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COHOMOLOGY WITH SUPPORTS; IDEMPOTENT PAIRS

JOSEPH LIPMAN

ABSTRACT. This chapter sets out preliminaries for the duality theory in later
chapters. An underlying idea is that local cohomology functors are higher
derived functors of colocalizations (a.k.a. coreflections).

Predominantly well-known facts about cohomology with supports—often
under “finitary” conditions that obtain, e.g., under noetherian hypotheses—
and its local and global interactions with quasi-coherence and with colimits, are
reviewed from both the topological and scheme-theoretic perspectives. Some
refinements of standard results are needed to accommodate certain features
involving unbounded complexes and general systems of supports.

An important attribute of such cohomology is “®-coreflectiveness”, in its
avatar—ultimately in the context of closed categories—as “idempotent pair,”
a notion which plays an important role in the sequel.

Some basic facts about linearly topologized noetherian rings and their
maps, related to cohomology with supports, and subsumed under properties of
idempotent pairs, are brought forth; and similarly for the less-familiar context
of formal schemes.
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2 JOSEPH LIPMAN

1. Cohomology with supports; idempotent pairs

This chapter sets out some preliminaries for the duality theory in later chapters.
An underlying idea is that local cohomology functors are higher derived functors of
colocalizations (a.k.a. coreflections).

The first three sections review, from both the topological and scheme-theoretic
perspectives (connected, as in 1.1.8 and 1.2.3), rudimentary facts about cohomology
with supports—often under “finitary” conditions that obtain, in particular, under
noetherian hypotheses—and its local and global interactions with quasi-coherence
and with colimits (see e.g., 1.2.2 and 1.2.16). A basic attribute of such cohomology
is “®-coreflectiveness” (see 1.5.13). This property is elaborated on in the context
of monoidal categories, as is its avatar “idempotent pair,” a notion which plays an
important role in the sequel (see Sections 1.3-1.6).

For instance, if X is a locally noetherian scheme and Z C X is closed, then
RI;Ox and the natural map ¢: RI;Ox — Ox form an idempotent D(X)-pair,
ie,t®1and 1® ¢ are equal isomorphisms from RI,;Ox @ RI;Ox to RI;Ox; and
the corresponding ®-coreflection is given by the functor RI,(—):= RI,Ox ® (—)
together with the map ¢ ® 1: RI(—) — (—). (See 1.5.7.)

The idempotent pairs in a monoidal category D are the objects of a strictly full
monoidal subcategory Ip of the slice category D/O (O:= unit object of D); I is
preordered, and the functor induced by the canonical functor D/O — D is final in
the category of all strong monoidal functors from preordered monoidal categories
to D (see Remark 1.6.3).

Some basic facts about linearly topologized noetherian rings and their maps,
related to cohomology with supports, are subsumed under properties of idempotent
pairs (Sections 1.7 and 1.8); and similarly for formal schemes (Section 1.9). In
the latter case, if Dqc is the full subcategory of the derived category spanned by
complexes with quasi-coherent torsion homology, then sending an idempotent pair
in Dy to its support gives an equivalence of Ip,,, (modulo isomorphism) with the
category of inclusion maps of specialization-stable subsets (see 1.9.21).

This material is predominantly well-known (cf. e.g., | , Exposés 1, I1]), [Hg],
[ ]; but some refinements of the standard results are needed to accommodate
certain features involving unbounded complexes and general systems of supports.
It is recommended to skim through these preliminaries, referring back as needed in
the subsequent duality theory.

1.0. Terminology and notation. Let A be an abelian category.
An A-complez C = (C*®,d®) is a sequence of A-maps

1—2 . i—1 . i . i+1
Lot o om0 (ien)
such that d’d"~! = 0 for all i. Homotopy equivalence of maps of A-complexes is
defined as usual [Hrt, p.25]. The i-th cohomology H'C := ker(d?)/im(d*~1)" is the

object part of a natural A-valued functor on the category C(A) of A-complexes,
or on the homotopy category K(.A) whose objects are A-complexes and whose
morphisms are homotopy-equivalence classes of maps of A-complexes, or on the
derived category D(A) of K(A). (See e.g., [Lpl, §§1.1, 1.2].)

1Implicit here and elsewhere is the assumption that a specific choice has been made in A of
the kernel and cokernel of each .A-map, of a 0-object, of a direct sum for any two objects,. ..
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A quasi-isomorphism in C(A) (resp. K(A)) is a map of A-complexes ¢: C — C’
which induces isomorphisms H'C — H'C’ for all i (resp. the homotopy equiva-
lence class ¢ of such a map); or equivalently, with ¢ ,: K(A) — D(A) the canonical
functor, such that g,¢ is an isomorphism. When the context dictates what is
meant, there will usually be no notational distinction among a map in C(A), its
homotopy class in K(A), and the image of that class under ¢ 4.

With reference to maps or diagrams in A, K(A) or D(A), “natural” means that
unless otherwise specified, the maps involved are the obvious ones.

Any functor T' between triangulated categories (such as K(A) or D(.A)) is under-
stood to be additive and triangle-preserving (a A-functor, for short), i.e., equipped
with a functorial isomorphism 0(E): T'(E[1]) = (T'E)[1] such that for any trian-
gle E% F % G E[1], the sequence I'E &% DF Loy 1g £21%, (D E)[1] is also a
triangle. In each instance the natural definition of @ is left to the reader. (Some-
times there are sign considerations, see, e.g., [ , §1.5] for more details, and for
examples involving ® and Hom.) By definition, maps of A-functors commute with
the associated 0s.

A plump subcategory (or weak Serre subcategory) A* C A is a full subcategory
containing 0 and such that for any exact A-sequence M1 — My — M — M3 — My,
if M; € A* for i = 1,2,3,4, then M € A*. The kernel and cokernel (in .A) of a map
in such an A* both lie in A*; so A* is abelian, and any object of A isomorphic to
one in A* is itself in A*.

An A-complex I is K-injective (g-injective in the terminology of [L.pl], with“q”
connoting “quasi-isomorphism”) if any quasi-isomorphism #: I — I’ has a left
homotopy-inverse, that is, there exists an A-homomorphism +’: I’ — I such that
1'1) is homotopic to the identity map of C'. Numerous equivalent conditions can
be found in [Spn, p.129, Prop.1.5] and in [L.pl, §2.3]. One such is that the func-
tor Hom®(—,I): C(A) — C(A) preserves quasi-isomorphism. Another is that for
every A-complex F', the natural map is an isomorphism

Homg () (F, 1) = Hompay(q4F,q41).

Any bounded-below injective (in every degree) complex is K-injective.

A K-injective resolution of E € A is a quasi-isomorphism oy : E — I where Ig
is K-injective and also injective.

All rings will be commutative.

For a commutative ring S, A(S) is the (abelian) category of small S-modules.
We write ¢g: K(S) = D(S) for ¢, K(A(S)) = D(A(S)). Each S-complex E
admits a K-injective resolution oy : E — Ig, see [Spu, p. 133, Prop. 3.11].

Similar considerations hold for any ringed space (X, Ox) (X a topological space
and Ox a sheaf of commutative rings on X)), with A(X) the category of Ox-modules,
with gy : K(X) — D(X) signifying ¢y, : K(A(X)) = D(A(X)), etc. (See [Spn,
p. 138, Thm. 4.5]).? D*(X) C D(X) is the full subcategory spanned by the locally
cohomologically bounded-below Ox-complexes (those C € D(X) for which there is
an open cover (X )aeca of X and for each o an integer n,, such that the restriction
(H'C)|x, vanishes for all i < n,). For such (X, Ox), restriction to open subsets
preserves K-injectivity of Ox-complexes [L.pl, Lemma 2.4.5.2].

2Such assertions hold in any Grothendieck category, see [ , p-243, Thm.5.4], or [Lu,
Propositions 1.3.5.3 and 1.3.5.6], noting that K-injective < homotopically equivalent to fibrant.
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For example, any topological space X can be regarded as a ringed space, with
Ox the sheaf Zx of locally constant functions from X to Z; and then A(X) is just
the category 2b(X) of sheaves of abelian groups.

When (X, Ox) is a scheme, Aq(X) C A(X) is the full subcategory of quasi-
coherent Ox-modules, and Dq.(X) C D(X) is the full subcategory whose objects
are the complexes with quasi-coherent homology.

1.1. Finitary supports.

1.1.1. A system of supports (s.0.s.) (ak.a. family of supports) in a topological
space X is a nonempty set ® of closed subsets of X such that any closed subset of
any finite union of members of ® is a member of .

For instance, if Y C X then the set ®y consisting of all subsets of Y that are
closed in X is an s.0.s. An s.0.s. has this form if and only if it contains every X-closed
subset of the union of all its members. In fact, there is a one-one correspondence
between such s.o.s. and specialization-stable Y C X (i.e., Y contains the X-closure
of each of its points, or equivalently, ¥ is a union of closed subsets of X): to such an
s.0.8. @ corresponds the union of its members, and to a specialization-stable Y € X
corresponds Py.

If X is noetherian, i.e., every open subset is quasi-compact | , 11, §4.2], then
every closed subset of X is a finite union of irreducible closed subsets; and if,
furthermore, every irreducible closed subset of X is the closure of one of its points
(for instance, if X is the underlying space of a noetherian scheme), then every s.o.s.
in X is @y for a unique specialization-stable Y.

An s.0.s. ® in X is finitary if each member of ® is contained in a member Z
such that X \ Z is retrocompact in X, i.e., for every quasi-compact open U C X,
the open subset U \ Z is quasi-compact.

For example, the s.0.s. ®x consisting of all closed subsets of X is finitary.

One checks that every s.o.s. in X is finitary < every quasi-compact open subset
of X is noetherian < every open subset of X is retrocompact in X. (To see this,
consider the s.o.s. @y for an arbitrary closed Y C X...).

These conditions on X have no substance if the only quasi-compact open subset
of X is the empty one. More noteworthy is the situation where X is a union of
quasi-compact open subsets (for instance, the underlying space of a scheme): then
the conditions hold if and only if X is locally noetherian, i.e., every point of X has
a noetherian neighborhood.

Lemma 1.1.2. Let X be a quasi-compact topological space and let ® be a finitary
s.o.s.in X. If (Zs)sep is a family of closed subsets of X such that Nsen Zs € ®
then there is a finite subset Dy C D such that ﬂéeDo Zs € .

Proof. Fix Z D Nsen Zs such that Z € ® and X \ Z is retrocompact in X, hence
quasi-compact. The family (Zs \ Z)sep of closed subsets of X \ Z has empty
intersection, whence there is a finite Dy C D such that naego (Zs \ Z) is empty,
i.e., Nseny, Zs C Z, so that Nsep, Zs € ®. O

3A (possibly non-Hausdorfl) topological space is quasi-compact if every open cover has a finite
subcover.
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1.1.3. (Inverse image of an s.0.8.) Let f: W — X be a continuous map of topo-
logical spaces, and ® an s.o.s.in X. Set

@ :={V closed in W | the closure of f(V') belongs to ® }
={V closed in W |V C f~'Z for some Z € &}

= |J @1z,

the smallest s.0.s. in W that contains f~1Z for all Z € ®.

For example, if Y C X then (®y); C ®p-1y, with equality if Y is closed or if
Y is specialization-stable, W is noetherian and every irreducible closed subset of W
is the closure of one of its points.

For another example, if f is the inclusion map of a subspace W C X then

(1.1.3.2) O =By ={ZNW |Zcd}.

(1.1.3.1)

Moreover, every s.0.s. ®g in W has the form ®;: let ® consist of all closed subsets
of X whose intersection with W is in ®,.

The pairs (X, ®) with X a topological space and ® an s.o.s. in X are the objects
of a category in which a morphism (W, ¥) — (X, ®) is a continuous map f: W — X
such that ¥ C ®¢. Such a morphism is called strict if ¥ = ®y.

Remark 1.1.4. Let W C X be open. If ® is finitary then so is @[y .

Remark 1.1.5. Suppose that Z is locally in @, i.e., Z C UyeaU, with each U,
an open subset of X, such that ZNU, € ®|y, (ie., ZNU, € ®). If A is finite, or
if ® =y (Y C X), then Z € ®.

X 3k ok ok ok

1.1.6. Let (X, Ox) be a scheme. An Ox-base is a nonempty set J of quasi-coherent
Ox-ideals such that:
(i) if I € J and if J is a quasi-coherent Ox-ideal such that v/J D I, then J € J,

and
(if)if IeJand JeTthenINJ €.

Since vIJ D (INJ) D 1J, therefore if (i) holds then (ii) is equivalent to:

(ii) if I € Jand J € J then IJ € J.

For example, if I is a nonempty set of Ox-ideals, and f: W — X is a map of
schemes, then the smallest Oy -base containing IOy, for all I € 1 is

I := { quasi-coherent Oyy-ideals J |

(1.1.6.1)
VIO I I,0w for some integer n >0 and Iy,...,I, €I}

When f is the inclusion map of a subspace W C X, Iy is denoted I|y .
If J and J are Ox-bases, then soisINJ={I+J|I€J, JeJ}.

An Ox-base J is finitary if X is covered by open subsets U such that each member
of J|y contains a finite-type member of J|ys.

' EEEE
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1.1.7. Again, let (X, Ox) be a scheme.
The support of an Ox-module M is

(1.1.7.1) Supp(M):={z e X | M, # (0) }.

For example, let u: U < X be the inclusion map of an open subscheme, and
let N be an Opy-module, with support (in U) Suppy (N). Any point z € X lying
outside the X-closure Supp; (V) has a neighborhood in which u, N vanishes, and
so Supp(u«N) C Suppy (N).

For any s € I'(X, M), the support of s is the closed set

(1.1.7.2)  supp(s) = suppx(s):={x € X | s, # 0} = Supp(sOx) C Supp(M).

If M is of finite type then Supp(M) is locally the union of the supports of
members of a finite generating set, and so Supp(M ) is a closed subset of X.

For an Ox-ideal I, the zero-set of I is the closed set
Z(I):= Supp(Ox /1).
Every closed subset of X is Z(I') for some quasi-coherent Ox-ideal I.
Clearly, Z(I) = Z(~/T) and Z(I,15) = Z(I,) U Z(I5).
If I; and I, are quasi-coherent, one checks locally that
(1173) Z(Il) D) Z(IQ) <— 11 C I
For s e I'(X, M),
supp(s) = Z(ann(s))
where ann(s), the annihilator of s, is the kernel of the Ox-homomorphism Ox — M

taking 1 € T'(X, Ox) to s.

Proposition 1.1.8. There is an inclusion-preserving bijection S from the set of
Ox-bases onto the set of systems of supports in a scheme X, such that for any
quasi-coherent Ox-ideal I, Ox-base J and s.o.s. D,

(1.1.8.1) el Z(I) € &5:=S5(7),

or equivalently,

(1.1.8.2) I€J3:=81(®) <= Z(I) € ®.

Proof. Left to the reader. O

Example 1.1.9. Let f: W — X be a scheme-map, ® an s.o.s. in X, ®; asin 1.1.3,
Jp and Jp, as in (1.1.8.2), and (Jp); as in (1.1.6.1). For I € Jp and J a quasi-
coherent Oyy-ideal, (1.1.7.3) gives

{Z(J) C f1Z(I) = Z(IOw)} <= {VJDIOw},
whence jq)f = (J@)f.
Corollary 1.1.10. Let J be an Ox-base, and I an Ox-ideal locally in J, i.e., X has

an open covering (Uy)aca such that for each o, IOy, € I|y,. If A is finite, or if
&5 = Oy for some Y C X (see 1.1.8.1, 1.1.1), then I € 7.
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Proof. For all o € A, the Oy _-ideal 10y, is quasi-coherent; so the Ox-ideal I is
quasi-coherent. Also, with ®:= ®4, so that, by 1.1.8, J = Jg,
IOUQ S j|Ua ﬁ% IOUQ S J(‘I>|U(,) ﬁg Z(IOUQ) = Z(I) nU, € q)an.

Remark 1.1.5 ensures then that Z(I) € ®, that is, I € J. O

Recall that the scheme X is quasi-separated if the intersection of any two quasi-
compact open subsets is quasi-compact, see [GD, p. 296, (6.1.12)].

Lemma 1.1.11. Let X be a quasi-compact quasi-separated scheme, and J a finitary
Ox -base. Every member of J contains a finite-type member of J.

Proof. Let I € J. As J is finitary and X quasi-compact, there exists a covering
(Ui) (1 < < n)of X by a finite family of affine open subsets, and for each 4, a
finite-type J; € J|y, with J; C IOy,. Let J; C I be a finite-type Ox-ideal whose

restriction to U; is J; (see [GD, p.318, Thm. (6.9.7)]). Then J:=> 1 | J; CIisa
quasi-coherent finite-type Ox-ideal whose restriction to each U; contains J;, hence
lies in J|y,; so by 1.1.10, J € J. O

Proposition 1.1.12. Let J be an Ox-base. If ®g is finitary then J is finitary.
The converse holds if X is quasi-compact and quasi-separated.

Proof. Suppose Py finitary. For any open U C X, ®|y is finitary. Hence to show
that J is finitary, one may assume that X is affine, say X = Spec(R). Let I € J.
Then Z(I) C Z(I) for some I € Jsuch that X\ Z(I) is quasi-compact and so covered
by finitely many open subsets X \ Z(f;R) with f; € T'(X,I) (i = 1,2,...,n). Since
I € VT (see (1.1.7.3)), one can, upon replacing each f; by a suitable power, assume
that every f; is in T'(X,T); and then by 1.1.6(i), the ideal (f1, fo,..., fn)R, whose
radical contains I'(X, I'), sheafifies to a finite-type ideal in J that is contained in I.
Thus J is indeed finitary.

For the converse, suppose J finitary and X quasi-compact and quasi-separated.
Let Z € ®y,say Z = Z(I) (I €9). Let (U;) (1 <i <n) and J be as in the proof
of 1.1.11, so that Z C Z(J) € ®5. U; being affine, JOyp, is generated by finitely
many of its sections over U;; so U; \ Z(J), being an intersection of finitely many
quasi-compact open sets, is quasi-compact, whence X \ Z(J) = U, (U; \ Z(J)) is
quasi-compact, hence retrocompact in X. Thus ®4 is finitary. (I

X 3k ok ok ok

1.1.13. Let (X,Ox) be a ringed space, and M € A(X). The support supp(s) of
se€T(X,M) is closed in X (see (1.1.7.2)).
For any s.o.s. ® in X, and open U C X, one has the I'(U, Ox)-module

I3(UM):={se(U M) |suppy(s) € ®|lv}.

Let I3 be the left-ezact subfunctor of the identity functor on A(X) such that
for any M € A(X), I3(M) is the sheaf associated to the presheaf U — Iy (U, M)
(U open in X), that is, the sheaf of sections of M whose support is locally in ®.
(See, apropos, Remark 1.1.5.)

Following [ , Exposé 1, §1], for closed Z C X we set I;:= 1Ty, and I:
(P2 consisting, as in 1.1.1, of all closed subsets of 7).

Lo,
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Clearly, for any s.o.s. ® and for U, M as above,
Lo (U, M) = | T,(U, M) =lim T, (U, M),

Zecd Zed
(1.1.13.1) ,
L) = | L) =l T(M).
Zed zZe®
Asin | , Exposé I, 1.6], the functor I, (U, M) (denoted there by I~ (M))

is naturally isomorphic to Home\(Zznv,u, M|v), where Zzqy,u is the abelian
sheaf on U which restricts over Z N U to the locally constant sheaf of integers Z
and vanishes elsewhere. Hence there is a functorial isomorphism of Ox-modules

FZ(M) = Hommb(x)(ZZ,Xa M)

The functor I3, is idempotent: 1315 = Ig. In fact, if each of ® and ¥ is an s.o.s.
in X then so is ® N ¥, and one checks that
(1.1.13.2) Ioly =13 N1y = Ipny-

And if U is an open subset of X such that every member of ¥|y; is quasi-compact
(for instance, if U itself is quasi-compact), or if ¥ = &y for some ¥ C X, then
using Remark 1.1.5 one checks that

(1.1.13.3) Ty (U, Iy M) = Ty g (U, M).

