Free waves

1. Free waves in one dimension. We begin by deriving D’Alembert’s wave equation for a
vibrating string.

Let p be the mass density of the string and 7 be the tension. Let u(z,t) be the vertical
displacement of the string at position = and time ¢, and let a(z,t) = arctan(us(x,t)) be the angle
of displacement at position x and time ¢. Let I be the segment of string from z to x + h.

u(zx,t)

FIGURE 1. A portion of the vibrating string

Setting the derivative of the vertical momentum of I equal to the vertical force on I gives
/putt(y,t)ds = rsina(z + h,t) — Tsina(x,t), (1)
T
where the integral on the left is a line integral. We write this line integral out as
z+h
/putt(y,t)ds =/ pug(y,t) v/ 1+ uz(y, t)dy. (2)
I T

Plugging (2) into (1), dividing by h and letting h — 0 gives

, Ug(z,t)
(2, t) /1 +u2(x,t) = 70, sin(a(x, t)) = 70, ————=o——
e VT B () = 70 sinlate, ) = 0B
Using the binomial series (1+u§)‘9:1+8u§+‘9(ST_Du§+-~-,gives

pug (1 + %ug + ) =705 (ugy (1 — %ui +-0).

Kiril Datchev, May 20, 2024. These notes are under development. Questions, comments, and corrections are
gratefully received at kdatchev@purdue.edu.
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If u, is small enough to be negligible, i.e. if the vibrations are small, we get
Putt = TUgy.
Divide through by p, put ¢ = \/77, to get
O*u — 29%u = 0. (3)
By the chain rule we see that this is solved by
u(z,t) = f(x +ct), and u(z,t) = g(x — ct),

whenever f and g are twice differentiable, and any superposition

u(z,t) = f(x+ct) + g(z — ct), (4)

is also a solution. We have a component, or signal, traveling to the left at speed ¢ and one
traveling to the right at speed c.

EXERCISE 1. Suppose u(x,t) obeys (4) and that the initial position u(x,0) = ¢(x) and velocity
ut(x,0) = (x) are given. Derive a formula for u in terms of ¢ and . This formula is called
d’Alembert’s formula. Note that w is uniquely defined even though f and g are not. What
regularity assumption do you need on ¢ and ¥?

To see that any solution of (3) has the form (4), we use a change of variable or change of
coordinates.

THEOREM 1. Let u = u(x,t) be twice differentiable and let ¢ be a positive real number. Then u
solves (3) if and only if there are twice differentiable functions f and g such that (4) holds.

Proof. As mentioned previously, (4) implies (3) by the chain rule. To prove the converse, put

r=x+ctand s =x — ct. Then a% = %% + %%, and similarly for %, giving

O0r = Oy + Os, O = ¢cOp — cOs,
or
0 = 0?u — 20%u = (8% 4+ 9% — 20,05)u — (9% + 9% + 20,05)u = —4c%0,0,u.
Dividing out the —4¢? and integrating with respect to r shows that

Osu(z(r,s),t(r,s)) = G(s),

for some function G which is once differentiable. Integrating next with respect to s shows that
ualr,8),t(r5) = 1)+ [ G(6),
for some function f which is twice differentiable, and this reduces to (4). O

To see the particle-wave correspondence, observe that by Newton’s second law, the derivative
of the momentum of a classical particle is equal to the force on it. Thus, a free particle moves with
a constant momentum, i.e. a constant velocity. Its trajectory is given by ¢: R — R satisfying

q'(t) =0, q(t) = at + b, (5)
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where a € R is its velocity and b € R is its initial position. For particles of light, i.e. photons, the
same equation holds for the trajectory except that |a| = ¢ = 3 - 10® meters per second.

The same equation (3) holds for light waves traveling through xyz space, provided they are
constant in the y and z directions. This is a good approximation for light waves from the sun
reaching the earth. Then equation (4) shows that each such wave (called a plane wave) is a
superposition of two components, each following a corresponding particle trajectory (5).

We have thus found our first instance of particle-wave correpsondence: the relationship between
wave solutions u(x,t) and particle solutions ¢(t) is universal, i.e. independent of the parameter b
and the functions f and g.

2. Distribution theory. To have a solution to the wave equation (3) in the traditional sense,
as in our derivation above, u must be twice differentiable. This restriction on u causes trouble,
both in the development of the theory and in applications. We want to allow

17 |t - .’L" < 17
u(t,x) = 6
(&) {0, otherwise, (©)

and other similar examples, as well as more singular ones, such as waves localized at a single
point. Distribution theory provides a general framework for making sense of (6) as a solution to
the wave equation (3).

We will understand such singular solutions as limits of smooth ones.

ExaMPLE 1. For example, to make sense of the derivative of sgn x, observe that
2 s
Up(x) = erf(nr) = — e VUdt — sgnz, as n — oo.
ofa) = ertna) = — | :

The derivative of sgnx will be given by the limit of the sequence u/,(z). We will call this limit
20¢(z), i.e. 2 times the Dirac delta at 0, because it corresponds to a jump of 2 located at x = 0.
Similarly, the second derivative of sgnz will be given by the limit of the sequence u/ (z), and is
called 26(z). The Dirac delta dy is also called the unit mass at the origin, and its derivative 4y
is called the unit dipole at the origin. The word unit refers to the fact that % 75 un(z)de = 1

/250:1. (7)

We sometimes write more shortly g as d.

for every n, so we can say that

To give a precise meaning to the sense in which these limits exist, and to objects such as dg
and ;) and equations such as (7), we use the concept of duality from linear algebra. Recall that if
V' is a finite dimensional vector space over C, then its dual is the set of linear functionals V' — C.
We may identify V' with with its dual using an inner product: for example the vector (3,6, 7)
can be identified with the functional

(z,y,2) — 3z + 6iy + 7z,

where (z,y, z) ranges over C3. Similary, we will identify a function g with a functional

@ gle] = /gso,



a,

FIGURE 2. Graphs of u,(z) = erf(nz) and its first two derivatives, for n = 1, 3,
and 5. As n — 00, u, — sgn, u, — 20, and u, — 24).

with ¢ ranging over a suitable space of functions, called test functions. A space of distributions,
or generalized functions, will be a more general space of such linear functionals. This allows one
to define and analyze operations on distributions (which may be ‘nasty’ objects such as dy or d()
in terms of operations on test functions (which are ‘nice’ objects).

Thus, in Example 1, we will have

unlp] = /erf(nx)go(a:)d:z: — /sgn(m)gp(m)dw, (8)

provided ¢ is a nice enough function that the limit can pass under the integral. Similarly, by
integration by parts,

¢MF/memm:—/%mwmmﬁ—/wwwmm:w@, (9)

provided ¢ is nice enough that the boundary terms at +oco vanish. Similarly again,

%m=/@mwwm=/%m¢mmzqmwﬂww» (10)
Thus we define
dole] = ©(0),  dyle] = —¢'(0). (11)

Various spaces of test functions ¢ are ‘nice enough’ that the above manipulations are justified.
Because Fourier analysis will be central to all our work, the best space of test functions for us will
be the space of Laurent Schwartz [Sch] (as we will see later, this space is preserved by the Fourier
transform).

DEFINITION 1. We denote the space of infinitely differentiable functions R? — C by C>®°(R9). A
function in C*°(R?) is a Schwartz function if it and all its derivatives are O(|z|~V) for every N,
as |z| — oo. The space of Schwartz functions is denoted S(R?) or S for short.

If ¢ € S then the convergence in (8)-(10) follows from the dominated convergence theorem.

The fundamental example of an element of S(R) is the Gaussian x +— e~*". Note that if
o(x) € S(R), then so are ¢'(z) and zp(x), as well as p(ax + b) for any a € R\ {0} and b € R.

IThe dominated convergence theorem says that if f,(z) — f(z) and there is an integrable g such that |f, (z)| <
g(z) for all n, then [ fn — [ f; see e.g Theorem 2.24 of [Fol]. In this case we use fn(z) = erf(nz)p(z), f(z) =
sgn(z)p(z), g(z) = |p(x)].
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Moreover S is closed under C-linear combinations and under products. Of course S has many
more elements but the ones described above are already enough to go on with.

Thus in equations (8)—(11) the expressions T'[p] mean that T' is a linear functional & — C.
More generally, we make the following

DEFINITION 2. To any function f € S(R?%) we associate a mapping S(R?) — C defined by

flel= [ 1o

We say that a sequence of mappings u,: S(RY) — C converges in the sense of distributions to
u: S(RY) — C if
unle] = ulp], for all p € S(RY).

A C-linear mapping u: S(R?) — C is a tempered distribution, and write u € S’(R%) or v € S’ for
short, if it is the limit in the sense of distributions of a sequence of functions in S(R?).

Thus dp and ¢ are tempered distributions. For any specific tempered distribution 7', the
mapping ¢ — T[p] generally extends naturally to a much larger space that S. For example, in
the case of &y, we may take ¢ to be the constant function 1, and then (7) just means dp[1] = 1.
One also often writes the equation d[p] = ¢(0) using more familiar notation as

/faumemzwm. (12)

The point is that (12) (which is known as the sifting property) is the defining property of §, with
the understanding that the integral in (12) is not a Riemann integral or a Lebesgue integral but
a new kind of integral, a distributional integral.

