Proof. The functor Rf, factors as

D(Aqc (X)) 2 D(A(T)) =4 D(T) 25 D(Y).

So the assertion follows from the paragraph just before 2.1.1, Lemma 2.11.1, and
Corollary 2.2.6. O

Corollary 2.11.3. In 2.11.2, if the natural functor jy: D(Agqe(X)) = Dgc(X) is
an equivalence then jyf RQ@" is right-adjoint to Rf, : Dy (X) — D(Y).

3. FROM COMMUTATIVE ALGEBRA TO AFFINE SCHEMES

By Theorem 2.6.4 with u an open immersion, or by direct verification, the
foregoing constructions involving f? for finite pseudo-coherent f: X — Y
are compatible with open immersions on Y, and so can be locally elucidated
by making them more explicit when Y and X are affine schemes. We do this
via an “equivalence,” given by sheafification, from the (concretely realized)
duality theory for derived categories of modules over commutative rings
to the duality theory for Dgc-categories over affine schemes—essentially a
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special case of the equivalence mentioned near the beginning of §2. A quasi-
inverse for this equivalence is provided by the derived global section functor.
Details appear in section 3.1.

The underlying idea is, given a ring-homomorphism ¢: R — S and a
construction involving the corresponding scheme-map f: SpecS — Spec R,
to describe a concrete commutative-algebra construction involving ¢, whose
sheafification is naturally isomorphic to the given one, and so constitutes
a concrete realization. (Abusing terminology, “concrete” signifies “concrete
modulo choosing K-injective or K-projective resolutions of complexes.”)

For instance, sheafifying the right adjoint ¢*(—):= RHom,(S, —) of the
restriction-of-scalars functor ¢,: D(S) — D(R) gives a right adjoint for Rf,
(see Corollary 3.1.13 and Proposition 3.1.18).

More such realizations are presented, for the base-change isomorphism (S,
of Theorem 2.6.4 (see Proposition 3.2.13), and for the interaction of ¢*
with ®- and RHom (see Propositions 3.3.2 and 3.4.1).

The algebraic version of pseudofunctoriality for Koszul-regular immer-
sions (to which the scheme-theoretic one has been reduced, see remarks
immediately after Lemma 2.10.23) is proved in section 3.5. This proof,
essentially the one in [ , Appendix C.6], is more complicated than
anything that came before.

3.1. For a commutative ring 7', let A(T) be the category of T-modules
and D(T') the corresponding derived category.

Set Z:= SpecT'. For the usual adjunction s 4T, with s : A(T') — A(Z)
the sheafification functor and T, := I'(Z,—-): A(Z) — A(T') the global-
section functor | , 1.7.4], the unit map id = I)ys7 and counit map
s7I, — id are the natural ones.

Since I, has an exact left adjoint, it preserves K-injectivity, and there
results an adjunction s7 - R, of derived functors between D(T") and D(Z).
Here the unit map is the natural functorial composite isomorphism

(3.1.1) G = I,;s7G = RIsrG GeD(T)
(Is7 — RI sy is an isomorphism by [L09, 2.7.5, (ii)=(a)], dualized,
with d = 0, and [L09, 2.2.6])); and for G € D(Z)), if G — J is a quasi-

isomorphism of Oz-complexes with J K-injective, then the counit map is
the natural composite D(Z)-map

spRI,G =5 spl,d — J =5 G.

The functor s7 factors naturally as A(T) <2 Aqc(Z) — A(Z), and 57 is
an equivalence—whence so is its derived functor D(T") — D(Aqc(Z)), which
will also be denoted 57.

The derived s7, considered as a functor from D(T') to Dq(Z) C D(2),
factors naturally as

(3.1.2) D(T) -2+ D(Aqe(2)) — Decl )
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Since j, is an equivalence [ , p-225, 5.1], therefore so is this sp, for
which a quasi-inverse (i.e., right adjoint) is the restriction to Dqc(Z) of RL,.

3.1.3. Let ¢: R — S be a homomorphism of commutative rings. Denote by
v« A(S) = A(R) the exact restriction-of-scalars functor, and also (abusing
notation) its derived functor D(S) — D(R).
Let f
SpecS =: X — Y :=SpecR
be the scheme-map corresponding to (. For any S-complex E the natural
D(Y)-maps are isomorphisms
(3.1.4) spp«E —— f.sgE —— Rf,sgE.
v,(E) q (E)
The first isomorphism is elementary: it is same as the natural isomorphism
E R = f* Eg from Example 2.1.1, with scalars restricted from f,Ox to Oy.
In more detail (see [ , 1.7.7(11)]), Uyt SR« — f,85 is the functorial
map such that I v, is the natural composite functorial R-isomorphism

(3.1.5) Lysrox =2 pu = pulxss = Iy f.sg,

whence v, is the natural composite isomorphism

(3.1.5) SRV — sppslyss = sply fos55 = f.5s.

And, the map qf(EO) is an isomorphism for any S-module E? | , 1.3.2],
that is, such an E° is f,-acyclic [1.09, 2.2.6]; so by the dualized version of

[L09, 2.7.5, (ii)=(a)], qf(E) is an isomorphism for any S-complex E.
The isomorphisms in (3.1.4) are pseudofunctorial, in that for any homo-

morphism £: S — T of commutative rings, with corresponding scheme-map
SpecT =: V %4 X := Spec S, the following natural diagram commutes:

SR Px&x SR (€0)x
Yo @ Ve
(3.1.6) J.55&x fegssT ——— (fg)+57
df
Rfissé&e @ ® Uy
Rf*vf

Rf.gssT T RfRgsT ——— R(fg)«5
* g
Commutativity of (1) (i.e., pseudofunctoriality of v) is readily checked via
application of the equivalence Iy and use of (3.1.5), or otherwise; that of (2)
is clear; and that of (3) is rudimentary, see. e.g., [L09, (3.6.4.1)].
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3.1.7. (The reader is advised to proceed directly to section 3.1.10, returning
here only as needed).

The functor Rf,: D(X) — D(Y) has a monoidal structure (see [L.09,
Definition 3.4.2]), given by the natural composite map

Oy — [,Ox — RAOx
and by the natural bifunctorial map (see e.g., [.09, 3.2.4(ii)])
RL.E®Y REF — RA(E®Y F) (B, FeD(X)).

The functor ¢.: D(S) — D(R) has an analogous monoidal structure.

