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Variable wavespeeds

We now consider the wave equation
(02 — c(x)2D)w(t, x) = f(t,x),

where f € C°([To, T1] x R") and ¢ € C>*(R") is everywhere positive and ¢ — 1 compactly
supported, and where we seek a solution w obeying w = 0 when t < T.

Here c represents a wavespeed which can vary spatially, corresponding to variations in the medium
through which the wave propagates.

This can be done as before by writing, for A sufficiently large,

1 co+iA ) . . T
w(t,x) = Z/ . e N=PA - M)\ x)dN,  F(\x) = /T e® (s, x)ds,
— 00+ 0

and we can study asymptotics as t — oo by shifting the contour down, but there are new challenges.
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Variable wavespeeds
Previously we had V € C2°(R"), and we wrote
(—A+V =X)(—A-X)T=T+V(-A -1
We then used the facts that ||V(—A — A2)71||;2_, ;2 is small when Im X is large, and that

V(—A — X?)~! is a compact operator.

Now with ¢ € C*°(R") everywhere positive and ¢ — 1 compactly supported, if we write as before

(—PA = 2N) (A - )=+ (1 -A)A(-A-N),

the trouble begins with the fact that (1 — ¢?)A(—A — A\2)~1 does not necessarily have small norm
anywhere and is not a compact operator; the new perturbation (1 — c?)A, though still compactly
supported, is much bigger than the old one V.

To handle this, we will use a more elaborate parametrix construction, based on Sjéstrand—Zworski
black box scattering theory, applicable to also to more general situations where one operator is a
compactly supported perturbation of another.
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A more general operator D
Let

Z JkDDkJer/D/JrV
J,k=1 (=1

where all the by, V are in C2°(R"), and the aj, are C*°, real valued, and equal the identity matrix
outside of a compact set. We assume moreover that H is elliptic in the sense that there is C > 0 such
that

n
> augiée = [€P/C,  forall (x,€) € R” x R".
Jrk=1
Examples to keep in mind:
» The variable wavespeed problem H = —c2A, ¢ € C®(R"; (0,00)), ¢ — 1 compactly supported.
» The potential perturbation problem H = —-A+ V, V € C°(R"), that we looked at in Part Il.
» Laplacians with respect to Riemannian metrics H = —G ! J,'1,k:1 0;Ggh oy, G = \/@, gk
is the inverse matrix to gj, where gjx is a Riemannian metric equal to the Euclidean metric

outside of a compact set. That is to say, the gy are C*, positive definite, and equal the identity
matrix outside of a compact set.

(Don't confuse H with the Sobolev space H"; we will never raise the operator H to any power.)
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An example with large resolvent @MN (-K—*‘ chhm

We can make an example with large resolvent based on spherical harmonics small near a point. Let
©m be a sequence of eigenfunctions of the sphere,

—Dgrniom = /\fngom, with Am — 00, lomlli2@ny =1

)

and such that there is a nonempty open U C S” and a constant C such that
Am/C
)

lemllzuy < e for every m.

Such a construction can be based on eigenfunctions concentrating on a great circle.® Then take
X € C°°(S") which is 1 on S"\ U and with supp x # S”, and put u, = xpm. Then

—Am/C Am/C
, .

[(—Asr = A2 umllizmy < = Dse, X]enlli2en < e~

Let gjx be a metric on R” which is Euclidean outside of a compact set and such that there is an open
set U’ C R" isometric to a neighborhood of supp un,. Define the Laplacian

||umHL2(Sn) Z 1—e

n
H=-G! Z ;G O, G = +/det gj, g’* is the inverse matrix to gj.
k=1

Then the up, as functions in C2°(R"), are a sequence of exponentially good quasimodes for H:

iy = 1= €™/, (= A2 Jumliay < €7/, thus [[(H = A3) iz 2 /€.



