Lecture 10 (Sec 7.2)

W TranShovmation of Inihal Value Prblems

Last |ectwre we defined +he [aplace Fansform
6fF a Ffunchon FH) as:

LS fely = Fe@ = [ Yot farde
ond the twvevse |oyolace tronsRem

I,v’ {F(s)f-_—- F )

Avd we wroke down o doble of commen (.7 s

'//adag, we will wie +4na LA,o/aa-l-vmderm (LT)
to solve imitul ulue problems (TVFs)

Considev e (ongd. CoefF linear ODE!
axll How! +cen = £(O
% lo) = %o 2/c0)= g

| Sk by daking e LT of Lok sides
23 ax” +bx e[ = L FwF

2. Since He LT is linear, we can wnke

oL ST LT IHG + LT = LXFOT

Q: What ¢ e L. T of Hu denvative of
— o fun~ckow 74’(4.—)?
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ihl—cﬁ e by parts

bo
o‘tgl//"')-j = f &,St Y dt gy =W wde v=g €
2 u=xle) dve-se db

. Lo
= Lum (u{)[se)lr —f—sesfkle) e ]
0

& o 0
- 4. =sb b _
A ('y,ll,)f, «xmj +S r o “‘ulc)dk]
A 0
A
C.ohv-ijeS Jo O MS 1S Han
if s>0 defitimn of

R Iz

= =% + S ;ﬂgxlﬂ}
Zf)tlt)} = g Xle) - % o) i F svoJ

MNote: we will Ue (ower cote leters fov
funchow¢ of ¢ wle), £, .
ik use wppr case letters R Ha
Leplace +romstorms = K(sd, F(s)y...

e <om rLPLcP Hus procedure Lo
1’“,7"‘” ovler Aex.'\r/)o:h'w—s

L@ ] = s 237 - 2'e)
- S[SX(s) -—xa)j— 2 (o)

= SQ'X(s) —s%(o) —x ()
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Z 32" (%)? = $XE) =5 le) = se/er -2 )
o~ §o on
_@(_: x" -« -6x=0 KM= e~ -\
|- Take L-T- o both sides
L5t - Lixf - ¢£327=0
(s Xs) = ¢ 2(0) -—:Jz.)) — (SX(!)—-h.)).- LX6)=0
S*X — 25 —=¢=1) — sX + L —&X =0
2. Solve Hvr N
(s’-s ()X =25 +1r2 =0

(s*s-L)X = 2s5-3

Xls) = 2s-3 - 2s5-3
s2-s-C (s-3XNot2)
A

we Wit » fake Ha vee LT. of
Hs dorm, but first we need ¥o
rewnkc 't M @ mae onvenient form

2. Uce Hnt wmettor of Po.rh'o.& Facthons

Xts) = 25-3 = A + £
(s-3)(s+2) s-3 s+2
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X{s) = 21s- 3 - A ., B

(- 3)s+2) S-3 S+ 2
\_/\/
Auis [ovhe (ile (ool s |tk
Ly&T=L  Lfe¥f-ma

Neel 40 Ak A a~d B.
Multiply lootn sides by e Gmmum
denominglor (s-3)Cs+2)

2¢-23 = f(sn) + B (s-3)

2¢-3 = (A+B)s + (2A-38)
( \

2 = A+R 2/ -38 = =D
2-B = A 2(2-R)-3@= -3
A= 1o -F=3 H-SB<"3
> v 5 —-SB = —%

B=-F

s
¢o
- 2 (L 3/
X(s) S ( 5"3) F T (S+‘.’L)

U. New 4oL ae \nVence L .7T.
6 = 1)"€Xls3?= -é ot-l(sj,'g‘) *?f" s-l_z)

ele) = 2 31:*:;:«21:)
‘ s ¢ g

Lec 10 Page 4



Laplace “Troung form l%co(wc-‘

variable + Varioble S

by
{ODC For 2w (6 7"’@ [l%?ae \‘=u~rC
X

Fd u,‘h‘Oh
2 (£)

the Laplace st apnd inverse L.T.
Lup us mowe batk and forta
between + aek s Vanvialle

The (.T. tonsforms e ODE in t

mto  an a.lgebwmic cq)u.wh‘m\ in S .
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&: ! * = cosat) 20, X(6)=|

I. Take 4+ (. T of kot sides

£T2F 1 £0F - Lwsan]

SPX - sytor— ') + X'= s
s’+y
X -1+ X = s
s+

4. Solve for ¥ (s)

(*+)X -1 = s
5 %+Yy
(N ¥ = s ¢
s°+y
Hag iS
(P+4) (s2+1) S+ | 6f sinl(4)
\/w‘k —
rewrit WSin
Po.r-h‘a.l —?ruc‘\‘mﬂf
2. Partod ractons
_S = #Ar8s & crps

(s>+4)(s>+) (s>+4) (s>+1)
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S = A+Bs +~ C+Ds

(s>+4) (s®+) B2 s34 1
S = (A+LN(s%+1) + (c+Ds)(st+4¢)