Let f: W — X be a continuous map of topological spaces, ® an s.0.s. in X, and as
in 1.1.3, ® := {V closed in W | the closure of f(V') belongs to ® }. In particular,
if Y C X is closed and ® = ®y then & = Oy

It is straightforward to see that for any N € A(W), the support of a global section
of f, N is the closure of the image under f of the support of the corresponding global
section of N. It follows that

(1.1.13.4) Ly, (W, N) =To(X, £LN) (N € AW)).

If X has a base of open sets U such that f~'U is quasi-compact, or if ® = ®y
with Y C X closed, then (1.1.13.3) (with (®,U, ¥) replaced by (®w, f~'U, ®;))
and (1.1.13.4) (with X replaced by an arbitrary U and W by f~1U) give

(1.1.13.5) LTy, =T f..

k ok ok ok X

1.1.14. Let X be a scheme, U C X open, J an Ox-base, M an Ox-module and
L,(U,M):= lim HOTHOU(OU/(I|U)7 M|U)

1€9
There is a natural isomorphism

LU M) = {seT(UM) | anny(s) D I|y for some I € J}.
There is an obvious presheaf U — I (U, M). The associated sheaf is
(1.1.14.1) I3(M ) = lim Homo, (Ox /I, M) C M.
€3
There results a left-exact subfunctor Ij: A(X) — A(X) of the identity functor.
For a quasi-coherent Ox-ideal I, let J; be the Ox-base consisting of all quasi-

coherent Ox-ideals whose radical contains I, i.e., the smallest Ox-base containing I.
(According to (1.1.6.1), thisis {I}1,.)
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Set I7:=1I; and I;:= I; . Then for any Ox-base J,

(1.1.14.2) LU, M) = | (U, M) = lim T;(U, M),
I€d Iej

whence

(1.1.14.3) (M) = lim I;(M).

Ied
If the open U C X is quasi-compact then for any Ox-bases J and J,
(1.1.14.4) LU, IGM ) =Ty 4(U,M).

Indeed, for any s € I3 (U, I3M ) C T'(U, M) there is a finite open cover U = U}, U;
such that for each 4, the restriction s|y, is annihilated by (the restriction of) some
J; € J; and then for some I € J, s is annihilated by I + J1Jo---J, € IN J. Thus
L;(U, I3M) C Ty 4(U, M ); and the opposite inclusion is clear.

As X has a base of quasi-compact open sets, sheafifying shows then that

(1.1.14.5) LI =Ty
In particular (set J:=J), the functor I is idempotent.
1.1.15. Let f: (W,0w) — (X,0Ox) be a map of schemes, and N € A(W).

A section s € T'(X, f,N) =T(W,N) can be regarded as the Ox-homomorphism
s: Ox — f.N that takes 1 € I'(X,0Ox) to s, or as the natural composite Oy -

homomorphism s: Oy = f*Ox I, f*f.N — N (taking 1 € T(W, Ow) to s).
Let J be an Ox-base. Complying with 1.1.6.1, set
J; := { quasi-coherent Oy -ideals .J | V'J D IOy for some I € J}.
If I C ker(s) = annx (s), then IOy C ker(S) = anny (s), whence
Ly (X, f.N) C Ty (W, N).

Furthermore, if X is quasi-compact and quasi-separated and J is finitary then
by 1.1.11, one can assume that in the definition of Jy, the ideal I is of finite type,

so one can replace v/.J by J. Thus if s € ij(VV7 N), then there is an I € J such that
IOw C ker(s), whence the top row in the natural commutative diagram

LT — £.Ow 25 £N

b

S

composes to 0, whence so does the bottom row, and so s € I';(X, f,N). Hence
Ly(X, f,N) = I (W, N).

From this plus (1.1.14.4), it follows—without X having to be quasi-compact and
quasi-separated—that if the map f is quasi-compact and J is finitary then

Lf. = LT,

Proposition 1.1.16. Let X be a scheme, J a finitary Ox-base, and M a quasi-
coherent Ox-module. Then the Ox-module I;M is quasi-coherent.
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Proof. The assertion being local (see 1.1.4), X can be assumed affine, so that every
member of J contains a finite-type member (see 1.1.11). The assertion follows then
from (1.1.14.1) and [GD, p. 217, (2.2.2)]. O

Proposition 1.1.17. Let X be a scheme, M an Ox-module, ® an s.o.s. in X and
J:=Jp (see 1.1.8). Then L;(X,M) C Ix(X, M) and I;M C IzM, with equality
(in either case) if M is quasi-coherent.*

Proof. Any s € T;;(X, M) is annihilated by an I € J, whence supp(s) C Z(I) € @,
that is, s € T (X, M). Thus Iy(X, M) C Ty (X, M).

If, moreover, M is quasi-coherent, then so is ann(s) for any s € T'(X, M), and
s € Iy(X, M) <= supp(s) = Z(ann(s)) € & <= ann(s) € I <= s € I;;(X, M), so
that Ty (X, M) = Ty (X, M).

Replacing X by an arbitrary open subset, one gets inclusion (resp. equality) for
the resulting presheaves, and sheafification gives inclusion (resp. equality) for I". O

The next result is immediate from 1.1.16 and 1.1.17. (See also 1.2.2 below for
an essentially well-known generalization.)

Corollary 1.1.18. Let X be a scheme and ® an s.o.s. in X. If M is a quasi-
coherent Ox-module then so is Iz M.

Remark. In [GS, p.2293] there is an example in which X is the spectrum of a
polynomial ring in countably many variables over a field, I is the sheafification of
the ideal generated by the variables, and M is a certain quasi-coherent Ox-module
such that I;(M) is not quasi-coherent. (There, of course, J; is not finitary.)

* ok ok ok ok

Proposition 1.1.19. (i) Suppose that the topological space X has a base of quasi-
compact open sets, and that the s.o.s. ® in X is finitary. Then I commutes with
small filtered colimits, hence with small direct sums.

More ezactly, if A is a small filtered category [Mc, p.211] and M: A — Ab(X)
is a functor, then the natural map is an isomorphism

A HTH}(G)oM) = L’I,(hTT)nM)

(ii) Let X be a scheme and I a finitary Ox-base. Then Ij commutes with small
filtered colimits (as in (1)), hence with small direct sums.

Proof. (i). Since the composite map

lim (I3 0 M) = I3 (lim M) 22224 Jim M
a7 a7 a7
is the natural injection, therefore A is injective.

Surjectivity can be checked stalkwise. Fix z € X. Any element of (I§(lim M)),
is the germ o, of a section o of h_m> M over a quasi-compact open neighborhood V
of x, such that o is the natural image of a section o, € T'(V, Ma) for some a € A,
and supp(o) € @|y.

4For examples of inequality, with X noetherian and M injective, see the proof of 1.2.5.
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For each A-morphism «: a — b, let o, be the image of g, under the induced
map I'(V, Ma) — T'(V,Mb). Then o is the natural image of o,; and for all y € V,
oy #0 <= (0a)y # 0 for all a, ie., N, supp(o,) = supp(c) € @|y. Since V is
quasi-compact and @[y is finitary, and since A is filtered, Lemma 1.1.2 implies that
there exists a single a: a — b with supp(o,) € ®|y. For such an a, (0,), is an
element of (Ig(Mb)), whose natural image in (lim (I oM)), is taken by A, to o5
Thus A, is surjective for any = € X, that is, A is surjective.

The passage from filtered direct limits to direct sums is standard (cf. the last
part of the proof of Proposition 1.2.15 below).

(ii) The assertion being locally verifiable, one can assume X affine. Lemma 1.1.11
shows then that every member of the finitary Ox-base contains a finite-type one.
Hence the assertion is given by the natural isomorphisms, with Jy consisting of all
finite-type I € J,

(Ig‘OM) = liTHl> }L_I;l} (HOMOX(O)(/I, *) OM)

lim
—_
A

— lim lim (Homoy (Ox /I, —)oM)

I€l, A
= l_igl)?-lomox((’)x/],l_igf!\/[) == I;(lim M). O
I€dy A A
As in [Kf, p. 640], a quasi-noetherian topological space is one that is quasi-

compact and has a base of quasi-compact open subsets any two of which have
quasi-compact intersection.

For example, the underlying space of a quasi-compact quasi-separated scheme
or formal scheme is quasi-noetherian.

Corollary 1.1.20. (i) Let X be a quasi-noetherian topological space, ® a finitary
s.0.8. i X, and M as in 1.1.19. The natural map is an isomorphism

1_1%1 (FfI)(Xa _) OM) — Eb(X7 hA,q_)m M)
In particular, I, (X, —) commutes with direct sums.

(ii) Let X be a quasi-compact quasi-separated scheme, I a finitary Ox-base,
and M as in 1.1.19. The natural map is an isomorphism

((X, =)o M) = T(X, lim M).
A

lim

iy

A
In particular, Iy (X, —) commutes with direct sums.

Proof. Let o denote one of ® and J. As lim commutes with I'(X, —) (see [KI,

p. 641, Prop. 6]), one gets, by setting, in (1.1.13.3), ®:={all closed subsets of X},
or by switching, in (1.1.14.4), J and J and then setting J :={all quasi-coherent
Ox-ideals}, natural isomorphisms

1_111_1) (L(X,—)eM) = 1_1?) (D(X, =)o I3 oM)
=5 T(X, =)o lim (I3 M)
=5 T(

X, =)o I(lim M) == T,(X, lim M),
A A

1.1.19

whose composition is the map in question. 0
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1.2. Cohomology with supports: topological spaces and schemes. Next,
the derived functors of those just considered. Notation remains as in Section 1.0.

Let (X, Ox) be aringed space. An additive functor G: A(X) — A extends natu-
rally to a functor G: K(X) — K(A). Given, for each Ox-complex E, a K-injective
resolution o : E — I, with homotopy class 6y, there exists a right-derived functor
RG: D(X) — D(A) and a functorial map (g: ¢4G — RGgy such that for all E,
RGqxE = q,Glp and (4(F) = q4G65. (See, e.g., [Lpl, §2.3].) To a functorial
map A: G — G’, with natural extension X: G — G’, there is associated a unique
functorial map RA: RG — RG’ such that RAo(; = (g oA

For instance, with ® an s.o.s. in X and U C X open, let G be the functor

L (U, =) A(X) = AU, Oy)).
Let u: U < X be the inclusion. Then u*takes K-injective resolutions to K-injective
resolutions, and therefore one has, with ®|y as in (1.1.3.2), a natural isomorphism
of functors (from D(X) to D(HY(U, Oy)): RIG(U,—) == RI (U, —)ou”.
Likewise, if (X, Ox) is a scheme and J an Ox-base then one has, with J|y as in
the line following (1.1.6.1), a natural isomorphism RI; (U, —) == RIL; (U, —)ou”
The ordered set ® (resp. J) will always be regarded as a filtered category, with
inclusions (resp. containments) as morphisms.
1.2.1. With preceding notation, set Hg := H"RI (n € Z), and Hy := H"RIy, .
One has natural functorial isomorphisms
1.2.1.1 HZE =~ H"ILI > H'limI[Ip 2limH" Iz 2lim H}E.
Similarly, if (X, Ox) is a scheme and J an Ox-base, then with

HiE:= H"RIE =lim Ext"(Ox /I, E) (neZ)
reg
(set M := Ig in (1.1.14.1)), with I; as in the lines preceding (1.1.14.2), and
HPE:= H"RI;E, one has natural functorial isomorphisms
1.2.1.2 H'E >~ H"I[;I >  H"limI;Igp 2 lim H"[}Ip = 1lim H;'E.
Ditto, via (1.1.13.1) or (1.1.14.2), with e:= ® or J, for H}(U, E'):= H"RI. (U, E)
(U open in X).

Proposition 1.2.2. If ® is a finitary s.o.s. in a scheme X, then
RIGDy(X) C Dy (X).
Proof. In view of (1.2.1.1), one may assume ® = &z with Z C X closed and the

inclusion map i: (X \ Z) < X quasi-compact. The assertion is given then by
[AJL1, p.25, (3.2.5)(iii)). O

Proposition 1.2.3. Let X be a locally noetherian scheme, E € Dq.(X), ® an
s.o.s. in X and J:= Jgp (see 1.1.8). Deriving the inclusion I — Iy from 1.1.17
gives an isomorphism RI;EF = RI FE.

Proof. One needs the natural maps H'E = HZE (n € Z) to be isomorphisms.
By (1.1.8.2), (1.2.1.1) and (1.2.1.2), and the fact that for I € J, Js,,, = Jr
(see (1.1.7.3) with I; := I), one reduces to where ® = &) for some quasi-coherent
Ox-ideal I, and J =J;. As Z(I) is proregularly embedded in X (] , p- 16, Ex-
ample (a)] and the lines before it), the assertion is given by | ,D-25,(3.24)]. O
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From 1.2.2 and 1.2.3 (or from [ , p-21, (3.1.4)(iii)]) one gets:
Proposition 1.2.4. For any locally noetherian scheme X and Ox-base J,
RIDye(X) C DyelX). O
KKk Kk

Next, the stage is set for subsequent propositions.

Lemma 1.2.5. Let X be a locally noetherian scheme, J an Ox-base, ¥ an s.0.s in X
and E a (degreewise) injective Ox -complex. Then both I E and Iy E are injective.

Proof. Using the results about injective Ox-modules on p. 127 of [Hrt], and the
fact that I; commutes with direct sums (see 1.1.19), one reduces to checking that
if € X specializes to 2’ € X and J(x,2’) is the direct image on X of the constant

sheaf on the closure 2’ of &’ whose stalk at 2’ is the injective hull J, of the residue
field of Ox,,, then

J(z,a') i T e Uy,
0 otherwise,

J(z,2") if 2’ €V,
0 otherwise.

IiJ(z,x') = { and Iy J(z,2') = {
This checking is left to the reader, with the reminders that for any specialization z”’
of &', the Ox ,~»-module structure on the stalk J(z,z'),~ is induced by the natural
homomorphism Ox ,» — Ox, 5, and that every element of .J, is annihilated by a
power of the maximal ideal of Ox ;. O

Let (X,0x) be a ringed space, E an additive category and ¢: D(X) — E
an additive functor. An Ox-complex F is (right-)¢-acyclic if the natural map
oF — RYF is a D(X)-isomorphism. (See [Lpl, p. 50, Proposition 2.2.6]).

Lemma 1.2.6. Let X be a scheme, E* an Ox-complex, ® a finitary s.o.s. in X,
and J an Ox-base.
(i) If E € Dyc(X) and every E' is I3,-acyclic then the complex E*® is I3 -acyclic.
(ii) If X is locally noetherian and every E' is I3-acyclic, then E® is I}-acyclic.

Proof. Using Remark 1.1.4 and the fact that K-injectivity is preserved under restric-
tion to open subsets—whence RIj “commutes” with such restriction—one finds
that the assertions are local on X, so that X may be assumed affine.

In view of (1.1.13.1) and since @ is finitary, one can also assume that ® = &z
with I generated by a finite sequence t = (1, . .., t4) of global sections. With IC2(¢;)
the complex which vanishes everywhere except in degrees 0 and 1, where it is

O 2, i (09 5 0 0P ) (08 = 0x Yn 2 0),

and with K2 (t) the bounded flat complex K2(t) := ®L K2 (t:), | , (3.2.3)]
gives an isomorphism K2(t) ® F —» RIGE, which implies that the functor I3 is
such that [Lpl, p. 77, (a)] (dualized) applies, giving (i).

As for (ii), it’s enough that the maps induced by a K-injective resolution £ — L
be isomorphisms H"I[JE =~ H"IJL (n € Z). For this, (1.1.14.3) allows one to
replace J by a quasi-coherent Ox-ideal I generated by a sequence t = (t1,...,tq)
of global sections. One has then an isomorphism RIE = K2(t) ® E, (see proof
of | , (3.1.1)(2) = (3.1.1)(2)]), so [Lpl, p. 77, (a)] (dualized) applies. O
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1.2.7. Again, (X, Ox) is a ringed space.

An Ox-complex E € Ab(X) is flabby (or flasque) if for every open U C X the
restriction map I'(X, E) — I'(U, E) is surjective; and quasi-flabby if the same holds
for every quasi-compact open U C X. An Ox-complex E is K-flabby (or K-flasque)
if for every s.o0.s. @ in X and for every open U C X, the natural D(H®(U, O))-map
I,(U,E) — RIG(U, E) is an isomorphism—see [Spn, p.144, 5.19]. In other words,
E is K-flabby < E is ¢-acyclic for all functors ¢ of the form Ty (U, —).

For example, if E is K-injective then for any Ox-complex C, the Ox-complex
Homoy (C, E) is K-flabby [Spn, p. 142, 5.14 and p. 141, 5.12].

If E — E’ is a K(X)-isomorphism then E is K-flabby < E’ is K-flabby; and
if E — E’ is a quasi-isomorphism of K-flabby complexes then for all ® and U as
above, the induced map Iy (U, E) — I (U, E') is a quasi-isomorphism.

If E — I is a K-injective resolution, then F is K-flabby if and only if for all @,
all U and all n € Z, the induced map H"Ty, (U, E) — H"T (U, I') is an isomorphism.
For any Ox-complex C' and = € X, the stalk (H"I;C), satisfies

(H'IHC)y = H"lim I,(UC) = lim H"T (U, ).
zelU zeU
Hence if E is K-flabby then the induced map IZE — I3 I is a D(X)-isomorphism,
so that K-flabby = I3-acyclic.

If f: W — X is a map of ringed spaces, then any K-flabby Oy -complex is
f.macyclic [Spn, p.147, 6.7(a) and p.141, 5.12]; and the functor f, preserves K-
flabbiness [Spn, p.143, 5.15(b)]. Upon replacing E by a K-injective resolution,
it follows then from (1.1.13.4) that there is a natural functorial isomorphism

(1.2.7.1) RL, (W,E) = RI,(X,Rf,E) (EecD(W)).

Also, taking f to be the natural map (X,0Ox) — (X,Zx), one gets that any
K-flabby Ox-complex is K-flabby as a complex of abelian sheaves. Hence for any
integer n and F € D(X), H3(E) depends, as an abelian group, only on X (not
on Ox)—and likewise for open U C X, whence for the abelian sheaves HZ(E).

1.2.8. An Ox-module F—as a complex E°® vanishing in all nonzero degrees—
is flabby if HL(X, E) = 0 for all closed Z C X (see | , I, Corollaire 2.12]), and
only if H}(X, E) = 0 for every s.o.s. ® and n > 0 (see | , D-174, 4.4.3(a))).
In particular, any injective Ox-module is flabby.

The restriction of a flabby Ox-module E to any open U C X is (clearly) a flabby
Oyp-module; it follows that a flabby Ox-module E is K-flabby.

Conversely, if E is K-flabby then H} (X, F) = H'T,(X, E*) = 0, and therefore
E is flabby. (Alternatively, see [Spn, 5.13(a)].)

Actually, any bounded-below quasi-flabby Ox -complex is K-flabby. To prove this,
use the dual version of [Lpl, Proposition 2.7.2], whose hypotheses hold for the
class of flabby Ox-modules by virtue of the second paragraph on page 147 and
Théoreme 3.1.2 + Corollaire on page 148 in | ]. (Alternatively, see [Spn, 2.2(c)
and 5.15(c)].)

Likewise, if X is quasi-noetherian then for every s.o.s. ® in X and quasi-compact
open U C X, any bounded-below quasi-flabby Ox-complex is Ty (U, —)-acyclic and
I3 -acyclic. (Use [IXf, Proposition 4] instead of | , Théoreme 3.1.2].)
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Lemma 1.2.9. Let X be a topological space, ¥ an s.0.s. in X, E an Ab(X)-complez.
(i) Suppose that ¥ = @y for some Y C X, or that every Z € U is noetherian.
If E is flabby then so is I E.
(ii) Suppose X quasi-compact and ¥ finitary. If E is quasi-flabby then so is I E.

Proof. (i). Let U C X be open. By (1.1.13.3), any s € I'(U, I, E) vanishes on U \ Z
for some Z € ¥, hence extends to an s’ € I'(U U (X \Z), E) that vanishes on X \ Z.
Since E is flabby, therefore s’ extends to an s” € I'(X, E'). This s” is an extension
of s to (X, [L E).