Polynomial resolvent estimates

Our goal in the remainder of the course is to prove that x(H — A?) "1y extends meromorphically to
where x(—A — A\2)~1x extends holomorphically, and

IX(H = 22" x 2z < NS

when either Im A > A or both —In|Re A| < CIm A and |Re )| is large enough, for those H for which
it holds. (We have already seen that ||[x(H — A2)"x|[;2_> > e /€ occurs for certain H.) This is
enough to show that, for n odd, the forward solution w to (02 + H)w = f € C2°([To, T1] x R") obeys

co+iA . . 5 T1 .
xw(t,x) = %/ ) e (=A + V = X)) "I F(\, x)d), f(\,x) = /T e (s, x)ds,
— 001, )

and, for any M, Im =A
xw(t, x) = — IR)\ (t,x)+ E(t
) N 'mZAPM} —__-) ll | <
with -/ m=
IXE(t,x)| < Ce™ ™",
and similar bounds on all derivatives of E. The proof 2 is just as in Part Il, but taking advantage of
the arbitrariness of N in the Paley—Wiener estimate |0“f (), x)| < C, ne~ T0mA N~V
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Semiclassical inversion
Returning now to the general problem, let

n

P=hH=>> axhDihDi+hY bhDy+ KV,  p= > au&i&e > [¢%/C,
Jj.k=1 (=1 Jj.k=1

where h > 0 is a (small) semiclassical parameter so that p is the semiclassical principal symbol of P.
Then p+ 1 is an elliptic symbol:

(L+[€)/C<p+1<C(1+[Ef),
and consequently P + [ is invertible for h small enough as in Hezari’s Lecture 5, Slide 5. Indeed, let

1

P OB ul) = g [ €0 uly)ay

€2 +1°

P =(P+N)(—hA+1)7Y, p=

so that p is the semiclassical principal symbol of P, and 1/C <5< C. Then

Op(p )P = Op(1) + Op2y12(h) = 1 + Opz_,2(h)

) } — P! exists and ||P7Y| ;22 < C.
POp( ) (1) + O[_2_>L2(h) =/+ OL2—>L2(h)
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Resolvent mapping properties
Thus, for h > 0 small enough, with
P=hH=> aphDihDi+h» bhDy+hV, — P=(P+I)(-hA+1)7",
jrk=1 =1

we have established that P is bijective [2 — [2.

Combining this with the fact that —h2A+1is bijective H? — 12, we conclude that P + /, and hence
H + h=2, are also bijective H> — L2. In other words the resolvent

R(\) = (H — X1, lambda = i/h

exists and is bijective L2 — H? when3 Re A =0 and Im A > 0.

(Hence, if H is symmetric on H?(R"), then it is self-adjoint and semi-bounded.)*
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Openness of the resolvent set

Thus the resolvent
R(A) = (H—=X),

exists when ReA =0 and Im A > 0.

Using the standard resolvent identity, as in Hassannezhad's Exercise 1.7,
R(N) = R(Xo) = (A = A5)R(N)R(No),

we can write
RO+ (A5 = A*)R(X)) = R(Xo),

and use a geometric series to show there is a neighborhood® of this ray where R()) exists.
To go further, we use an elaboration of this resolvent identity due to Vodev. We will write
RO (I + KX, Xo)) = F(X, M),

where XA — K(X, X\g) and A — F(X\, \g) are both holomorphic families of operators, with K being

compact, so that the analytic Fredholm theorem is applicable.
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Resolvent identity

Denote the resolvents
RO()‘) = (_A - )‘2)_17 R()‘) = (H - )‘2)_17

and let g, A be such that both resolvents exist at both points. Thus O subscripts denote objects we
already understand.

Let x1 € C°(R") be 1 near the set where H # —A, and write
R(A) = R(Xo) = (* = A)R(\)R(No)
= (0 = 22)(RO1R (o) + RO = x1)R (o) ).
The first term is already of the form we want to be able to write
RN+ K(X, X)) = F(A o),

with K compact, because x1R()\g) is compact (recall that the resolvent maps L? — H?).

