§!ﬂ_2. Caleulus of Vector ~Valued Funchons

-}K— To ini'e,%ra&e ond. differentiate vector-valued
Lunchon’s, we inﬁ%,m{'e, ond i Fferenthote

tHhe c,orvxpone,rl-l' Punctions as we di in
Pr‘e.vious colc COUrses.

E';zt__:_l_ Differenhate FlE)= <1’:6_+‘.} In(£2+]), -5—'_—?-?—>

x () y (£ 2 LE)

AUy s 5 [F] = <X, Y, 2(D

e Alee] = Afdet ¢ bt
Product Rule Chain Rule

:(1)€,ﬂt r £(-e %) = et - tet

V) = & [inlt2e)] = 25

Chain Kule
1 I 'E,‘ -— c‘ - '
2= fe[ ] (2l sint])
&uo'hfn'l’ Rule Procluc Pule
_ A Gl — sint &[]
17 T
. tcost — sint
N =

: - ] 2t _
]i({): e F-te “, %1 ) tws{;fmtﬂ

e —




Derivahives of vector-valued funcheons %,ra?hn‘mlly=

Z
' (&)
€)
(ﬂﬂ,‘}l(b;zo‘» / (x(t+bt\,yﬂt*ﬁtﬁ,1(b*‘b )
) (¢ ey Estimate slope of fangent line.
2|k Z(t+
¢ X'CDMPJMJ"L'F O'P F)C'f.).'

1 (£ +At)— x(+) y
/ RErOE A= — XU
X Same {br y and 2 c;omponm+s
Def. v(¥) 1s differentable where (s C.OMPOWUL

~ fuchons are differentiable.

TP f'ﬂ(-t)#O', Hlen ‘r_:’(t) s a tangfm'f' vector
corre.spondin% +o W(E). _ }

. — Tt
The unt tangent vectorr s | T(£)= __-r_‘”( 2
A |7 (6]

Ex.2 Find the unit +an%ﬂm‘- vector o+ + = - for
ClE)= {In(x+), £3, 'Y -2<+
O F't)=< %z , 2t ,e"'> Defined for these vales

) o0 C +the Fammdv.
@ Compute guura| T (t) in terms of ¢,
OR evaluate F(-1) and find SP&ciﬂ'L— T (-1).

D=2, eH=d1, -2,
IF°CN)= T+ «1 = J6

®Tw)= 28 - 82D - (L -2 &>




EX;S Find +he line +‘an%u«+ +o H1.€L curve
Tlt) = {+2+ 7, 4eost | {-sinkty ot t=0.

To write -Hu_e.cbua.ﬁon ol a l:'rw., we need apofn+
on +he line ond a direchon. Since the line

S +an%,0.n'f to the curve, the direction will be
(0, and +the posf‘)‘ioﬂ vector for o poin~|—

on the curve ond the -P-an%,w'?“ ling_ s T(0).
O Find pont on line.

t=r>=CT, 4,1, s0 P, (T,4,D

@ Find the direchon.

v (t) = A, - Ysint, —cost)

v=r(0) ={0, 0, -1,
@ Write vector or Po.mme,{'r‘l‘c. 6661-‘-&{15"5 pof‘ [ine.

=T +t9v =|{T4D+t0,0,-=7 ]
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Thm 14.1 Dar:mhve, Rules

0,V are ve.ctor —valued LPunctions.

is a scalar-valuwed Lunchon,
15 & constant vector

a‘*-m 0

L Taw)r v@J= W) + V(&)

A [P U= POUE) + L()T’®)
AG(PWY] = Ry T (+w)

B ATu®-V@&]= U &) -VE) + GH)s V()
@ £ GoxvE))= @)« v (&) + TE)x V()

0 H2

@@@@

Extt Compute [T (£2+1)] whare G(0= (£t sin(e)

Note: T you write X (1) explicitly,
U2ty = (&2 + £3+ 1) sin(£2+1)>
you will have to do mulfiple. chain cules.