(ii). Let U C X be open and quasi-compact. By (1.1.13.3), any s € I'(U, I, E)
vanishes on U \ Z for some Z € V¥, and since ¥ is finitary and X quasi-compact,
one may assume that X \ Z quasi-compact. The section s extends to a section
s € T(U U (X\Z2),E) that vanishes on X \ Z. Since E is quasi-flabby and
U U (X \ Z) is quasi-compact, therefore s’ extends to an s” € I'(X, E). This s” is
an extension of s to I'(X, I, E). O

With ¢:=empty set, the (Krull) dimension dim X of a topological space X # ¢
is the supremum (< 00) of the set of those integers n such that there exists a strictly

increasing sequence ¢ # Zy < Z1 < --- < Z, of irreducible closed subsets of X;
and dim. ¢:= —1.

Lemma 1.2.10. If X is a finite-dimensional noetherian topological space, then
any flabby Ab(X)-complex is K-flabby.

Proof. Any open U C X is noetherian; and dim U < dim X, since the X-closure Z
of an irreducible Z closed in U is irreducible and such that ZNU = Z.
For any s.o.s. ® in X, it holds then that

HY(U,F) =0 for all F' € 2Ab6(U) and integers p > dim X,

see [St, Tag 02UZ], whose proof works with “H” replaced by “He.” (Use (1.2.7.1),
and 1.2.15 below. Note too that if X is irreducible then any constant sheaf in 24b(X)
is flabby; moreover, if dim X = 0 then the only nonempty open subset of X is
X itself, whence every F € 2b(X) is flabby.)

Since every abelian sheaf embeds into a flabby one | , p- 147, 2nd paragraph],
it results as in the proof of (ii)=(iii)=-(a) in [Lp!, pp. 76-77, (2.7.5)] (dualized) that
any flabby 2b(X)-complex is I'; (U, —)-acyclic, thus K-flabby. a

X ok ok ok ok

Proposition 1.2.11. Let X be a ringed space, E an Ox-complex, and each of
D and ¥ an s.o.s. in X. Suppose one of the following holds.

(i) E € D*(X) and ¥ is as in 1.2.9(i).

(i) X is quasi-noetherian, E € DY (X), and ¥ is finitary.

(iii) X is noetherian and finite-dimensional.

Then the natural map (arising from (1.1.13.2) is an isomorphism

Yo Ry E 5 RIRIE.

If, moreover, E is cohomologically bounded-below then the natural map (arising
from (1.1.13.3)) is an isomorphism

7@,7\1,: RF@Q‘IJ(X’ E) -y RF@(X,RF\PE).
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Proof. One can assume E to be injective; and since 7 ¢ is an isomorphism if
it is so locally, therefore, if £ € D*(X) then one can also assume E bounded-
below. As in 1.2.8, bounded-below plus flabby implies K-flabby; so if (i) holds
then by 1.2.9(i), Iy F is K-flabby, hence Iy (X, —)- and Ij-acyclic; if (ii) holds,
argue similarly, replacing 1.2.9(i) with 1.2.9(ii); and if (iii) holds, reach the same
conclusion via 1.2.10. That 74 ¢ and ¥4 g are isomorphisms follows. O

Proposition 1.2.12. Let X be a scheme, E an Ox-complez, and each of ® and ¥
an s.o.s. in X.

(i) If E € Dyc(X) and both ® and U are finitary, then the natural map (arising
from (1.1.13.2)) is an isomorphism
Youw: RIgyE = RRIGE.

(ii) If X is locally noetherian and E is cohomologically bounded-below, then the
natural map (from (1.1.13.3)) is an isomorphism

You: Rlpng (X, E) = RIG(X,RILE).

Proof. The complex E can be assumed K-injective, and furthermore, bounded-
below if E is cohomologically so.

(i). One checks that for n € Z, the cohomology map H "vg,y factors as the
following sequence of isomorphisms, in which V, W are such that X \ V and X\ W
are retrocompact in X:

H" g E 5 lim lim H" Ly B (1.1.13.1)

ved wel

< lim lim H"RI Iy E [AJLL, p.25, 3.2.5(ii)]
Ved wel

5 lim H"RI lim I}, E 1.2.2, 1.2.16 (below)
— —
vED wew

5 lim H'RE,GE 5 H'RIIGE  (1.113.1), (12.1.1).
ved

Hence 74 g is an isomorphism.
(ii). By 1.2.5 the bounded-below Ox-complex I3, E is injective, hence K-injective,
hence Iy (X, —)-acyclic, so that 74 ¢ is indeed an isomorphism. O

Proposition 1.2.13. Let X be a locally noetherian scheme, E an Ox -complex and
each of J and J an Ox-base. The natural map (from (1.1.14.5)) is an isomorphism

V1,30 Rljng B — RORIGE.
If X is noetherian and finite-dimensional, then the natural map (from (1.1.14.4))

s an isomorphism
Y55 Rjng(X, E) = RI(X,RIGE).

Proof. One can assume E to be K-injective and injective.
By 1.2.5 and 1.2.6(ii), I3 E is Ij-acyclic, and so 7, 4 is an isomorphism.
Next, I;E is injective (1.2.5), hence flabby, so one has natural isomorphisms

RI(X,B) = G(X.B) = D(X.E) = RI(X,[E) = RI(X,REE),

via which, one checks, 7, 4 factors as the sequence of natural isomorphisms
RI; (X, E) = RI'(X,RI;4F) = RI(X,RIRIGE) = RI(X,RIE). O

X ok ok ok ok
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1.2.14. For a topological space X, bounded-below complexes E € 2Ab(X) have
canonical (Godement) flabby resolutions E — G(F), with G(E) bounded below
and varying functorially with F (see [Lpl, proof of 3.9.3.1]).

If X is quasi-noetherian, then the functor G, with “flabby” replaced by “quasi-
flabby,” extends to unbounded E: with E=~" the complex obtained from E by
replacing E™ with 0 for all m < —n, and with E2~" — E=~("+1) the obvious map,
one has F = li_>mE2*"; and since a filtered direct limit of flabby (hence quasi-flabby)
sheaves is quasi-flabby [I<f, p.641, Corollary 7], one can set G(E):= lim G(E="").

new
Proposition 1.2.15. Let X be a quasi-noetherian topological space, ® a finitary
s.0.s. in X, A a small filtered category, and M a functor from A to the category of

Ab(X)-complezes. If h_m> M is bounded-below, or if X is noetherian and of finite

A
dimension, then for every n € Z, the natural maps are isomorphisms
. n ~ s
iy (T3 (X, =) o 20) =5 H (X, limy 0.
In particular, RIG and R (X, —) commute with small direct sums.
Proof. With G as in 1.2.14, h_)m M — h_m) (GoM) is a quasi-isomorphism whose
A A

target is, by [Kf, Corollary 7], a flabby, hence as in 1.2.8 or by 1.2.10, K-flabby,
hence Ig-acyclic, complex.

The first isomorphism is then the natural composite isomorphism

(HZ M) — lim (H"o IyyoGoM) —= H"lim (I o G'oM)
A A

lim
—_—
A
= H"IHlim (GoM) = Hglim M.

1.1.19 - -

The second is obtained similarly, via 1.2.10 and 1.1.20.

As for direct sums, the standard argument associates to any set I the or-
dered (by inclusion) set A of finite subsets of I, regards A in the usual way as
a filtered category, and uses commutativity of the additive functor Hg with fi-
nite direct sums to get, for any family (M;);c; of 2Ab(X)-complexes, any n € Z,
and M, := ®;caM; (o € A), natural isomorphisms:

Hn(@iej RI&)MZ) = @iej HgMZ = hil% HgMa

acA
= Hy(lim My) = Hg(®ier M;) = H'RIg(ier M;).
acA

Thus the natural map is an isomorphism
®icr RIGM; = RIG(®icrM;).
Similar considerations hold with I'; (X, —) in place of Ig. O
Proposition 1.2.16. Let X be a scheme, ® a finitary s.o.s. in X, A a small filtered

category, M a functor from A to the category of Ox-complexes with quasi-coherent
homology, and n € Z. The natural map is an isomorphism

(Hig o 20) == Hi lim M.

lim
—_
A

In particular, RI commutes with small direct sums in Dgo(X).
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Proof. Using Remark 1.1.4 and the fact that K-injectivity is preserved under restric-
tion to open subsets—whence RIj “commutes” with such restriction—one finds
that the first assertion is local on X, so that X may be assumed affine.

From (1.2.1.1) it follows that it’s enough to treat the case ® = @z, with Z C X
closed and such that X \ Z is retrocompact in X; therefore it may be assumed that
7Z = Supp(Ox /tOx) with t a finite sequence in I'(X, Ox). Then the assertion is
a simple consequence of the fact that for complexes with quasi-coherent homology,
applying RI, is the same as tensoring with the complex K2 (t) (see proof of 1.2.6).

The argument for direct sums is as in the proof of 1.2.15. O

Proposition 1.2.17. Let X be a locally noetherian scheme, J an Ox-base, A a
small filtered category, n € Z, and M a functor from A to the category of Ox-
complexes. The natural map is an isomorphism

(Hj'o D) == Hj'lim M.

lim
a7
In particular, RI; commutes with small direct sums in D(X).

Proof. Tmitate the proof of 1.2.16, replacing [ , (3.2.3)] in the proof of 1.2.6 by
[ , (3.1.1)(2)]. (Alternatively, using 1.2.3 deduce the result from 1.2.16.) |

Remark. More generally, 1.2.15-1.2.17 hold when A is a pseudo-filtered category
[Mc, p.216, Exercise 2].

1.3. Coreflections. This section expands on corefilectiveness, both abstractly and
in the context of ringed spaces. In the following section there is a discussion
of ®-compatible coreflectiveness in the context of symmetric monoidal categories,
leading to the subsequently important notion of idempotent pairs in such categories.

Definition 1.3.1. Let D be a category, with identity functor 1p, let I': D — D
be a functor and +: I' — 1p a functorial map. The pair (T',¢) is a coreflection of D
(or coreflecting in D, or colocalizing in D) if for all E € D, the functorial maps
I'((E)) and «(TE) are equal isomorphisms from I'TE to T'E.

The functor I is a coreflector if there exists an ¢ such that (I', 1) is a coreflection.

Lemma 1.3.2 (well-known). The pair (T',¢) is coreflecting in D <= for all
F,G € D the map induced by (G) is an isomorphism

(1.3.2.1) Homp (I'F, T'G) = Homp(TF, G).

Proof. For =, one checks, using F(L(G)) = 1(I'G) and the functoriality of ¢, that
the natural composite map

Homp(T'F, G) — Homp(I'TF,I'G) = Homp(I'F,T'G)

is inverse to the map in (1.3.2.1).
For <, simple considerations applied to (1.3.2.1) with I'G in place of G show
that +(T'G) is an isomorphism; and functoriality of ¢ implies

UG)ou(PG) = o(G) o T (@),
and so (1.3.2.1) with F' = T'G gives that «(I'G) = T'(«(Q@)). O

Examples 1.3.3. (a) Let (I',¢) be coreflecting in D, and let D’ C D be a full
subcategory such that I'D’ C D’. Let I": D’ — D’ be the restriction I'|p.. Then
¢ induces a functorial map IV — 1p/, and (I”,:') is coreflecting in D’.
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(b) Setting ¥ = & in (1.1.13.2), one gets that for any s.0.s. ® on a ringed space
X, the functor I3 and its inclusion into 14(x) constitute a coreflection of A(X);
and likewise, via (1.1.14.5), for any functor Ij with J an Ox-base on a scheme X.

(¢) Let X be a ringed space, E an Ox-complex, and ¢ an s.o.s. in X. Propo-
sitions 1.2.11 and 1.2.12 give that if one of the following conditions (i)—(v) holds,
then there exists a natural isomorphism

(1.3.3.1) Yoo RIGE =5 RIGRIGE.

(i) E € D*(X), and ® = &y for some Y C X.

(ii) E € D*(X), and every member of ® is quasi-compact.

(iii) X is quasi-noetherian, £ € D*(X), and ® is finitary.

(iv) X is noetherian and finite-dimensional.

(v) X is a scheme, E € Dq.(X), and @ is finitary.

The next lemma implies that with ¢5: RIz — 1 the natural map, both R4
and 15 (RIg) are inverse to (1.3.3.1), so they are equal isomorphisms from RIGRIg
to RIg. Since RIGDY(X) € D*(X) (locally verifiable, so one need only consider
bounded-below complexes. .. ), and by 1.2.2, RIFDq(X) C Dy (X), therefore:

If (i), (ii) or (iil) holds, then (RI},iq) is coreflecting in DY (X); if (iv) holds,
then (RI},ig) is coreflecting in D(X); and if (v) holds, (RIg,tq) is coreflecting
in Dgc(X).

Similarly, using 1.2.13 one gets:

If X is a locally noetherian scheme and J is an Ox-base, then (RIj, i) is co-
reflecting in D(X)—and also, by 1.2.4, in Dqc(X).

Lemma 1.3.4. For systems of supports ®, ¥ in a topological space, and bases J, J
over a scheme, the subtriangles in the following natural diagrams commudte.

RI&N‘]\II RF\p RGng R]%E
® ©
@ Yo, @ 73,9
RI; RIGRI, RLE RERIE

Proof. For commutativity of (1) it’s enough (by the universal property of derived
functors) to check after composing with the natural map I3 g — RIGny, for which
purpose it’s enough to have commutativity of the subdiagrams in the following
natural expansion of (1), commutativities that result directly from definitions.

Rizng
I ne — EPRI/
1 R

Iy 1y
RI, — RI,RI,

That (2), (3) and (4) commute is shown similarly. (Details left to the reader.) O
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(d) Variants of the foregoing examples will emerge in the contexts of topological
rings and of noetherian formal schemes (Propositions 1.7.4, 1.9.9 and 1.9.13).

k) %k %k >k X

1.3.5. The essential image Dr of a functor I': D — D is the strictly full sub-
category of D spanned by the objects TF (F € D). The functor I' factors as
D Dr <% D where j is the inclusion functor.

It is easy to see that if (T, ¢) is coreflecting in D then an object £ € D lies in Dp
if and only if ¢(F) is an isomorphism I'E = E.

Lemma 1.3.6. The pair (T,¢) is coreflecting in D <= there is an adjunction
5 A T0 with counit v. Thus T is a coreflector if and only if TV is right-adjoint to j
(that is, if and only if Dr is a coreflective subcategory of D [Mc, p.91, bottom]).

Proof. Let E € Dr, so that there is a D-isomorphism «: jE = T'F (F € D).
For any G € D, the square in the following diagram clearly commutes.

Homp (I'F,I'G) —=— Homp (j E,T'G) == Homp (jE, JI0G)
via LGla blvia G H
Homp (I'F, G) —a Homp (jE,G) Homp,. (E,T°G)

Hence (T, ¢) is coreflecting < a is an isomorphism (see 1.3.2) < b is an isomorphism
& b gives an adjunction j - I'° whose counit (the image under b of the identity map
of jTYG =TG) is 1(G). O

1.3.7. To illustrate, let (X, Ox) be a ringed space, let ® be an s.o.s. in X, and
let Agp(X) C A(X) be the full subcategory spanned by the ®-torsion Ox-modules,
that is, those M such that I;M = M. Then Ag(X) is the essential image of I3,
since for any Ox-isomorphism M -~ Iz N, (1.1.13.2) shows that M is ®-torsion.

If X is a scheme, then in the preceding paragraph one can replace “A” by “Aq.”
(see 1.1.18); and if J is an Ox-base, one can replace “®” by “J.” If & = &g then
Ay (X) C Ap(X) and Ageg(X) = Aqea(X) (see 1.1.16, 1.1.17).

The next lemma gives conditions on the ringed space X and the s.o.s. ® ensuring
that Ag (X) is a Serre subcategory of A(X) [St, Tag 02MN], so that Ag(X) is plump
in A(X) (see section 1.0). Similarly, when X is a scheme and J a finitary Ox-
base, then Ag(X) (resp. Aqcg(X)) is a Serre—hence plump—subcategory of A(X)
(resp. Aqe(X)).

Lemma 1.3.8. Let X be a ringed space, M’ Ly M L M7 an exact sequence of
Ox -modules, ® an s.o.s. in X, and when X is a scheme, J a finitary Ox-base.

(i) Suppose X has a base of quasi-compact open sets, and either that ® is finitary
or that ® = ®y (Y C X). If M’ and M" are in Ag(X) then M € Agp(X).

(ii) When X is a scheme, if M' and M" are in Ag(X) then M € Ag(X). Hence
if M" and M" are in Ages(X) and M € Aye(X) then M € Aqeg(X).

Proof. (i). Fix an open U C X and m € I'(U, M). One needs that any x € U
has an open neighborhood V' C U such that suppy (m) € ®|y. By assumption,
x € V C U with V quasi-compact and open, and such that suppy (g(m)) C Z'NV
for some Z' € ®.
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If ® is finitary, then one can assume that X \ Z’ is retrocompact in X, so that
V' \ Z’ is quasi-compact. Over V' \ Z’) g(m) =0, so m € im(f), whence by 1.1.5,

suppy 7/ (m) = Z" N (V'\ Z') for some Z" € ®.

Thus suppy, (m) C (Z' U Z"), and so suppy, (m) € D|y.

(ii). Fix an open U C X and m € I'(U, M). One needs, first, that each x € U
has an open neighborhood V' C U over which m is annihilated by some I € J.
By assumption,  has an open neighborhood V' C U over which g(m) is annihilated
by some I’ € J with I'|y, generated by finitely many of its sections over V. Hence,
over V, I'm C imf, so over some open neighborhood V/ C V, I'm is annihilated
by some I” € J. One can then take V:=V’' I:=T1"I".

The last assertion follows at once. (]

Upgrading to the derived level, let Dg(X) C D(X) be the full subcategory
spanned by the complexes whose homology modules are all in Ag(X).

Under the hypotheses of 1.3.8(i), Ag(X) is plump in A(X), so the exact homol-
ogy sequence of a triangle entails that Dg (X)) is a triangulated subcategory of D(X):
if two vertices of a D(X)-triangle lie in D¢ (X) then so does the third.

Furthermore, if I commutes with direct sums (see, e.g., Proposition 1.1.19(i)),
then Dg(X) is a localizing subcategory of D(X), meaning here a triangulated sub-
category closed under small direct sums in D(X).

Plumpness of A (X) also implies that any complex in Ag(X) is in Dg (X).

Similar statements hold, with J in place of ®, when X is a scheme and J is a
finitary Ox-base.

Proposition 1.3.9. (i) If (Rlg,te) is coreflecting in D := D(X) or D¥(X)
(see 1.3.3(c)), then Dg(X) N D is the essential image of RIy: D — D.

(ii) Similarly, if X is a locally noetherian scheme and I an Ox-base, then the
essential image of RIj: Dgc(X) = Dgo(X) is Dg(X) N Dge(X).

Proof. By 1.2.3, (ii) follows from (i). Application of the sentence preceding 1.3.6
to the coreflecting pair (RIg,tq) shows that (i) results from the next lemma. O

Lemma 1.3.10. For any s.o.s. ® in a ringed space X, an Ox-complex E lies
in De(X) if and only if 14(E) is an isomorphism RIZE =~ E.

Proof. Let E — I be a K-injective resolution. By (1.1.13.2), I3I is a complex
in Ag(X), so as noted above, RIZF = I I € Dg(X), whence the essential image
of RI is contained in Dg(X).

For the opposite inclusion it suffices to show that if E—hence I —is in Dg(X),
then the natural map is an isomorphism RIgE == E, that is, for every n € Z,
the natural map is an isomorphism H"Izl —» H™I.

For any closed Z C X, set I;:= I3 and let uy: (X \ Z) < X be the inclusion.
Since [ is flabby, there is a natural exact sequence

0= —I—=uzuzl—0
whence an exact cohomology sequence
.3.10. cee — — H uyuyl — — —
(1.3.10.1) H"II — H"T — Huzuyl — H" ', T — H" T

to which, by(1.2.1.1), application of the exact functor hin> brings the problem down
to proving the next Lemma. z7€® [
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Lemma 1.3.11. If J = (J%d*) € Dg(X) is flabby, then lim H"uy,, uyJ = 0.
zed

Proof. For Z € ®, since Ag(X) is plump in A(X), therefore I,J € Dg(X); and

the exactness of (1.3.10.1) with J in place of I shows that u,, u}J € Dg(X).