The second term needs some more work because (1 — x1)R(\g) is not compact; we will use the fact
that (1 — x1)H = —(1 — x1)A to write this term in terms of Ro(A).
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To bring the second term of
R(A) = R(%) = (M = A5)R(MR(Xo)

= (0 = 23)(RO)x1R(0) + RA)(IL = x1)R (M) ). )
to a suitable form, we write it in terms of Ry(\) using XX
R = x1) = RO = x1)(=A = X*)Ro()
= RO(=A = 2A)(1 = x1)Ro(A) + R[4, x1]Ro() (+)

= {(1 - xa) + RO[-8, xal}Ro(V).
Inserting (*x) into () gives
RO = R(o) = (2 = 33) (RO)xaRO0) + {(1 = x1) + RO[=A, xal Ro(WR (o) )
Bringing the R(\) terms to the left, the other terms to the right, and factoring, gives
RO\ + K(\ X)) = F(\, Ao),  where
KX o) = (AS—AZ)(XlR(AoH[ A, x1]R(MRMa) )5 FO\ Aa) = ROo)+H(N=A3)(1—x1)Ro(A)R(Mo).

Note that A — K(A, Ag) and A — F(\, Ag) are both holomorphic families of operators, with K being
compact, so that the analytic Fredholm theorem is applicable.
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Meromorphic continuation of the resolvent to the upper half plane
Thus, with
RN = (-8 - X)) RO = (H-N)7, % | %
we have obtained
R+ K(X, X)) = F(A\ o),

where

KA Xo) = (M2 — Az)(le(Ao) + [—A7X1]Ro(/\)R(/\0))>

F(X20) = R(Xo) + (A2 = A)(1 = x1)Ro(A)R(No),

for A and Ag both pure imaginary and sufficiently large (that is where we have defined the resolvent
R). By the analytic Fredholm theorem, A — (/ + K (X, Ao))~! is meromorphic in the upper half plane,
since K is compact and the inverse exists when A = \g. Thus we have constructed the resolvent

R()‘) = F()‘v)‘O)(I + K()‘v)‘O))ilv

as a meromorphic family of operators in the upper half plane.

Next we will investigate pole-free regions and estimates.
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Semiclassical estimates away from the real axis |
We consider (H — A2)~! when Im A > 0. We will show, for A large enough, the a priori estimate
C

Jull2 <
A

I(H—X)ul|;2,  when ImA > A (%)

Since we already know that (H — A\?)~! is meromorphic, that will imply it has no poles when
ImA> Aand

C
I(H = X)) omyre < o when ImA > A

We will again use semiclassical estimates and prove (x) by proving there is a constant Cy such that

C
z| = an ist(z,[0,00)) > (o — ullp2 < — — Z)u|[;2, where = o (kx
1 d di 0 Goh (P h P = h’H

and apply this with h = |\|71, z = h?X2; if ZRe A > 0, then Imz = 2h> Re A\Im A\ ~ +2hIm ).
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Semiclassical estimates away from the real axis I
We will prove that there is a constant Cy such that
C
|zl=1 and dist(z,[0,00)) > Goh = lullz < F”(P — Z)ul|;2, (%)

using the fact that we ‘almost’ have P > 0. We will consider real and imaginary parts separately.

Recall that we defined P = (P + I)(—h?A + 1)~! and found that, uniformly for h > 0 small enough,
1Pl 2os2 < C, and  [P7Y|iznz < C
Hence we use a semiclassical Sobolev norm and write [|ul| 2 := |(—h?A + Iul|;2, so that
1P+l <Co and  [[(P+ 1) Hpom < C.
Next, since P = Z;,k=1 axhD;hDy + hY_,_, behDy + h*V, and Zﬂkzl aéik > €17/ C, we get

< Z ajththku, U>L2 = Z <ajthju, thu>/_2 —h Z (Dkajk)<hDju, U>L2,
J,k=1 Jj k=1 J,k=1

and consequently, using also |(hDju, u),2| < ||hDjul|2, + ||ul|2,, we get
[Im{Pu, u)i2| < Ch(||hVul|2 + [|ull2) < CuhllullZ,.
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Semiclassical estimates away from the real axis |ll
We are proving that there is a constant Cy such that

C
|zl=1 and dist(z,[0,00)) > Goh = llull2 < ;H(P — Z)u| 2. (%)
We have shown that, with [|u||42 := [[(=h*A + I)u||2, we have

P+ 22 < C, and (P + I)*1||L2_>H5 < C, and [Im(Pu, u) 2| < Gihl|ul|pe.
The last implies
Im{(P — 2)u, u)z < Cuhlul2 — Im ] ull.
which we rewrite as , , ab <= (1/2e)a"2 + (e/2)b~2
Im z[|ul[i> < Ghl|ullie +[I(P = 2)ull 2w 2

