$13. Cylinders and Quadratic Surfaces

Def A trace is the set of points at which a sucface
ntersects o plane that s parallel to one
of the coordinaote planes.

xy—trace: intersection with 2=0 (the xy—pland)
\i_z.-"l'ra.ce: IIY'L'{'E.Y"S&.CHOH with X=0 (+he yz- P]ang)

xz - trace! intersection withh Ny =0 (the xz - plane)

Note: Thntersecton wth coordinate oxes
X-axis : Set Y= O and 2=0
y-oxis: Set x=0 ad 2z =0
2 —axis! Set x=0 ond Yy =0

Def. A cylindec is o surface that consists of all
lines that are paral\el o a given [ine and
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Ex. x-sinz =0

See H% 13,82 (below) from Pﬂ' 857 of +he text

DCF'. Quadr"a‘{'fc. SLL'r‘F’aCe-S have, 'Hfle. %&nuaf For-m
Ax?+ By2+ C2% +Dxy+* Exz+ Fyz + Gx+ Hy + Tz+J=0
where  not all of A B C)D,E, and F are O.

We wi focus
D=E=F =0.

on a smaller class whure

Note ! ax + by *rcz =d is a plane
~ T — .
all variables |ingor — l‘_\_-‘i*' a Cy_;.aolm.ﬁc. surface.
x® +y2 ¢ 22-2 |5 a gphere
yioptart is o spher
all 5c.buare<1 — Quadrohe Surface

Also, some. cyh'nd_u-s acre ovu.a&r* atic surfaces
(like \{'-"-XQ' and x2+22=U4", put x=snz is not).



De f. Ellfpsofols hove the Porm %;4— —%;- + —Z’—; =1,
Al( f"rac.es oxre. e.“l'PSC.S_ A 5Ehe,re_ when a=b= C.

Ellipsoid
x2 22
@ rte?

Traces

In plane z = p: an ellipse —_ . .
In plane y = g: an ellipse — EHIPSOPOI
In plane x = r. an ellipse ~

If a = b = ¢, then this surface is a sphere.

2 X, % i

Elliphc paraboloids have the form &= 2= + %=

T—maes N two cﬂjred-eons ore. Pambolas. In 4—k;%

=
case) whan y=0: &= 25 and whan x=0:Z= Yz,
Troces in one Jdirechon are eélipses. Tn +his

Erf;f‘ case, when z=c; {= X2 +

o

o ! ° A
50 When  2=0, +he “ellipse* (s +he point (0,0,0).

o

Elliptic Paraboloid

55
BZ
Traces

In plane z = p: an ellipse — E_ |l I‘P'H.c.

In plane y = g: a parabola ~__ '
In plane x = r: a parabola — Para bOL?L‘i

The axis of the surface corresponds to the linear variable.




I’i"IPC-r*boI:t parabolo ids have +he &m E:—ﬁ% —_ %ﬁ

c.
Traces in +wo direchons are para bolas. Tn +hs
case, whan y=0: 2 = X2 a2 2
) V=20 i &= S7 and whan x=0: -—#,

.
Troaces in one Jdirechon 2c:nme. hy perbolos. Th fus
case, when z=c i {= X1 — '\*),,T )

o
Hyperbolic Paraboloid

5%

Traces b {

In plane z = p: a hyperbola — Hy perDolic
In plane y = q: a parabola .
In plane x = r: a parabola = Para bolor ol

The axis of the surface corresponds to the linear variable.

2
(Eliphc) cones have +he form 2% _ x*  y=

Traces mn two directions pre two lines. Th ths case
fer -~ *=_ y? =l _ lyl '
Eh?; red.wm X=0: 'ET‘%?R = 164“119;[ = Y
s TIIND) - 2% _ XZ lz — Ix[ _
N 5‘%,5\0-'“' Y'—O ) c T a® = lel lal 7~
& . - . LY
V‘}qﬁ\u“ﬁ Traces i one direction ore e',“i pses. In Hus case,
e _ X* & . N
S when z=c: = Xz« %5_ . A%wn, when z=0,
o5

s, the “ellipse® (s +he. point (6,0,0). This point
%*%’m'fs +he center of +the cone.