Let x be any point in X, V' an open neighborhood of z, and h € T'(V, uy, ul J™)
such that d"h = 0. Since uy,ujJ € Dg(X), x has an open neighborhood U C V
where the element h € T'(U, H"u, u%J) given by h is supported in a subset Z' NU
with Z' € ®. Therefore, if Z;:= Z U Z’ then the natural map

LU, H"uguyJ) — LU, H" uy suy J)
annihilates h. Thus the stalk at = of lim H" (u,,u}.J) vanishes. (]
zed

The derived functor R(I}) is right-adjoint to the derived functor

j=Rj: D(As(X)) - D(X),
see | , D-49, 5.2.2] (in whose second line “j be the” should follow “let”). And
RI; = jR(I3). From 1.3.10 and loc.cit. (2)=(1), one gets:
Corollary 1.3.12. R(I}0) restricts to an equivalence of categories
Dg (X) = D(Ag(X)),
with quasi-inverse given by j.
X ok ok k%

The support Supp(F) of an Ox-complex F is the set of points at which E is not
exact, that is, the union of the supports of all the homology sheaves of E.
Lemma 1.3.13. For Y C X, ®y asin 1.1.1, and E € D(X),

Supp(F) CY <= FE € Dg,(X).

Proof. This is a statement about the homology modules of E, so it suffices to note
that for an Ox-module M, it follows directly from definitions that

Supp(M) CY <= M € A, (X). O
Lemma 1.3.14. For any s.o.s. ® in a ringed space X, and E € D(X),
Supp(RIE) C | ] 2.

Zed
Proof. Since E can be assumed to be K-injective, it suffices to note that since I, FE
vanishes outside Z, therefore I, E' = lim I} E vanishes outside Uzea Z- O

AL

1.4. Idempotent pairs in symmetric monoidal categories. Part of the “basic
formal setup,” a category-theoretic framework for duality, local and global, to be
built on in subsequent chapters, is the notion of idempotent pair in a symmetric
monoidal category D—more precisely, in the slice category D/O with O the unit
object (Definition 1.4.3).> This notion is equivalent to that of ®-coreflection, that
is, coreflection (I',¢) with I' isomorphic to a functor I'y(—):= A ® — where A is a
fixed object and ® is the monoidal product (Proposition 1.5.7). This section and
the following two review some basics about such pairs.

5D/O has as objects the pairs (C,~) with C' an object of D and v: C — O a D-map, and
as morphisms \: (B, 8) — (A, &) the D-morphisms Ag: B — A such that 8 = a\g. (Henceforth,
absent potential for confusion we will not differentiate notationally between A and Ag.)
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Definition 1.4.1 ([Mc, p.251ff]). A (symmetric) monoidal category
D= (DOa ®, Ov a, Ia r, S)

consists of a category Dy, a “product” functor ®: Dg x Do — Dy, an object O
of Do, and functorial isomorphisms (for A, B, C in Dyg)

(associativity) a=aspc:(A®B)®C = A®(B®C)
(units) I=1,: 004 = A r=r: A0 =
(symmetry) s=s4p:A®B = B A

such that sos = 1 (identity map) and the following diagrams commute:

(A2O0)@B —2 4 A®(0® B)

(1.4.1.1) \ /

(1.4.1.2)
(A®B)®C)®D —— (A®B)®(C®D) —— A® (B® (C® D))

a®1l ll@a

(A (B®C))® D - A® ((B®C)® D)
(A®B)©C —— A2 (BoC) —— (BeC)® A
(1.4.1.3) o1 | £

(B A)oC —Q B® (A®0) T B® (C®A)

A0 — 5 O A

(1.4.1.4) \ /
A

Necessarily, the following diagrams commute too [Mc, p. 165, Exercise 1].
(1.4.1.5)
(A B) 0 —— A®(B®O0) (O®A) @B —— 0®(A®B)
A®B

Examples 1.4.2. (a) Let X be a ringed space. Derived tensor product makes
D(X) into a monoidal category, with unit object Ox (1.5.12 below); and similarly
for Dqc(X) (resp. Dgct (X)) when X is a scheme (resp. noetherian formal scheme),
see 1.9.28.
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(b) For a monoidal category D, the slice category D/O has a monoidal structure
with unit object (O,1¢), product (4,a)®(B,B) := (A ® B,po(a ® f)) where
1 =ro =lo (see proof of 1.4.6), and isomorphisms a, |, r and s whose images under
the functor (A, a) — A are the the corresponding isomorphisms in D. (Details are
left to the reader.)

Until otherwise indicated, D will be a fixed monoidal category. Sometimes, for
simplicity, A® O and O ® A will be identified—harmlessly—with the object A € D.

Definition 1.4.3. A D-idempotent pair (A,«) is a D-map a: A — O such that

the composite maps A® A 2% A0 0 ‘5> Aand A0 A 225 004 15 A are
equal isomorphisms. An object A € D is idempotent if such an « exists.

Examples 1.4.4. (a) Let X be a locally noetherian scheme, and J an Ox-base.
The pair (RI;Ox,t5(Ox)) is Dgc(X)- and D(X)-idempotent (see 1.5.14).

(b) Let X be a scheme, and ® a finitary s.o.s. in X. The pair (RI3Ox,t4(Ox))
is Dqc(X)- and D(X)-idempotent (see 1.5.14).

For additional such examples, involving topological rings, or noetherian formal
schemes, see Corollary 1.7.10, Proposition 1.9.20 and Corollary 1.9.22.

(c) Let D be a category with a terminal object O, and such that any two objects
A, B € D have a product, denoted A ® B. With this O, ® (made into a functor),
and obvious choices for a, |, r and s, one gets a monoidal category. One verifies, for
any A € D with a: A — O the unique map, that (A, «) is idempotent if and only if
« is a monomorphism (that is, for any B € D there is at most one map B — A).

(d) In particular, let (D, <) be a preordered set (set with a reflexive, transitive
binary relation <), considered as a category in the usual way: the objects are the
elements of D, there is a unique map A — B if A < B, and otherwise no such map
at all. Assume that D has a largest object O, and that any two objects A, B € D
have a greatest lower bound (= product), denoted A® B. With the obviously unique
a, I, rand s, D is a monoidal category in which for any object A with a: A — O
the unique map, (A, ) is idempotent.

Note that B< A<= a®1l: AR B— O ® B2 B is an isomorphism.

Also, B2 A <= B< A and A< B.

Such categories will be called preordered monoidal categories. They can be
viewed as small monoidal categories in which for any objects A and B, there exists
at most one map A — B, and exactly one if B= 0O or if B=A® A.

Remark 1.4.5. The full subcategory Ip of D/O spanned by the D-idempotent
pairs is strictly full: use the fact that if (A, «) is idempotent and A\: B = A is a
D-isomorphism, then (B, a)) is idempotent. Moreover, I is a preordered monoidal
subcategory of D/O, see 1.4.6, 1.5.11 and 1.6.1 below.

Note that (A4, «) is D-idempotent < ((A4, @), «) is (D/O)-idempotent.

Lemma 1.4.6. The pair (O,1p) is D-idempotent.

Proof. The assertion means that the unit isomorphisms | = lp: O @ O = O
and r = rp: O ® O = O are the same, or, by (1.4.1.4), that the automorphism
s=500: 000 == 0O®O0 is the identity map.
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By (1.4.1.3) (with (A, B, C) replaced by (O, A, 0)), the border of the following
diagram of isomorphisms commutes, for any A € D:

VoA e0 —BL , (4Ag0)0 —2 5 A (0®0)

\\<?1 Mi//

a A®O O 1®s

AN

ORAR0D) ———— (AR0)®0 —— AR (0®0)

The subtriangle on the left commutes by (1.4.1.5) (second diagram). The ones at
the top and bottom commute by (1.4.1.4). Furthermore, ry ® 1 = ryg 0, as shown
by the next diagram, which commutes because r is functorial:

A0)e0 221 Ag0

u®ol :l%

ARO  ——= A
A

It follows that subrectangle [J commutes, whence 1 ®s is the identity map, whence
so is s, as one sees by taking A = O and applying lpgo. O

Remark 1.4.7. For any idempotent pair (A, «), the symmetry automorphism
Sqar A®A = A® A is the identity map. Indeed, (1.4.1.4) shows that the fol-
lowing diagram—whose rows compose to the same isomorphism—commutes:

A A 2% A0 2 4

SAYAJ« lSAYO H

ARA —— ORA —— A
a®l I4

More generally, by 1.4.5 and 1.5.11 below, (A, a)® (A, «) is (D/O)-idempotent,
and so by 1.6.1, its only (D/(’))—endomorphism is the identity map.

Lemma 1.4.8. Let £: Dy — Dy be a functor between monoidal categories having
respective units Oz, O1 and product functors ®s, ®1. Let (B, ) be Da-idempotent.
Suppose there ezists a Di-map u: €Oy — O and a bifunctorial Do-isomorphism

W(E,F): EE@ €F =5 ((E®: F)  (E,F € Dy)

such that subdiagrams (1) and (4) of the following natural diagram commute.
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€0y 0, 6B —21 L0, @, ¢B
T O
W/ ® £(0y @, B)\
w% \
(B ®1EB —— &(B ®; B) ® (B
5(1m /
18168 ® {(B ®202) .
AT ©
EB ®1£0, o EB®1 04

Then (§B,uc&p) is Dy-idempotent.

Proof. The commutativity of subdiagrams (2) and (3) is given by the functoriality
of v; and that of (5) holds by the idempotence of (B, 3). These commutativities,
plus those of (1) and (4), imply that the border of the diagram commutes, and
consists entirely of isomorphisms, whence the conclusion. (I

Remark 1.4.9. The hypotheses in 1.4.8 are satisfied if, f: X; — X5 being a map

of ringed spaces, £ is Lf*: D(X3) — D(X;) and u, v are the natural isomorphisms:

commutativity of subdiagram (1) follows by the duality principle | , p- 106] from

that of the first diagram in [Lp1, p. 103, (3.4.2.2)], and that of (4) is shown similarly.
For another instance, see 1.5.10 below.

1.5. Idempotent pairs and ®-coreflections. The main results in this section
are 1.5.7 and 1.5.13, whose corollary, 1.5.14, motivates much of the subsequent
approach to duality theory.

Fix a symmetric monoidal category D = (Do, ®, O, a,l,r,s).

Sending an object A € D to the natural functor [1: D — D taking F' to A® F
gives an equivalence from the category D to the category of ®-endofunctors of D,
that is, those functors I': D — D such that there exists a functorial isomorphism
IF'O® F = T'F. There is a quasi-inverse equivalence taking I" to I'O.

These quasi-inverse equivalences lift to quasi-inverse equivalences between D /O
and the category E® of pairs (T',:) with :: I' — 1p a map of endofunctors of D
such that there exists a functorial isomorphism

(1.5.1) Y(F): TO®F = TF (F € D)
making the following diagram commute:

TO®@F —— I'F
Y(F)

ORF — F
ra

The lifted quasi-inverse equivalences act (objectwise) as follows:

(Aa) = (T, ta: TWE=ARE2% 00 E % E)  (EcD);

(1.5.3)
(T, ) = (O, (0)).
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(Note that if ¢ (F') is the natural functorial isomorphism (AQ O) @ F = AQF,
then with I':= T4 and ¢:= (4, the diagram (1.5.2) commutes.)

As |y =rp (see 1.4.6), it is straightforward to verify that (1.5.3) does give rise
naturally to quasi-inverse functors, that is, there are functorial isomorphisms

(FFO7LL(O)) - (Fv L)v (FA(/))LQ(O)) — (A,Oé).

The monoidal structure on E® corresponding under this lifted equivalence to the
one on D/O mentioned in 1.4.2(b) has product & such that

(T ) @ (I, 0) = (oI, to()).
Proposition 1.5.4. For any (T',.) € E® and E, F € D there are isomorphisms
TEQF = I(E®F) < EQIF
P(E,F) W' (E,F)

) )

making the following diagram commute:

w(E’F) F(E ® F) '@/)I(Ewp)
®

(E)®1p (E®F)

I'EgF

E®F
If, moreover, (T, 1) is a coreflection of D, then ¢(E, F) and ¢'(E, F) are unique.

Proof. The easily-checked (via (1.4.1.5) and (1.5.2)) commutativity of the following
natural diagram shows that the composite 1s0morphlsm

WEF)TEQF = 09 E)&F = T0@ (EoF) = N(EoF)

makes subdiagram (1) commute. It follows that the natural composite isomorphism

(B, F): EoTF =~ TFeE YCP n(peE) = N(EF)

makes (1)’ commute.

TO®E)®F : rO® (E®F)
YU (E)®1p (ORE)@F —=—— O (EQF) YERF)
e F E®F NE®F)
1@ uF F)

When (T, ) is a coreflection, the unicity of ¢ and ¢’ follow from 1.3.2 (with both
F and G replaced by E® F). O

Remark 1.5.5. One checks that a map (F) makes (1.5.2) commute if and only
if Y(F) =Tlpop(O, F) for some ¢(O, F) as in 1.5.4. Hence when such a ¢(O, F)
is unique then so is such a ¥(F).

k %k %k >k X
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Definition 1.5.6. A pair (I',¢) with I': D — D a functor and ¢: I' — 1 a map
of functors is a ®-coreflection of D (or ®-coreflecting in D) if it is a coreflection
of D that lies in E®. The functor I is a ®-coreflector if there exists an ¢ such that
(T',¢) is a ®-coreflection.

Proposition 1.5.7. The above equivalence between D/O and E® (see (1.5.3))
induces an equivalence between the category Ip of D-idempotent pairs and the
category of ®-coreflections of D.

Proof. To be shown is that (A, «) is idempotent if and only if (I',¢):= (T4,t,) is a
®-coreflection.

Suppose first that (A, «) is idempotent. As before, I':= T4 is a ®-endofunctor
of D. That (T, ) is coreflecting means that for any E € D, the following diagram
commutes and moreover, the maps 1 ® (¢ ® 1) and (¢ ® 1) ® 1 are isomorphisms:

A® (Ao E) 220 v g (AsE)
1®(a®1)l J{|A®E
AR (O®E) ——  AQE
19,

Using (1.4.1.1) and the functoriality of a, one expands this diagram as

Ao (A0 E) — Aed)oE "2V 0o ) eF > 0o (As E)
1®(a®1)l 4 (1®a)l®1 Oy |A®l1 O3 J'A@’E
a—1 ra

The top row consists entirely of isomorphisms, so (¢ ® 1) ® 1 is an isomorphism.
The commutativity of square [J; holds because a is functorial, and since 1 ® « is
an isomorphism, therefore so is 1 ® (o ® 1). The commutativity of Oz holds by
idempotence of (A, «), and of O3z by (1.4.1.5). So (T',¢) is indeed ®-coreflecting.
Suppose, conversely, that (I',¢) is a ®-coreflection. What’s needed is that the
maps p:=lpy o (1(O)®1) and g:= rpp o (1 ® ¢(O)) from TO®T'O to T'O are equal.
As in the proof of 1.4.6, |, = r,, and so commutativity of the subdiagrams of the
following diagram is clear, whence t(O)op = 1(O)oq. As there is an isomorphism
Y([O): TORTO == ITO (see (1.5.1)), 1.3.2 implies that, indeed, p = q. O

1®:(0)
roero rogo
(O)®1 o0 | ro
0) =fo
A @ N \ )
&(0)
Oo®lo ro

|I‘@

Corollary 1.5.8. The natural functors taking A to Ta (respectively, T’ to TO) are
quasi-inverse equivalences between the category of idempotent D-objects and that of
®-coreflectors of D. O
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Proposition 1.5.9. For an object (A, «) in D/QO, the following are equivalent.
(i) (A, @) is a D-idempotent pair.
(ii) For all F, G € D the composite map
Jr.g: Homp(A® F,A® G) —— Homp(A® F,0® G) N Homp(A® F, G)
via & V1 fel
is an tsomorphism.

(iii) The maps jy o and ju o in (ii) are injective, and jo 4 is surjective.

Proof. (i) < (ii). By Lemma 1.3.2, (ii) says that (Is, t) (see (1.5.3)) is coreflecting,
which, by 1.5.7, just means that (A4, «) is idempotent.

(ii) = (iii). Trivial.

(iii) = (i). Suppose (iii) holds. In the (obviously) commutative diagram

Ao A 221, 0o 294, A0

1A®o¢l Jlo®o¢ la@lo

ARO —— 00 —— O0®O0
a®lo 50,0

the map sy, ¢ is the identity of O ® O (see proof of Lemma 1.4.6), so by injectivity
of jao. 14 ®a factors as A® A 2% O @ A 2245 A O, whence

er(1A®a) :rAOSO,AO(a®1A) (1.4?144) yo(a®1a).

It will suffice, therefore, to show that o ® 14 is an isomorphism.
Surjectivity of j, 4 entails the existence of a map x: A® O — A® A such that

(@®1a)ox=540: A0 = 0O® A,
whence (o ® 14)ox°S5 4 = loga. Moreover,
(04®1A)oxosaAo(a®1A):a®1A:(a®lA)01A®A,

and since j, 4 is injective, therefore xosy, 4o (a® 14) = 1aga.
Thus o ® 14 is indeed an isomorphism, with inverse x osg, 4. ([

Proposition 1.5.10. Let (I',1) be a ®-coreflection of D. If the pair (B,[) is
D-idempotent then so is (I'B,1(O)oT'5).

Proof. One checks, via 1.5.4, that the following natural diagrams commute.

0)®1

1

®1(0)

roeIrns O®IB I'BeTIO I'Be O
V(O.IB) | = {(0®TrB) VB, 0)| = (TB®O)
roerB) = ITB ~ I'rB® ©) = ITB ~
(1o @ B)) P(uB) = (TBN L((B) @ 10) T(.B) = (TB)\,
I'O® B) — I'B I'B®O) — I'B

Then by 1.4.8, with £:=T', u:= ¢(O) and v(E, F):=T'(1g ® «(F))o¢(E,T'F)
(see 1.5.4), Proposition 1.5.10 follows from the fact—to be shown—that

I'(u(B)®10)oy'(IB,0) =v(B,0):=T(15 @ 1(0)) (B, TO),
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that is, the border of the following natural diagram, with ¢ = {(B) the composite
isomorphism

’ —1
Boro Y rpg o) L2 rp L o g,

commutes.

I'BeIO —— (TO® B)®TO — TO® (BRTO) —— T(B&TO) —— T(B® O)

® via Ch ® via, (h ® 1

ro®rB %» O 0)®TB —— TO®(OIB) —— I(O®IB) %)F(FB@O)
$(0)~ w0,

Subdiagram (2) clearly commutes.
Subdiagram (1) expands as follows, with ¢/(B):=TI'(rg) ¢’ (B, 0):

I'B®TO (TO®B)®TO ro® (BoTO)
@ \r'\aw'&B\ via ¢
®
rO®TB —2 . (I0®0)®TB ro®(0®TB)

$(O)™

Since | = rp (see proof of 1.4.6), it follows from 1.5.5 that ¥(O) = rp, so by
(1.4.1.4), the bottom row composes to the map 1rp ® Il?é. The commutativity of
(5) results then from the definition of (.

Subdiagram (4) expands naturally as

IBRTO —— (FO® B)®@TO — TO® (B&TO)

@1&

via ¢ (B)

rO®rB ros (ro B)
@s via (O, B)

on
rOer(B® O) rO® (O B)

The commutativity of subdiagram (4); is obvious. That of (4)3 is given by 1.5.5,
and of (4)4 by (1.4.1.4).

Finally, (1.4.1.3) gives that for any A € D, the border of the following natural
diagram of isomorphisms commutes:

(ARA)®B —— A® (A®B) —— (A®B)®A
SA,A @5 ®@s SA®B,A

(ARA)®B —— A® (A®B) —— A® (B® A)
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Clearly (4)g commutes. If A = T’O—which, by 1.5.7, is idempotent—then sy 4 is the
identity (see 1.4.7), so (4)5 commutes, whence so does the unlabeled subdiagram,
which is just (4)s.

Thus (1), and hence (1), commutes.

Subdiagram (3), with the leading “I'” omitted, expands naturally as

B®TlO B®O
Y(B,0) (e
I'(B®O)
(o l
B B
O®IB - B O
¥(0,B)

Subdiagram (3); commutes by the definition of ¢, and (3)2, (3)3 by 1.5.4. The
commutativity of the unlabeled subdiagrams is obvious. Thus (3) commutes.
This completes the proof of 1.5.10. |

Via 1.5.7, two alternate formulations of 1.5.10 are:

Proposition 1.5.11. (i) Let p: O @ O = O be the map |, = ro (see 1.4.6). If
(A, «) and (B, ) are D-idempotent pairs, then so is (A ® B, po(a® ﬂ))

(i) If (T, 1) and (T, t2) are ®-coreflections of D then so is (Tp oIy, t20Ts(11)).