Next use (P+1)~{-1}(P+lu

lulle < II(P+1)"HP = 2)ulle + (P + 1)z + Dullpe < CI(P = 2)ulle + Gallul 2.
That leads to c €3
(Imz = Goh)ulf < ZI(P - 2)ul,
6

which gives (xx) when Im z > Coh. Arguing similarly with — Im z and — Re z gives the rest of (xx).
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Solution to the wave equation

Thus we have shown, with R(\) = (H — A?)~%, that R4 |
C ___,I; Im = -
IR < o when ImA > A.

This shows that

co+iA
Wt x) = — / eTPROVFL ), F(Ax) = / e (s, x)ds,

2 | ovin
solves (92 + H)w(t, x) = f(t,x), with w(t,x) = 0 when t < 0.
To study asymptotics as t — oo, we will deform the contour into the lower half plane. We first

establish meromorphic continuation of the resolvent, using an elaboration of the above resolvent
identity due to Vodev.
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Vodev's identity |
Our previous resolvent identity

RO+ KA\ X)) = F(\ M),  where  Ry(\)=(-A—- )71, RO\ =(H-X)1
KO h0) = (3= (xa RO)H=A, xalR(MR(M0) ). F(A M) = R(0)+(=A3)(1=x1) Ro(N)R(No).

is not suited to continuation of the cutoff resolvent because multiplying K and F on the left and right
by x € C(R") leads to factors of xRo(A)R(Xo)x. To continue across the real axis we need Ro(\) to
be multiplied by x on both sides.

Accordingly, we go back to

R() = R() = (X2 = B)R(N)R(Xo)
= (0% = 28)(RO1R (o) + RA)(L = x1)R(Xo) ),
and instead write
RO = R(xa) = (A = A)RA)R(No) 1= x(2x) +(1x)(1X)
= (0% = 23) (RO (2 = x1)R (o) + RO = x)(1 = x1)R())-

The first term works just as well as before, and now the second term has an extra factor of (1 — x1)
which will be useful.

(1-x)"2=1-2x + x"2
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Vodev's identity Il
Now proceed from

R(N) = R(Xo) = (A = AHR(N)R(No)
= (02 = 23) (RO (2 = x1)R (o) + RO = x1)(1 = x1)R(N0))-
and plug in the same identity from before
R(A)(L —x1) = {(1 — x1) + R[4, x1]} Ro(A)
but this time also use the analogous identity’
(1 = x1)R(Ao) = Ro(Mo){(L — x1) + [-A, xa]R(Mo)},
to obtain

ROV = R(o) = (0% = 23) (RO (2 = x1)R(ho)+

{1 =) + RO-2, xalFRo(MRo(Mo){ (1 = x1) + [-A, xalR()} )

Now the only instance of two adjacent resolvents is Ry(A)Ro(Ao), and there we use our original
resolvent identity

(A2 = M) Ro(M\)Ro(Mo) = Ro(A) — Ro(No)-
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Vodev's identity Il
R(X) = R(o) = (A A2)R’(/\)R‘(/\o)

23) (ROM(2 = x1)R(o) + RO = x1)(1 = x1)R(\o))
<R)\ (2 — x1)R(ho)+

{1 =x1) + R[=A, xal}Ro(A) Ro(Ao){(1 — x1) + [-A, X1]R()\o)})
= (A = 2)RM)xa(2 — x1)R(No)+
{(1 = xa) + ROVl (Ro() = Ro(M) J{(1 = xa) + [, xalR(o)}-
Bringing the R(\) terms to the left, the other terms to the right, and factoring, gives
RO+ K(X, X)) = F(A\ X)), where
K(X20) = (A5 = M)xa(2 = x1)R(ho) + [-A, x1] (Ro()\) - RO()‘O)){(]- —x1) + [-A, x1]R(Xo) },

F(\ o) = R() + (1= x2) (Ro(Y) — Ro(o)) {1~ x) + [-AalR):. - Ty %

Applying the analytic Fredholm theorem again gives (for Im A > 0) ,’

