Linear predictors and the law of large numbers

Linear predictors.

Let X and Y be dependent random variables. We want to use the method of least squares to find
a linear function of Y to approximate X. The first step is finding ¢ which minimizes

Var(X —tY) = Cov(X —tV, X —tY) = Cov(X, X) — 2t Cov(X,Y) + t* Cov(Y,Y)
= Var(X) — 2t Cov(X,Y) + t* Var(Y).
Since C — 2tB + At? is minimized when t = B/A, we conclude that Var(X — tY') is minimized when
Cov(X,Y)
=2 7 2
Var(Y) 2)

The second step is adding a constant to adjust the expected value to be correct, i.e. finding C such
that

(1)

E[tY + C] = E[X], (3)
or in other words
C = E[X]|-tE[Y].
Thus the linear function of ¥ which best approximates X is
Cov(X,Y)
X =ty t= ————
+0 Var(Y)

The random variable tY + C' is the best linear predictor of X using Y.

C = E[X] - tE[Y].

Example.

Let X be a uniform random variable on [0, 2b], and let
S x =,
o, if X <b.

Then I is a Bernoulli random variable with p = 1/2, so E[I] = 1/2 and Var(I) = 1/4. Moreover,
E[X] =b, and E(XI) = [’ & dz = 3b/4, so Cov(X,I) = b/4, and we get

3b if X > b,

b
t=0b, C =1b/2, Xabl+-=<2
/ 2 {g, if X <b.

Exercise.

Let X be a standard normal random variable, and let

;oL ifx>o
~lo, ifX<o.

Find the best linear predictor of X using 1.
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Accuracy.

By (3), the best linear predictor tY + C' has the same mean as X. We measure its accuracy by
inserting the value of ¢ from (2) into the variance equation (1) to obtain

Cov(X,Y)?
X —tY)= X)— ——— 4
Var( ) = Var(X) Var(Y) (4)
Thus, in the example above, we have
oo b
— I = —— — = —
Var(X — tI) T~ 1= 1

which matches the variance of a uniform random variable on an interval of length b.

Inserting (4) into Var(X —tY') > 0 and rearranging yields the Cauchy—Schwarz inequality:
Cov(X,Y)? < Var(X) Var(Y),

which allows us to control the covariance of two variables in terms of their individual variances.
Law of large numbers.

We can use the Cauchy—Schwarz inequality to prove versions of the law of large numbers for depen-

dent variables. For example, let X1, X, ... be a sequence of random variables such that Var(X;) < o?
for all j. Then by Cauchy—Schwarz we also have
Cov(X;, X},) < o2 for all j and k. (5)
Suppose now that there is a constant L such that
if |j — k| > L then Cov(X;, Xj) =0; (6)

in other words, there may be a correlation between variables which are nearby but not between
variables which are far away. Then the law of large numbers states that

<‘)(14—'ﬁ-+—)(n >>€> _o, o
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for every € > 0, where
Xi 4+ X,
= (K Ky
n
To prove (7), write

S n

N

n n

= % Z Z Cov(X;, Xy)

j=1 k=1

< 2L + 1)no?,

n2e2 (
where in the first step we used Chebyshev’s inequality, in the second we expanded in the manner of
(1), and in the third we used the fact that, for each of the n values of j, at most 2L + 1 summands
are nonzero by (6), and each nonzero summand is < o2 by (5). Hence

X4+ X, >€>S(2L+1)02

0§P<‘4 — Mn 2 )
n ne

so (7) follows by the squeeze theorem.