U

1.5.12. To illustrate, let (X, Ox) be a ringed space. The category D(X) carries a
well-known monoidal structure with ®:= @, O:= Ox, and (a,1,r,s) the standard
isomorphisms. (It suffices to check the axioms on the full subcategory spanned by
the K-flat complexes.)® If X is a scheme, then Dy.(X) C D(X) contains Oy and
is closed under ®, (see [L.p1, 2.5.8.1]); thus it is a monoidal subcategory of D(X).
Recall that if ® is a finitary s.o.s. in a scheme X, then RIFDg.(X) C Dy (X)
(Proposition 1.2.2).
Proposition 1.5.13. (i) Let X be a locally noetherian scheme, and I an Ox -base.
The pair (RI], 1) is a ®-coreflection of Dqc(X) and of D(X).
(ii) Let X be a scheme, and ® a finitary s.o.s. in X. The pair (Rlg,tq) is a
®-coreflection of Dqc(X).
Proof. (i). As in 1.3.3(c), (RI3,t4) is a coreflection of Dy (X) and of D(X).
Moreover, there is a natural functorial map

(1.5.13.1) Vy(E,F): REE®x F — RE(E@x F) (B, F € D(X)),

defined as follows.

6An Ox-complex P is K-flat if for every Ox-quasi-isomorphism Q1 — Q2 the resulting map
P® Q1 — P® Q2 is also a quasi-isomorphism; or equivalently, if for every exact Ox-complex @,
the complex P ® @Q is also exact. Every Ox-complex @ admits a K-flat resolution, i.e., there
exists a quasi-isomorphism P — @ with P K-flat | , p-139, 5.6]. If P is K-flat then for any
Ox-complex Q, the natural maps, with ® denoting left-derived tensor product, are isomorphisms
PRQR = PRQ, Q®P = Q® P, see [Spn, p. 147, 6.5], [Lpl, §2.5].
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Note first that for any Ox-complexes E, F', one has IJE ®x F = I;(I;E ®x F):
by 1.1.19, it’s enough to show this when F and F' are Ox-modules, a simple task
left to the reader. Hence if E is K-injective and F' is K-flat, and F ®x F — G is a
K-injective resolution, then the image of the natural composite map

LERxF - EQxF —G
lies in I3G. Via standard considerations (e.g., [Lpl, p. 69, 2.6.5]), the map ¢(E, F)

for arbitrary E, F € D(X) results.
From this description of ¥, (E, F') one gets a commutative diagram

wj(O}hF)
—_— 5

RI;Ox @x F RIF

u(Ox)@1 | [
Ox ®@x F %’Iv F
- F
It remains to be shown that 1,(Ox, F') is an isomorphism (see (1.5.2)).
Actually, ¢, (E, F') is an isomorphism for all E. This assertion is local, so assume
X = Spec(R) (R a noetherian ring). If J = J; for some quasi-coherent Ox-ideal J,

then by [ , (3.1.2)], ¥4(E, F) is indeed an isomorphism. Thus for arbitrary J,
the natural composite maps

LE®x F - L(Eex F) > LG (I1€9)

are all quasi-isomorphisms, and one can apply hin> to get a quasi-isomorphism
reg
L E ®x F — IJG, whose D(X)-image ¢4(E, F') is an isomorphism, as desired.
(ii). Proceed as in the proof of (i), with ® in place of J and | , - 25, (3.2.5)(1)]
in place of | , p- 20, (3.1.2)].
Alternatively, assuming—as one may—that X is affine, check, using Proposition 1.2.16,
that the E € Dqc(X) for which ¥4 (F) is an isomorphism span a localizing subcategory
Dg C Dqc(X). Since Ox € Dg, [ , P-222, Lemma 3.2] gives Dg = Dqc(X). (|

From 1.5.13 and 1.5.7 one gets:
Corollary 1.5.14. Let X be a locally noetherian scheme, and J an Ox-base. The
pair (RI;Ox,t5(Ox)) is Dqc(X)-idempotent and D(X)-idempotent.

More generally (see 1.2.3), if ® is a finitary s.o.s. in a scheme X, then the pair
(RIGOx,15(0x)) is Dgc(X)-idempotent, hence D(X)-idempotent. O
1.6. Morphisms of idempotent pairs. Notation remains as in Section 1.4.

Proposition 1.6.1. Let (A, «) and (B, ) be D-idempotent pairs.
There is at most one morphism \: (B,B) — (A,«a). Such a X\ exists if and
only if Ipo(a®1p): A® B — B is an isomorphism.

Proof. We'll need:

Lemma 1.6.2. Let (C,v) be a D-idempotent pair, and (B,3) € D/O. Suppose
the D-maps B % C & B satisfy Bp = v and pq = 1. Then p is an isomorphism.

Proof. The composition 1c ® v: C ® C RELLNYe! ® B 1098, & ® O is, by 1.4.3,

an isomorphism. So 1¢ ® p has both a left inverse and a right inverse, and thus
must be an isomorphism.
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In the following commutative diagram, the isomorphisms j, , are as in 1.5.9
(with (A, «) replaced by (C,%)):

Hom(C,C ® C) ———— Hom(C, C ® B)

via 1c®p

jo,clﬁ Eljo,s

Hom(C, 0 ® C) ———— Hom(C, O ® B)

via 1o®p

Hence ¢ — p¢ is an isomorphism from Hom(C, C) to Hom(C, B); and since
pgp = 1pp =p =rplc,

therefore gp = 1¢, so p is indeed an isomorphism. (Il

Assuming that A exists, and having in mind Remark 1.4.7 and Proposition 1.5.11,
one finds that Lemma 1.6.2, with (C,v):= (A® B, lp°(a ® B)), applies to

(B®1p) !

=1
BE50@B BoB22, A9 B ¥, 09 B 2, B

giving that @ ® 1p is an isomorphism, whence so is Igo (o ® 1p); and conversely,
the composites

B{" 09BL%E A9B  and A9B X A0 4,4

are D/O-morphisms, so if & ® 15 is an isomorphism then A exists.
Uniqueness of A results from the following isomorphisms (the first and third
induced by lgo (e« ®1p): A® B = B), whose composition takes A to e\ = :

Hom(B, A) = Hom(A® B, A® O) = Hom(A ® B, 0) = Hom(B, O).

JB,0

O

Remark 1.6.3. Recall from Remark 1.4.5 that the D-idempotent pairs span a
strictly full subcategory Ip of the slice category D/O.

It follows from Proposition 1.6.1 that Ip is a preordered monoidal category (see
Example 1.4.4(d)). Indeed, (O,identity) is clearly a largest object; and, maps of
idempotent pairs (C,v) — (A,«) and (C,v) — (B,[) give rise naturally to a
composite D/O-map (C,v) == (CRC,uo(y®7y)) = (A® B, uo(a®f)), whence
(A® B,po(a® 3)) is, via the maps ro(14 ® ) and lo (e ® 1), a greatest lower
bound for (A,«) and (B, ). So the unit object and the product functor in Ip
are the same as those in D/Q, and the associated functorial maps a, |, r and s are
necessarily the same as those inherited from D/O.

Remark 1.6.4. If (A, 8) and (A, «) are idempotent pairs then there is a unique
A: A — A such that 8 = a). This A is an automorphism, with inverse the unique
N: A — Asuchthat @ = SN, (By 1.6.1, aAN = aly, = AN = 1,; and similarly,
N =1,.) Explicitly, using 1.4.7 and the functoriality of s, one finds that

aRB=Ra: AQA 00,
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whence the following diagram commutes:

O9A <2 Ao 220, Ao —— AgO
|l 1®al la@)l
A = 480 —— 000 '
| [
A 0O +— A
P o

so that A is the composite isomorphism

A= 004 = ARA = A0 = A
-1 (a®1)~1 1®4 r
Conversely, it follows, e.g., from (i) <> (ii) in 1.5.8, that if (A, «) is idempotent
and \: B = A is a D-isomorphism then (B, a)) is idempotent.
Thus, the automorphism group of any idempotent A € D acts faithfully and
transitively on the set of a: A — O such that (A, «) is an idempotent pair.

Remark 1.6.5. Idempotent pairs (B, 3) and (A, «) are isomorphic < there exists
a D-isomorphism A: B =~ A. The implication = is trivial. Conversely, if such
a A exists then (B, ) and (B, a\) are both idempotent whence, as in 1.6.4, there
is an automorphism x: B — B such that 8 = a)k; so A&: (B,) = (A,«) is an
isomorphism of idempotent pairs.

Definition 1.6.6. For idempotent B and A, B < A means there exist § and o and
a map—unique, by 1.6.1—of idempotent pairs (B, 3) — (A, «), a condition which
is independent of the choice of 8 and «.

By Remark 1.6.5, B is D-isomorphic to A <= B < A and A < B.

Of course A < A, and C < B together with B < A implies C 5 A. So we have
a preordering on the idempotent D-objects, such that O is a largest object and, as
in Remark 1.6.3, A ® B is a greatest lower bound for A and B.

k %k %k >k X

Definition 1.6.7. For A € D, the category D4:= Dr, C D is the essential image
of the functor T4 (—):=A® —.

Lemma 1.6.8. If a: A — O is a D-morphism such that a ® 1: AQA—->0R A
is an isomorphism, then E € Dy if and only if

to(E):=lgo(a®1): AQE - E
is an isomorphism.

Proof. “If” is trivial, and “only if” follows from the commutativity of the following
diagram, with F' € D such that A® F =2 E (see (1.4.1.5)):

a®(1®1 |
AR (A®F) euey ORA®F) —"—— AQF

| | |
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If a: A— O is asin 1.6.8 then for E € D4, one has the functorial isomorphism
lo(E):= to(E); and likewise, the functorial isomorphism

ra(E):=rgo(l®a): EQ A = E.

Clearly, A 2 A® O € Dy. For any E 2 A® G € Dy and F € D, one has
EFE®FeDyand F® FE € Dy. In particular, Dy is closed under ®.

Lemma 1.6.9. Let a: A — O be as in 1.6.8, and D, C D4 a full subcategory such
that A € D and such that if E,F € D, then EQF € D,. Then (®,A4,a,lq,rqa,s)
is a monoidal structure on D,.

Proof. For any F and B in D, one has the diagram

a

(FR A) @B F®(A®B)
W@)l ©) Jl@(a@l)
s@1 ® (FRO)®B ——5 F®(0® B)

s®1l @Nl/‘@ l1®|

(A F) @ B——— (O®F)® B F®B
(a®1)®1

The subdiagrams commute: (1) and (2) clearly, (3) by (1.4.1.1), and (@) by (1.4.1.4).
Therefore (3) plus (1) give that (1.4.1.1) with (A, O,r,1) replaced by (F, A,r,,1,)

commutes; and with B:= O, (1) plus (2) give that (1.4.1.4) with (A, O, r,1) replaced
by (F, A,r,,|,) commutes. The rest is obvious. O

In 1.6.9, I, and r,, depend on a.. However, for D/O-isomorphic objects a: A — O
and o’: A’ — O as in 1.6.8, it holds that D4 = D4, and the monoidal structures
on D, induced by « and o' are equivalent, where equivalence of monoidal struc-
tures (®, 0, a,l,r,s) and (®, 0’ a,l',r',s) means, with A: O — O the isomorphism
tho(lo)) =10 (r5)) (see (1.4.1.4)), that for all E € Do one has

p=lgc(A®1E): O'QE - F and r;=rgo(lp®@\): E® O — E;

in other words, the identity functor of D, along with the identity map of £ ® F
(E, F € D,) and the isomorphism A form an isomorphism of monoidal categories.
(Details are left to the reader.)

Proposition 1.6.10. (i) For D-idempotents B and A,
B<A<+= BeDy < D CDj,.

In particular, Dp = Dy <— B = A.

(ii) Let (A, a) be a D-idempotent pair, and let Da have the monoidal structure
given in 1.6.9. The map O, that sends (B,\) € D/A to (B,a)) € D/O restricts
to a bijection from the set of Da-idempotent pairs to the set of D-idempotent
pairs (B, ) such that B < A.

Thus the Da-idempotents are just the D-idempotents B such that B < A.

Proof. (i) Left to the reader. (See Proposition 1.6.1.)
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(ii) Let (B, ) be a Ds-idempotent pair. Since sg,g: B® B =+ B ® B is the
identity map (see 1.4.7), (1.4.1.4) ensures that the following diagram commutes:

B®B —s BA — BRO — B
1A 1Qa g

H ma “fwe ]

B®B — AB — O®B —— B
A®1 a®1l Iz

Proposition 1.6.1 gives that |5 o (a¢®1) is an isomorphism, whence so is rgz o (1® ),
as are « ® 1 and 1 ® «. Hence (B, a)) is D-idempotent; and A is a map of D-
idempotent pairs (B, a)) — (A4, a), so that B < A. Moreover, if (B,)\') is a D4-
idempotent pair such that a\’ = @, then X and )’ are maps from (B, a) to (4, a),
so by Proposition 1.6.1, A = X’. Thus O, acts injectively on Ds-idempotent pairs.

Suppose (B, ) is a D-idempotent pair such that B < A, so that there exists a
map of idempotent pairs \: (B,3) = (A,«). Then 1@ \: BB - B® A is an
isomorphism, because its composition with the isomorphism 1®a: BQA - BRO
is the isomorphism 1 ® . Similarly, A ® 1 is an isomorphism.

Again, sp, p is the identity map, so the preceding commutative diagram gives

a(B)o(1® ) = la(B)> (A @1),

so that (B, ) is a Dy-idempotent pair; and ©,(B, ) = (B,a)\) = (B, ). Thus
0, is surjective, as well as injective.
Verifying the last assertion is now straightforward. O

Corollary 1.6.11. Let (A, ) and (B, ) be D-idempotent pairs.
(i) (A ® B,rao(1la® ﬁ)) 1s Dy-idempotent.
(i) (A® B,lgo(a® 1p)) is Dp-idempotent.

Proof. By 1.5.11, it holds that
(A® B,acryo(14® B)) = (A® B, roo(a® f))

is D-idempotent, and so (i) results as in the latter part of the proof of 1.6.10(ii).
The proof of (ii) is similar. O
KK K K K

A closed category is a monoidal category D (with product functor ®) together
with an internal hom functor

[-,-]: D*xD —D
and a trifunctorial isomorphism
(1.6.12) h: Homp(E ® F,G) = Homp(F, [F,G]) (E,F,G € D).
(See, e.g., [Lpl, Definition (3.5.1)] and the references following it.)

Elementary considerations show that the existence and functoriality of h are
equivalent to the existence for all F' and G of an evaluation map, functorial in G,

(1.6.12)" ev=evpg: [F,G]®F =G

such that for all E, the map taking ¢: E — [F, G] to the map evo(¢p®1): EQF — G
is an isomorphism Homp (E, [F,G]) =~ Homp(F ® F,G), and also such that for
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any map F — F’ the following naturally induced diagram commutes:
[F',G]® F —— [F,G]®F

(1.6.12)" l lcv
[F',G]|® F —— G

By definition, D has a unit object O equipped with a functorial isomorphism
(1.6.13) a: GO = G (G € D).
The natural composite isomorphism
Hom(F,G) 2 Hom(F ® O,G) = Hom(F, [0, G]) (F,G € D)
takes the identity map 14 to a functorial isomorphism
(1.6.13) G = [0,G]

corresponding under 1.6.12 to rg.

For (A,a) € D/O, one shows, via (1.6.12)" with F — F’ the map a: A — O,
that the map G ® A — G ® O = G induced by « factors as
(1.6.14) GRA = [0,G]@A = [A,G]@AeT)G.

(1.6.13)" via o
In particular, the evaluation map is an isomorphism [0, G]® O = G.
In [ , Pp. 69-70], there are a number of formal relations which hold for any

D-coreflector I' that has a right adjoint A—for example, if (4, «) is D-idempotent,
the natural adjoint functors specified objectwise by

Iré:=Ge A, AG:=[A, G (G € D).

One such relation is the existence of an isomorphism I' =5 I' A, which, for the
preceding example, is just the composition of the first two maps in (1.6.14).

Remarks 1.6.15. (a) Internal hom is related to Homp thus: for G € D set
(1.6.15.1) H°G:= Homp (0, G);

then there are natural isomorphisms

(1.6.15.2) H°[E,F] =% Homp(O ® E,F) ~ Homp(FE, F) (E,F D).

(b) Let D be a closed category having an initial object A, and a: A — O the
unique morphism. Then (A4, «) is idempotent. Indeed, 1.6.12 shows, for any F' € D,
that A® F is also an initial object, so that there are unique maps A® F' — A and
A — A® F, both isomorphisms. In particular, ro (1 ® «) and lo (o ® 1) are equal
isomorphisms from A ® A to A.

Clearly, (A, o) < (B, ) for any idempotent (B, ), i.e., (A, a) is initial in Ip.

Examples 1.6.16. (a) For a ringed space (X, Ox), the derived category D(X) is
closed, with product ®g (derived tensor product, see footnote in section 1.5.12),
unit Ox, and [E, F|:= RHom% (E, F). (For (1.6.12) see e.g. [Spn, p. 147, 6.6], or
in more detail, [L.pl, §2.6].) The maps (a,l,r,s) are the obvious ones.

In particular, if Sis a ring (i.e., a ringed space (X, Ox) with X a single point),
then D(S) is closed.
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(b) Suppose D is closed, let (A, @) be a D-idempotent pair, and let D4 C D be
the corresponding monoidal category (see Definition 1.6.7 and Lemma 1.6.9). The
natural isomorphisms, with E, F, G € Dy,

Homp (G ® E, F)(l%fQ)HomD(G, [E, F]) (%g) Homp (G, [E,F]® A)
show that Dy is a closed category, whose internal hom is [E, F]4:= [E, F] ® A.
When D is closed one can expand on 1.5.9 and 1.3.2 in terms of [—, —]:

Corollary 1.6.17. For a closed category D, and (A,«) € D/O, 1.5.9(ii) holds
if and only if for all F,G € D the following composite map is an isomorphism:

(1.6.17.1) [ARF,AQG] — [A®F,0®G) = [A®F,G].

via a via |

Consequently (see (1.5.7)), for any &-coreflection (I', 1) the map induced by 1(G)
s an tsomorphism

(1.6.17.2) [TF,TG] = [TF,G).

Proof. That (1.6.17.1) is an isomorphism follows, upon application of the functor
Hom(E, —) with E' € D arbitrary, from the same for the map jpg 4 p in 1.5.9(ii).
The converse is given by application of the functor H—see (1.6.15.2). |

1.7. Cohomology with supports: topological rings. Prior considerations are
rehearsed here in the context of topological rings. This provides, among other
things, a formulation, encapsulated in 1.7.10 (appearing also in [Lp2, §3.5]), suited
to subsequent developments, of some basic facts about cohomology with supports.
The underlying idea, which will emerge fully only in the next section (see 1.8.4)
is to establish a categorical equivalence between “decently topologized” noetherian
rings and noetherian rings S furnished with idempotent D(.S)-pairs.
This approach owes much to communications with Amnon Neeman.

1.7.1. (Topologies on a commutative noetherian ring.) A topological ring (S,)
is understood to be a mnoetherian ring S with topology 4 such that addition and
multiplication are continuous and such that there is a basis B of neighborhoods
of 0 consisting of ideals whose squares are open. (Any member of B must itself be
open, since an ideal J that contains an open neighborhood U of 0 also contains the
open neighborhood a+ U of any a € J.) Such a topology on S will be called decent.

For example, the preadic (S,4l) are those having a B consisting of all the powers
of a single ideal [GD, p.172, (7.1.9)].

In a topological ring, any product I115... I, of open ideals is open: induction
reduces the proof to where n = 2, and since I; N Is contains some J € B, therefore
I, I, contains the open ideal U:= J?, and so, as above, I; I is open.

Since every open ideal contains a finite product of open prime ideals, therefore
such products constitute a basis of neighborhoods of 0.