We will generally omit the adjective ‘tempered’ below since all of our distributions will be
tempered. See the Further Discussion below for some other kinds of distributions.

Note that the sequence erf(nz) itself does not fit our definition, because the terms are not
Schwartz functions. This can be remedied by multiplying each term by another sequence of

Schwartz functions, tending to the constant function 1. For example, define
Up,m = erf(n$)e_w2/m.

Then, for each n, uy,, — erf(nx) as m — oo, and uy,, is a sequence in S which converges to

[~

sgn x.

@

FIGURE 3. Graph of u,,(z) = erf(nx)e=""/™ for n = 1, 4, and 16.



In the same way, the Heaviside function H(z) = %(1 + sgnx) is the limit of the sequence
F(1+ erf (nx))e= "/,

EXERCISE 2. Find a sequence of Schwartz functions converging in the sense of distributions to
each of the following functions:

(1) The function |z|.
(2) The characteristic function 1, of a given interval [a,b], i.e. the function which is one
inside the interval and zero outside it.

Hint: Write the functions in terms of the Heaviside and/or sgn function.

Just as dg was the defined as the limit of the sequence ne—"'e’ /+/m in the sense of distributions,
for a € R we define ¢, as the limit of the sequence ne—n*(z—a)® /v/m. We could just as easily use
another sequence of integrable functions which integrate to 1 as a basis for the definition, as in
the exercise below. This is analogous to how e is the limit of both (14 1)" and >0 1/t

EXERCISE 3. Let u,(x) = an®/(1 + n%x?), where a and b are real numbers. For which values of
a and b does u, converge in the sense of distributions to dp? Bonus question: what happens for
other values of a and b?

We define Dirac deltas in higher dimensions in the same way. Given a € R?, let 6, be the limit

d,—7mn?|z—al?

of the sequence n%e™ . This is the unit mass situated at z = a.

The calculations in equations (8)—(11) also motivate the definition of derivative of a distribution.

DEFINITION 3. Given a distribution u: S(R) — C, we define its distributional derivative u' by

We similarly define 0,,ul¢] = —u[0,,¢] for a distribution u: S(R?) — C.

It is significant that every distibution has a distributional derivative. Moreover, by definition,
if u, — u in the sense of distributions, then u), — u/'.

EXAMPLE 2. If u = 283 — 405, then u[p] = 2¢p(3) — 4¢(5), and v’ = 265 — 40%, u'[¢] = —2¢'(3) +
4¢'(5). Also §(z) is the derivative of the Heaviside function H(z), which is the derivative of

EXERCISE 4. Find the first two distributional derivatives of the functions |z and 1[4 from
Exercise 2 above.

We say a distribution w is a distributional solution to the wave equation (3) if
2 _
ulpr — ¢ paa] =0,

for every ¢ € S(R?). If u, is a sequence of distributional solutions converging to u in the
sense of distributions, then u is a distributional solution as well. For instance, the sequence
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Up = ne~"" @D / /7 converges to a distributional solution denoted u = §(x — ct). To compute

it, use the change of variables r = = + ct, s = x — ¢t and then y = ns to write

_ n —n?(z—ct)? _ n —n?s% _(r4s r—s
U @] NG R2€ o(z, t)dxdt NG R2€ (52, 527 )dsdr )
1 2 _ 1
— -y r+(y/n) r—(y/n) il T —
TN (3, T ) dydr — 26/]1%@(2,20)60“ ulg).

Thus we may write §(z — ct) = £0(s) as a distribution on R?, with respect to the (r, s) variables;
note that the factor of 1/2c comes from the Jacobian in the change of variables formula.

EXERCISE 5. Redo the calculation in (13), but instead of the variables r and s, use the variables
7 =z +at, s = x —ct, where a is a real constant. Find a constant b such that §(z — ct) = bd(s) as
a distribution on R?, with respect to the (7, s) variables. Denote by L the line x = ct, and find a
constant m such that 6(z — ct) = mdr, where dr[¢] = [, ¢ and [; is the line integral over L.

EXERCISE 6. Find a sequence of C* solutions to (3) which converge in the sense of distributions
to u, where w is given by (6). Deduce that u is a distributional solution of the wave equation (3)
with ¢ = 1, and so are u,; and u;. Find the corresponding sequence of C'*° functions converging
to u, in the sense of distributions, and plot part of the sequence.

3. The Fourier transform. For our further study of waves, our central tool will be the Fourier
transform. Recall that the free wave and Schrédinger equations in dimension d are given by

uy — Au =0, tug + Au =0,

where Au = V?u = Z;l:l Ugz;- We wish to write solutions to these as superpositions of sinusoidal
waves, namely

U(.’L’,t) = /]‘{d a(é‘)e’ier*ﬂﬂtdg + /Rd b(f)el&elmtdf, u($,t) = /Rd G/(S)eiéxe*iftdg‘

The basic problem, solved by Fourier [Foul, is to write a given function ¢ as a superposition

o) = [ ca(e)ae,

for some suitable function a.

To get a feel for the problem we start with
flay= [ eeeag (14)

and use Feynman’s trick of differentiating under the integral sign [Fey| followed by integration by
parts to get

fl(z) = / ice™ e de = ; / et jge—ﬁ"’dg = % / De (e )e ¢ de = —g f(@).

Interchanging the derivative and integral in the first equality is justified because the derivative
with respect to z of the integrand is bounded in absolute value by |§]e*52, and [ ]5\6*52 < 400.2

2This follows from the dominated convergence theorem; see e.g. [Fol, Theorem 2.27].
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Solving f'(z) = —xf(x)/2 by separation of variables gives f(x) = f(O)e*mQ/‘l, and from (14) we
get f(0) =/, giving

Ve /A = /emge_fgdf,

or, changing variables,

A 1 A .
%e—n2(z—y)2 _ :/621n(x—y)fe—§2d§ _ %/e’x56_1y£€_§2/4”2d€, (15)

The reason for the form of the left hand side of (15) is that

N e (a—y)? _
ﬁe — iz —y) (16)

in the sense of distributions. Now let ¢ € S, and write

1 . .
o(z) = lim \f/ —n?(z—y)* dy = hm 27T/ap(y)/e“fe””5652/4”2d§dy

n—oo

, 1 2 :
~ im - / ¢ ant e / W py)dyd = lim / e/ it () = / ¢ p(€)de.

n—oo 27m n—oo 27
(17)

Here in the first equality we used (16), in the second equality we used (15), in the third equality
the switch of the order of integration is justified by Fubini’s theorem?® because the double integral
is absolutely convergent ff\e‘fg/‘l” o(y)|dydé = fe_52/4" d¢ [ |p(y)|dy < +oo, in the fourth
equality we used the definition

¢(&) = / e o(y)dy, (18)

and in the fifth equality we used the fact that if ¢ € S, then ¢ € S. Let us elaborate on this last
fact:

THEOREM 2. If p € S(RY), then ¢ € S(R?). Moreover
§ip(8) = —i0z;0(8), g P(8) = —ilz;0)(€) (19)
Proof. We begin with the case d = 1. Then integrating by parts shows that

£0(6) = [[i0, ety dy =i o)|” —i [y =0-ige),

[e.9]

-~

y=—00
and differentiating under the integral sign shows that

@O = [ e )ot0)dy = ide [ oty dy

That proves (19) in the case d = 1. If d > 1, write [ e~y (y) dy as an iterated integral with dy;
innermost, and do the same calulation on the one-dimensional integral with respect to y;.

3 Fubini’s Theorem says that if a double integral is absolutely convergent, then its value is equal to that of any
corresponding iterated integral; see e.g. Theorem 2.37 of [Fol|.
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To prove ¢ € S(RY), again begin with the case d = 1. For any nonnegative integers k and N
we have

/ ENe W (i) (y)dy = / (0, e o) (iy)* oo (y)dy

= [ O o o).
Thus
96 (¢)) < / 0¥ (s () dy.

If d > 1, use the same proof, replacing £V by an arbitrary monomial and ¢*) with an arbitrary
partial derivative of ¢. g

The function ¢ defined by (18) is called the Fourier transform of ¢.* Thus, the calculation
(17) has shown the Fourier inversion theorem for Schwartz functions:

THEOREM 3. If p € S(RY), then

o(@) = g [ el (20)

In other words, $(z) = (27)%p(—x).

Proof. If d = 1 then this is the calculation (17). If d > 1, use the same calculation one variable
at a time. For example, if d = 2, then

o(x1,22) /m&/ WLy, w0)dy1dE;

i i —1 —1 1 zz
_ (27T)2/e 151/e 252/6 y2£2/e ylglgo(yhyz)dmdyzd&d&: (27r)d/ % @(€)de,

where in the first equality we applied the case d = 1 to 1 — @(x1,x2) and in the second we
applied it to zo — [ e 1810 (yy, 29)dy; . O

To define the Fourier transform of a tempered distribution, we use a formula analogous to the
one we used to define the distributional derivative. More specifically, just as the integration by
parts formula [ /¢ = — [u¢’ led us to define u'[p] = —u[¢], so the formula

[urp@is = [ute) [ rotaya = [ o) [ttty = [awetay @)
leads us to define
alp] = ulg]. (22)
As a consequence, if u,, — w in the sense of distributions, then i, — @ in the sense of distributions,
and moreover

L — L —

£t = —i0y;u, O, 0 = (—izju).