The exact functor sg also has a monoidal structure. For its description,
recall that for every S-complex G, there is a quasi-isomorphism 7¢: G — G
such that G is a direct limit of bounded-above flat S-complexes, and so is
K-flat (see [L09, Prop. 2.5.5] and its proof). Then ssG is a direct limit
of bounded-above flat Ox-complexes, and so is a K-flat Ox-complex; and
$5 ¢ is a quasi-isomorphism. Therefore, one can declare the said monoidal

structure on sg to be given by the natural isomorphism Ox =~ sg.5 and
by the unique bifunctorial D(X)-isomorphism (see [L.09, 2.6.5(ii)], dualized)

(3.1.8) ssE®% ssF — sg(E®5F)  (E,F € D(S))

that makes the following otherwise natural diagram commute for all E, F:

ssE @5 sgF ———— 55 (E®5 F)
ssE®@x sgF ————— sg(E®s F)

Similar remarks apply to the functor sg.
The isomorphism v,: g« —= Rf,sg from (3.1.5)" is compatible with
the monoidal structures on the functors involved:

Lemma 3.1.9. For E, F € D(S), the following natural diagram commutes:
spp«E @Y spp.F —— sp (0.E @ p.F) —— spp. (E®5F)
:l% &y v, Wl:

Rf.ssE @} Rf.ssF — Rf,(ssE ®% s5F) —— Rf, 55 (E @5 F)

Proof. In view of the above quasi-isomorphisms mg: E — E and 7g: F — F,
one can assume that all the complexes E, F, sg E and sgF are K-flat.
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It’s enough then to prove commutativity of the natural diagram

spp+E @Y spp.F sr(p+E @ ¢uF)
\ @
~ spp«E @y spp«F ~ ®
f.ssE®Y fssF = sr(«E ®R @.F)
f*55E®Yf*SSF @

@

Rf.ssE®%Y Rf.ssF —— Rf,(ssE ®k sgF)

™~

spo«(E @5 F)

1

ERSO*(E ®s F)

1

fi(ssE®x s5F) ———— f.s55(E®sF)

l:
Rf.(ssE®x ssF)

T=

®

| =

Rf.ss(E®sF)
Tg

Rf.ss(E®5F)

The commutativity of the unlabeled subdiagrams is clear.
Subdiagrams (1) and (5) commute by the description of the map (3.1.8).
The commutativity of (3) can be easily be checked after application of the

equivalence I.

Subdiagram (4) expands naturally as follows, with E:= sgE and F':= sgF:

f(Eex F)

P

l J o
/
RELE®% [LF) @  RALF(LE®y LF

\

ON

/

RE(LFLE ®% LFLF)

O

l

OF

—

l

RE(LFREE ®% LIfRLF) «— RELF*(REE ®Y REF)

)

LE®Y

—

.

RI(E®% F)

Rf.E @Y RfF
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The commutativity of the unlabeled subdiagrams is clear.

The commutativity of subdiagram (4); is given, e.g., by [L.09, (3.4.5.2)]
(taking into account ibid., 3.1.9 and 3 4.4(a)). That of (4); holds by defini-
tion of its bottom arrow [.09, 3.2.4(ii)]; of (4), by that of [L.09, (3.2.1.3)]; of
(@), by that of [L.09, (3.2.1.2)]; and of @3 by that of [L.09, (3.2.4.1)].

Finally, subdiagram (2) without“sg” expands naturally as follows:

0«E ®% p.F p:(E®5 F)

\ @, /

L (04E ®F @uF) — pu(Lo* o E ®f Lo*o,F)

/ /e

oL (P E QR 0xF) @y a9 0uE @5 p*puF) — ¢, (E ®5F)

@\ \

00" (PxE @R 0xF) —— (0" p+E ®5 0*p«F)

- = T

wxE @R @«F ¢«(E®s F)

The commutativity of the unlabeled subdiagrams is clear. Subdiagram (2),
commutes by definition, cf. [L09, 3.2.4(ii)]. Checking the commutativity of
its nonderived version (2); is left to the reader. The commutativity of (2)4
(respectively (2),) is given by that of [L09, (3.2.1.2)] (respectively [L09,
(3.2.1.3)]. The commutativity of (2), is given by the commutative-algebra
counterpart (proved similarly) of [L.09, (3.2.4.1)]. Thus (2) commutes.

This concludes the proof of Lemma 3.1.9. O

3.1.10. With °P denoting “opposite category,” the functor

Homg: A(S)°® x A(R) = A(S)
is given by

Homy,(E, G):= Hompg(p«E, G) (E € A(S), G € A(R)),
Homp(p«E, G) being an S-module in the usual way (cf. §2.2).

The proof of the next proposition and its corollaries, being similar to that
of Proposition 2.2.1 and its corollaries, is left to the reader.



82 J. LIPMAN

Proposition 3.1.11. There is a unique trifunctorial D(S)-isomorphism
a(E,F,G): RHom,(E ®§ F,G) = RHomg(E,RHom,(F,G))
(E,F e D(S), Ge D(R))

such that the following natural diagram, with H:= Hom and &,(E,F,G) the
standard isomorphism of S-complexes, commutes.

H,(E @ F,G) RH,,(E ®sF, G)

RH,(E®5F, G)
@O(E,F,G)J~ NJ@(E F.G)
Hg(E,H,(F,G)) —— RHg(E,H,(F,G)) —— RHg(E, RH,(F,G))

Corollary 3.1.12. There is a unique trifunctorial D(R)-isomorphism

ay(E,F,G): RHomp (¢.(E®5 F),G) —~ ¢,RHomg(E, RHom,(F,G))
(E,F € D(S), G € D(R))

such that the following natural D(R)-diagram, with H:= Hom, commutes.
Hp(p«(E®sF), G) — RHp(p«(E®sF), G) — RHg(p«(E®5F), G)
oxio(E, F, G)J: ~J%(E,F,G)

@*HS(Ea H@(F, G)) - ‘P*RHS<E7 Hcp(Fa G)) R SO*RHS(Ea RHg&(E G))

This entails the functorial R-isomorphism
Ha,(E,F,G): Hompp)(ps(E ®5F),G) = ¢, Hompg) (E, RHom,(F, G)).

Let
©*: D(R) — D(9S)
be the functor RHom,, (S, —).

Corollary 3.1.13. For E € D(S) and G € D(R), one has the bifunctorial
D(R)-isomorphism

a,(E, S,G): RHompg(p«E, G) = ¢.RHomg(E, p*G),
In particular, there is an adjunction
(3.1.14) 0
given by the functorial R-isomorphism
Hoo’qp(E, S,G): HomD(R)(cp*E, G) — . Hompg)(E, cp#G).
Here, the counit at G € D(R) is the natural composite map
(3.1.15)  t,q: 0p*G = RHompg(p:S,G) — RHomg(R,G) = G;
and the unit at E € D(5) is the natural composite map
u,g: E =% RHomg(S, E) — RHom, (S, ¢.E) = p*¢.E,
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i.e., the natural composite map

N Hom,, (S, p.E) — RHomy, (S, p«E) = ¢*p.E
where for e € E, nge is the R-homomorphism taking s € S to se. (Cf. 2.2.8.)

Arguing as in the proof of Proposition 2.4.4, one gets:

Proposition 3.1.16. The inverse of the above isomorphism &, (E,S,G)
factors naturally as

0«RHomg (E, 0*G) — RHompg(¢«E, 0.¢*G) — RHompg(¢.E,G).

The equivalences s and RT" (section 3.1) transform * into a right adjoint
of Rf,, as follows.

One has, for £ € Dgc(X) and G € D(Y), the natural isomorphisms

Homp_ ) (E, 55 ¢*RIy G) =+ Homp(g)(RIxE, ¢*RIy G)

o = Homp(y)(srp:RIYE, G)
(3.%.31) Hompy)(Rf,ssRIX E, G)
= Homp(y)(RL.E, G).
Hence:

Proposition 3.1.18. (Cf. 2.11.2.) The above-defined functor
s5 "Ry : D(Y) — Dgc(X)
is right-adjoint to Rf,, with unit at E € Dqc(X) the natural composite map
E =% 5gRIVE — 550" p,RIVE
= 550" R(puly)E
= ss¢"R(GL)E > ssp*RyREE
and counit at G € D(Y') the natural composite map

G +— spRIVG +— spp. "R, G (3%4) Rf.s55 0*RI}G.