R(/\) = F(/\v)‘o)(l + K(AV\O))il' 19/22




Meromorphic continuation of the resolvent to the lower half plane
Thus we have, for Im A, Im Ag > 0, away from any poles,

|
R(N) = FLA0)(1 + K(A M) ™ ~7
F(X o) = R(Mo) + (1 — X1)<Ro()\) - Ro()\o)){(l = x1) + [=A, xa]R(Mo) },

KA do) = (08 = (2 = x1)R00) + [=4, xa] (Ro(A) = Ro(Ao) ) {(1 = x1) + [, xal RO},

x| > |

L 3

take x € C°(R") such that xx1 = x1, and multiply on the left and right to obtain
XRx = xF(I + K)"'x = xFx(I + Kx) ™, (*)

where we justify the second equality in two steps: 1) if g is fixed and A is sufficiently close to Ag,
then ||K(X, Ao)|l2—s12 < 1 and we can use a convergent geometric series and YK = K to write

(I+K) ==K+ K = )x=x(I = Kx + KxKx —---) = x( + Kx) ™%,
and 2) use holomorphic continuation to extend to all Im A, Im g > 0, away from any poles.
Finally the right side of () continues meromorphically, to C if n is odd and to the logarithmic

Riemann surface is n is even, so the left side does too.
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The wave equation and resolvent for stronger perturbations
Let

H= Z ajijDk + Z beDy + V,
k=1 =1

where all the by, V are in C2°(R"), and the ajk are C*°, real valued, and equal the identity matrix
outside of a compact set, and >-7,_; au&iéx > [€]?/C.

For f € C°([To, T1] x R™), we showed the forward solution of the wave equation
(81‘2 + H)W(t,X) = f(t,X),
is given, for A large enough, by

co+iA T
w(t,x) = — / eNH - )T\ x)dA, FOux) = / e (s, x)ds,
27 J_ootia To

where the resolvent (H — A?)~! has the following properties:

» It is a meromorphic family of bounded operators® on L2 for Im A > 0.

» It obeys ||[(H — A?)7Y|2s2 < C/|A| when Im A > A.

» For any x € C=°(R"), x(H — A?)~1x continues meromorphically, to C if n is odd and to the

logarithmic Riemann surface is n is even.
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Exercises.

The exercises marked with a * are more central to the course. (They are not the more difficult ones.)

1. Construct a sequence of eigenfunctions of S?,
—Ageom = )\%ngom, with Am — 00, H‘PmHLQ(SZ) =1,

and such that there is a nonempty open U C S? and a constant C such that

lomllz2(uy < 67/\’"/C, for every m.

Hint: Let ¥m(x,y,z) = (x+iy)™, and use spherical coordinates to show that each v, restricted
to the unit sphere x? + y? 4+ z2 = 1, is an eigenfunction.

2. * Complete the proof of wave decay outlined in the slide titled ‘Polynomial resolvent estimates’.

3.* Use semiclassical inversion to show that for any € (0,7), R()\) exists and maps L — H?, for
|A| large enough when arg A = 6.
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4. Show that if H is symmetric on H2(R"), then it is self-adjoint and semi-bounded.

Hint: Use the criterion for self-adjointness which says that if H is symmetric and H — a is surjective
for some real a, then H is self-adjoint. This is part of Theorem 3.29 of Borthwick’s Spectral Theory,
and is similar to Hassannezhad's Section 1.4. Semi-boundedness follows from the fact that R()\) exists
when Re A =0 and Im A > 0. You may also enjoy adapting the result of this exercise to the operator
H = —c(x)?A by using L2(R") with respect to c(x)2dx as your Hilbert space.

5.%* Show that ||[R(\)||;2—s.2 < C/|A|?> when Re X = 0 and Im A > 0. Use this and the standard
resolvent identity

ROV + (A5 = A*)R(X0)) = R(Xo)
to find a specific open neighborhood of this ray, in terms of C, where R()\) exists.

6. * Prove the there is a constant (y such that

Imz < —Cyh — HuHLz

IN

2P — 2l

and

Rez < —Gyh — ||U||L2§

C
ZH(P_Z)UHLL
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