4Our convention here, that the Fourier transform of @ is given by feiixﬁgp(a:)dm, is common and convenient

in the theory of differential equations. The two other most common conventions are \/127 J e~ p(z)dx [Tit] and
[ e 2" p(z)dx [Sch].
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We also have the formula
a(z) = (2m)u(—z). (23)

EXERCISE 7. Show that if u is a distribution given by u[g] = [ f¢ for some integrable function
(ie. [|f] < 400) then @ is a distribution given by a[p] = [ gp, where g(&) = [ e~ % f(y)dy.
This proves that we can calculate the Fourier transform of a function in the sense of distributions
using the formula (18) as long as the function is integrable (it doesn’t have to be Schwartz).

EXAMPLE 3.

(1) By the calculation in (15), we have
Vil () = (E)d/z o1/
b
(2) Applying the definitions (22) and (18), we have

dle] = 6[@] = ¢(0) = /eioyw(y)dy = 1[g].

N . . . d 21,2
and so 0 = 1. We can also get this using sequences of Gaussians: we have j——de nl2l
s
and

Ldefn2|w\2(£) — e—|§|2/4n2 — 1.

d

(3) From 6 = 1 and (23), we get
1(¢) = (2m)?5(=¢) = (2m)?8(¢).

Sometimes this formula is also written

o0 = (zi)d J e

and we can understand this integral as meaning

1 ; 2
. E - —iz€ ,—x*/n
5(&) nh_r)n (27r)d/6 e dzx, (24)

with the limit taken in the sense of distributions, where e=2*/m could be replaced with
another sequence of Schwartz functions tending to 1.
(4) Next,

Using limits we write e **H(z) — H(z) as € — 0", and

0o ) 1 1 1 ~
—l:EE —EX d — — — — ) — O -1 = H 25
/0 € € v €+e 1&—ie i€ —i0) ’ (25)

where we define

(€£i0)"'[g] = lim

e—0t+

p(§) d§
Edie



11

We can do a similar calculation with another antiderivative of §. Take the limit (H —
1)(z) = lim,_,g+ e*(H — 1)(z) and get

0
) 1
[ e = L o g i) = (H -1

oo € —¢
Since (H —1)" = H — 1, and 1 = 274, we get
1
8(8) = 5= (€= i0) " = (¢ +i0)7"). (26)

We can interpret (26) as saying that the imaginary part of (¢ —i0)~! is wd(&).
EXERCISE 8.

(1) Check (24) by using the definition of a distributional limit, and the Fourier transform
and inversion formulas (18) and (20), and check that you get the same answer if ¢=%/m
is replaced by an arbitrary sequence of Schwartz functions tending to 1 in the sense of
distributions.

(2) Use the calculation in (25) and the Fourier inversion formula to find the Fourier trans-
forms of the following functions and distributions on R, where a > 0 is given: e % H (x),
e H(—z), (x +ia)~t, (v —ia)~t, (x +40)~!, and (z —i0)~L.

(3) Combine the results above, or calculate directly, to find the Fourier transforms of ekl
and 1/(a + 22) for a > 0.

(4) Derive (26), in the form

(z —i0)™" — (z +i0) ™" = 27mid(x).

p(z) dx

rtie -

Find a similar formula for (z —0)~! + (2 + 0)~!, but with pv(z~!) (here pv stands for

‘principal value’) in place of §(z) and with different constants, using at least one of the

following definitions of pv(z~!):

e el =t ([ F o [0 ar).

pv(z V)] = — / In(|a])¢' () e

—00

without Fourier transforms, instead using the definition (z £i0)~![p] = lim,_,o+ [

(5) Define Ly = In(z +i0) and L_ = In(z — i0) in such a way that L, = (x + i0)~",
L' = (z—1i0)7!, and L; and L_ are each a linear combination of In|z| and H(z). How
can you change your definition so that they are instead linear combinations of In |z| and
1 — H(z)? (Here In |z| should be read as the real logarithm, but for the logarithm of any
nonreal number you should choose an appropriate branch.)

(6) Find the Fourier transforms of sgn(z) and pv(z~!).

4. The heat equation. Before turning to waves, we use our results on the Fourier transform to
solve the heat equation in free space, because this is easier and closely related.

Let u(x,t) denote the density of some quantity, such as heat or chemical concentration, at time
t, at a position x € R%. The rate of change of the total density in any region € is equal to the
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total flux F' of density into its boundary:

— | u(y,t dy:—/ F-vdS,
dt Jo %) P!

where v denotes the outward normal vector to 9. Applying the divergence theorem and differ-
entiating under the integral sign gives

/ Ou(y,t)dy = —/ div F dy.
Q Q

Since this must be true for any region {2, we have
Opu(x,t) = —div F.

We now assume that the flux is proportional to the gradient but in the opposite direction, i.e.
F = —aVu, for some a > 0. This leads to the heat equation

Owu(x,t) = aAu(x,t). (27)

Regarding ¢ as a parameter, we look first for solutions which are Schwartz functions in x. Taking
the Fourier transform of both sides gives

(€, ) = —alf*a(¢, t),
which is solved by

a6, 1) = e Mg, 0) = e~ iy (¢), (28)
where we use ug to denote the starting density ug(x) = u(x,0). Taking the inverse Fourier
transform of both sides gives, for t > 0,

1 .
U(1'7t) = (27T)d /elx£€a|£|2tﬁ0(§) d§7 (29)

or

u(x,t) =

(;)d/emfe—alﬁlzt/e‘“’gw(y) dy d§

T

- @lyl//ei(xy)ge“'g'Qt dg uo(y) dy,
s

where in the second equality we used Fubini’s theorem to interchange the order of integrals, since
fe_“|5|2t d¢ [ |uo(y)|dy converges. By Example 3(1), this simplifies to

1 z—yl?
u(z,t) = (47mt)d/2/6 i uo(y) dy. (30)

Hence, for ug € S, there is a unique solution u(x, t) which is a Schwartz function in x for all ¢ > 0,
and it is given by (30) for ¢ > 0 and its Fourier transform in z is given by (28) for ¢ > 0.

These results extend directly to ug € &', provided the integrals are properly understood. More
specifically, (28) means that, for each ¢t > 0,

~ N _ 2
alg] = dgle™ ), (31)
and (30) means that, for each ¢ > 0,

7 \z—o|2

ulp] = (47rat)d/2/u0 [e Aat }go(a:) dx,
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_‘zfﬂ‘Q . _|zfy‘2 . .
where e~ ez means the function y — e~ 42z . We can write more simply

—e|?

u(z, t) = (drat) =¥ ?ug |:6_‘x4at ]

Thus, even if ug € &', the solution u is a smooth function of z and ¢ for ¢t > 0.

If up is bounded above, say ug(z) < C for all x, then by (30) and using the substitution

— (¢ — y)/Virdl,

C _lz—yl? -
u(z,t) < (iratyi2 / 1t dy = C’/ dz = (32)
A similar calculation shows that if ug is bounded below, then u(x,t) obeys the same lower bound.

EXERCISE 9.

(1) Let d = 1 and let up(x) = H(x). Write the solution (30) in terms of the error function
erf.

(2) Let d = 2 and let ug(x1,x2) = sgn(x1)sgn(xz). Use the solution to part (1) to write the
solution (30) in terms of the error function erf.

(3) Bonus: Use a program like Desmos or Geogebra or Mathematica (or, if you must, work
by hand) to plot up and then u at various times.

If up € L, ie. [|ug| < +oo, then dp(€) = [ e ug(z) dx is continuous (use the dominated
convergence theorem to show that ig(&,) — to(£) when &, — &) and bounded: |ig(§)| < [ |uol-
Then by (28) we have 4(0,&) = uo(0), i.e

/ ;L(x,t)dx _ / wo, (33)

for all t > 0. Moreover, by (29) and using z = \/at/m, we have

iz, £)] < (27)~% sup [a| / eIl de — (amat)=Y2 sup |iig| < (4mat)~ Y2 / wol,  (34)

In other words, (33) says that the total density is conserved, and (34) says that the maximum
density is decaying like O(t~%?).

EXERCISE 10. Show that if ug € L', then (33) and (34) hold, by using (30) and calculating as in
(32).
We can get more precise information on the behavior of u(x,t) for long time under stronger

assumptions on ug.