Proof. The first assertion results at once from (3.1.17). Verifying that the
unit and counit are as stated is straightforward (if slightly tedious). (]

3.1.19. Till this section 3 ends, set f°G:= ssp*RT,G (G € D(Y)).

Proposition 3.1.18 shows that this is consistent with the previous meaning
of f’G when G is as in Proposition 2.3.5; but now f° will be right-adjoint
to the entire functor Rf,: Dgc(X) — D(Y') for any map f of affine schemes
(cf. Corollary 2.11.2). The unit map E — f’Rf.E and the counit map
Rf*be — G are then as in Proposition 3.1.18.
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3.1.20. As for pseudofunctoriality, given ring homomorphisms R LY T,

with corresponding scheme-maps W AN —i—> Y, define (abstractly) the
functorial isomorphism

(3.1.21) et E" = (Ep)

to be, analogously to (2.5.1), naturally right-conjugate to the identity map
(€p)s = i€ (For a concrete realization, see Proposition 3.1.23.) One
checks that such m make (—)* into a contravariant pseudofunctor.

It follows that (—)” is made into a pseudofunctorial right adjoint of R(—),
by composite natural isomorphisms of the form

Teo: Of = sTE RIxss " RTy 5 sr&%*RE, = s7.(60)"REy = (f9)'.
V! 71'57%1J
One has then a natural commutative diagram of isomorphisms

s7E*RIy 55 9*RIy, —— s7E*Q*RI, ﬁﬂg)’ st (£p)*RIy,
@

(3.1.22) NJ J:
gf — (fg)°

(2.5.1)

Thus the next proposition, which contains a concrete realization of ¢,
entails, for pseudo-coherent maps of affine schemes, a concrete realization
of the pseudofunctoriality isomorphism ¢°f> == (fg)” in (2.5.1).
Proposition 3.1.23. The D(T')-isomorphism

7e,»(G): RHomg (T, RHom, (S, G)) =+ RHomg, (T, G) (Ge D(R))
is the unique functorial map o such that the following natural diagram com-
mutes for all R-complexes G.

Homg¢ (7', Hom, (S, G)) Homg¢, (T, G)

| |

RHom¢ (7', RHom, (S, G)) =@ RHomg, (T, G)
«

Proof. Tt suffices to verify commutativity of the second diagram in |
3.3.7(a)], with g the identity map of ({p)s« = pss.

For this purpose, one may assume that the R-complex G is K-injective,
whence so is the S-complex Hom, (S, G). Hence the assertion follows from

)
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commutativity of the following natural diagram of R-complexes.
(590)*H0m§(T7 Homlp(57 G)) (f@)*Hom&O(Tv G)
o« Homg (&, T, Hom, (S, G))

| Homp((€¢). T G)
¢« Homg (S, Hom, (S, G))

|

¢« Homy, (S, G) === Homp(p:S,G) — Homp(R,G) =G

To verify this commutativity, one checks that that, by traveling around the
diagram either clockwise or counterclockwise from upper left to lower right,

an S-homomorphism A: £, T — Hom,, (S, G) goes to [A(17)](1s). O
Recall, from 3.1.11, the map a(E, F,G) (E, FeD(S), Ge D(R)).
Corollary 3.1.24. It holds that &.m¢ ,(G) = a(&:T, S, G). O

3.2. This section is devoted to a description of the (concrete) commutative-
algebra version of the functorial map S5, in Theorem 2.6.4.

Let

§ ——— 8 X ——X
J o o
R ——R Y ——Y

be, respectively, a commutative diagram of maps of commutative rings and
the corresponding commutative diagram of maps of affine schemes.
The functor

(3.2.1) 0" (=)= S ®, —

from A(R) to A(S) (notation akin to that in §2.2.9) is left-adjoint to s,
with unit at N € A(R) the natural map

Ne(N): N = @S Qr N = (S ®y N) = @."N,
and with counit at M € A(S) the scalar multiplication map
€o(M): oM =S @y, @M — M.

As in the proof of [L09, Proposition 3.2.1], it follows that the derived
functor
(3.2.2) L (=)= S &% —

from D(R) to D(S) is left-adjoint to ¢, the adjunction isomorphism
(3.2.3) a: HomD(S)(ch*G,E) = Homp(p)(G, p«E)

being the unique bifunctorial map making the following natural diagram,
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where K(T') is the category of homotopy classes of maps of T-complexes,
commute (see [L.09, Corollary 3.2.2]):

HomK(S) (QO*G, E) e HOmD(S)((p*G, E) E— HOmD(S)(LQO*G, E)

>~

Homgg) (G, ¢+E) Hompg) (G, p«E)

In this adjunction, the unit at G is the natural D(R)-composition

10(G): G % & ™0 0, 5" G 5 ,Lp"G
for any K-flat resolution G — G (i.e., R-quasi-isomorphism with G’ K-flat);
and the counit at E is the natural D(S)-composition

eo(E): Lg"p.E —s oo, E 2L E)
The functorial D(R’)-map

05(E): LupE — &LV'E (E e D(9))
is defined (abstractly) to be the adjoint of the D(R)-map
(3.2.4) ©«Tu(E): ouE — @uu L™ E = p, & LV™E.

In terms that are explicit—up to choices of a K-flat S-resolution E' — E
and a K-flat R-resolution G — ¢.E'—one can describe 6;(E) as being the
natural composite D(R’)-map

L'p.E = R @ p.E = R' @), .F'
5 R'®,G— R ®, p.E — &(S' @, F)
= &LVE.

Indeed, it suffices to consider the case E' = E, where, with G — ¢.E the
preceding K-flat resolution, one finds readily that this assertion results from
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the commutativity (straightforward to verify) of the natural D(R)-diagram

OB ——————— 0. (1S’ ®5 E) =——= p1x(S’ ®, E) =——= p, v /*E
e
pxLp* oL E G N*R/ ®p p«E
NN S
G R ®p G
L
B ®u7/

3.2.5. It will be shown next that for any £ € Dg(X) and E := RIYE
(so that E = sgE, see end of §3.1), the sheafification sr/0s(E) is naturally
isomorphic to the map 0,(F): Lu*Rf, E — Rg.Lv*E in (2.6.3).

This follows from [1.09, Example 3.10.1(a)], but here a somewhat different
argument will be given, whose motivation is that sheafification preserves
adjointness of maps and that the sheafification of the adjoint (3.2.4) of 65 (E)
is naturally isomorphic to the natural composite map

Rf.E — Rf.Ru,Lv*E =5 Ru,Rg.Lv*E,

which is, by definition, the adjoint of 6, .
The precise formulation—Proposition 3.2.10 and its proof—meeds some
preliminaries.