Elliptic Cone
x? 2?
atw @0

Traces o
In plane z = p: anellipse — E H|p1L| c
In plane y = q: a hyperbola
j_zl._l_ _ Ixl In plane x = r: a hyperbola
cl| ,;_' Tel €—Inthe xz- plane: a pair of lines that intersect at the origin
h‘l In the yz - plane: a pair of lines that intersect at the origin
=

X The axis of the surface corresponds to the variable with a
,=- M negative coefficient. The traces in the coordinate planes
'|zl" M parallel to the axis are intersecting lines.




H\_[Pe,r‘ boloids of one sheet have the Porm

X 2 y % 22

sz vtz — ez = 1.
Traces in two directions are hxrper'bo\as. Tn +his

case, whan y=0: %—-;f-—zg,r:f
. 2 “
when x=0: 5 = 25 =1
Traces in one. direction are ellipses. Tin tnis

. 2 2
case, whon 2=0: %;; + 3% = 1. The cenfer

_ b
of this ellipse |5 the center of the surface.

Hyperboloid of One Sheet

.

Traces
In plane z = p: an ellipse

In plane y = g: a hyperbola ~— :
In plane x = r: a hyperbola ~~ H\{ Pe‘_bDIOIA

In the equation for this surface, two of the variables have
positive coefficients and one has a negative coefficient.
The axis of the surface corresponds to the variable with
the negative coefficient.

Note! Center could be shifted.
For mstance, (x-2)%+ (Y F)® = (2 +a)t=1,

To determine 1€ cone, hypa‘boiaf& of one sheed
o~ hy perbo(oici of hoo sheets, check

X=%2: hyperbola _} .

—-! hioerbol h rbolord oL one sheot
335 Ui i) YperBeeE @ ;




H\!perboloids o-p two shwods have +Hie form
~ x* _\,LE. + .La—‘- =1.

a b+ c

b: c.";
— A X
y=or —Xi.22.p

Traces (n one  direchion are ellipses.

—_—

2 2 2,
%5—1 :*ﬁ—if—%z = I+ -%—';—lio) -C<zec,
the +he eguaton s not
valid, so +Jc'@j~e ace no
traces.
a 2
= When 2 =t¢, O=%z+gﬁi
so +the ‘vertices of the
sheats ore (0,0, ond
(O, O,—C.SJ and the distance
betweon the sheads |5 e,
Hyperboloid of Two Sheets
R
Traces

In plane z = p: an ellipse or the empty set (no trace)

In plane y = g: a hyperbola ~ :
In plane x = r: a hyperbola -~ ]"-Y P"-“'—bb lo

In the equation for this surface, two of the variables have
negative coefficients and one has a positive coefficient.
The axis of the surface corresponds to the variable with a
positive coefficient. The surface does not intersect the
coordinate plane perpendicular to the axis.

Ex, (x-2)* = (y= M- (2 +3)%=
=2 —(y-DE- (2+3)F =1
X C\\{;“'?)z . E%,,g)ﬂ =-| Not POSSl'bfe.
\,-.-.'_f: H'YPU'bDIﬁ (I\Jo‘! 1'1*0.62..)
2. =-3! H\,P&l"bb‘d

Hy perboloid of two sheets



314.{ Vector-Valued Funchons

Def V_e_c:l*or--valw_d Punctions have a single., scalar
independent variable (often t,s, or B)
Oﬂd mun'pfe. d.a,penaﬂzn{- Var“:'ables -?orm:"n%

63 V'C.C-‘["OT".

Input: Scalar
Du+Pu+ ! vector

F(t) = (R(B), g(d), h(tip= P(QT . %%)T+ }wi

f.a,n ore scalar-valued
O e fions, e

We can write F@)= {x(E), y(),z(t)).

In either case, ‘P; %, and h or X, Y, ond z
ore the component " Lunctions of .

Note: The (i‘,cbuaHm’l of a line is a vector— valued
Punchon whare  all CDMPORM+ fnctHons

are.  linnae CGin ),

[_)g._{’.mdomain of V) s the lamest set of
valwes of £ whore %_L( +he c.ompoyma‘-
Lunctions definad,

Common doman issues: (D Division by O

@ Ne%ad'ive, nsicle even rest,

©) Nec‘:!a.-i-}ve, or O inside log.

D_.?__E, The «Posf-Hve, seientation of o cucve = +he

direction of +he curve W‘Cﬂ_&d by
iﬂc'-r‘easl'ng values of tae pir‘awwf-a:
Neaahve ovrientaton 1s with dmrms{n%

values oL Hae parameter




Ex.1 Find +he doemain of ?(t\=<#r,n.ﬂ‘—?, bn ( £2=4)>.