U5in%® Prom Thm 14.1:

a0 = ATe2r (] T (£2+1)
= 2t W%
(G&) = {3t2 + 1, cos £> )
=2+ {3(+? w1 +1, ao:‘:Ct D>

ot (o i 25, ar coslen ) )




Def. Tndefinte Thntegrahion of (&) ={81),9(), h(£)
(R@® dt = L §e®dt, §96) dt, ShdE> + T

3 15 o constant vector

whare T = (Cq, Cq, C
Definite In-{-e.%)ra-l-fan
(2 wae - { $owar, [P qwdt, STh4e>

Ex.5 Evaluaireye_ (8«27 -e*Eddt,

Need +o0 co mePe.

a
® §) tetde @ (actdt |® (& -eterdt
Tiegrate? 7Y O] = 2% |2 =~ (2 et dt
ol.l-k it o‘l:' :’ At =9.62— QZP":I Su_bzi'f‘bd’lbﬂ
=uvly - §vdu = de*-dl di-2dt
=te]) - [*efdt ,__S et du
= te®-e* |} —_L (%, clun
=" -—e—(OZﬁ _ ij& w|&
= def-e® +1 :_iea-e,ja
:€R+1 _ i[& _e
ol
-~ He' - 1]

(2et(tT+dT-e E)dt
= 2+ 1 e (2ef-2)F ~ &le*-10K




§14.3 Motion in Space

D_ei TL F+Y is o Po:sf'hbﬂ Punr_-f-i.'on} Hen we.

con £ind : ve.focr'+y vIE) = 7>4)
s(E) is ‘H‘lc.

arc..[enz) _" ‘S_E_C;E_._C_' %E‘ = |\7('&)]—JFBCt)[
f%‘e"l“ﬁieﬁe‘ accelerohon B ()= V(&)= F 2 (+)
where £ 20,

Given an accelerotion G(t), we have

J(t)= Sﬁ(t)di: Note: These ore indofinte

|
=|§3w@) dt| L‘Z‘.‘F%H nifé ?ﬁf"ée‘!
R ven values o solve
r) = §yv@)dt &‘ 6+Mamn54m+ %'.

Ex.6 Given position function F(t)=<Etsint, t% teosty, t=g
Pind (&) ve,loc.{er) (b) Spe.&d and (o) acceleration,

@ V()= F(#) = { g [esint], A-[+2], d%[tcost]>

Product
:<sir\t tteost, 2+, cost —tsmt>

() 4 = )] = [t - temt® + @EIE + (cont— Eoin )X

—J(sm“t M*t cos™t ) HY £ %)+ (cast - QtcostIinE + £35in%L)

‘%!,5_"”213 + cosft + tR(cost+sin?L) + 4T ®
=1 = 1
=1+ t%+ 4=

=[TTv5ex




() 2&) = V@ = Lsint + tc,ostj 24 g Easf—?fﬂ}

Product

=<m5t tcost - tsint, & -sint -sint —tcost>
:-< decost - tsint, o, ~dsint — tc.a.s-/:>

Ex.Tlet g@)=tT-1°] +3t5Ek, F(0=T7-], and V(O)=T.
Find () V#) and (B r‘ﬁ:ﬁ
(@ V= Ja)dE = (JHde)T — (J£3dE)T +([3t5dE)k
= (F 2+ C)T — (TG T + (FE8C)E
OR' { £+t% -4t £1°> + T whre C=44,4Q

[,izse. v =1 +o Lind G

=30)= (0+CT —(0+ )3 «+ (0+C) &
T s

'—'?C-‘[—t #Eaa O :'.;.23:0
oR <£1,00% = <ooo>+c
<1]DJD> Ca

Eifer way, V(&)= (%D -at |+ 2 t°Fk
(b) )= V@ dt
= (§E N dE)T — (S 4 a7+ (J L% &
(7T - (7@ + (At TG B

Use F(0)=T7-F 4o Lind C.
f_j = F(ol R
= (EI),L '"(C;z>j + (GYE

3
(5 tP+ 1] +(GFT)E




ExBLeﬁ (€)= {0t, 3t 7 1':3> A+ what yaluels) of £
does the speed equal 187
@ First, Pind G = [¥ @) =B,
()= b, 6t, 33>
7B = {63+ (tB)*+ (B3t
=[36+36tZ + A £"F
= [a(t%+ FE=+ 1y
=[eET=HT
:’__2,('!:9-1-21)
@ Set %‘? - \R and. solve. Gor +.

|8 = 3 (% +2)
G = t2+2
4 =X

2

Ex,q (ziven () = <t4§_ at+1, t%- 3Lty of What

t-value )  does ‘Hfle. UL 5Pe€d occur €

@ A%&m nead o £ind cis = r“l"é&)['
PY= {Et=, 2, ;?.Jc PN
RE)| =] &t + 4+ (43 3&4:4-&;4? =t <cs

. @Pt mmn or max occwr‘s when % [r’(t)J 0.
U.5 -
oo - [P 0] —at 11%1 +GI) " =0

=0. 0 = 1t
= 3t -4 d
Hj Should use. 1 or 2
JEL =8t = ’De?};k\lr atve Tesf
check (£ min or ma)(
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