The standard functorial Ox-isomorphism, for R-complexes G,

(3.2.6) S(G) =,(G): f'spG = s50*G,
see [ , 1.7.7(1)], is adjoint to the natural composite map
5rG — sRP."G oo fss¢"G
v(p*

with v: sp. == f.sg the functorial isomorphism in (3.1.5)". In other
words, the following natural functorial diagram commutes:

sp ——— fuf "5

(3.2.7) l = | s

SRpxp” —— fis50"
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There results commutativity of the natural diagram

frsrRpx \ / 7SR«
\ AN A T2 :
Fom oo ~ | fihe

/ o ffssptor ———————— S50

| J

fsrpx o frfess 55

whose border can be represented as the (commutative) natural diagram

85— ["fiss

(3.2.8) T = oo
559" px ————— [TSR s

As for derived versions of the foregoing, upon replacing G by a quasi-
isomorphic direct limit of bounded-above flat R-complexes (see the remarks
preceding (3.1.8)), one gets a natural functorial D(X)-isomorphism

(3.2.9) 3(G): Lf*'spG = s5Lp*G (Ge D(R))
such that the following natural functorial diagram commutes
sp —— RfLf"sr
(3.2.7) l :JRJ’*G
sripule = Rfssle™,
from which one deduces, as above, commutativity of the natural diagram
sg «—— Lf"R/f.s5
(3.2.8) | =619
ssLyp*pu ——— Lf"sreps

Proposition 3.2.10. The following diagram, in which E is any S-complez,
commautes.

sprLu*o.E ol spr & LU*E
(32.9) | ~ ~ | (3.1.4)
Lu*sp o«E Rg.ss LV*E
(3.1.4) | ~ ~ | (3.2.9)

Lu*R E—— Rg.Lv*ssE
U f*ﬁs 0 (55 E) gxLv 55
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Proof. Keeping in mind the adjoint (3.2.4) of 65, expand the diagram nat-
urally, without “E,” thus:

sp Lo, — splpf vl =—— sp/ L i L —— sp/ & Lv*

~ [(3.2.9) (3.2.9) | = ©)
(3.2.9) | =~ Lu*sp pav Ll =——= Lu*sp p.& L™ o~ | (3.1.4)
/ (3.1.4) (3.1.4) |~
Lu*sgp @« Lu*Rf,ssvilv* (@ Lu*Ru.sp & Lv* Rg.ss/ LL*
(3.14) | ~ / (3.1.4) (3.1.4) | =~ / ~(3.2.9)
Lu*Rf,ss @3 Lu*Rf.Ru.ss/Lv* — Lu*Ru,Rgys9 Lv* Rg.Lv*sg
\ ~((3.2.9) (3.2.9) | ~ /

Lu*Rf,RuLv*sg —— Lu*Ru,Rg.Lv*sg

Commutativity of the unlabeled subdiagrams is clear.
Commutativity of (1) results from that of diagram (3.2.8)", with (u,u) in

place of (¢, f).f
Commutativity of (3) results from that of diagram (3.2.7)", with (v,v) in

place of (¢, f).
Commutativity of (2) results from that of the two diagrams obtained
from (3.1.6) by making the respective substitutions (£,g) — (v,v) and

(o, f) = (1, u). O

3.2.11. Now for the commutative-algebra version of the map [, in 2.6.4.

Assume that the natural D(R) composite R’ ®% S — R’ ®@g S — S’ is an
isomorphism, i.e., Tor®(R’,S) = 0 for all i > 0 and the natural map is an
isomorphism R'®zS -~ S’; equivalently, assume o to be a tor-independent
fiber square (see [.09, (3.10.2)(ii)']). Thus we can, and do, identify the maps
¢ and v with the respective canonical maps R’ —+ R'®gS and S — R'®gS.
Then o is an independent square (see the remarks following (2.6.3)), so
for any S-complex E the above map 6,(ssE) is an isomorphism, whence,
by 3.2.10 and (3.1.2), so is 65 (E).

As in 2.6.4—but more generally (see 3.1.19), the D(X’)-map 5,(G) is
defined for all G € D(Y) to be adjoint to the natural composite map

Rg.Lv*fG — Lu'RY, G — Lu*G.

Let 85(G) (G € D(R)) be the D(S’)-map adjoint to the natural composite
LV o*G - Lo 0o*G — Lu*G,
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that is, 85(G) is the natural composite map
#o-1
Lrp*G — ¥, Lv*eo*G 5—") E Lt oG — E*LU*G,
a map that is concrete to the extent that up to taking K-flat and K-injective

resolutions, it has previously been explicitly described. (See the lines just
after (3.1.14) and (3.2.4).)

For G € Dgc(Y), Bs(G) is isomorphic to the sheafification of fs(RI,G).
That follows from the next proposition, with G:= RI;.G.

Application of sg¢* to the unit isomorphism (3.1.1) produces a natural
functorial isomorphism

(3.2.12) 9 (G): ss¢p*G <= sg*RIyspG = fsg G (G € D(R)).
Proposition 3.2.13. For any G € D(R), the following diagram commutes.
1B85(G)
s/ Lt G — e
(3.2.9) J ~ ~ J Y
Lv*ss o*G ¢sp LG

Proof. Expand the diagram naturally, without “G,” thus:

Lv*dy J ~

~ J (3.2.9)

* rb IS 3 U
Lv*f’sp G B onG g’ Lu*sp G

(5

-1

via 6
s Lot —— 55 L pf ——— sg &Lttt ——— s EFLp”

@ ~ | Uy Uy |
Psp &l ——— gspLptp.p*
(32.9) | ~ * viaﬂgl * =~ Uy
~|(3.1.4) (3.2.9) | ~
Lv*sgp* PRygsglier @ ¢Llurspp.ot Popr L
~ [(3.2.9) (3.1.4) | ~
viavy | ~ via gt ~{(3.2.9)

9’Ry.Lv*sgp? ——— g LuRf, 550"

~ | via vy

viady | ~ @

Lv*fbsR E— gbRg* Lv*fbsR 4>Via071 gbLu* Rf*fl’sR E— gbLu*sR
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Here, commutativity of the unlabeled subdiagrams is clear.
Commutativity of (2) results from Proposition 3.2.10.
Commutativity of (3), verifiable after dropping “g’Lu*,) follows easily
from the description of the counit map Rf,f” — id in Proposition 3.1.18.

Similarly,

SR ————— sp/ £, E*

|

~ [ (3.1.4)

Rg*gbﬁR/ I,; R9*5S’§#

commutes, whence so does

95w & —

PReG SR

gb5R’ f*g#f*
~ I (3.1.4)

/ Uy g’Rg.sgiE*E,

gbgR’ &« 9,

giving commutativity of (1).

9

gbﬁR’ &«

~ | (3.1.4)

bRg>,<55/

55’6#5*

597,

O

Remark 3.2.14. For (;(G) to be an isomorphism, further conditions are
needed—for example, that ¢,S is a pseudo-coherent R-module (whence
S’ is a pseudo-coherent R’-module, see paragraph preceding 2.3.8), and
the R-module p, R’ has finite tor-dimension (whence the map u has finite

tor-dimension), and G € D*(R).

Remark 3.2.15. Paste the commutative diagrams in Propositions 3.2.13
(without “G”) and 2.6.14 (with “G” replaced by “sg”) along their com-
mon edge to get the following natural diagram, the commutativity of whose
border expresses the relation between the concrete realizations of 3, that are
indicated in those two places. Conversely, a more concrete proof—avoiding
adjoints—that the border commutes would, together with 2.6.14, give 3.2.13.
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5586
s/ Lot ————— sg ¥ Ly”

(3.2.9)J: :Jﬂg

Lv*sgp* syt
viaﬂ.fl: 2lvia (3.2.9)
Lo* P s P Lu*
VISR T 9
L’U*]F*gbbSR

g'Lu ¢ sk ~Yn g ¢ Lu*sg
9 Po

3.3. This section 3.3 is devoted to proving Proposition 3.3.2, which gives,
for maps of affine schemes, a concrete representation of a generalization of
the map y in 2.7.7.

Again, ¢: R — S is a homomorphism of commutative rings, with corre-
sponding scheme-map Spec.S =: X Loy Spec R.