EXAMPLE 4. Let d =1 and up(x) = 1[_1 1- Then, for any t > 0,

_(e—y)? y)% / 2k

u(x,t) dat dy = d

u \/47ra v= \/47ra lk 0 4at (—4at)Fk! dy = \/47ra Z 4at kk" Y
— g2kl ‘y=1 1y 3P40 el g

= Vdrat Z 2k+ 1) (—dat)kk!ly=—1  /7ma 12a+/ma

where in the third equahty we used the fact that power series may be integrated term-by-term.
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FIGURE 4. On the left, u(z,t) when ug(z) = 1;_; ;) and a = 1, for ¢ = 0.0001, 0.01,
0.1, and 1. On the right, u(z, 1) and its first two approximations, co(z) = \/%tAﬂ

2 .
and ci(z) = \/;—atfl/z — %f?’/Z. The images are from nttps://wew.desmos. con/

calculator/sddvzliiks and https://www.desmos.com/calculator/kjaddgflok.

More generally, under suitable assumptions on ug, one can show that

‘:E—y’% p ‘x_y’% J
u(z,t) = (4rat) d/2 Z —dat)Fk! uo(y) dy = (4mat) d/2 Z (—4at)kk! uoly) dy

where
co(z) = (47ra)_d/2/uo, ci(z) = —(47m)_d/2(4a)_1/\x—y\zuO(y) dy,

EXERCISE 11.

(1) Verify (35) under the assumption that g is bounded and compactly supported, i.e. that
there exist constants A and B such that |ug(z)| < A for all z and ug(z) = 0 when |z| > B.

(2) Prove the weaker statement that u(x,t) = (4drat)~%? [ug+O(t~17%?), under the weaker
assumption that [(1 + |y|?)|uo(y)|dy converges, using e* = 1+ [ e*'ds’ in place of e* =
Do s* /KL

(3) Bonus: Given K > 0, prove an expansion up to O(t~
on u, using Taylor’s formula with remainder in place of ¢® =1 + fos es ds’.

K=d/2) ynder a suitable assumption

EXERCISE 12. Find functions co(z),c1(x),... and constants kg < k1 < --- such that if ug(z) =
H(z), then u(x,t) = co(z)t ™5 + ¢y (x)t7F2 4 ...

5. The Schrodinger equation. Though structurally similar to the heat equation, the essential
difference being a factor of i, the Schrédinger equation is more difficult to derive and understand
the meaning of than the heat equation, requiring either more work or bigger leaps. We will take
the latter route.


https://www.desmos.com/calculator/sddvzl1iks
https://www.desmos.com/calculator/sddvzl1iks
https://www.desmos.com/calculator/kjaddgflok
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The state of a quantum particle is given by a wavefunction, u(z,t), which is a complex-valued
function, called an amplitude, at position x and time ¢. The basic example is the sinusoid

u(x,t) _ ei(k~x—wt) _ eik'(a:—kwt/\k|2).

The factorization on the right shows that the wave is traveling in the direction of the wave vector
k, and so the momentum of such a sinusoid should be proportional to k. Meanwhile the energy is
proportional to w. The quantization relations give the constant of proportionality in both cases
as Planck’s constant h = h/2m ~ 1.05-10"2* kg - m? - s~! in SI (metric) units.® In other words

E=hw, and €= hk. (36)

Thus we get
u(z, t) = e ET B/, (37)

To get a differential equation we bring in the classical energy formula
E= |1V () (38)
- 2m 0

where m is mass and V(z) is potential energy at x due to the effects of a conservative force.
Observe that if u is given by (37), then

Eu = ihdyu, and 1€)?u = —h%Auw. (39)

Multiplying (38) by w and substituting (39) leads to Schrédinger’s equation:

. h?
ihOyu = —%Au + V(x)u. (40)

The point is that we have used (39) to eliminate E and £ from the equation, which depend on
the particular state the particle is in, and left only the constants A and m which are independent
of the state. Note also that the first term on the right corresponds to the kinetic energy, and the
second to the potential energy. For a free particle V(z) = 0 for all = (there is no force) and we
get the free Schrodinger equation:

thoyu = —ﬁAu or Oyu = iiAu. (41)

2m 2m

It is solved by (37) as long as F = ﬁ|£ |2, and more general solutions are obtained from this one
by taking superpositions using the Fourier transform. To derive them, we mimic what we did
with the heat equation (27), obtaining, with a = i%, first 0yt = —al€|?@ and then

i.0) = i), (e t) = g [ e [ty ayae,

with the difference being that for the heat equation a was positive, but for the Schrédinger
equation a is pure imaginary. With this difference Fubini’s theorem is no longer applicable, so we

5Just for fun let us replace the kilogram by the mass of the electron, 9.1 - 1073! kg, one of the meters by the
Angstrom, 107 m which is a typical length scale for atomic radii, and the remaining meters per second with a
typical electron speed in a hydrogen atom of 2.2 - 10° m/s. That gives i = 1/2.
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will proceed more cautiously. We will first assume that Rea > 0, and then at the end extend to
the case where a is pure imaginary by taking a limit. We previously deduced

1 e —alel? i 1 _le—yl?
u(w,t) = (27)1 /e €e—alé] t/e ygu(y) dy d§ = (47rat)d/2/€ Tat uo(y) dy, (42)

for a > 0. The same equation holds for Rea > 0, since both sides are complex analytic functions
of a, provided a%? means (va)?, with the square root having positive real part. This is called
extending an identity by analytic continuation.’

EXERCISE 13. Above we saw how to prove that if Rea > 0, then

o0 2

; ) ™o _zZ

/ e g = [ Ze da,
oo a

with the square root taken in the right half plane, by using complex analysis to reduce to the case
a > 0. Prove the formula in another way, by filling in the details in the following calculation:

S . ac2 o0 T 332 & x2
/ 6zm£€fa£2d€ e / —a(—5¢ )ng — e 1 / e*aizdg = Ee*E.
—c0 —00 —00 a

For the first equality, complete the square, for the second either do a contour integral or differ-
entiate under the integral sign with respect to x, and for the third do the usual trick of writing
(f et d¢)? as a double integral and converting to polar coordinates.

Next, for any up € S and pure imaginary a, we still have (42) if we replace a by a + ¢ and take
e — 0%. Plugging in a = 22 gives us the solution to (41) in the form

—im m d/2 im|z—y|?
U(IE,t) —e dﬂl(ﬁ) /e 2ﬁty uo(y) dy7 (43)

and of course we also still have the Fourier transform formula
a(e,t) = el (€), (44)

We derived all this for ug € S, but the Fourier transform formula (44) still makes sense when
up € S', just as for the heat equation we interpreted (28) as (31). The formula (43) makes
sense when uy € S’ too, if we understand it correctly, but this is trickier, as u(x,t) is again a
distribution. When ug € S, the formula (43) defines a solution in S for all ¢, and pairing it with
a test function ¢ gives
u(e, )] = e "I (2 M / / 25 w0 y) dy () der
27Tht

Now switching the order of integration is permissible by Fubini’s theorem, and allows us to write

the expression in a way which makes sense also for ug € S':

u(z, t)[p] = e~/ (2:;Lt)d/2u0[/em;h_t.2 () daj}, (45)

6We are using here the fact from complex analysis that if two functions f(a) and g(a) are complex analytic for
Rea > 0 and we have f(a) = g(a) when a is real and positive, then we also have f(a) = g(a) whenever Rea > 0.
More generally, if two complex analytic functions with a common domain agree on a set with an accumulation
point, then they agree throughout their common domain. In other words, the zeros of a nontrivial complex analytic
function are isolated: see e.g Section 3.1 of [Fis], or Section 3.2 of [Ahl].
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z— |2

where on the right hand side, u is being applied to the Schwartz function y — [ e o o(z) dx.
Another good way to understand (43) when ug € S’ is as the limit in the sense of distributions of

- e\ /2 i(mie)|w—y|?
u(z,t) = lim e_”d/‘l(w) /eJr%tUUO(Z/) dy

e—0+ 2mwht (46)
lim e—imd/4 (m + if)d/Qu [e%'fq .
= [ 0 3 ;
e—0t 2mht

this corresponds to the calculation we used to derive the formula.

EXERCISE 14. Show that the two ways of understanding the formula (43) described above, namely
(45) and (46), are equivalent, by using the following steps:

. ) d/2 i(m+tie)|z—e|2
(45) :e—md/4u()[ lim (m—i—zs) /6( tie)lo—e| () dx}

e—0+ \ 27mht
. ) d/2 i(mtic)|z—e|2
= lim+ e‘”d/A‘uo[(%) /e( H o(x) dx}
e—0 ™
. ) d/2 i(m ’iE)‘Z*.‘Q
= tim (TR [ e
£
) e\ d/2 i(m+ic)|z—e|2
- [t ) e
€

Justify the first equality using the dominated convergence theorem. For the second, use the
following continuity property: if ug € S’ then there are constants C, M, and N such that |ug[p]| <
Csup |(1 4 22)M9%p(z)|, where the supremum is taken over parital derivatives 9% of order < M
and over z € R?. For the third, first prove it when ug € S, and then take a limit in the sense of
distributions to prove it for ug € &’. For the fourth, use the continuity property again and the
dominated convergence theorem. For more on the continuity property see the references in the
‘Further discussion and references’ section below.