Thus, for fixed S, there is a bijection between decent 4 and sets Y of prime ideals
such that for any prime ideals p C p/, p € Y = p’ € Y, i.e., specialization-stable
subsets of X :=Spec(S), or equivalently (see §1.1.1), between decent il and systems
of supports (necessarily finitary) in X, or equivalently (see 1.1.8), between decent 4l
and Ox-bases.

The specialization-stable subset of X corresponding to il consists of all {-open
prime ideals. The corresponding system of supports ®g consists of those closed
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subsets of X all of whose members are {l-open prime ideals, i.e., with “7” denoting
sheafification, ®y = { Z(I) | I is -open}. The corresponding Ox-base Jy is the
set of sheafifications of il-open S-ideals; and vice versa, for any Ox-base {J, the
global section functor takes the members of J to the set of open ideals for a decent
topology U = 5 such that J = Jy.

For a topological ring (S, ), let IV = I} be the left-exact subfunctor of the
identity functor on the category A(S) of S-modules such that for any S-module M,

"M = {z € M | for some open ideal J, Jz =0}.

If p is a prime S-ideal and I, is an injective hull of S/p—or of its fraction field, so
that I, is an Sp-module—then I''I, = 0 if p is not open, and since every element
of I, is annihilated by a power of p, I''I, = I, if p is open. Thus I'" determines the
set of open primes, and hence determines the topology 4l.

With s M the sheafification of M, one has
(1.7.1.1) I'M = L, (X,sM) = Ip,, (X,sM) =T(X, l:buﬁM),
see 1.1.17 and (1.1.13.3). Consequently, by 1.1.20, the functor I" commutes with
small filtered colimits, hence with small direct sums.

More directly, if x € hin) M, is annihilated by an open ideal J = (a1, az,...,an)S, then
for some «, x is the natural image of an x, € M, and a;z, = 0 for all 4, i.e., Jxo = 0.

Moreover, IV preserves injectivity of S-modules, since every injective S-module
is a direct sum of ones of the form I,,, and any such direct sum is injective.

In fact, U — Ty is a bijection from decent topologies on S t left-exact subfunctors I"
of the identity functor on A(S) that commute with direct sums and preserve injectivity.
For, since I, is indecomposable, its injective submodule I'I, is I, or 0; and if p C p’
then by left-exactness, I'l, C I'I,; so the set of p such that I'I, = I, is the set of open
primes for a decent topology 4. One checks then that I' = I}{ by applying both functors
to representations of S-modules as kernels of maps between injectives.

During the rest of this section, (5,4f) will be a topological ring. By and large,
the presented properties of I := Ij| and its derived functor RI" correspond, via
sheafification, to previously discussed properties, over Spec(S), of I, and RI; .

Lemma 1.7.2. Any injective S-complex is T -acyclic.

Proof. The proof, via that of | , (3.1.1)(2) = (3.1.1)(2)]), mutatis mutandis,
is like that of 1.2.6(ii).
For another proof—Koszul-free—see [Lp2, Lemma 3.5.1]. O

Proposition 1.7.3. Set H{{:= H"oRI}. Let A be a small filtered category, M a
functor from A to the category of S-complezxes, and n € Z. Then the natural map
is an isomorphism

lim (HZ o M) — HZ lim M

a T
In particular, RI{ commutes with small direct sums in D(R).

Proof. As in the proof of 1.2.16, reduce to where I has an open base consisting of
powers of a single ideal tS, in which case the functor RI/ is given by tensoring
with the bounded flat complex T'(Spec(S), K2 (t)), rendering 1.7.3 obvious.

Or, make use of the existence of functorial K-injective resolutions [St, Tag 079P],
commutativity of I'¢ with small filtered colimits, preservation of quasi-isomorphisms
by such colimits, and (S being noetherian) injectivity of filtered colimits of injective
S-modules. O
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One has natural functorial maps
vg: R — 1
and, for decent topologies 4 and U, with 4 N*Y the topology whose open sets are
those sets which are open for both 4l and U (the decent topology whose correspond-
ing specialization-stable subset of X is the intersection of those of 4 and ),

an isomorphism because Ij|o; = I} Iy;, and, as above, Iy}, preserves injectivity, so
Lemma 1.7.2 can be applied.

Proposition 1.7.4. Let i, U be decent topologies on S. The subtriangles in the
following natural functorial diagram commute.

RIY 1y RIT},
e
RI}, RI}RI}

In particular, (RIY, tf) is coreflecting in D(S).
Proof. Tmitate the proof of 1.3.4. (For the last assertion, set U:= §1.) O

1.7.5. Let A(S) be the category of small S-modules, and let Ay(S) C A(S) be
the essential image of I" := Ijj—the Serre subcategory (cf. 1.3.8) whose objects
are the U-torsion S-modules, that is, those S-modules M such that I'M = M,
or equivalently, such that the localization M, vanishes for every non-open prime
S-ideal p. One can regard I" as being right-adjoint to the inclusion Ay (S) — A(S).

At the derived level, let Dg(S) C D(S) be the full subcategory whose objects
are those complexes E whose homology modules are all in Ay (5), that is, whose lo-
calization E), is exact for every non-open prime S-ideal p. Any complex in Ay (S) is
in Dg(S). As in the remarks after 1.3.8, Dy(S) is a localizing subcategory of D(S).

Proposition 1.7.6. An S-complex E is in Dy(S) if and only if the natural map
J(E):= 1 (E): RI'E — E is an isomorphism. So Dy(S) is the essential image
of the functor RI": D(S) — D(S).

Proof. Set X := Spec(S). Let s be the sheafification functor, an equivalence of
categories from A(S) to Ay (X).

One can assume that F is injective. Since S is noetherian, the Ox-module s
is injective, and the first assertion is given by the following logical equivalences:

EeDy(S) <= VneZ I'H"E=H"E

<<i—l>l>vn €Z, I'(X, I3 H"sE) = H"E
1.7.1.1
< Vn€Z, Iy H"sE = sH"E
1.1.18
<= sE € Dg (X)

< Iy sE =sFE

1.3.10

= s['(X, [ sFE) = sE

1.1.18

< sI"E =sFE < I"E =F.
(1.7.1.1)

The last assertion results then from the last assertion in 1.7.4. O
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Here is another argument for the first assertion in 1.7.6.

If o;: E — Ig is a K-injective resolution then RIVE 2 IMIg € Ay(S) C Dy(S), and so
RI'D(S) C Dy(S). Thus if //(F) is an isomorphism then E € Dy(S5).

Conversely, note via 1.7.3 that the E € Dy(S) for which /(E) is an isomorphism span
a localizing subcategory L C Dg(S). Now | , p-526, Theorem 2.8] says that any
localizing subcategory L’ C D(S) is determined by the set of prime ideals p such that L’
contains the fraction field k(p) of S/p. Since k(p) is in Dy(S) <= k(p) is U-torsion <= p
is open, therefore L = Dy(S) if /' (k(p)) is an isomorphism for any open p, which indeed it
is, because k(p) admits a quasi-isomorphism into a bounded-below complex of {-torsion
S-injective modules (which follows easily from the fact that if an {-torsion module M
is contained in an injective S-module J then M is contained in the i-torsion injective
module I'J).

Once again, set RI":= RI} and ¢/ := .

Corollary 1.7.7. For F € Dy(S) and G € D(S5), /(G): RI'G — G induces an
isomorphism

Homp,(s)(F, RI'G) = Hompg)(F, RI'G) =+ Hompg)(F, G).
Proof. In view of the last assertion in 1.7.4, this results from 1.7.6 and 1.3.2. [
Proposition 1.7.8. The natural functor is an equivalence of categories
D(Au(S)) = Dy(9),
with quasi inverse RI"|p, g, -
Proof. Apply | , P-49, 5.2.2] (where the second “let” should be “let j be the”). [

Let ® denote derived tensor product in D(S)—defined via K-flat resolutions, see
footnote in section 1.5.12.

Proposition 1.7.9. There is a unique bifunctorial D(S)-isomorphism
Y(E,F): RI'E® F =5 RIY(E®F) (E, F e D(9))

making the following diagram commute:

RI'Ee F 220 RIV(E@ F)
/(B)o1r JL'(E@F)
E®F

Thus the coreflecting pair (RIY, (") (see 1.7.4) is ®-coreflecting in D(S).

Proof. First, RI'E @ F € Dy (S)—just note that if F is K-injective, F is K-flat,
and p is a non-open prime S-ideal, then (I'E ®g F'), = (I'E), ®g, F, = 0. Hence
the existence and uniqueness of the map ¢(F, F) is given by 1.7.7.

To show that ¢(E, F) is an isomorphism one reduces, as in the proof of 1.5.13(i),
to the preadic case (i.e., a basis of neighborhoods of 0 is given by the powers of a
single ideal), and then applies | , (3.1.2)].

Alternatively, it’s enough, by 1.5.4, to show that (S, F') is an isomorphism.
For variable F, 9(S, F') is compatible with triangles and direct sums; hence, and
by 1.7.3, the F' for which (S, F') is an isomorphism span a localizing subcategory
FCD(S). AsSeF,| , D-222, Lemma 3.2] gives F = D(S). O
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Corollary 1.7.10. The pair (RI’S,J(S)) is D(S)-idempotent, and there is a
unique functorial isomorphism

Yp: RI'S®@ F = RI'F (F e D(9))
making the following diagram commute:
RI'S®@ F —— RI'F

(1.7.10.1) L’s@lﬂ ) lb’<F>

S®F % F
Proof. The first assertion follows from 1.5.7, and the rest from 1.7.9 with £ = S. O
Remark. By 1.6.7, 1.7.6 and 1.7.10, Dy = DRFL;S~

1.8. Idempotent pairs and topological rings. In a later chapter, the discussion
of Duality will involve, in particular, the behavior of functors vis-a-vis compositions

(R.) 25 (S.4) % (T.0) % (U,20)
of continuous topological-ring homomorphisms and vis-a-vis certain commutative
“base-change” diagrams. For that discussion, the formal basics can be set up more
efficiently, and more generally, in an expanded category obtained by substituting

idempotent pairs for topologies and dropping noetherian hypotheses. This section
explicates the expansion.

1.8.1. For a noetherian ring S, a decent topology 4 determines the isomorphism
class of the idempotent pair (A4, ) := (RI}S, 1 (S)) (see 1.7.10); and conversely,
this (A, @) determines 4, since an S-ideal J is {-open if and only if S/J € Dy(S),
that is, by 1.7.6 and (1.7.10.1), if and only if a ® s 1: A®g S/J — S Qg S/J = S/J
is an isomorphism. - N -

Alternatively, it holds that an S-prime ideal p is Y-open if and only if, with k(p) the
fraction field of S/p, a ®s1: A®s k(p) = S ®s k(p) = k(p) is an isomorphism.

So the map

{ decent topologies } — {isomorphism classes of D(S)-idempotent pairs }

that takes U to the class of (RI{[S,{(S)) has a left inverse. In fact it is bijective
[ , D-65, 3.5.7], a result generalized to formal schemes below, in 1.9.20. Tt is
also order-preserving: for decent topologies i, U with  C U (as collections of
open sets), and any S-module M, one has Iy M C I M, and hence RI{S < RIY;S.
More generally, from 1.7.4 and 1.7.9 one gets that for any decent topologies i, G,

(RIS @5 RIS, 14((S) ®s 15(5)) = (RIn0S, tina(9))-

1.8.2. Next, a reformulation of continuity of maps of topological rings, in terms of
idempotent pairs.

For a ring homomorphism v : S — T, let 1, be the restriction-of-scalars functor
from the category A(T') of T-modules to the category A(S). This functor is exact,
so its derived functor, from D(T) to D(S), will also be denoted by “.”.

The extension-of-scalars functor — ®g¢ T from A(S) to A(T), together with the
counit map .M ®@s T — M (M € A(T)) given by scalar multiplication, is left-
adjoint to 1,. Standard arguments (cf. e.g., [Lpl, §(2.5.7)]) show that this functor
has a left-derived functor ¢*: D(S) — D(T'), constructed objectwise by choosing

for each S-complex E a K-flat resolution ¢;: Pp — E, and setting ¢*E:= Pr®gT),

furnished with the D(T)-map ¢*E = P @5 T 2255 E ©g T.
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There is a natural identification ¥*S = T.
The functor ¥* is left-adjoint to ¢,, with counit map at any T-complex F' being
the natural composite

VY F =Py p 05T 2% ¢, F @5 T — F,

cf. [Lpl, 3.1-3.2.2], or see [St, Tag 09T5]).
There is a unique bifunctorial isomorphism 7 = 7(E, E’) (E, E’ € D(S)) such
that the following otherwise natural diagram commutes.

V(B ®s E') —==—— Y*EQry*E’
(E@sE)2sT —— (E®sT) @7 (B'®s57T)
This follows from [Lpl, (2.6.5)], cf. proof of [Lpl, (3.2.4(i)].
One checks that the following natural diagram commutes:

P(E©sS) —— P"EQr ™S

(1.8.2.1) :J H
V*E —— Y E@rT

For an S-complex E and a T-complex F, let E ®,, F' be the T-complex
E@yF=(E®sT)r F=EQgF,
and set
E@wF:ZQﬁ*E@TF.
As Pp ®s T is K-flat over T, there is a canonical D(T")-map
E@wF:(PE(XsT)@TF%E@wF,

making ®,, a two-variable derived functor of ®y.

In particular, since S is K-flat as an S-complex vanishing in all nonzero degrees,
there is a canonical functorial D(T')-isomorphism

(1.8.2.2) S@yF = F (FeD()).

There is a unique bifunctorial “projection” isomorphism

(1.8.2.3)
p: B @s ' 5 (V' E Q@7 F) = ¢.(E @y F) (E €D(S), FeD(T))

whose composition with the natural D(S)-map ¢: ¥.(F ®y F) - E Qg F is the

natural map 3: E ®g9¥.F — E ®gs F—an isomorphism when E is K-flat. This p

can be identified with the natural D(S) isomorphism Pr®sF — (Pr®sT)Q7F.
One checks that p is an instance of the map py in [Lpl, p. 107, 3.4.6].

Recall the definition of Dy (see 1.6.7), and the discussion of Dy preceding 1.7.6.
Recall further Lemma 1.4.8, which for £:= ¢* (as in 1.8.2) and u:= 1 gives that
for any D(.S)-idempotent pair (4, «), the pair (¢¥*A4,¢*a) is D(T)-idempotent.
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Proposition 1.8.3. Let ¢: S — T be a ring homomorphism. Let (A, ) be D(S)-
idempotent and let (B, ) be D(T)-idempotent. The following are equivalent.

(i) B < Y*A, that is (see 1.6.6), there exists a D(T)-map A : B — ¢*A, neces-
sarily unique, such that the following diagram commutes:

B —2 5 y*A

| L
T P*S

(ii) The map a®y1p is an isomorphism A @y B = S®y B

(1.8.2.2)
(i) The map a®@s1y,p is an isomorphism A ®s B - S ®sY.B =.B
(iii) For E € D(S) the map a ®y1g induces a D(T')-isomorphism
(Avs E)®y B = (S®s E)®y B=FE ®y B.

(iii)’ ¥.Dp(T) C Da(S).

If (S,4) and (T,0) are topological rings, and (A,«a) (respectively (B,[)) is
the idempotent pair (RIS, 1y (S)) (respectively (RIGT, 1g(T))), then each of the
preceding conditions is equivalent to each of the following ones.

(iv) The map v is continuous.

(v) For G € Dy(T') the map 1u(S) ®@y1g is a D(T')-isomorphism

I, =~ = .
RIS Dy G =5 Dy G (1.8.2.2) ¢

(v)! . Daa(T) € Dy(S).

Proof. (i) < (ii). This results from 1.6.1.

(ii) < (ii). The map a®y 1p is an isomorphism, that is, it induces homology
isomorphisms, if and only if its image under the exact functor v, does so; and
by (1.8.2.3), that image is (up to isomorphism) the map a®s1y,p in (ii)’.

(iii) < (ii). Condition (ii) is the case E = S of (iii). That (ii) = (iii) results from
the commutativity—elementary to check, e.g., by unwinding the relevant definitions
and making use of (1.8.2.1))—0f the natural diagram

(A ®s E) (§>¢B (S ®s E) B B/E ®y B
(E®s S) B/
~ \ ~| (ii)
Gaa Eg (S@ B)
(B@s4) 9y B ~ E oy (48, B)

(ii) = (iii)’ = (ii)’. By 1.6.8, (iii)’ means that for all G € Dp(T), the map
a®sl: AQg .G — S ®s .G is an isomorphism, to prove which it suffices to
consider those G of the form B @ F (F € D(T)). For such G, assuming (ii), apply
the functor 1.0 (— @1 F) to the map a®y 1p, and then use (1.8.2.3) to get (iii)".
Conversely, (i)’ is the case G = B of (iii)’.
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(iii)’ = (v)’. By the Remark after 1.7.10, Dy (T) = Dg(T) and Dy(S) = Da(5).

(iv) = (v)". For G € Dy(T), n € Z, and a € H"G, the annihilator annr(a) is a
U-open T-ideal, so that if ¢ is continuous then anng(a) = 1~ 'anny(a) is a {-open
S-ideal. It follows that 1,.G € Dy(S).

(v)! = (iv). Let ¢ be a V-open prime T-ideal. Every x in the T-injective hull I,
of T'/q is annihilated by a power of ¢, so RI;1, = I}, I, = I,. Hence, 1.7.6 and (v)’
give RI{ ¥, I, = 9, 1,.

Set p:=1p~'q. Then 1., has a natural S,-module structure. So tensoring an
S-injective resolution of v, I, by S, produces an injective resolution J of 1,1, such
that multiplication by any element in S\ p is an isomorphism of J, so that if p is
not -open, then 0 = Iy J = RI\. 1, = 1, ], which is absurd; thus p must be
$l-open. Since an ideal in a topological ring is open if and only if it contains an
intersection of open prime ideals, it follows that ¢ ~! takes open T-ideals to open
S-ideals, whence v is continuous.

(v) & (v)". By (1.8.2.3), application of 1, to 1g(S) ®y 1 produces the map
u1(S) @51y, RIS @5 1.G — S @5 1.G = .G,

so that the map vy (S) ®y 1¢ is an isomorphism iff so is ¢ (S) ®s1y.¢ (see the above
proof that (i) < (ii)’), that is, by 1.7.6 and 1.7.10, iff 1,G € Dy(S).

(v) & (ii). Using 1.7.10 one gets (v) for G = B @ F from (ii) by applying the
functor — @ F. Conversely, (ii) is the case G = B of (v). O

Scholium 1.8.4. Consider the category T of triples (S, A, «) with .S a commutative
ring and (A, «) a D(S)-idempotent pair, morphisms (S, A, «) — (T, B, 3) being
ring homomorphisms : S — T satisfying the equivalent conditions (i), (ii), (ii)’,
(iii) and (iii)" in 1.8.3. The functor that takes (S,Ll) to (S,RI{S,(S)), and
homomorphisms to themselves, embeds the category of continuous homomorphisms
of topological rings fully faithfully into T, with essential image the full subcategory
spanned by all (S, A, «) with S noetherian (see 1.8.1, 1.8.3).

1.8.5. Let (S, 4) be a topological ring, and ¢: S — T a homomorphism of noether-
ian rings. Let UT be the (decent) topology on T for which a basis of neighborhoods
of 0 is the family of ideals {JT | J an -open S-ideal}. Then

(V" RIS, "1 (S)) = (RL T, iy (1))

In view of the bijective order-preserving map from 7T-topologies to isomorphism
classes of D(T')-idempotent pairs (see 1.8.1), this results from the equivalence of
(i) and (iv) in Proposition 1.8.3 and the fact that U7 is the strongest among the
T-topologies U that make v continuous.

Alternatively, if for any S-ideal J, il; is the topology with the powers of J as a basis
of neighborhoods of 0, then I} = l_iglopenFL'[J, allowing one to assume $ = 4l;, in which
case one can use the representation of RI}S by a Koszul complex. .. (see proof of 1.2.6).

It follows, under the assumptions preceding 1.8.3(iv), that the map A in 1.8.3(i)
is an isomorphism if and only if the topology U equals UUT. For, 1.8.3(1)<1.8.3(iv)
shows that the (continuous) identity map (7', 4T") — (T',Q) has a continuous inverse
if and only if RI;T < RIY T < RIYT, that is, if and only if A is an isomorphism
(see line following Definition 1.6.6).