Let F and G be R-complexes, F':= sgF, G := sgG. There is a natural
bifunctorial D(S)-map
Xo(F.G): ¢*F ®5 Ly*G = RHom,, (S, F) ®§ (S & G)

— RHom, (S, F ®F G) = ¢*(F ®F G)
given by [L.09, Corollary 2.6.5], in which, when F is K-injective and G is K-flat
(whence S®,, G is K-flat over .5), take ¢ to be the natural D(S)-isomorphism

Hom,, (S, F) ®s (S ®, G) -~ RHomy,(5,F) ®5 (S @5 G)
and (3 the natural composite D(S)-map
Hom, (S, F) ®s (S ®, G) = Hom,(S,F) ®, G
— Hom,(S,F ®g G) — RHom,(S,F ®p G) —= RHom,(S,F ®F G).

(3.3.1)

As in loc. cit., x,(F,G) is the unique bifunctorial map that equals So(™*
whenever F is K-injective and G is K-flat; to this extent, x is concrete.

The next proposition gives that the sheafification of x,(F, G) is naturally
isomorphic to the Dgc(X)-map

X(F,G): PFe% LG — f(F &} G)
that is adjoint to the natural composite map

RE(f°F @% LF*G) =5 REFF®Y G — Fob G
f
with p,:= pf(F , G) the projection isomorphism in 2.3.1—thereby making x,
a concrete representation of y. If S is perfect as an R-module, or if F and
F ®% G are in D*(R), then y is the map y in 2.7.7.
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Proposition 3.3.2. The following diagram commutes.

55X
55 (P*F @ Lp*G) — 55 ¢*(F @ G)

(3.1.8) l: zl (3.2.12)
55 p*F @ ssLp*G f’sr (F @k G)
(3.2.12) ®% (3.2.9) J ~ i~ l (3.1.8)

P’F % Lf*G : f(F ey G)

Proof. Lemma 3.3.4 below provides an abstract description of x resembling
that of y. The lemma uses a commutative-algebra analog of Py
(3.3.3) p,(E,G): p.E®EG 5 . (E@5Lp*G)  (E € D(S), G € D(R)),

defined as the unique bifunctorial D(R)-isomorphism that is equal, when G,
hence ¢*G, is K-flat, to the natural composite isomorphism

P ERR G < 0 (E®s (S @, G)) = . (E®s ¢*G) = ¢, (E®5 Lp*G),

see [L09, 2.6.5]. Lemma 3.3.6 will show that the sheafification of p, is a
concrete realization of - After that, the proof of Proposition 3.3.2 will
quickly be concluded.

Lemma 3.3.4. For all F,G € D(R), the map xo(F,G) is adjoint to the
natural composite map
-1
0 ("F 05 Lp*G) 2o o' F % G — F oL G.

Proof. It is straightforward to reduce to showing that when F is K-injective
and G is K-flat (so that x, = Bo(™1), the border of the following natural
diagram, in which H:= Hom, commutes:

p;!

90*(90#F ®s SO*G) 0 *F @ G

@«(¢7) \
-1

P (Hgo(sa F)®S(S By G)) — Px (HL,D(S7 F)®S QO*G) L (P*Hcp(sa F)®RG
F

/

(p*(H¢(S,F) ®¢G) :HR(S, )®RG HR(R,F)®RG

/ ~

(p*HSD(S, ForG) = Hr(S,F ®rG) — HRr(R,F ®rG) — F®rG

One readily checks commutativity of the unlabeled subdiagrams; and that
of (1) follows from the above description of p,. The assertion results. ([
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Lemma 3.3.5. The map py(E,G) is adjoint to the natural composite map
Lo* (psE @k G) =5 Lo*p,E @5 Lo*G — E ®5 Lo*G.

Proof. One may assume the R-complex G to be K-flat, in which case the
assertion amounts to commutativity of the border of the natural diagram

p«E®R G 0«Lp* (p«E ®Rr G)
(SO*E ®r G)
P ® j ®
«(p so*E ®s ©*G
0+ (E ®f ¢*G) 0« (Lo*p.E @5 Lp*G)

The commutativity of (2) is easily checked. For that of (1) (resp. (1), resp. (3))
cf. [L09, (3.2.1.3), resp. (3.2.1.2), resp. (3.2.4.1)]. The assertion results. [

The sheafification sgp,, is naturally isomorphic to the projection map Py

Lemma 3.3.6. The following diagram, with E:= sgE, G:=sp G, and py as
n (2.3.1), commutes.

s (p«E @ G) L T ®§ Lp*G)
(3.1.8) J ~ ~ | (3.1.4)
spp«E ®% 5 G Rf.5s(E ®5 Lp*G)
(3.1.4) J ~ ~ | (3.1.8)
Rf.ssE ®Y srG R/, (ssE ®Y s5Lep*G)
H ~| 3:2.9)

RIE L G Rf(E ®% Lf*G)
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Proof. Keeping in mind 3.3.5 and the analogous property of Py (a property
which defines pf), expand the diagram, naturally, as follows:

51 P.Lp* (PE ®f G) ——— srp.(Lp*p.E ©5 Lp*G)
/ \

sp(p.EQRG) @ sp . (E ®§ Lp*G)

Rf.s5Lo* (p.E @ G) —— R, 85 (Lp*p.E @5 Lo*G)
\
si (9+E ®F G) via (3.2.9) R/f.ss(E ©5 Lp*G)
\
RfLf*sr(pE®EG) @ Rf.(ssLp*p.E®% ssLp*G)
\
s E®Y 5r G via (3.2.9) Rf.(ss E®% 55Lp"G)

—~

RELS (srpE®@Y srG) — RL(Lf*sp p.E®% Lf*sr G)

Rf.E &L G via (3.1.4) via@3.14) | ® Rf(E®%LF*G)

\ /

The commutativity of (1) follows from that of (3.2.7), and that of (3)

from (3.2.8)'. The commutativity of (2) results from the following formal
consequence of Lemma 3.1.9. U

Lemma 3.3.7. The following diagram of natural isomorphisms commutes:
Lf*(sgpF @Y% spG) —— Lf*spF @Y% Lf*sr G
Jvia (3.2.9)

Lf*sg (F ®k% G)
(:;.2.9%

sgLo*(F ®1|55 G) sg (Le*F ®f§ Le*G) —— sgLo*F ®'5( ssLp*G
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Proof. 1t is enough to show commutativity of the adjoint diagram, which
expands naturally as:
Rf.Lf*(srF @y srG)
" ~
sp(F®EG) ————— spF®@LsgG @O RA(LfspFak Lf*srG)
~ 7
Rf.Lf*spF @Y Rf.Lf*spG
®
spw«Lo*F ®'§, sroxLp*G

™~

Rf.ssLo*F @Y Rf,s5Lp*G

@
sp (p:Lp*F ®F 0.Le*G)
Rf.Lf*sgr (F ®F G)
spLe*(F @ G) ®

™~

sr s (Lp*F @5 Lp*G)

Rf.ss5Le*(F @k G) — Rf.s5(Lp*F @5 Lp*G) — Rf,(ss Lo*F @Y% s5Lp*G)

Commutativity of the unlabeled subdiagrams is clear.
Commutativity of (1) follows from the fact that the natural map