EXAMPLE 5.
(1) Let ug(z) = e*€/" Then
ol = [ o/ pla)do = [ [ eiompy) dyde = (2myp(6o/n)
SO Uy = (27T)d5§0/h, and by (44) we have
a(e, 1) = e Pty = (2m)de im0l s,
That gives

u(x,t) =

2m)d / €*a(E, 1) dE = e/ e Pl

which recovers (37), with & in place of &.
(2) Let d = 1, and let ug(z) = e~**/2L*. Then 19(¢) = Lv2re "L*/2 and, working in units
such that i/m = 1, we have

(& ) = e () = Lvame HIES,
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and so
1 2 2 L 2 2,
u(z,t) = — izg o t / 1z (L +it)€ /2 - = /(2L —HZt).
.01 = g [ eite i = =T
If we want to remove the assumption that the units are such that A/m = 1, it suffices to

replace ¢t by th/m in the formula. That gives

mL —ma? mL2+i
u(z,t) = me /(2mL?+i2ht) (47)

_—

6 ) E 0 2 4 6

_ 2
FIGURE 5. |u(z,t)|? when ug(z) = e */2and L=m =h=1, fort =0, 1, and 2.
The image is from https://www.desmos.com/calculator/vfajqntuuo.

The probability that the particle whose state is given by u(z,t) is found at position z at time

t is given by
Plat) = lu@ )/ [ futy. ) d,
R4

when the integral in the denominator converges. Since u itself is complex valued, one often graphs
P(z,t) or |u(z,t)|? for this reason. In the case of (47), we have

u(z, t)|? = mL o—m2L?2? /(m? LA +h?t?)
N
A solution given by (47) is called a Gaussian wave packet and the one derived above stays put
while gradually dispersing. There also exist traveling Gaussian wave packets.
More generally, working for simplicity in units such that m = h = 1, if u(z,t) is any solution
o (41), then so is

u(x,t) = ei”efiﬂ”'Q/Qu(az —ot, 1), (48)

for any constant v € RY. The mapping u — @ above is called the Galilean transformation. It is
the quantum version of the classical Galilean transformation z(t) — z(¢) — vt, which takes the
trajectory of a particle in one reference frame to its trajectory in a second reference frame moving
at velocity v with respect to the first.

EXERCISE 15. Construct a traveling Gaussian wave packet in at least one of the following two
ways:


https://www.desmos.com/calculator/vfajqntuuo

19

(1) Apply the Galiliean transformation to the standing Gaussian wave packet solution (47)
for some choice of v.

(2) Use an initial condition such that () is a constant multiple of e~6=%I"L*/2 for some
choice of &j.

Make a plot of the resulting modulus squared of the solution as in Figure 5. Bonus: what is the
relationship between the two constructions?

EXERCISE 16. Use the chain rule and product rule to check that if u(z,t) is any solution to the
Schrédinger equation (41), then so is iz, t) given by (48). Alternatively,” check this by replacing

. . . ile—vt—y|? ile—y® . oo .
x by x — vt in the solution formula (43) and writing e™ 2 o= et et /2emivegivy | T
alternative approach is also a good way to do the next two exercises.

EXERCISE 17. Derive (48) using the following steps.

(1) For each &, let Se(x,t) = ei*€eiEl*t/2,

(2) Multiply and divide to write Se¢(z,t) = ei(@—v)Ec—ile*t/2¢iv1E  Thig writes Se(z,t) as a
function of x — vt.

(3) Complete the square in the last two factors e~ ¢I*#/2¢iv — exp(—i5(|¢]* — 2v€)) to write
these two factors as a function of £ — v.

(4) Plug the result of (3) into (2), and also plug in e!(#=vD¢ = gilz—vt)(E—v)g=ivt? gizv ¢ write
Se(x,t) in terms of Se_,(x — vt).

(5) The result of (4) shows that applying the Galilean transformation (48) to a sinusoidal
solution S¢(x,t), for any &, gives another sinusoidal solution.

(6) Since general solutions are superpositions of sinusoidal ones by (44), it follows that if
u(z,t) is any solution, then so is @(z,t) given by (48).

EXERCISE 18. Give a more general formula for the Galilean transformation without the assump-
tion that i =m = 1, and/or give a formula where u(xz — vt,t) is replaced by u(z — xy — vt,t) for
some xg € R?; the latter corresponds to the classical Galilean transformation x(t) — x(t) —xg —vt.
Bonus: What happens if ¢ is replaced by t — tg for some ty € R?

An important consequence of the Fourier transform formula (44) is that

(&, 1) = [0 (E)] (49)

for all ¢. The physical interpretation of (49) is as follows: the relative probability that the particle
whose state is given by u(x,t) is found at position z at time ¢ is proportional to |u(z,t)|?, and
the relative probability that it is at momentum /A is proportional to |u(£/h,t)|. Thus (49) says
the momentum distribution of the particle is constant in time; this is the quantum version of the
basic Newtonian principle that momentum is unchanged in the absence of forces.

The equation (49) also has important implications for the position distribution |u(z,t)|?, the
primary one being that

/ u(z, £)|2dz = / o () [2da, (50)

"Thanks to Scott Kenning for suggesting this.
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for all t. To derive (50), we use the fact that, by the definition of the Fourier transform, we have
F(€) = (=€), and by Fourier inversion (Theorem 3), we have f(z) = (2r)%f(—z). Together these
give f = (2m)%f. Recalling also from (21) that Jfa=/ fg, we obtain

[ o=t [ ri=en [ 5
[1s2=n [ 152 (51)

The above two identities are called the Parseval or Plancherel identities. Then (50) follows from
(49) and (51). Thus the Fourier transform (by (51)), and also evolution under the free Schrodinger

and in particular

equation (by (50)), both preserve the L? norm [ull 2ray = 1/ Jra |ul*.

An O(t~%?) bound holds for the maximum of u, analogous to that obtained previously for the
heat equation in (34). Working from (43), we have

m |4/2 _
a0 < || [ 1ual = 0772,

EXERCISE 19. Derive a series expansion for u(z,t) of the form
o
u(w,t) = ()t F 92,
k=0

analogous to the one derived for the heat equation in (35), either in the case that d = 1 and
ug(w) = 1_1 (), or in a more general case.

Free Schrodinger evolution also preserves regularity in the very important Sobolev sense, and
this is our next topic.

6. Sobolev Spaces.

DEFINITION 4. Let k be a nonnegative integer. The Sobolev space of order k on R%, denoted
HF (]Rd), is the set of all tempered distributions u such that u and all its derivatives up to order
k are in L?(R%).

Using t,, = i€;0 and (49) shows that if u(x,t) solves the free Schrodinger equation
h2
ihoyu(x,t) = ——Au(z,t), u(z,0) = up(z),
2m
where ug € H* for a given k, then u(z,t) € H* for all .
More generally, we define:

DEFINITION 5. Let s be a real number. The Sobolev space of order s on R?, denoted H*(R?), is
the set of all tempered distributions u such that (1 + |€]?)%/2a(€) is in L?(R%).
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Then (49) shows that, for solutions to the Schrodinger equation ug € H?® for a given s if and
only if u(z,t) is for all ¢. In other words, solutions to the Schrodinger equation neither gain nor
lose Sobolev regularity. A calculation based on (51) shows that the definitions agree when s is a
nonnegative integer:

EXERCISE 20. Check that if s = k is a nonnegative integer then Definitions 4 and 5 agree. For
n > 2 you will need some multinomial algebra, including the fact that any monomial in £ of order
m is less than or equal to |{|™

EXERCISE 21. Prove that if the initial condition ug(z) of a solution to the heat equation is in
H*(R%) for some real s, then for all ¢ > 0 the solution u(z,t) is in H* (R%) for all real s'.

EXAMPLE 6.

(1) Since &y = 1, and Jra(141€[?)*d€, which is proportional® to [ (1+r?)*r*~dr, converges
if and only if s < —d/2, we see that dy € H*(R?) if and only if s < —d/2.

(2) Let I be a bounded interval in R, and let 17 be the characteristic function of I. Using the
fact that there is a constant C' such that for all £ we have

1:(6)l < CA+[e3)12,

which follows from the bound |17(€)| < f; ldr = (b—a) for [(] < 1 and the bounds
117(6)] <2671 and €[> > 3(1+€]?) for [€] > 1, we see that 1; € H*(R) for all s < 1/2.
If we stick to integer order spaces, the best we can say is 1; € H? = L2.

(3) Define u: R = R by u(z) = 1— |z| for |z| < 1 and u(z) = 0 otherwise. Then v’ is a linear
combination of characteristic functions of intervals, so v € H*(R) for s < 3/2.

EXERCISE 22. Prove that if u € H*(R%), then Oz;u € H*H(RY).

EXERCISE 23. Prove that if v/ € H*(R) and u € H"(R), then ' € H* !(R), regardless of the
values of s and 7. Bonus: Formulate and prove a version of this result for R

EXERCISE 24. Define u: R — R by u(xz) =1 — |z| for |z| < 1 and u(z) = 0 otherwise. Fill in the
details of Example 6(3) and show that if s < 3/2, then u € H*(R).