In terms of prime ideals, U = UT signifies that a prime T-ideal p is UV-open if
and only if 1 ~!(p) is U-open.
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1.8.6. Given morphisms ¢: (R, D,§) — (S,A,«a) and u: (R,D,d) — (U, B, )
(as in 1.8.4), one checks, with V := S®z U, and v: S — V, £&: U — V the
canonical maps, that (V,v*A @y £*B, v*a @y £*F) is, together with v and &, a
fibered direct sum of ¢ and p. It follows (or can be shown directly) that if .S,
U and V are noetherian, and (A, «), (B, ) correspond to the S-topology i and
the T-topology ¥ respectively, then (V*A @y £*B, va ®y £*3) corresponds to the
tensor-product topology UV NIV on V. -

1.9. Cohomology with supports: formal schemes. In this section, X will be
a noetherian formal scheme [GD, p.407, (10.4.2)], equipped with a specialization-
stable subset Z—or equivalently, with an s.o.s, see Section 1.1.1. An Ox-ideal
will be called open if it contains an ideal of definition of X. A noetherian formal
scheme X has an ideal of definition all of whose powers are ideals of definition,
whence any power of an open Ox-ideal is open.

The main results extend those in the preceding two sections, where X is just an
ordinary noetherian affine scheme. For noetherian formal schemes, some basics on
cohomology with supports are gone over in 1.9.1-1.9.16; the close relation (given
in [ ]) between specialization-stable subsets of X and idempotent pairs in the
derived torsion category is reviewed in 1.9.17-1.9.24; and the interaction between
derived torsion functors with maps of formal schemes is addressed in 1.9.25-1.9.27.

The foundations of the theory of formal schemes, as presented in [GD, §10], are
largely taken for granted. The notation and terminology to be used here can be
chased down via the index in [ , p-125]. Full justification of statements to be
made requires, as indicated by references, numerous results which can be found in
chapters 1-3 of [L.p1] (an exposition of standard material about unbounded derived
categories and the derived direct- and inverse-image functors associated to maps of
ringed spaces) and in | ] (a study of duality on formal schemes).

1.9.1. An Ox-base Jisasin 1.1.6, with the constraint that members of J be coherent
and open.

Since Ox is coherent [GD, p.428, (10.10.2.7)]), therefore Ox € J.
An Ox-ideal belongs to such an J if and only if so does its radical, so if J is
an ideal of definition (necessarily coherent, see [GD, p.429, (10.10.2.9)]) and X is

the noetherian scheme (X, Ox/J), and if 7: Ox — Ox = Ox/J is the canonical
surjection, then there is a natural bijection

(1.9.1.1) I J:={Og-ideals I | 7' €7}

from the set of Ox-bases onto the set of Ox (= Ox/J)-bases. Proposition 1.1.8
holds for open coherent I, giving an inclusion-preserving bijection from Ox-bases
to specialization-stable subsets of X (see section 1.1.1).

1.9.2. Let A:= A(X) be the abelian category of Ox-modules. For any Ox-base J,
one has the left-exact subfunctor I;: A — A of the identity functor, see (1.1.14.1).

If J and J are Ox-bases then I;I; = Ij4, and so the functor I is idempotent,
see (1.1.14.5). Hence the essential image A, of I] is the full subcategory of A
spanned by the Ox-modules M such that I;M = M.
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If § € J then Ay C A,. For,
MeAy—={M =M} = {I;M=1;;M = I, ;M =I;M =M} = Mc A,;.
Furthermore, if I € J then
Ox/I € Ay

<~ Ox/I = @(Ox/f) = 11_111> HomoX(OX/J,Ox/I) = h_)m (I:J)/I

Jed Jed
= for some J, 1 € I'(X, I:J) (because I'(X, —) respects lim ) <= I € J,
soif I ¢ J then Ox /I € Aj\ Ay. Thus J #J = Ay # Aj.

Also, for any J, g, it holds that IjJA; = Ay 5 = Ay N Ay For, as above,
M e Ay = {I3M = I ;M}, so that [JA; C Agqy C AjNAg; and if M € AjNAy
then M = I;M € FJAB.7

Reasoning as in the proof of 1.3.8(ii), one sees that A, is a Serre—hence plump—
subcategory of A. Also, as in the proof of 1.1.19(ii) one sees that I} preserves small
filtered colimits, so that A, is closed under such colimits.

1.9.3. Let Ay C A (respectively Az C A) be the full subcategory spanned by the
quasi-coherent Ox-modules (respectively the Ox-modules which are small filtered

colimits of coherent ones—or equivalently, by | , P-33, 3.1.7], unions of coherent
submodules). With J' the Ox-base comprising all open coherent Ox-ideals, and
Aget:= Age N Agr, one has Aqer, C Az C Age | , p-32,3.1.5 and p. 48, 5.1.4]. If
X is affine, then Az = Aqc | , P-32, 3.1.4]. These are all plump subcategories
of A, see | , D-34, 3.2.2 and p.48, 5.1.3]. It is clear that Az is closed under
small filtered colimits; and so is Aqey [ , p-48, 5.1.3]. As in the proof of loc. cit.,

5.1.4, mutatis mutandis, one finds that for any Ox-base J, IJAqer C Aqer. Also,
I3 Az C Ag: for if (My)aca is a directed system of coherent Ox-modules, then for

alla € Aand I €7, Homo, (A/I, M,) is coherent | , p- 33, 3.1.6(d)], and so
thiﬂ)Ma = h_m)]}Ma = hin> hin) Homo, (A/I, M,) € Az.
@ a o Ied

If X is an ordinary scheme then A = Az = Aqe.

Let Dyt C De C Dge be the full subcategories of D spanned by the complexes
whose homology modules are all in Aqg (resp. in Ag, resp. in Age). If X is affine
then Dz = Dgc. If X is an ordinary scheme then Dy = Dg = Dqc.

Since A, is plump in A, therefore D is a triangulated subcategory of D.

X 3k ok ok ok

Let Z C X be specialization-stable, and let ®; be the set consisting of all subsets
of Z that are closed in X. As noted in section 1.1.1, the map sending any such Z
to @z is a bijection from the set of specialization-stable subsets of X to the set of
systems of supports in X.

Let I,:= 13 : A — A be the functor of sections supported in Z: for all M € A
and open U C X,

(M)(U):={,eMU)|&=0forallze U\ Z}.
The pair with components I, and its inclusion map into the identity functor is

coreflecting in A.

"More generally, for endofunctors I, I}, of a category D, LD, =Dpor, =D N Dr,.
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Proposition 1.9.4. With preceding notation, it holds that RI,Dqct C Dyct-

Proof. As Aqgct is closed under lim, one can reduce via (1.2.1.1) to where Z is closed
in X, and then refer to the first sentence in | , §2.1)). O

Lemma 1.9.5. Let J, J be Ox-bases and E an injective Ox -complex. Then FHE 18
15-acyclic.

Proof. To be proved is that the natural map I;/;F — RIjI4E is an isomorphism,
a local property, so that one can restrict to where X = Spf(S) for some adic
noetherian ring S with ideal of definition, say, L.

The completion map x«: X = Spf(S) — Spec(S) =: Xy corresponds to the
identity map of S, considered as a continuous map of topological rings, with discrete
source and L-adically topologized target (see [GD, p.403, (10.2.1)]). Topologically,
& is the closed immersion Spec(S/L) < Spec(S).

Accordingly, ®5:= {Z(I) | I € I} can be regarded as an s.o.s. in Xy, with
corresponding Ox,-base Jy. Similarly, J determines an Ox,-base Jo.

To proceed, we’ll need:

Lemma 1.9.6. With preceding notation,
J= {IOOX |IO 630}.

Proof. For any Iy € Jo, Z(Iy) C Spec(S/L), so v/Iy contains the sheafification L.
The locally-ringed-space map & being flat [GD, p. 185, (7.6.13), p. 187, (7.6.18) and
p.403, (10.1.5)], one has
Ii*\/g = \/IT)OX D EOX ~ kL.

Since LOx = k*L is an ideal of definition of X (see [C:D, p.420, (10.8.5), p.421,
(10.8.8)(ii) and p. 427, (10.10.1), second paragraph]), therefore the Ox-ideal InOx
is open. Also, IoOx = k*Ij is coherent (see [GD, p.115, (5.3.14)]). Moreover,
Z(IOOX) = I€_1Z(Io) € ®q, so InOx € J. Thus {I()OX | Iy € jo} c .

Let I €3, and let Iy C Ox, be the sheafication of I'(X,I) C I'(X,Ox) = S (see
[GD, p.402, (10.1.3)]). Then IyOx = k*Iy = I, see [GD, p.420, (10.8.5), p.421,
(10.8.8)(ii) with i = # and F = Iy, and p.429, (10.10.2.9)(ii) with M = I'(X, ).
Since k*I is generated by its global sections, therefore so is I, whence I = I4Ox.

Since EOX is an ideal of definition of X, therefore I D E”OX for some n > 0, so
I'X,I) DT(X,L"Ox) D L™, whence Z(Iy) C Spec(S/L). And since

Z(I) = Z(IOOX) = Iﬁilz(lo) € Oy,
therefore Iy € Jg. Thus J C {I()OX | Iy € Jg } |

Using the commutativity of hin> with global sections over noetherian spaces [Kf,
p. 641, Prop. 6], plus Lemma 1.9.6, plus the natural isomorphism x*[y == [HOx
one gets, for any Ox-complex F, the natural composite isomorphism
e, pt g F = k. Jim Homo, (Ox /1, F)
1€9
= lim k. Homo,(Ox /1, F)
(1.9.5.1) res
= lim k. Homoy (k" (Ox,/Io), F)
JAISHY
== lim Homoy(Ox, /o, £« F') = Ij k. F.
LED
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Replacing F' by a K-injective resolution, one derives a functorial isomorphism
§ror: KeRIF =5 RI; k. F.

The map x being flat, the left adjoint x* of k. is exact, and therefore k., FE is an
injective Ox,-complex, as is Iy k. B (see 1.2.5). The obvious commutativity of the
natural diagram

kil I3 B —~ L kg ———— 15 I3 ko E

via& 0 viag

H*CJ J LZG(ii)JN

n*RI}I%E N RGOK*]%E N RI}OFHOK*E

via g viag

shows then that k.( is an isomorphism, whence so is (, because & is, topologically,
a closed immersion. Thus Lemma 1.9.5 holds. (I

Proposition 1.9.7. Let J and J be Ox-bases and E an Ox-complex. The natural
map is an isomorphism
73,3: R.Z—j‘ngE L) RI}RI%E.

such that the following natural diagram commutes:

R ,E—— L RIE

J Y1g [LJ(RFHE)
RLE«—— RELRIE
RI(14E)

Proof. By 1.9.5, for 75 4 to be an isomorphism it suffices that I;1; = I5-,, which
one can show by imitating the argument used to establish (1.1.14.5).
The commutativity can be shown by arguing just as in the proof of 1.3.4. (I

As in 1.4.2, derived tensor product makes D:= D(X) into a symmetric monoidal
category, with unit object Ox.

Deriving the inclusion I; < 1 4 (the identity functor of .A) produces a functorial
map ty: RI; = 1p.
Corollary 1.9.8. Set
(1.9.8.1) (R, V) := (R, 1q) (9" as in 1.9.3).
Then:

(i) RI"Dye C Dger.

(i) Dycy s the essential image of RI": Dy — D.
Proof. By | , p-49, 5.2.1(a)], a complex E € D lies in Dy if and only
if /(E): RI"E — E is an isomorphism. In particular, Dy is contained in the

essential image of RI": Dyoy — D. Moreover, if E = RI'F (F € Dy) then
E € Dy, since by 1.9.7,

RI'E~RI'RI'F =~ RI'F~E.
V(RL, F)

Thus Dgcy contains the essential image of RI”: Dy — Dj; and 1.9.8 follows. O

Proposition 1.9.9. For any Ox-base I, the pair (RI], 14) is a ®-coreflection of D;
and so (RI;Ox,14(Ox)) is D(X)-idempotent.
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Proof. That (RIj,ty) is coreflecting in D results from 1.9.7. For compatibility
with ®, argue as in the proof of 1.5.13(i), except for replacing Spec(R?) there by

an affine formal scheme X := Spf(R) with R an admissible noetherian ring, and
taking J to be a coherent open ideal. The last assertion results from 1.5.7. ]

1.9.10. By 1.6.9, the essential image Dgry; of RI; is a monoidal category, with
product ®x and unit RI;Ox. By 1.9.9 and 1.6.8, an Ox-complex E lies in Drp;
if and only if the natural map is an isomorphism RI;E == E.

The plumpness of A, in A implies that Dry; C Dy, the full subcategory of D
spanned by the complexes whose homology sheaves are all in A5. The converse
holds if for some open coherent Ox-ideal I,

J:= { open coherent Ox-ideals G | VG D I},

as can be seen, via Koszul complexes, just as in the proof of | , p-49, 5.2.1(a)]
(with the ideal J there replaced by I).

Proposition 1.9.11. For any Ox-base J, it holds that RI;Dgc C Dyt .

Proof. For any I/ € Dy, one has

RIE = RIRI'E € RIjDgy,
1.9.7 1.9.8

so one need only see that RIjDqc; C Dgct. Hence, one may assume that F € Dy
and F is K-injective. Then for any open immersion u: U — X, u*FE is K-injective
and w*[;E = I u*FE, so one can assume X = Spf(S) for an adic noetherian ring S.
Since Aqet is closed under lim , (1.2.1.2) allows one to assume that Iy = I} with J
an open coherent Ox-ideal.

Let k: X — X := Spec(S) be the (flat) completion map (see proof of 1.9.5).

By | , p-47, 5.1.2], Ip:= k.I is a coherent Ox,-ideal, and I = x*Iy = [(Ox.
By | , .50, 5.24], Ey:= k. E € Dgez(Xo) and E = £*Ey. Hence by | )
p.-53, 5.2.8(b)], RI;E = k*RI; Ey, which, by | , p-50, 5.2.4], lies in Dy, since
by 1.2.4, Eo being exact outside Z, one has RIj Ey € Dycz(Xo)- O

Recalling that 1.1.8 holds for open coherent Ox-ideals I, let J be the Ox-base
that corresponds to ®z. Then for any Ox-module M, I;jM C I, M, with equality
if M € Aqee. The proof is the same as that of 1.1.17, modulo the observation that
for any open U C X and s € T'(U, M), anny (s) is an open coherent Op-ideal. The
following more general result comes from | , §§2.1-2.2].

Proposition 1.9.12. Let J be the Ox-base that corresponds to ®z. The natural
map 0z g is an isomorphism RI;E == RIZE for all E € Dy;.

Proof. As in the proof of 1.9.11, one may assume X = Spf(.S) for an adic noetherian
ring S with ideal of definition, say, L. Let x: X = Spf(S) — Spec(S) =: X, and
let Jy be as in the proof of 1.9.5.

By 1.9.4, RIE € Dqct, and by 1.9.11, RIJE € Dgy. Since . sends Dy fully
faithfully into Dy (Xo) [ , D-50, 5.2.4(a)], it suffices for 1.9.12 to show that
k«0z g is an isomorphism.

One may assume that the Ox-complex F is K-injective, whence, x being flat,
the Ox,-complex r.E is K-injective. Thus one need only verify that the following
D(Xj)-diagram commutes:
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KOz
kg B _EE kel B

(1.1.13.5), 1.1.3

L E —— 5 [k E

0 1.2.3
For this it’s enough, by 1.3.2, to show that the natural map s.I[;F — K.E

factors naturally as H*GE@QL:,)UGOH*E — k«F, a task that comes down easily

to verifying that the natural composite isomorphism
kel = K Homoy (K Ox,, B) > Homoy (Ox,, kxE) = kB

is the identity map of k,E—which results from [Lpl, p.117, 3.5.6(e)], or from an
explicit description of the isomorphisms involved. Details are left to the reader. [

Another way to prove Proposition 1.9.12 is by upgrading the proof of Proposition 1.2.3.
This means, ultimately, to adapt the proof of | , p-25, Lemma (3.2.3)] to the formal-
scheme context. For this, two points have to be addressed.

First, if V' is an affine formal scheme and g: V' — W is a separated—hence affine—map
of formal schemes then the natural map is a D(V)-isomorphism ¢.Oy —+ Rg.Ov. In
view of [ , p-68, (13.3.1)], this follows from the well-known case where V and W are
ordinary schemes. (For greater generality, see [ , p- 39, 3.4.2].)

Second, one needs to extend the projection isomorphism to the formal-scheme context.
This is done in Proposition 1.9.29 below.

D¢ has a monoidal structure with product ® and unit object O’ := RI"Ox
(see 1.9.28). For any Ox-base J, RI;O' 2 RI;Ox (1.9.7 with §:= 7).

Proposition 1.9.13. Let Z C X be specialization-stable, and let J be the Ox -base
corresponding to ®z. Then (RIj, i) and (RI,,u,) restrict to naturally isomorphic
®-coreflections of Dget, whence (RI;O', 15(0")) and (RIO',1,(O")) are naturally
isomorphic Dyct-idempotent pairs.

Proof. By 1.9.11, RIjDgct C Dqet. So by 1.9.9 and 1.3.3(a), (RI3,¢,) restricts to a
coreflection of Dgcy, in fact a ®-coreflection because by 1.9.9, subdiagram (4) in the
following diagram (with ¢ as in 1.5.13, 8 asin 1.9.12 and F' € D (X)) commutes:

RIL,O'®@ F —— L RI,F
27 =0 g0 7

~ 02,10,@1 ® é)g}F ~

tz(F)
RO'®F —— S RLF G
= 1, (O F)
1 ©) 15(F)
o’ @ F — Ox @X F — F

(O) @1

It holds that ¢y, (F)ob0z r = 1q(F)—clearly for K-injective F, hence for all F.
It follows easily that the restriction of (RI},t,) to Dqc is coreflecting. Moreover,
for F' € Dgct, subdiagrams (1) and (3) in the above diagram commute.

The commutativity of (2) follows readily from the definitions of ¢, and 1,
(details left to the reader). Thus the border of the diagram commutes, and so
(RI;,ty)|D, is a ®-coreflection.

The last assertion results from 1.5.7. (For its converse, see 1.9.20 below.) g
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Proposition 1.9.14. If Z and Z' are specialization-stable subsets of X then for
all E € Dycy, the natural map is an isomorphism

RI;~F = RILRI,E.
Proof. This follows from 1.9.7, 1.9.12 and 1.9.4. ]

Proposition 1.9.15. Let I be an Ox-base, A a small filtered category, n € Z, and
M: A — {Ox-complezxes} a functor. The natural map is an isomorphism

lim Hj' oM =% Hj*(lim M).
T T
In particular, RI; commutes with small direct sums in D(X).

Proof. Essentially the same as the (first) proof of 1.2.17. |

Proposition 1.9.16. Let Z be a specialization-stable subset of X, A a small
filtered category, M a functor from A to the category of Ox-complexes all of whose
homology modules are in Aqyet(X), and n € Z. The natural map is an isomorphism

In particular, RI; commutes with small direct sums in Dqei(X).

Proof. This follows from 1.9.15 and 1.9.12. O
Xk K %k

Corollary 1.9.17. The objects of the full subcategory (Dyet)rr,0r C Deetr (1.6.7)
are those E € Dqey with Supp(E) C Z.

Proof. For any I/ € Dq, 1.3.13 gives

Supp(E) C Z <= E € Dg, (X) N Dgct.
In view of 1.9.13, 1.3.9(i) with D := Dg; (same proof) shows that Dg, (X) N Dyt
is the essential image (Dget)rr, 07 of RI}: Doet — Dies. O
Proposition 1.9.18. Supp(RL,0’) = Z.
Proof. That Supp(RI;O') C Z is given by 1.3.14.

For the opposite inclusion, let x € Z, let (7); be the maximal-ideal completion
of Ox 4, X, the one-point formal scheme Spf((?;(:) (@ being topologized in
the usual way), K, the residue field of (’Tx\z (= residue field of Ox ;) viewed as an
object of Aget(Xy), to: Xz — X the canonical map, and K(z) := 15K, € Aget(X)
(see | , p.-47, 5.1.1].)