Lf*(spF ®% spG) — Lf*spF ®% Lf*sr G
is adjoint to the natural composite map
spF @) 5pG — Rf,Lf*spF @Y% Rf.Lf*spG — Rf,(Lf*spF @Y Lf*spG),

cf. [L09, beginning of §3.4.5]. That of (3) holds for analogous reasons.
Commutativity of (2) and of (4) follows from (3.2.7)".
Commutativity of (5) is given by Lemma 3.1.9. O
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Now, to prove Proposition 3.3.2, use Lemma 3.3.4 to expand the diagram
in question, naturally, as follows:

ss 0¥ 0. (P*F ®Y5 Lp*G) —— 55 0* (0. p*F ®% G)

/ \
ss(PPFRsLe"G) ss o*(F &R G)
FP5r 0x(¢*F ©5 Lp*G)) <= f’sp (p.p*F @R G)
via p,
F’Rf.55 (¢"F ®5 Lp*G) F(sr ' F &Y G)
Sg QD#F ®%( s55Lp*G © 5R |: ®IL-?, G)
\
F'Rf. (5 0"F ®@% 855L0*G)
®
PRI(ss 9"F @% LF*G) = ' (Rf.ssp"F @ G)
y
PPF % LG (3.2.12) f'(F ey G)
\ /

PRE(PF @5 LFG) P(RESF @y G)

via py

Commutativity of (3) (resp. (1)) is essentially the same as commutativity
of (3) (resp. (1)) in the proof of Proposition 3.2.13.
The commutativity of (2) is given by Lemma 3.3.6 (with E:= ¢*F). O

3.4. This section is devoted to proving Proposition 3.4.1, which gives, for
maps of affine schemes, a concrete representation of a generalization of the
map ¢ in 2.8.2(iii).

Once again, ¢: R — S is a homomorphism of commutative rings, with
corresponding scheme-map Spec S =: X i> Y := Spec R. The global-section
functor from A(Y') to A(R) is denoted by I3, and the sheafification functor
from A(R) to Aqc(Y) by 5g.

The composite quasi-coherator functor

Qv: AY) 2 A(R) B Agc(Y)

is right-adjoint to the inclusion functor jy : Aqc(Y) — A(Y). Since jy is
fully faithful, the unit map for this adjunction is an isomorphism

A = QYjYA = QYA (A € ch(Y))'
The counit is the natural map
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Since jy- is exact, therefore @y preserves K-injectivity, and there results
an adjunction jy 4 RQy between the derived functors. In fact, jy gives an
equivalence D(Aqc(Y)) = Dqc(Y) C D(Y) | , P- 225, 5.1], with quasi-
inverse the restriction to Dgc(Y') of the right adjoint RQy. So if C' € Dgc(Y)
then the counit map is an isomorphism RQyC = 3y RQyC == C.

Set

Homi := QyHomy : A(Y)P x A(Y) — Aqe(Y),
RHomy’ := RQyRHomy : D(Y)® x D(Y) — D(Ag(Y)).
For Oy-complexes F' and G, the natural bifunctorial map
Hom{*(F,G) — RHom{"(F,G)

is an isomorphism if F' is K-flat and G is K-injective (so that Homy (F,G)
is K-injective).

For any R-complexes F and G, and F':= sgF, G:= sg G, there is a natural
Age(Y)-isomorphism

&(F,G): sgHomp(F,G) = spliHomy (F,G) = Hom§  (F,G).
Furthermore, there is a natural composite D(Aqc(Y"))-isomorphism
k(F,G): sgRHomp(F,G) == spRL,RHomy (F,G) = RHom (F,G).
whose first component is an isomorphism because the natural equivalences
D(R) =5 D(Aqe(Y)) 25 Dge(Y).
give rise, for any n € Z, to natural isomorphisms
H"RHomg(F, G) = Hompg)(F, G[n]) = Homp vy (F, G[n])
~ H"RHomy (F,G)
~ H"RI,RHomy (F,G).
Next, there is a natural bifunctorial isomorphism of S-complexes
Homg(S®,F,Hom,(S,G)) = Hom, (S®,F,G) = Hom (S, Hompg(F,G)).

From this, with F K-flat and G K-injective, one gets (via, e.g., [1.09, 2.6.5])
a natural bifunctorial D(.S)-isomophism, concrete up to choice of K-flat or
K-injective resolutions,

Co: RHomg(Lp*F, ©*G) = RHomg(S ®5 F, RHom,, (S, G
@ %
-5 RHom,, (S, RHomg(F, G)) = p*RHompg(F, G).

Proposition 3.4.1. The sheafification sg(y is naturally isomorphic to the
map (that must then be an isomorphism)

C: RHomSS (Lf*F, f°G) — f’RHomy (F,G)
which is adjoint to the natural composite map
Rf.RHomSS (Lf*F, f°G) — Rf.RHomx (Lf*F, f°Q)
— RHomy (Rf,LF*F,Rf,f°G) — RHomy (F, Q).
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Remark. 1f C := RHomx (Lf*F, f°G) € Dg(Y) (which is so under the
hypotheses of 2.8.2(iii)) then the map Rf,RQyC — Rf,C in 3.4.1 is an
isomorphism (see above). Keeping in mind [1.09, 3.2.4(i)] and the paragraph
preceding [1.09, 3.5.5], one finds then that the map ¢ in 2.8.2(iii) is a special
case of the map ( in 3.4.1.

Proof. The strategy is, to relate the sheafification of the adjoint of (y to the
adjoint of (.
Lemma 3.4.2. The map (y is adjoint to the natural composite map

¢0+RHomg(Lp*F, p*G) — RHomp(¢sLo*F, 0.¢*G) — RHompg(F,G).

Proof. The assertion means that the border of the following natural diagram,
in which H = Hom, and whose top row composes to {p, commutes.

RHg (Lo*F, ¢*G) RH, (Lp*F,G) ———— ¢*RHR(F, G)

A

7 Wt p*RHR(F, G)

: P

©* o, RH, (Lo*F, G)

/\

©*p.RHg(Lp*F — ¢*RHR(p.Lo*F, 0.¢*G) — ¢*RHR(¢.Le*F,G)

The unlabeled subdiagrams obviously commute, and eon = id; so it’s
enough to show that (1) and (2) commute.

For (1) to commute, it suffices, by Proposition 3.1.16, that Au be inverse
to the isomorphism &, (Ly*F,S,G) from Proposition 3.1.13—which it is:
one may assume that G is K-injective, so that all Rs can be dropped, making
the assertion into an easily verified one in commutative algebra.

As for (2), one may assume G to be K-injective and F to be K-flat, thereby
reducing to verifying commutativity of the natural diagram

Hap(s ®rF, G) - QO*HS(,(S, HR(F7 G))

| |

H%O(SO*(S QR F)aG) HR(FvG)

To check this commutativity, send any map A: S ® g F — G from the upper
left to the lower right corner, both clockwise and counterclockwise, and note
that either way produces the map taking = € F to A(1 ® x). (]
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Now, the adjunction 7y 4 RQy entails a natural commutative diagram,
with vertical arrows induced by counit maps,

RERHom$E(LF*F, f°G) — RHom$S(RE.LF*F,Rf. f°G) — RHom¥(F,G)

| | -

Rf.RHomx (Lf*F, f°G) — RHomy (Rf,Lf*F,Rf. f*G) — RHomy (F,G)

Also, Hompy)(E, €jrq) is an isomorphism for any E € Dqc(X), and so
€5 rq itself is an isomorphism.