EXERCISE 25. Let a > 0. Use the result of Exercise 8(3) to find the values of s for which the
functions e~%* and 1/(a + 2?) belong to H*(R).

EXERCISE 26. Functions of the form u(z) = e~ 1*I*, where a > 0, have a cusp singularity at
the origin. They are important in quantum mechanics because the least energy wave function
of an electron bound by an atomic nucleus has this form, and more general wave functions of
electrons in molecules have a similar form (with cusps at atomic nuclei, and exponential decay).
See Chapters 8 and 12 of [Ham| for more on this.

8This can be checked using polar coordinates z = rw, where r = |z|, and w = z/|z| ranges over the
unit sphere S9!, and where w is in turn written in terms of some local coordinates on S%* (e.g. an-
gles the vector z/|z| makes with certain coordinate axes/planes; if d = 2 we use w = (cosf,sinf), and if
d = 3 we use (cos@sing,sinfsinp,cosy)). By the change of variables formula, that gives f]Rd flx)dxe =
fooo fgd,l frw)ri=1dS dr, or, if f is independent of w, fRd f(z)dz = Aa—s fooo f(r)r¢=tdr, where dS is the surface
element on S?! and Ay = Jsa—1 dS is the length/area/volume of S?71. See e.g. [Fol, Section 2.7] for more.
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(1) Use the polar coordinates formula 8, = *20,, where r = |z|, to show that any partial
derivative of order k of u is bounded in a neighborhood of the origin by a multiple of
2| ()

(2) Conclude that u € H¥(R?) for any nonnegative integer k less than o + 4.

There is an important relationship between regularity in the Sobolev sense and regularity in
the usual C* sense:

THEOREM 4. If u € H*(R?) and 2s > 2k +d, where k is a nonnegative integer, then u € C*(R?).

Proof. By Fourier inversion,
1 .
— iz 9

we know that v € C° if & € L'. To check that & € L', note that, by the Cauchy-Schwarz

inequality?,
2
(f1a1) < [aviepria©rde [ a+ieryae,
and the two integrals on the right converge (the first because u € H®, the second because s > d/2).
If k£ > 0, then differentiate (52) to show that partial derivatives up to order k of u are continuous

as well. 0

7. The wave equation. We now return to the wave equation,
83’&(1‘, t) - CQAU(£7 t) =0, U(JE, 0) = U(](ﬂl’), 815”(337 0) = Ul(flf), (53)

where ¢ > 0 is a constant, z € R% t € R. We derived and studied the simpler case d = 1 of
this above in Section 1. A similar derivation justifies the use of this equation when d = 2 to
describe the vibrations of a membrane. When d = 3 it describes acoustic waves, elastic waves,
and electromagnetic waves.

To solve it, we use the same Fourier transform approach as for the heat and Schrédinger
equations to reduce to a constant coefficient ordinary differential equation with respect to t:

BFa(€, 1) + SlEPa(€, 1) = 0.
The solutions are linear combinations of sine and cosine functions:
u(&,t) = A(E) cos(clé]t) + B(§) sin(c[E[t).
Using the initial conditions gives

(g, t) = cos(cl€]t)io(§) + tsinc(c|g[t)d (£), (54)

where sinc(s) = sin(s)/s.

9The Cauchy-Schwarz inequality says that in any inner product space we have |(f, g)| < ||f]l/lg]l, where ||f|| =
V{f, f). In our setting (f,g) = [ fg. To prove the inequality, observe that for any ¢ we have 0 < ||f — cg||* =

. 2 2
IFI1? —clg, £) —clg, £) +1clPllgll? = I fII? — l(\{ﬁfz‘ + ‘ ﬂ{;"f - c|\g||’ , where in the last step we completed the square.

Set ¢ = % to minimize the right hand side (i.e. choose ¢ to make cg approximate f as closely as possible) and

conclude that 0 < ||f|*> — Hlj‘ﬁép which is equivalent to |(f, g)| < || fllllgll-
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The formula (54) shows that if ug and u; are Schwartz functions, then there is a unique solution
u(x,t) which is a Schwartz function for all ¢, and its Fourier transform is given by (54). The same
formula (54) gives, for any tempered distributions ug and wj, the solution u(z,t) which is a
tempered distribution for all £.

EXERCISE 27. Prove that if up and u; are Schwartz functions, then @(&,t) defined by (54) is
in C®°(R*!), and the function ¢ ~ a(&,t) is a Schwartz function for each t. Prove that if
ug € H*(R?), and u; € H*"1(R?) for some s, then = +— u(x,t) € H® for all t. Hint: Use Taylor
series to show that there is no singularity at 0.

For Schrodinger evolution we had 4(€,t) = e_i%tvlg(g) and hence |a(§,t)| = |a(€)| for all £
and ¢, from which it followed that [ |u(z,t)]*dz = [ |ug|* and [ |0%u(z,t)|*dz = [ |0%uo|? for all
t, as long as the initial condition ug was such that the integrals on the right hand side converge.
Hence ug € H? for any s implied u(z,t) € H® for all ¢, for the same s.

To get analogs of these results for the wave equation, we use (54) and the Pythagorean identity
cos? 4 sin? = 1. We have

C2|£|2|'Il(£,t)|2 = CQ|§|2 cos® |120|2 + sin? |fL1|2 + 2¢|¢| sin cos Re g,
oviu(&,t)? = c2|€)? sin? |ag|* 4 cos? |61 |* — 2¢|€| sin cos Re @iy,

where we have suppressed the arguments of the functions sin, cos, g, %1 on the right for brevity.
Adding the equations gives

0k (&, 1) + IEPIalE, B = a1(§) + ¢ |ao (&) (55)

which is the analog of (49). Integrating and using Plancherel’s theorem (51) gives

/(|8tu(:c,t)|2+02Wu(x,t)|2)d:r:/(|u1(x)]2+62|Vu0(a:)|2)dx. (56)

This is called energy conservation for the wave equation.

To understand the interpretation of this quantity as energy, we return to the vibrating string
problem from Section 1. The kinetic energy and potential energies of the segment of string from
a to b are

1 b b
kinetic energy = 2/ p Oz, t)dz, potential energy = / 7(/Opu(z, )2 +1 — 1)dx.
a a

The first is obtained by calcuating half the mass times the speed squared, and the second by taking
the force of tension times the distance over which it is applied, namely the difference between the
length of the curve x — (x,u(x,t)) and the length of the curve z — (z,0). For small vibrations,
the binomial series (1+u2)® =1+ su2 +--- gives \/Jyu(z,t)? + 1 ~ 1+ $0,u(x,t)? and hence a

potential energy of fab TOpu(x,t)?dz. Thus the total energy of the string is

1

5 / (patu(:lc,if)2 +Taxu($,t)2)dx. (57)

Recalling that ¢ = /7/p, we see that (57) equals the left side of (56) up to a constant factor.
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EXERCISE 28. A more general version of the wave equation (53) to which the methods above
apply is

Otu(z,t) — 2 Au(x, t) + adyu(z, t) + ku(z,t) =0, u(z,0) = up(z), Owu(z,0)=ui(x),

where a > 0 and k > 0 are constants. In the setting of a vibrating string or membrane, the adyu
term represents a viscous damping force such as air resistance, and the ku term represents an
elastic restoring force obeying Hooke’s law. Above we had a = k = 0. Allow one or both of these
constants to be nonzero and derive analogs of (54), (55), and/or (56). Note that when a = 0 energy
is conserved, but when a > 0 it decays. Hint: Show that if & = e~%/2(C1(€) cos(Bt)+Ca (&) sin(5t))
with 3 real, then e (|8tﬂ+ %ﬁ]2+52\ﬂ|2) is independent of ¢.'° If 3 is imaginary, and it is perhaps
too hard to find a good analog of this, then find instead an analog of (56) by starting with the
a = 0 version and showing that in the more general case the derivative of this energy obeys
OE = —2a [ |Oul*dz < 0.

Our next step in understanding the solution to the wave equation is to simplify

! e cos(clélt)d M
) = o [ e (costelelnyinge) + S

This is more complicated than the corresponding problem was for the heat and Schrédinger
equations, and we proceed in steps. We start by replacing the trigonometric functions with an
exponential one, more specifically

(¢)) dt. (58)

1
(2m)?
where Rey > 0; later we will take the limit as y approaches the imaginary axis and use the

fact that e®“lélt = cos(c|¢|t) & i sin(c|§\t) This analogous to how, when solving the Schrédinger
equation above, we con81dered E f ¢l g—altl? Up(&) d¢ for Rea > 0 and then took the limit as

u(z,y) = / e VEla (€) d, (59)

a approached the imaginary ax1s

The function u(z,y) in (59) also has its own interest. For y > 0, it is the bounded solution to
Laplace’s equation in the half space (z,y) € R% x (0, 00), where

282 u(z,y) +82 (x,y) =0 for y > 0, u(x,0) = ug(x). (60)

Indeed, taking the Fourier transform of Laplace’s equation gives
(05 — lE)a(¢,y) =0,  which is solved by @(&,y) = A(€)e W + B(&)el W,

and for bounded solutions we require B = 0. When d = 2, u(x,y) is the electrostatic potential
caused by a charge distribution ug(z) on a flat surface.