Then K(z) has support {z} C Z and is flabby, hence K-flabby (section 1.2.8),
hence I-acyclic (section 1.2.7), so there are natural isomorphisms

K(x) = K(z) = RIK(x) = RO @x K(x).

Since the stalk K(z), # 0, therefore (RILO'), # 0, that is, = € Supp(RI;O").
Thus Z C Supp(RI;O'). O

Corollary 1.9.19. R[O' xR, 0 <= Z C Z'.
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Proof. One has

[RIO' <RI, O] < [RIZO' € (Dyet)r1y o]

1.6.10
< [Supp(R,OC Z'| < ZC Z'. O
1.9.17 1.9.18

As in 1.9.13, for any specialization-stable Z C X, the pair (RI;O’,1,(0")) is
Dy-idempotent. The converse is, essentially, | , . 604, Corollary 5.4]:

Proposition 1.9.20. Every Dgyc-idempotent pair (A, o) is isomorphic to a pair
(RILO',1,(0")) for some specialization-stable Z —necessarily Supp(A) (see 1.9.18).

Proof. The idea is to reduce, via localization and completion, to the known case
where X = Spec(S) for a noetherian ring S.

Since H'A € Aqet C Ag is the union of all its coherent submodules, each
of whose support is closed (see §1.1.7), therefore Supp(A4) = U;cz Supp(H'A) is
specialization-stable. So by 1.9.18 and 1.6.5, it’s enough to show that if (A, «a)
and (B, 8) are Dgyc-idempotent pairs with Supp(A) = Supp(B), then A = B, i.e.,
by 1.6.1, the maps A®x B — B and AQx B — A induced by a and 3, respectively,
induce homology isomorphisms. In view of 1.4.9 with f an open immersion, the
question is local, so one may assume that X = Spf(S) where S is an adic noetherian
ring with ideal of definition, say, L.

Let k: X := Spf(S) — Spec(S) := Xy be the completion map (as in the
proof of 1.9.5). This map is flat, so the functor x*: A(Xy) — A(X) is exact,
therefore extends to k*: D(Xy) — D(X).

Since X and Y := Spec(S/L) are homeomorphic, and x is, topologically, the
inclusion ¥ — X, one can regard Y as a closed subset of X;, whence the
functor k.: A(X) — A(Xp) is exact, therefore extends to k.: D(X) — D(Xp).
The category Dy.(Xo) has a monoidal structure with product ®x, and unit object
Ox, (see 1.4.2(a)). For any W C Xy, the pair (RI};;Ox,, ity (Ox,)) is Dqc(Xo)-
idempotent (see 1.5.14). So by 1.6.9, Dyew (Xo) := (ch(Xo))RFWOXOhaS a monoidal
structure with product ®x, and unit object RI};,Ox,. Also, if W' C W then
R}, Ox, < R, Ox,, so by 1.6.10(ii), RI};,, Ox, is Dqew (Xo)-idempotent.

By 1.9.17 for the discrete formal scheme Xg, Dqcy (Xo) is the full subcategory
spanned by the Ox,-complexes whose homology modules are quasi-coherent and
have support contained in Y. Thus the notation here agrees with that in | ,
p. 50, 5.2.4(a)], which shows that the functors k* and k. give inverse isomorphisms
between Dy (Xo) and Dge(X). Also, one has the usual isomorphism

(B, F): K'E@x £'F = k*(E @x, F) (E,F € D(Xy)).

Taking F':= RI;, Ox,, one deduces that k*RI;,Ox, is a unit object in the monoidal
category Dyt (see 1.9.28); and one checks (directly, or via 1.4.8 with Oy := RI3, Ox,,
O1:= k*O2, and u:= 1p,) that k* and k. induce inverse bijections between the
sets of Dgcy (Xo)-idempotents and Dqcq (X )-idempotents.

Let Z C Y be specialization-stable. Over Xy, set Jo:= Jp, (see 1.1.8.1, 1.1.1).
The Ox-base corresponding to the s.o.s. &7 in X is

jZJQOXZ:{IoOx|I0€jo}
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(see 1.9.6). For F' € D(X), one has, as in the lines following (1.9.5.1), the iso-
morphism &9 p: KRIJF = RI; k. F, whence the natural composite map

(1.9.20.1) K'RIG F — k"R kk'F —— £"6.RIEF — RIjk"F.
K*ET

This is an isomorphism: apply cohomology H" (n € Z), then use (1.2.1.2) to
reduce to where there is an open coherent Ox,-ideal I such that

Jo:= { open coherent Ox-ideals J | VJ oI I8

then identify (1.9.20.1), via | , p-18, 3.1.1], with the natural isomorphism
v(K2(t), F'), where t is a finite sequence in S that generates Iy, and K2 (t) is as in
the proof of 1.2.6. (Details left to the reader.)®

One has then the composite isomorphism

* ~ * ~ ~ 1 _ /o~ !
~RIZOx, 125" RGOOXO(LEJ)RGOX o7 RIRITOx = RI;O 013 RI;O.

Accordingly, it suffices that any Dcy (Xo)-idempotent be isomorphic to RI;,Ox,
for some specialization-stable Z C Y. But in view of the monoidal equivalence
between Dq.(Xo) and D(S) [BN, p.225, Theorem 5.1], that results, essentially,
from | , P-526, Theorem 2.8] and its proof—cf. [Lp2, Proposition 3.5.7] and
the remarks following it, keeping in mind the bijection between specialization-stable
subsets of Spec(S) and decent topologies on S, as in 1.7.1 above. O

Corollary 1.9.21. The mapping that takes the isomorphism class of A to Supp(A)
induces an order-preserving bijection

{isomorphism classes of Dy.¢-idempotents} <+ {specialization-stable subsets of X }.

Proof. This follows from 1.9.13, 1.9.19 and 1.9.20. U

Corollary 1.9.22. There is an order-reversing bijection
{Ox-bases} <> {isomorphism classes of Dye-idempotents}
that sends an Ox-base J to the isomorphism class of RI;Ox.

Proof. The order-reversing bijection arising from 1.1.8 takes each Ox-base J to
the specialization-stable set Z = UjegZ(I); and the order-preserving bijection
in 1.9.21 takes Z to the isomorphism class of RI;O" = RI;O' = RI;Ox (see
1.9.12 and 1.9.7). O

Corollary 1.9.23. If A is a Dy (X)-idempotent and E € Dqe(X), then
E € (Dgyet)a <= Supp(E) C Supp(4).
Proof. With Z := Supp(A), Proposition 1.9.20 allows one to assume A = RI;(’,

in which case the assertion is just Corollary 1.9.17. O
Corollary 1.9.24. Let x € X and let K(x) € Dyet(X) be as in the proof of 1.9.18.
For any Dgct(X)-idempotent (A, o),

K(z) € (Dget)a == A@xK(r) = K(z) <= A@xK(z) #0 <= z € Supp(4).

via

8Alternatively7 it is an instance of the isomorphism in 1.9.26.
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PROOF. Supp(A) is specialization-stable, so if z € Supp(A) then {z} C Supp(A),
whence by 1.9.23, K(z) € (Dqgcet)a, that is, by 1.6.8, A®x K(z) = K(x), whence
= via &«
A ®x K(z) # 0, whence, by 1.9.20, if Z:= Supp(A) then RI;O' @x K(z) # 0.
Conversely, by 1.9.13 and since K(x) is flabby, hence K-flabby, and since x lies
in the support of any nonzero section of K(x) over any open set U, therefore

0# RO ©x K(z) 2 R K(x) = [;K(x) = = € Z = Supp(4A). O
* ok K K K

The next Proposition enhances Corollary 1.9.21.
Set Oy := RIyOx and O}, := RI};,Ow.

Proposition 1.9.25. Let f: W — X be a map of noetherian formal schemes.
Set L'f*:= RIy,Lf*. Then the natural map is an isomorphism

L'f*Of = Lf*"RIZOx = L'f*Ox = Oy ;
and if a: A — O is a Dget(X)-idempotent pair with Supp(A) = Z, then
L'f*a: L'f*"A — L'f*O% = Oy,
is a Dqct (W)-idempotent pair with Supp(B) = f~1Z.
Proof. For the first assertion, see [ , p- 53, 5.2.8(c)].

The pair (4, a) is clearly D(X)o/-idempotent, whence 4 — O% ﬂ) Ox is
D(X)-idempotent, see 1.9.9, 1.6.10. By 1.4.9 and 1.5.10 with (I',¢) :== (R}, tiy)
(see again 1.9.9), the composition
LA 20 1o BN, o L0y = Ow
is D(W)-idempotent. In particular, this holds when oo = log.

Note that Lf*A € Dy.(W): the question being local on X, one can assume that
A € Dg(X) and apply | , p-37, 3.3.5]. So by 1.9.11, L'f*A in Dyt (W). Hence,
as in the proof of 1.6.10(ii), with B:= L/f*A, A:= L'f*Ox and \:= L'f*a,

L'f*a: L'f*"A — L'f*O% = O},
is D(W)ey, -idempotent, and thus Dqc; (W)-idempotent.
It remains to be shown that B:= L’f*A has support f~1Z.
Assuming, as one may, that A is K-flat, one has for w € W and z:= f(w) that

(Lf*A)'w = (f*A)w = OW,w ®Ox,x Aac

If x ¢ Z then A, is exact and K-flat,” and therefore (Lf*4),, is exact—as one sees
upon replacing Oy, by a quasi-isomorphic K-flat Ox ,-complex; in other words,
w ¢ Supp(Lf*A). Hence Supp(B) C f~1Z.

For the opposite inclusion, suppose w € f~!Z\Supp(B). Let K(w) € Aqet(W) be
as in the proof of 1.9.18. This sheaf is K-flabby, hence f,-acyclic (see section 1.2.7).
One has Rf,K(w) = fL(w) € Aget(X) [ , p-47, 5.1.1], the stalk (f,K(w))z
is the residue field of Ow,,, and f K(w) vanishes outside {f(w)} C Z, so that
Supp(Rf,K(w)) C Supp(A). Hence 0 # Rf K(w) = A®x Rf.K(w), where the
last isomorphism comes from 1.9.23 and 1.6.8. -

J(LfOx)

9For any exact Ox, ,-complex C, the extension by 0 of the constant sheaf C' on Z is exact, as
is its tensor product with the K-flat Ox-complex A, whence C ®o, , Az is exact.
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Since A € Dyt (X) C De(X) and K(w) € Dgey (W) C Dz(W), Proposition 1.9.29
below gives a natural “projection” isomorphism

0# A®x REK(w) = RS, (LA @w K(w));
so one has, via 1.5.4, 1.9.9 and (1.9.8.1), natural isomorphisms
0# LfA@w K(w) = LA @w REK(w)
. = RFV’V(i,f*A Qw K(w))
= RIyLfA@w K(w) = B@w K(w) =0,
where the last equality comes from 1.9.24. This contradiction shows w can’t exist.

Thus Supp(B) = f~1Z. O

Proposition 1.9.26. Let f: W — X be a map of noetherian formal schemes, let J
be an Ox-basis, and let J; be the Ow -basis

J;:= { open coherent Oyy-ideals J | V/.J D IOy, for some I € J}.
There is a unique functorial isomorphism
¢0,FE): Lf"RE = RI; Lf*E (F e D(X))

whose composition with the natural map s: RI}fo*E — Lf*FE is the natural map
¢: LffRIJE — Lf*E.

Proof. Set D := D(W). First of all, it holds that Lf*RI;E is in the essential
image DR]}f of Rl}f—which implies the existence and uniqueness of £(J, E) as a
D(W)-map (see 1.9.9 and 1.3.2).

To see this, assume without loss of generality that E is K-injective. Regard the
ordered set J as a category in the usual way (with containments as morphisms),
and let P be a functor from J to the category of maps of Ox-complexes such that
for each I € J, P(I) : P — I;E is a K-flat resolution, and for each J-morphism
I' o I, the resulting map I}, E — I;E is the natural one. The existence of such
a P is given, for instance, by [Lpl, p.61, 2.5.5]. Then with hin> = li_>m, lim Py is a
K-flat resolution of lim I; E' = I; E; and so e

LfREE = f*lim Pr 2 lim P,

If for an open coherent Ox-ideal I, J is the Ox-basis

(1.9.26.1) Jr:= { open coherent Ox-ideals G | VG D I},
then
J; = 1o, = { open coherent Oy-ideals J | VJ D IOw }.
So in this case, £(J, F) is the isomorphism given by | , D-53, 5.2.8(b)], whence
(1.9.26.2) [P = Lf*RIJE = Rljp, Lf'E=RI; Lf'E € Dngf.

The category Dgry; is a triangulated subcategory of D(X): it is clearly closed
i
under translation, and if 7" is a D(X)-triangle with two vertices in Dgry; , then since
i
R]_?Jf is coreflecting (see 1.9.9), the natural map is an isomorphism RFJfT - T,

so the third vertex is also in DRFj .
f
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Moreover, 1.9.15 implies that DRpJf is closed under small direct sums, that is,
DR]’U‘f is a localizing subcategory of D. So | , pp.232-233, Theorems 2.2
and 3.1] give that

Lf"RLE = Lf*LE = lim f*P; € Dry,

. Ie
as desired. J

Note next that the natural map
vr: lim H"Lf*RI;E — H"Lf*RIE
1€9
is the natural composite isomorphism

l_igH”Lf*RI}E s @H”f*PI - H"f*EgPI —~ H"Lf*RLE.

€9 1€7 1€7
So for £(J, E)to be an isomorphism it’s enough that for all n € Z, subdiagram (1)
of the following natural diagram commutes, or equivalently, that the border of the
whole diagram commutes.

H'"Lf*RLE % H'L{*RIE —=— H"L{*RLE
H"S(JLE)JN l_igH"E(J[,E)J~ ® JH”&(J,E)
€7

H'"RI;o Lf*E — % H'"Rljo, Lf'E = H'RE, LB

Thus one has to see that in the following natural diagram, ca = db.

Lf*RIE ; : y Lf*RLE
b=£(ﬂ,,E)h \Lf*E/ Jc:i(J,E)
_— ~__
Rl}p, Lf*E 7 R]}f Lf*E
But Lf*RI;E € DR]jJ‘f (see (1.9.26.2)) so by 1.3.2, it suffices to note that since
(clearly) all the subdiagrams commute, therefore sca = ga = p = rb = sdb. |

As an exercise, show that for E = Ox and A € Dgct(X), 1.9.26 implies 1.9.25.

Recall that Of := 0" = RI"Ox, that (0%, % (Ox)) is D(X)-idempotent (see
1.9.9), and that for any ringed-space map f: W — X, (Lf*O%,Lf*%(Ox)) is
D(W)-idempotent (see 1.4.8 and the remarks following it). Recall also the meaning
of B 5 A for Oy-idempotents B and A (see 1.6.6).

Proposition 1.9.27. Let f: W — X be a map of noetherian formal schemes.
Then Oy, X Lf*O%; and Oy, = Lf*O% if and only if f is adic.

PROOF. Let I (respectively J) be an ideal of definition of X (respectively W).

Then IOy C V/J (see [GD, p.416, (10.6.10)(i)]), or equivalently, I; = Jro,, D I;
(see (1.9.26.1) ff.), or equivalently (by 1.9.22),
w = RI[Ow < Rlo, Ow = Lf'RIjOx = Lf*Oy. O

If, in addition, Lf*O% < Oy, i.e., J C /IOw, then IOw is an ideal of definition
of W, and so f is adic [GD, p.436, (10.12.1)].
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The following basic facts, 1.9.28 and 1.9.29, were referred to before.

Proposition 1.9.28. (i) For an ordinary scheme X, the usual monoidal structure
on D(X) restricts to one on Dqc(X).

(ii) For a noetherian formal scheme X, the usual monoidal structure on D(X)
restricts to one on Dg(X).

(iii) For a noetherian formal scheme X, there is a monoidal structure on Dgcq (X)
with product map and associativity and symmetry isomorphisms inherited from the
usual monoidal structure on D(X), with unit element O':= RI"Ox, and with unit
isomorphisms Iy :=1go ({/(Ox) ® 1) and rg:=rgo(1lg ® /(Ox)) (E € D).

Proof. One needs to show that Dgc(X) (resp. Dz(X), Dqei(X)) is Qx -closed,
i.e., if all the cohomology sheaves of Ox-complexes E and F lie in Age:= Age(X)
(resp. Az:= Az(X), Aqe:= Aqet(X)) then the same holds for E ® x F. After that,
one applies 1.6.9 with D, := Dy and a:= 1o, or Dz, or (keeping in mind 1.9.8)
with D, := Dge¢ and a:= ¢/ (Ox): O — Ox.

Let P — E, P’ — F be K-flat Ox-resolutions, so that, with P=% the complex
obtained from P by replacing P™ by 0 for all n > u and P“ by the kernel of
P* — P%*1 one has, for all i € Z,

H'(E @x F) = H'(P ®x P') = lim H'(P=" @x P').

Since Agqet is closed under h_m> [ , p-48, 5.1.3], and the same clearly holds
for Az and for A, therefore P can be replaced by a bounded-above flat resolution
of P=*. Then one can do likewise with P’. So one may assume E and F' bounded-
above. Since Dgct (X) (resp. De(X), Dgc(X)) is a triangulated subcategory of D(X)
([AJL2, p.48, 5.1.3], [AJL2, p.34, 3.2.2], [CGD, p.217, (2.2.2)(iii)]), [Ilrt, p.73,
Proposition 7.3(ii)] (dualized, and for whose terminology see [I1rt, p. 38, Definition])
yields a further reduction to where E and F are single sheaves (complexes vanishing
in nonzero degrees). To be shown then is that TorX (E, F) € Aqet (resp. Az, Aqe)-

For Ag. the problem is local, say X = Spec(R), and is easily disposed of via
the standard equivalence of categories between Aq. and the category of R-modules
(an equivalence which preserves free resolutions). For Agt, one has more generally
that if E € Ay and F € Aqey then TorX (E, F) € Aqei: one localizes to the case
X = Spf(S) where S is a noetherian ring complete with respect to the topology
defined by powers of an ideal I, such that E is a cokernel of a map of free Ox-
modules, so that E € Az(X) | , P-32, 3.1.4]; and one uses the equivalences
of categories described in | , p-31, 3.1.1] and | , P-47, 5.1.2] to reduce to

consideration of two S-modules Ey, Fy, such that Fj = hin> Homg (S/I™, Fy). Since

n>0
Toris commutes with h_m) one may assume that Fj is annihilated by some fixed

power I™, whence so is Torf(Eo, Fy), whence the conclusion.

As for Ag, some caution must be taken because being in Ag is not a local prop-
erty. But since Jor; commutes with lim one may assume that E and F' have
coherent homology, and then the problem is to show that so does Tor;(E, F'). This
problem is local, and so one can use the equivalence of categories described in
[ , - 31, Proposition 3.1.1] to reduce to the analogous—and easily handled—
problem for finitely-generated modules over a noetherian ring. O
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Proposition 1.9.29. Let v: X — Y be a map of noetherian formal schemes. For
all F € Dz(X), G € Dz(Y), the projection map is an isomorphism

Ry.F ©x G = Ry.(F 9x LY*G).

Proof. Once the necessary preliminaries are in place the proof is essentially that of
[Lpl, Proposition 3.9.4]. These preliminaries are as follows.

1) The question is local on Y (cf. e.g., loc. cit.), so one can assume that Y is
affine. Then | , D-37, Prop.3.3.5] gives Lyy*G € Dgz(X), and so, by 1.9.28,
F @ Ly*G € De(X).

2) The functor Ry, is bounded-above on Dg(X) | , p- 39, Prop. 3.4.3(b)].

3) The functors Re),, Lyp* and ®x all commute with direct sums: for the first,
[ , p-41, Prop. 3.5.2], and for the last two see [Lpl, Prop. (3.8.2)].

4) For any noetherian formal scheme Z, Az(Z) is a plump subcategory of A(Z)
[ , p-34, Prop. 3.2.2].

5) Over an affine noetherian formal scheme Z, every object in Az(Z) is a homo-
morphic image of a free Oz-module | , p. 32, Corollary 3.1.4].

see

These facts enable a “way-out” reduction of the proof of Proposition 1.9.29 for
bounded-above Dg-complexes to the simple case where G = Oy (cf. proof of [L.p],
Proposition 3.9.4]). Then for the unbounded case, one uses that Az(X) is stable
under hin)

The rest is left to the reader. O
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