Hence, Proposition 3.4.1 results from the commutativity of the border of
the following natural diagram, in which H:= RHom and H:= RHom:

seHg(Le*F, 0*G) ssp*Hg(F,G)

S © e
ssp*p. Hs(Lp*F, *G) ——— ssp*HR (. Lo*F, 0. *G)
o |
f'sr @ Hs(Lo*F,*G) ——— fPsp Hr(p.Lo"F, 0.0*G)
\ \,
ssHs(Ly*F, ¢*G) ——— f’Rf,ssHs(Lo"F, &*G) f’srHR(F,G)
@
HY (ssLp*F,ss0*G PP HY (srp.Lo*F, srp.p"G)

\ Pr

PREHYE (ssLo™F, 550*G

\ ®

HYE(LFF, °G) FPHYE (RS, s5Lp*F, Rf,55p*G PHE(FG)

~ O

PREHE(LIF fG) PHYRELIERLPG)

Commutativity of the unlabeled subdiagrams is simple to check.

Commutativity of (0) is given by Lemma 3.4.2.

Commutativity of (1) is essentially the same as that of subdiagram (1) in
the proof of Proposition 3.2.13.

Commutativity of (3) follows easily from that of the diagram in (3.2.7)
and of subdiagram (3) in the proof of Proposition 3.2.13.
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As for the remaining subdiagram (2), let us show, more generally, that for
any S-complexes A and B, the following natural Dy (Y)-diagram commutes.

5R(p*Hs(A, B) 5RHR(SO*A790*B)

| l

Rf.ssHg(A, B) HY (srepsA, 5RrpsB)

| |

Rf*H;(C(ﬁsA,ESB) %(}‘;:(Rf*‘gSAv Rf*ESB)

The natural isomorphism Hom(sg E, H{" (F, G)) == Hom(sgr E, Hy (F, G))
(E e D(R); F,G € D(Y)), allows one to replace H9 in the preceding dia-
gram by H, whereupon it suffices to show commutativity of the adjoint
diagram, which is, up to obvious isomorphisms, the border of the following
natural diagram:

sppHg (A, B) @Y spp.A srHRr(p A, p.B) @Y spoA

/

sgr (pHg(A,B) ®R psA) — sp (Hr(p<A, 0B ®R DxA

NN

Rf.ssHs(A,B) @Y% Rf.ssA spp.(Hs(A,B)@5A) Hy(srpA, sppB) @Y spp.A

® \\\

Rf*(SsHS A B ®X55A e RfSS (HS A B ®S ) SR« B

Rf (Hx(SSA EsB ®X5$A \\

Rf*HX (SsA 59 B) ®Y Rf*ﬁsA — Hy(Rf*SsA Rf*sgB Rf*ﬁsA — Rf*ﬁs

The commutativity of the unlabeled subdiagram is easily checked.

The commutativity of (2) and (5) follows at once the abstract definition
of the map [L09, (3.5.4.1)], a map whose concrete realization is the usual
one—see, e.g., the two lines preceding [1.09, 3.1.9].

The commutativity of (3) is an instance of Lemma 3.1.9.

Finally, the commutativity of subdiagrams (1) and (1) results from the
next lemma, which expresses compatibility of (the counit map for) hom-®
adjunction with sheafification.
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Lemma 3.4.3. For any R-complezes E and F, the following natural diagram
commutes.

spHg(E,F) ®} sgE

|

sp(Hs(E,F) ®k E) spF

Hy(ﬁRE,ERF) ®{7 srpE

Proof. (Sketch.) It may be assumed that E is a direct limit of bounded-
above flat complexes, and that F is K-injective. Then the diagram can
be replaced by its non-derived counterpart, whose commutativity can be
verified elementwise, via the definitions of the maps involved. O

This completes the proof of Proposition 3.4.1. O

Remark 3.4.4. With assumptions and notation as in Proposition 2.8.2, that
proposition and 3.4.1 show that the following natural diagram commutes:

R Co

ssRHomg(Ly*F, gp#G) SR 5SSO#RH0mR(F’ G)

~ ~

RHomyx (Lf*F, f°QG) f’RHomy (F,G)

~ | (2.8.1) ~

F RHomy(L¢*F, #°G)G) T f¢’RHomy (F,G)

Conversely, a more concrete proof—eschewing adjoints—of this commu-
tativity would, together with 2.8.2, give 3.4.1.

Exercise 3.4.5. Prove Proposition 3.4.1 along the following lines:
Show how sheafification respects conjugacy of functorial maps. Then show that
(o and ( are right-conjugate, respectively, to the projection maps
P pE QR F — 0. (E® LpF),
pr: RE,E®Y F — RE(E®% Lf*F).
(Cf. [L09, 4.2.3(e)].) Finally, apply Lemma 3.3.6.

3.5 (Completion of proof of 2.10.23). Recall that 2.10.23 reduces via 2.10.24
to the situation where the closed immersions X L y 4z correspond to

surjective ring homomorphisms R %, S % T whose kernels J and I are
generated by Koszul-regular sequences r = (ry,...,7) and 8 = (Sy,...,54)
respectively, and, if s; € R is such that §; = £(s;) (1 <i < d) then the R-
sequence (r,s) = (1y,...,Te, Sq,- - -, Sq) is Koszul-regular and it generates the
kernel L of £&p. Thus 2.10.23 results from its commutative-algebra analog,
Proposition 3.5.1 below.
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Proposition 3.5.1. involves commutative-algebra versions of some of the
maps in Lemma 2.10.13. Set §:= (Sy,...,54), let Kg(S) be the associated
Koszul complex, let 9¥5: T¢ = I/I? be the T-isomorphism sending the i-th
canonical basis element of T to (5; + I?) € I/I? (1 <14 < d), and let ¢t be
the natural composite D(T')-isomorphism

via ¥

N¢:= Homp (NG (I/1%),T)[~d] — Homp (A(T?), T) [—d}
= ¢ (HHomg(Ks(8), 9))[—
= ¢*(H'RHomg( g*T S )[ d]
= (€*H¢.RHom (T, S))[—
— (H*RHomg(T, S))[—d]
> RHomg(T, S) =: £*S.
(The last isomorphism holds since H'RHomg (7T, S)= H'Homg(Ks(8), S)=0
if i # d.) In view of the relevant details of the equivalence described in
section 3.1, Lemma 2.10.13 implies that % is obtained (up to canonical
isomorphism) by applying the global section functor to c]bc: wp —> 0y in
(2.10.12.1). Tt follows (or can be checked directly) that c% does not depend

on the choice of the Koszul-regular generating sequence 8§ of I, so that it
can—and will—be denoted by cf.

The D(S)-isomorphism

cf: Ny:=Homyg (Ns(J/ %), S)[—e] == ¢*R
and the D(7T')-isomorphism
d+e ~
ngo: N¢,:= Homp (/\T+ (L/Lz),T)[fd —e] = (fg@)#R

are defined analogously.

Note that N¢ (resp. Ny, N¢,) is flat over T' (resp. S, T').

Proposition 3.5.1. The next D(T')-diagram, with H:= Hom, commutes,
and its sheafification is isomorphic to the D(X)-diagram in 2.10.23.

h

Ne @r &N, (2.10.21) Neo
¢ ®F Lf*CZJ
¢S @ LEQ*R ct,
Xo(Ss p*R) l(iﬂ.&l)
'R - (Ep)*R

(3.1.21)
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Proof. As regards sheafification, there are evident natural isomorphisms

~ d px

spNe = (NG (Z/T%)) [—d] =: wy
stNy 5 5 (A 9" (T/T%)) [—e] =: wy
~ d *
s7Ney <= (N “(9F)(L/L%) [~d —e] = wyy,

via which the sheafification of the top row in 3.5.1 is naturally isomorphic
to the top row in 2.10.23.