From (59) and using Fubini’s theorem to switch the order of integration we have

ua) = g [ [ €% dg e do (61)

10Thanks to Gavin Glenn for pointing this out.
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Now notice that if the exponential with —|¢| were replaced by an exponential with —|¢|?, we would
have a Gaussian Fourier transform, which we know how to evaluate from Example 3 (1) or from
Exercise 13. To bring about such a replacement we use two diabolical tricks: we have

oo Liyl€
/ e;y\ . ds = me VIl (62)
|
by contour integration (see Figure 6), and
& 2 1
/0 e = (63)
by direct calculation.
4 T'r
)
-R R

FIGURE 6. By the residue theorem (see e.g. Example 4 from Section 2.6 of [Fis]),

o Liyléls iyl€ls iyl€ls
/ Ldg: lim/ eids—i—Qm'Res <(67 i),

oo 8241 R—oo Jp. 82 +1 s+i)(sfi);
where 0
etvléls T ewlé| et , o1 R—co
T d ‘: ‘ B e oY “’de‘ </ Rdo =% 0,
ML§+1S , R0 117 V=) R
and

iyl¢ls —ylé|
27i Res (672) —omi® " el
(s+1i)(s—1i) 2

EXERCISE 29. Prove (62) without contour integration, by computing the Fourier transform of the
function u: R — R given by u(z) = e~* and using Fourier inversion. (See also Exercise 8 (3).)
Combining (62) and (63) gives

/ cile—a)E=lél ge — 1 / pila—a') /  islels / e g ds de.
R4 T JRd —o0 0

Switching the order of the inner two integrals, and plugging in the Fourier transform formula
foo iy‘glse_USQdS — \/fe_y2|§‘2/4u gives
u )

/ eil@=a)E—vlel ge — 1/ eilz—2")¢ /Oo ie*y%'z/‘l“e*“du de.
R VT Jra 0o Vu
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Switching the order of the remaining integrals, and plugging in the Fourier transform formula
Joa €@ eI Au g — ngr#e—u\x—x'wyi gives

d—1

d 00
/ eil@—2")¢ —yl¢| ¢ = 2 7Td2 / W5 e—ule—a' P /y? p—u g,
Rd Yy 0

Combining the exponentials on the right hand side and substituting u — u/(1 + |z — 2'|?/y?) =
vPu/(y? + | — a'[?) gives

d_4=t e’}
/ ei(l—m')ﬁe—ylﬁ\ dé‘ = 2% 2 Yy ) / u%e_udu_
R (v + |z — ') Jo

The last remaining integral can be written in terms of the gamma function (or see Exercise 31
below) but the main thing is the dependence on the variables x, 2/, y. Finally, plugging back into
(61) gives

d+1>”

! / o0
u(z,y) = Cqy uo(a) d Cy= 5 / uw'T e du. (64)
w0+ e ) :

EXAMPLE 7. Let d = 1 and uo(z) = 1[—y,1- Then

y 1 dz’ 1 r+1 1 x—1
u(z,y) = = S o — arctan( ) — —arctan <7)
T)avyi+(x—2)2 = y T y

SRR
| e

FIGURE 7. The solution u(z,y) to (60) when ug(z) = 1,_ y), for y = 0.0001, 0.01,
0.1, and 1. The image is from https://www.desmos.com/calculator/zpgéxcffsv.

EXERCISE 30. Let a > 0. Use the above calculation to find the values of s for which the function
e~ is in H*(R?). (Compare with Exercises 25 and 26.)

EXERCISE 31. Prove that
© a o if d is odd,
uz e tdu = d—1\(d—3 1\ e
0 ﬁ(T)(T)(i) lfdlS even.
Hint: Use integration by parts to reduce the value of d. When d = 1 the integral is easy, and
when d = 0 use the substitution u = r? (and note that the formula must be modified when d = 0).


https://www.desmos.com/calculator/zpg4xcffsv
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EXERCISE 32. The solution to Laplace’s equation (60) given by (59) and (64) has many analogous
features to the solution to the heat equation (27) given by (28) and (30). Explore some of them:
for instance show if uy obeys an upper or lower bound then u obeys the same, write the solution
for up(z) = H(z) in terms of arctan and plot for different values of y, show if ug € L! then
[ u(z,y)dz = [ug for all y > 0 and |u(z,y)] < Cy y_df |ug|, derive asymptotics for suitable wug
as y — oo analogous to (35), and/or prove that if ug € H® for some s, then z — u(z,y) € H® for
every s’ and u(z,y) is C in all variables for y > 0.

To connect this result back to the wave equation, we substitute ug(x) = é(x), and combine (59)

and (64) to obtain
1 iz€ ,—yl¢| Cay
e VedE = ————— — . (65)

(2m)¢ / (22 + 52"
We derived (65) for y > 0, but by analytic continuation the same equation also holds for Rey > 0,
provided we understand (|z|? + yz)% as (v/]z]? + 42)! with Re+/|z|> + y2 > 0, just as in the

discussion immediately following (42).

Substituting y = ic(t — i) and y = —ic(t + i€) into (65) and taking ¢ — 0 gives
1 /eiwgeii0t|é|d§ _ :FCd ict
(

(2m)4 ]2 — (¢ £i0)2) 5
using here the same notation as in (25) where we computed H(¢) = —i(¢ —i0)~!. Combining
these equations and using 3(—iw + iw) = Imw gives

1

(27T)d /eixf COS(C’é"t)dg — Im Cyct

(J2f2 — 2(t +i0)2) T
Similarly, provided d # 1, integrating (65) with respect to y we obtain

1 g€ Ve Ca/(d—1) 1 iz €5 Ca/(d—1)
—df = ————— 1, d§ = d—1
(2m)d /e = ' /e €] ¢ (|z]2 = e2(t +i0)2) 7

€l (22 +y) T 20

and

1 i _

y /esz Sln(C‘f’t) d¢ = Im Cd/<d —
(2m) cl¢] o|x)? — 2(t +1i0)2) 7
Plugging into (58), in the form

u(zx,t) )i // i(z—a') cos (clé|t)uo(2) + Sln(‘C£||f|t) (az’)) de da,

gives

ct ,
u(x,t) = C’d/ <<Im (oo — (s i0)2)% )uo(x ) +

1/(d—
(Im /( — )ul(x’)> dx’,
c(|lz — 2|2 — 2(t +1i0)2) =
as the solution to the wave equation in any dimension d > 2, where for ug, u; € S the integral
is meant as a pairing in the sense of distributions. Recall that here z(*1/2 with z = |z — 2/|> —
c2(t —ie)? means (1/z)%*!, where we take the square root such that Re/z > 0.

(66)
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For ug, u; € S, the solution u given by (66) is in S for every ¢, as can be seen from the Fourier
transform formula (54). As for the differential equations we have studied before, we can also allow
ug, up € §', and then (54) and (66) give the solution u in S’ for every t.

We rewrite (66) as
u(z,t) = / (@R(az — 2 t)ug(2") + R(z — 2/, t)ul(a:')>d:c',

where

Ca/(d—1)
c(|z]? = 2(t +1i0)?)
The distribution R(z,t) is called the fundamental solution to the wave equation, and is also known

R(z,t) =Im

d—1"*
2

as the Riemann function.

EXERCISE 33. Derive the analog of (66) when d = 1 and simplify it. The ug term is the same,
but the u; term is not. To find the u; term, evaluate [ et %df =/ ei“%dﬁ by finding
the Fourier transform of the characteristic function of an interval and using Fourier inversion (or
by following the same steps as above). To simplify the ug term use (26). What is R(x,t) in this

case? Compare the result to d’Alembert’s formula from Exercise 1.

The distribution R(z,t) equals a smooth function almost everywhere: more precisely,
1 1
|z| > clt| = lim — = —, (67)
0 (af2 - 2+ i) T (ol - )

(in this region the limits ¢ —+ 0" and € — 0~ agree), and

1 isgnt)d—!
|z| < clt] = lim — = (isgnt) — (68)
0T (|2 — At +ie)?) T (P —[af?) 2
where we used the fact that Im(|z|> — c2(t + ie)?) = —2c%te, so that |z| < c|t| implies
lim /|z]2 — c2(t +ie)2 = —isgnt \/c2t2 — |z]2.
e—0*t

From (67) we see that R(z,t) = 0 when |z| > ct, which implies that waves propagate with speed
at most c¢. Thus, for given x and ¢, u(z,t) depends on up(x’) and wuq(z’) only for 2/ such that
|z — 2’| < ¢lt], i.e. for 2/ in B(z,c|t|), where

B(a,R) = {z € R%: |z — a| < R}.

If d > 3 is odd, then from (68) we see that R(x,t) = 0 when |z| < ct, which implies that waves
propagate with speed precisely ¢ . Thus in that case u(x,t) depends on ug(z’) and ug(z’) only for
a’ such that |x — 2’| = ¢|t|. This is called the strict or strong Huygens principle.