@ D;V\.Sian b\, O 'PO‘S*S;}D‘(’_ ‘" x(‘g)f” Y (£ z (1)
Need t+120 = t#-|

@) Naca,&HV& under scbuar‘e_ rost possible n vy ().

Need +-320 = t23
@Nmpos{h've, nside |08 possible in z(2),

Need  t3—4 >0 = +2>4 5 +£<-2 o >3
® Graph + valwas on num ber ling,

—00 -2 -1 o t 2 3 co
< ; 4 - ﬁ_ > +
P O " > for x(F)
]
—— Por y(¥)
e——O0 o———  Lor z(1)

Need. all sotistied 159!%\2_ domain s
{t: 32+t <3
Read: “ + ;sucR that ¢+ is Ee;;%\r +Hhan orecﬂual +0 3
n

and. less +han n :

Ex.2 Gmph Hhe curve of FlE)= {t+1, coslTt))
for -2 £t 22, Indicate positive orientation.
® Make a +able.. @ Groph (x,y) ponts
t | x=t+1 | y=costri)

¥
- 1 1 ‘
ST N
S VAR,
@Add orrows +O

ind (cote orientotmon




Ex.3 Find +he points ot which the curve F@)=tT+@t-t)k
mtersects the surface =z = X ®ey
(This surfoace is on elliptic paraboloid.)
Points whare. the curve and surface  ntersed
mus+ 5&HSQ{ both Punctions.

O From +the curve, we krow x= ¢
Y-t -t2

Now, plug these into 2= x%+ y2
2t -t*t= £

O=at™*- 2+
O=2t(t-1)
t=0 t=|
B We hovee t valws, but we need points:
~t: O -bz‘\
><.=§ %X =0 x=\D
= =0 =
;_::Lft‘l 120 ;_=l

The points  of intersechion ar@ILQO, 0) and (l,o,lj

-po &t Lo

(D Division by O not pbssfble, n x,Yy,0r 2.
@ Negahve uncer even root possible in 2(&).
Need: £%-9 20 = t%29 = £=£-3 or +23

@ Non pesitive. possible inside. fo% n N (),

Ex.4d Find the doman of #(t) =-<-’»3~F!;Tf‘]| In (~1+%), W>

Need! -1+t >0 = +>1 |

@ Gragh: 2224 8 7
—o

O —>

(it: 3¢t <00t




(1) (11) (111)

(IV) V)

Exg For cach vector—valued €unctzon (a) =(ey,

determine which curve () -(wr) is i+s %m

(a) r(t)= {eost, sin t, ¢>
X y z

Relate Hﬂ& variables,

X = COs Z if\ PJ_arLzs Para(lal' to xz-plare,

SI‘HC-C Z:tj
" . \/zepfane.

ond \/:sfnz_ n
For efarex-\j AT increase. in £, 2 increases by & ond
x and y'complete one cCycle through cosz and sinz,
50 we should have even, ahuaﬂy spacecl spirals.

b




B #(s5) = <eos s, sins, sinls)d
K Y rd

D¢s el = (1,0,0)~(% %, 0 — (0
(pe:riocl Por 3inYs) s= 0 5:,} s

0)

bl

| )
-
3

1l

The EI&FFJ for coss _and sins s 2T while +he

perio o sin s s T,

This meons to trace the whole graph 1 time,
a porhcle fravels between 2 values -1 and 1
4 times,so we should have U peaks ond valleys Br 2.

]

() F(s)=<cos s, sms, 4sins)

The Pe,m'od Por all coordinates x,y, and z is X.
The. boundls %r the coordinates are

~1¢ x ¢ ]
-|¢ N 2 |
AL o
+hmu%,h xy, and z pe,mootrc,aﬂy (closed curve)
and 1s strefched w1 the =z-directhon.

0 we nead a %raph that +races



(dY Fluy = <eos u?, 2n 3, w?)
As in (8), we can relate the variables since
2=u3, Then x=cosz and y=sinz.
This CH:.V&S the <zame curve as {eos E, sint, t>.

Home\rer‘, 'f:= 3) S6 'H'UL mJ-E,rUai 'Por‘ w is mudL

shaller fo draw +Hhe same piimber of
sprr“a!s.

(&) Flu) = L3+ Acasu, 1+ Heosu, L+5cosu)
The easiest Hlm% here. is Yo do o chan%f_

of variables ! += COsS WU with -« t 21,
Then  we see. that s curve s A ing.
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