Lemma 2.10.13, mutatis mutandis, shows the sheafification of the right
column in 3.5.1 to be isomorphic to the right column in 2.10.23. The top
arrows in the respective left columns can be treated similarly.

That x, in 3.5.1 sheafifies to the map in 2.10.23 labeled 2.7.7 is given by
Proposition 3.3.2.

That the sheafification of the bottom row in 3.5.1 is naturally isomorphic
to the bottom row in 2.10.23 is given by (3.1.22), mutatis mutandis.

Next, to show the commutativity of the diagram in 3.5.1, it suffices to
show the commutativity of its adjoint, as follows.

Let p, and p¢ be as in (3.3.3) ff.

For a sequence q in a ring @, let K (a) be the complex Homg(Kp(q), Q).
Let tq: K5((a)) — Kg(q) = Homg(Q, Q) = @ be the natural map.

One has the composite natural isomorphism (with 4, an isomorphism
because the complex Kgr(r) is strictly perfect)

ors: Ki(r) ®p Ki(s) = Homp(KRg(r), R) @ g Homp(KRg(s), R)
:YLO> Homp(KRr(r), Homg(Kg(s), R))
- Homp(Kg(r)®pr Kg(s), R) = Kz((r,s)).

Let ds be the natural composite D(S)-isomorphism

Exct
€.Ne 5 £,6%S =5 RHomg(6.T,S) = K3(5),
and define analogously
dy: o« N, = Kp(r), drs: px&Ney = Kg((r,s)).

Now expand the adjoint diagram naturally as in diagram (3.5.2) below.
Diagram-chasing shows that proving commutativity of all the subdiagrams
of this expanded diagram gives the desired commutativity of the adjoint
diagram itself.
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oi&uh

pubs (Ne ®7 E"No) (2.10.21) Px&s Ney
@ P (Niﬂ ®S KS‘ (g)) dr,s
P« (KS (5) ®s
via dg 99*5*02%
C,O*(f*NE ®SN¢) R@RK.
pb(dorct) @ / \
via Cz andc” # #
pp*ROR Ki(s) (R®rR)  w.l(Ep)*R
. (675 @5 ¥*R) P vidNts ®
o« (P* R ®s K3
- (3.1.21)
PxDg
Px(S ®s P*R) = pu(p*R ®5 S) —— ¢
@ \

**#SLL*#R **##R
Pulu(E7S @7 LEYTR) RN pelullp

(3.5.2)

For each of the unlabeled subdiagrams, commutativity is either obvious
or straightforward to verify.
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For the commutativity of (2), use the commutativity (resulting directly
from the definition of d;) of

/= Dy °
©«(Np ®5 K3 (8)) —— 0N, @ Ki(s)

lvia dy

via cf, KI%(I') QR K]%(S)
Jnatural
("R ®s KS(8)) —5— pup"R @R Ki(s),

plus the definition of dg, to reduce to noting the obvious commutativity of

. atural .
‘P*(KS (8) ®s N@) = W*(th ®s Kg (8))
via cfﬁ,l Jvia o

. tural .
0. (K2(8) @5 ¢*R) ——— p.(¢p*R ®5 K3(S))

via ng/ lvia ts

©+(S ®s5 p*R) == 0.(¢*R ®5 S)

The commutativity of (3) follows from the definition of the map (3.1.21).

The commutativity of (4) is given by Lemma 3.3.4, mutatis mutandis..

It remains to verify the commutativity of (1), or equivalently, of the nat-
ural diagram

. b des .

Pi&s(Ne @ E"Nyp) —————— 0u&uNgy Ki((r,s))
PP Ors
©e(§xNe @5 Ny) @ Kpi(r) ®r Kx(s)
viadg_1 viady !
P35 (8) ®5 Np) 5 2 (Np @5 K3 (8)) ———— @ Ny @ K (s)

This diagram is the canonical image in D(R) of an explicitly describable
diagram in the category of R-complexes. To see this, represent dg L as the

image in D(S) of a map of complexes, as follows (and analogously for d,*
and d;}):

Lemma 3.5.3. The map dg' is the canonical image in D(S) of the natural
composite map of S-complexes
dg: K3(8) — (HES(5))[~d] = (K§(5) ®s &.T)[~d]
=5 & Homy (N(T?), T)[~d]
=5 & Homyp (N(I/1%),T)[~d] = &.Ne.

via vy



GROTHENDIECK DUALITY THEORIES—ABSTRACT AND CONCRETE 107

Proof. 1t suffices to prove equality of the adjoint maps, that is, that the
border of the following natural diagram commutes:

§K3(8) ¢(HKS (8)) [—d]

7

¢S —— (H¢*S)[=d] — (H'CKS(5))[—d]

£ (K§(8) s &T)[~d]

5*6271 ®
H*Homp ('K (8), T)[—d]

N

Homp (/\%(Td) ,T)[—d]

Ng = HOHlT (/\%(I/Iz)aT) [_d]

via g

Showing commutativity of subdiagram (5) is a minor variant of showing
that c’g is identifiable with I'(X, cjbc) (see the third paragraph before 3.5.1).
Details are left to the reader.

The commutativity of the unlabeled subdiagrams is easy to check.

The desired conclusion results. O

In continuation of the proof of 3.5.1, to describe d% more explicitly, the
following abbreviations are helpful.
With rF:= (1, + L?) € L/L?, and so on, one has the generators

/o=l AAT of Ag(J/J?),
sli=slA-- N8 of NL(I/1?),
(r,s)k:= rEAN-ANTENSEAN - AsE of /\?E(L/L2).

With (v1, . ..,v44e) the standard basis of R7 ¢ = RI@R®, and (w1, . .., wy)
the standard basis of S% one has the generators

v = v A A vgpe of /\‘Ere(]%d“)7
vi=v A Ay of /\%(Rd),
vhe .= Vg1 A\ -+ Avgge oOf /\%(Re),
whi=wi A Awy of /\%(Sd).

For a ring () and a generator g of a rank-one free )-module G, denote
by 1g/g the map in Homg (G, Q) that takes g to the identity 1g of Q.

One checks that in degree d + e,
grs((Lr/v®€) @r (1r/v?h)) = (~1)%(15/veHe).
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Further, in degree d,
di(1s/w) = 17/,
and analogously,
d(1g/v®®) = 1g/r” (in degree ¢),
dfp,s(lR/VdJre) = 1p/(r,s)" (in degree d + e).

Now one need only verify commutativity of the diagram of R-complexes
represented by (1)’ with d ! replaced by d’; and for this, one need only look
at what happens to the generator 1z/v9t of the R-module Kg:“e((r7 s)).

Recalling (2.10.21), one checks that moving around counterclockwise from
Kg+e((r,s)) to ¢u (& Ne ®g N, )¥He acts successively on 1r/vaTe as:

1g/v&Te — 17/(r,s)"
— (1r/8") @r (17 ®s 1s/r?) — (17/8") ®s (15/r7).
On the other hand, moving clockwise acts successively on 1z/v4T® as:
1r/vie s (—1)%(1p/v* @r (1r/v9)
— (=1)*(1s/r”) @r (1r/v?)
— (—1)*(1s/r”) ®s (1s/w?)  (see (3.3.3) ff.)
— (1s/w") ®5 (15/r7) — (17/8") @5 (15/17).
This completes the proof. ([
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