On the other hand, for d even, (68) does not imply that R(x,t) = 0 when |z| < ¢t but the fact
that R(z,t) is smooth there is still significant. For example, suppose ug and u; are zero outside
of B(0, R) for some R > 0. Then

u(x,t) = / < Cal—1) "2 ctuo (') + Ca(=1)2w(a’)/(d 1)> dr’, when |z| <ct— R, (69)

(2 — |z — x’P)% c(Pt? — |z — x’\Q)d%l
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FIGURE 8. On the left: For given z and ¢, the solution u(z, t) to the wave equation
(53) depends on the initial conditions ug(z’) and uq(z') only for 2’ in the closed
ball of radius c|t| centered at z. In the figure, the blue dot is (z,t), and the value
of u there is affected only by what is happening inside the red cone. The green
segment is B(x, c|t|). The image is from nttps://www.desnos. con/calculator/1zksalrigh.

On the right: Suppose the initial conditions ug and u; are zero outside
the intersection of the blue region with the horzontal axis. Then the solution
u(z,t) is zero in the white region for any d. If d > 3 odd, then the strong Huygens
principle says that solution is zero in the darker gray region as well. If d is even,
then we have only the weak Huygens principle and the solution is C'*° in the darker
gray region, and if d = 1 then the solution is constant in the darker gray region.

The image is from https://wuw.desmos.com/calculator/7pjg7275tq.

and u(zx,t) is C*° for such x and ¢ even if up and u; are not. Such a phenomenon is called a weak
Huygens principle, because the singular (i.e. not C*°) part of the solution propagates with speed
precisely ¢, even if the whole solution does not.

EXERCISE 34. Use d’Alembert’s formula from Exercise 1 or Exercise 33 to prove the following
weak Huygens principle for d = 1. If ug and u; are zero outside of B(0, R) for some R > 0, then
u(z,t) is constant on = € B(0, c|t| — R).
We can use (69) to compute long time asymptotics for solutions to the wave equation. Plugging
in the binomial expansion
(= |z =)™ = (et) (1 = s(|lz — 2" ]2 /) + ),
gives.l1

0, for d > 3 odd,
u(x,t) =

, when |z| < ¢t — R. 70
Apt—d+1 4 Al(:r)t_d 4+ for d even, . 7

Hhanks to Andy Kavouras and Pedro Morales for help with this calculation.


https://www.desmos.com/calculator/lzks4lrfgh
https://www.desmos.com/calculator/7pjg7275tq
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d
—1)2C
Here A() = M/’U&

EXERCISE 35. Compute A;(x), and, if you can, give a more general formula for the terms in this
series.

As a corollary we obtain local energy decay: if ug and uy are zero outside of some ball B(0, R),
then for any bounded open set U C R%, we have

0 for d > 3 odd,
/ (|atu<x,t>12+c2|vfu<x,t>\2)dxs{’ re=20
U

71
Ct=2d, for d even, (7)

uniformly for ¢ large enough. Note that the integrand in (71) is the same as in the energy
conservation identity (56), but the domain of integration is U in (71) where in (56) it was R?.

Investigating the stability of the expansion (70) and the local energy decay result (71) has been
a major problem in mathematical scattering theory since the seminal work of Morawetz [Mor],
Lax-Phillips [LaPh], and Vainberg [Vai]. See the book by Dyatlov and Zworski [DyZw| and the
survey article of Zworski [Zwo] (especially, Equation (1.2), Theorem 5, and Theorem 12 of [Zwo])
for more recent results and references.

EXERCISE 36. Our calculation based on the solution formula (66) only derived (70) and (71) for
d > 2. Derive the analogs in the case d = 1.

EXERCISE 37. Give a bound for the constant C' in (71) in terms of ug, u1, ¢, and d.

The fundamental solution R(x,t) simplifies nicely for smaller values of d.
The case d =1 is in Exercise 33 above.
When d = 2, we have Cy = 1/m, and, by (67) and (68) we have, for ¢ # 0,
Cop(x)dx B o(x)dx
a /B(O,ct|) em(c2t? — \x|2)% ’

where for the second equality we use the dominated convergence theorem; this is applicable

R(z,t)p(z)dr = lim Im
/R? (@ el =0t Jr2 (|z|? —02(t+i5)2)%

because the function x — 1]3(076|t‘)/(021€2 — |x!2)% is integrable for each .
Thus we obtain that the solution to (53) when d = 2 is

/ / / /
u( ) = 615(/ up(2')dx 1) +/ up («')dx . (72)
B(0clt]) em(c2t2 — |x — 2/|2)2 B(0,clt) em(c?t? — |z — 2'|?)2

EXERCISE 38. Prove that the function R? — R given by = — 1B(O’C|t|)/(c2t2 — ]a:|2)% is integrable
for each t # 0 by evaluating its integral. Sketch the graph of x — R(z,t) for some different values
of ¢ and t, either by hand or with a computer, and, if you like, compare it with what you get
when d =1 and d = 3.

For the case d = 3, we recall the formula (26), which said that
1 1 1 1
= — lim ( - ) = 70 (z).

Im — = — - -
x — 10 21 e0+ \x —1e x + 1€
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We use this, and the partial fraction expansion % = a% — %%’ to simplify R(x,t) by writing

2 _ 1/(ct +ie)  1/(ct +ie)
|z]2 — (ct +ie)2  |z| — (ct +ie) |z| + (ct +ig)’

Taking the imaginary part of both sides, letting € — 0%, and using C3 = 1/72, gives

R(z,t) = Ozl = Cti;_;i(’x‘ + Ct), for t#0, d=3.

For instance, if ¢ > 0, then

1 1
R(x,t dor = —— (|| —ct dor = —— ds.
[ R pwite = o [ o~ et = o | ote)
More generally we obtain that the solution to (53) when d = 3 is

_a(_ 1 / 1 ;
u(e, t) _at( T /8 B(x’qt')uo(x)dS) + o /a B(mmul(x )ds. (73)

The formulas (72) and (73) are known as Kirchoff’s formulas.

Further discussion and references. For more on the vibrating string, see Section 1.3 of [Str],
for even more see Section 1.1. of [Wei] or Section 2.1 of [Tay].

The introduction to distribution theory above is an abbreviated version of [Str, Section 12.1]
and [Lig]. Another good short introduction, including some functional analysis, is in Sections
3.3 and 3.4 of [Tay]. See [Kan] for a longer account including very many examples. A good
more thorough treatment is [FrJo], and, for the insatiable, [Hor]. Above we stick to tempered
distributions since all the distributions we need for our work are of this kind. Distributions which
are not tempered are obtained by using as a space of test functions the smaller space C°(RY)
consisting of C*°(R?) which vanish outside of a compact set, and then a distribution is defined
to be a C-linear mapping u: C’(?O(Rd) — C which is the limit in the sense of distributions of a
sequence of functions in C°(R?). Note that we defined distributions as functionals obtained as
limits of test functions; it is more usual to define them as functional satisfying a different kind
of continuity condition, and some proofs of equivalence between these conditions can be found in
Theorems 1.3.2, 1.5.2, and 5.2.2 of [FrJo], or Theorems 2.1.4, 2.1.8, and 4.1.5 of [Hor].

Two centuries ago Fourier [Fou| observed that a general function on the line can be written
as a superposition of sinusoids by the formula f(z) = 5= [ €™ [e~%5 f(y)dyd¢ (and, when 27-
periodic, f(x) = % Yo ek fo% e~Wk f(y)dy). Since then many authors have explored what
more precise scope and meaning can be given to this statement, a central problem being in what
sense should the integrals be understood. Riemann [Rie] and Lebesgue [Leb] developed their
respective theories of integration in order to study this problem. These notes use Schwartz’s [Sch]

very general and flexible notion of integration in the sense of distributions.

The heat equation was first derived and solved by Fourier [Fou]. In the modern study of the
heat equation and its generalizations, maximum principles (not discussed above) play a central
role [Eva, Sections 2.3 and 7.1].

The quantization relation £ = hw in (36) comes from Planck’s analysis of black body radiation
in 1900 and Einstein’s analysis of the photoelectric effect in 1905. In 1922 Compton used it and



32

the corresponding relation & = hk to explain the increase in X ray wavelength caused by scattering
with substances with low atomic numbers. In 1924 de Broglie proposed that the same relations
must hold for massive matter, specifically electrons, and in 1926 Schrodinger used these relations
to derive his famous equation. The discussion of the Schrodinger equation in Section 5 is based
on the one in [Mar, Section 1.2]; see [Ham], especially Sections 1.I1, 1.VI, 4.1, and 4.III, for a
more detailed discussion.

A derivation of the wave equation for d = 2 for the vibrating membrane can be found in Section
1.3 of [Str] or Section 2.1 of [Tay]. For a derivation for d = 3 for electromagnetic waves, see Section
9.2.1 of [Gri]. The presentation of the wave equation above mostly follows Section 3.5 of [Tay],
but the diabolical tricks are from Theorem 1.14 of [StWe].
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