A{"i—A 4—3;34 Rs 4—(;"#46*DS’349D;

W
I\

s = (B+D)S® + (A+O)IS 1 (B +YD)S +(A+40)

C+D -0 A+C=0 B+Hypo = 1 A+rYc=0
R=-D A= -C -O+4p =\ —C+4Yce=0
g,_-é_ =0 =) C=0O
D=3
__ S - —_‘_( S ) + L( S __
(s?+4) (s2+1) 3\ ¢4y 3\

o Xl = -1 ;)4,_,_(5),, |

3 c+4q PAN LY s>+

Y. Tdke e invewe L-T7- l
= -1 S A 1§ 3 .

€)= J?L {Q—II.'J? 4’3z>i {S%R*I»?S‘ﬂ%

lm%- "L s (@6) T4 cos(e) + sin (t?]
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We cen also use fne  Laplace fransform fo Solve
Aunce r Systoms of ODE:

k) L,
?jW/ﬂ’l—’ My — > Fe)

— ——

X +

2% = —le oy

3" = QAx -2y + Y40 Sk(3t)
with X (Y=2770) = y(o) = Y’ (o) = 0
/. Talke L. T. of boi ¢gdec
Xis)= L8xY Year= %45
Lsx'7= 2 ’s;zg)——%) = s2X
L5yYlF = SY - syd—yiud = s>y
Ly sinlzt)d = 22—

s%+9
So we Srawe
2s*X = —6X + Y
s*Y = 2AY -2Y + 1209
$>19
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2 Collect lile +erms awmel solve v XGs) add Y(s)

(28 +6)X -2Y = 0
(ga—f?)\( -Y=o0

(P4+2)Y — 2% = |20

-—/

s*+7

so we have fne algebraic system of cans

(¢*+3)X — Y —=o0
=2 X +*)Y = 20
s>+9
15t eqn - V= (*+3)X
pm nto | —2X + ¢s*+2) (53X = lro
“ SteT
(s +3s+2s"+e-2)X = (20
|

(Sq—'§sl+~f))( = |0

—;._,,7
(2ey) () X = o

s~*+9
X(s) = 120
(S+4) s>+ 1)( s*+7)

ls) = 120 (s™+3)
ves (SPH X+ ( $2+T)
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3. lese Pa_r-hu.l fFractons Wr«k

[20 — As+B + (st + £S+E

C——— L e—

(S+a)(s? +1)Cs>+1) S?+9 $*1 4 §27 |

Shee 120 on Hae left 1S a Constent,
we lenow et pA=C = € =0

(20 = € + D + F
[s°‘+‘l)(s°+‘l)(s"4 1) st+1 Sty s )

Mulfiply by e Gwmon denominatey

(20 =  Bs34)s+1) + DEHEH) +F(s% 5t)

. -
plug in s=~1 .

120 = @ (-5)(-%) PD(}{-&) J—F/(if-ﬂ

2 120 =K

_/—-

40

b 1~ s= - ¢

pleg in i .
[20 = B(/)(-3) + D(5)-3) +l:;/ﬁo)
20 = D(-IS) — D=-§

f[ue n <%= -—ol 5
(20 = B(30) + D(AX) + F(R)(3)

Lec 10 Page 10



F=1(29/3y = 5
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sa. Xl)= 2 — 8 + &
S‘Q-‘-q 5’2_’7 Q.'.I

A Simdlar Ioracess' 37\&,&

Yi(s)= -8+ & + /0
S*+9 st+¢ ST+

¥ Wse invewse |.T. to j@l—fb/h-’

- A5 =3 — 18 ~S
x ()= Z ?57\;’? 8 L ﬁm}t—fﬁ_i_ﬁ&

aC'?Sih (z:t)} P

s*+4
So heesd o M w»m
A Koy

L R A

r(e)’ Bsinl3it) - Y Sonlat) + §_S‘lh(4’.7

}Z&) > —6 z_"'fs ”? + ‘-lﬁ“'{s H’% +w.ﬁf }

_—
;i[e) = -6 s (3t) tY siniat) +{0sin(+4) 7

—
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7]!1”_" ( Trom sforom of In#ejm/s)
:f_,§ fof 'Fl'c)ol'C7 = g'f;f#m‘f = @

ol  conversely

fj'f F(__S_)f = ftf(t)o(ﬁ
s 0

e can use i +heoven o b\dp 7X9
hiel invewse L. T.

EX: Fna +me invuse LT of GGs)= 1
S(s-3)

Wanit +o uge L"f F%) f = j:t'-ﬁc-oaﬁ
Ne d o hund L) arvd  PE)

Gls)= 1L = ) o F6)=_1
s (s=3) s S5-3

o Fr = 277 A0 - >

$o Z"f(,(s)fﬂ,zvlf\ Fg)}
= \/:& CBtal-c
(<] 5[]
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o TSe0 ]~ L e%'l]

Thas nutirod s e convanient Hnahn
partiod frackhions whun you want o
fnd e invise L.T- of @ -n ke

£Ls)
shals)
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