$ 5.5 Direchional Derivatives and +he Gradient

P (x,y) is the vrote of c/\nan% of £ with respect +o x, ie. how
much does o change in x affect the value of £ oF (y) (£
y IS held constant. Similarly, £y(x,y) is how much o chavuﬁ,e.
n'y affects fie value of £ 1P« is held constont.
What happens it we change both x and y7

T+ depends in which direcion we change fhem.

The moximum Contribution from Fx is in the direction {1.0>
and. +Hhe moximum contribution From ‘Oﬁ' is in the direchon
01>, Therefore, the maximum change n £loy) is in the
direction £y L(,0> + 10), {o,1> = £y, $y>

Q_ef_.‘ﬂe. %{:CLOLI.UVIL O'P ‘JO(X,\/> IS V'p(xl\/) = <‘Ox (x,\/X) ‘py (x,y)>,
78] s the maximum rafe of C,haVLO(\,Q, (or steepest ascemt)
of L. VPIxy) is +the direction in which +his C}’Lan(a,a

OCCUCS,

MNe con chase 1o vary X ond. N n - any clirccﬁbﬂ, say
0= <uyg Ug>. Then we use Uy to weight the changg in
with respec+ +o x and Uug to wéight Hwe cha n £
Wi+h r@spe.d‘ to V- Then $xuy +%U2 Looul ok De | the
Chan%@ n' £ in He direction . However, £ we considar
fwoe veetors in Hhe came direction with A e rent ma?'m'—wles
(like <2,1> ond 44:2>>, we %{‘ Ay FPerent maontudes Frre
tHhe oh&\/\cy, n £ in Fhis difection, For +his Creason, we

will use ‘unit  vectors v the direction we  examime.

ch: ﬂ’\e, OL*'Y’E»C/HOHCA\ oler[vaﬁve, o-p 10 in -Hle, dire,cﬁon op H’le/ unhL ved-or
U s Da-p(xl\/>: VPCX,\/XOU = U.{—px(x,\})-l— ug-Py (X;YL

Dt is the rafe of chan%ﬂ/ of £ in the direchon U at any
poivﬂ— Cx,\/)_

Note: Dg£lxy) = VEGy) = U
=|VECN| G | cos B

Oteepest oscent (maximum increase of £) is when cos&=
e whoun VF and @ ace. in the same dyrectipn,
Steepest descent (moximwm decrease of £ s when cosO=1,
ieo when V8 and T are in oppoSH-a directions.
There is no change in £ when co30=0, ie. VF amdi orthoqond.



Exd Find VE(x,y) when Flx,y)= x%y +e* + cos ().
N Y

VE(x,y) = < 7 Lx%y + e+ cos(y):], 75 [x%y + e rcos(yN
= <Q><\/+€_ y X ‘5|ﬂ(\/)>

Ex2 Find the direchional derivative of PCx,:QI X y e+ %3t
Mﬂf’ (1,6 n +he direchHon 6

®
=3y

Lo ‘ -R(,_QX\/-I—\/@Y.,.BXQ
aiiio‘?’;’ —Sg? £y= x® +xe™
Ds £ (xy) =<y + ye e 33 x®4 xeVD>e (F -E )
DUPC 1,0) “<:L(1)Lo)+@e,m(°)+3(1ﬂ 12 U)ecno>>.< ”E
={3,2,® {-£ =z -2
?-—-Sz—a—— L=z — |- 12

Ex3 Find all points ot which the direction of steepest ascent
of ﬁ(Sf)—fafsa*‘st*s is 3T -3

Now) 50)\/& = ]4<3
5moa we can Mve, any ma%)m*[‘ucl_a,
{—stu-gk
At+s =k — g=-k-2+

F|F5+ PMJ Vé 4%5” 4:> -As+t+1) At £5D,
r

~A(lk-2)+ B+ = 3k s=-k -2%

Lk +4£ + £ +1 =3k s=-k -3l
Bf:k S____":_é_‘i_g‘_g:k—"'_g_
16:(5 §=_'7];+.1

Al points Q“;k) k;




Exl Find the unit vechors in the direchon of steepest descent and

— steepest ascent of h(xwz)=xRy-yeX +22+« 22Y% ot (0,1,0).
Find o vector that peints in the direction of no clrmmka at
+his Poiy\Jr‘.

Vh =<axy-ye”, x¥-e”+ Jze'”, 2z rdye’™)
Thio1,0) = 0= 1e?, 0-e2+20)e", AoY+ 2e> = -1 -1, 2D

Sihece DpVh = neVjh= |G| Tk cosB, steepest ascent is when
cosO = { and steepest descent s when cosB® =-(. Th ofhor
wor‘ds, 5'|'€&Pe5‘f‘ doscerdt s in the o ite A{r@d{or\ 010 Vh,

. Vh o _ L=, =L 2> 5
Steepest ascent: Tl = ~ g = - = &>
- _ YV _ [ L L _ &
5+eepe.s+ descent : ]_g_h_l - <X5) = A’Z»>

No c,laamchp_, = med cosB= 0,350 need Labc>eVh =0
-4 b 2c =0

a4, 2
¢ a=b=c, " 7T~ 1T "% =0.

A_ vector poinﬁr\% in Hhe direchion of no clftanako, is | <D

I Gradient and Lewe] Curves
The |ine tangent to the level curve. of L of (b) is or-Fhoq(@nal Yo
the %)raoh‘en+ Vf(a, by iR VElab)#0

What does +his mean ¢
Consider z-= P(x\ﬂ:xawf—\/a at (0,1). flo,1 =1  so we look
2

a ot the [evel cur:/a X;L*\J/a:I.
We can para. meterize this with
IT r(t)= {cost , sint D wheare.
r(E)=, . Then (£)=Csint cost>
and F(ELY) = <-1,00,

ve (00
Now, V& = <Qx,52y>) SO

1 a Y
\)4 |
* 9e(o)= <o,2>.

-1,0p4 ;LOM
<o,{>
i T VR - P(E) =D
N

aclient s orthogonal +o

=
Tt ?;myg,m-(— ot (©1).

2
2 =X {'Y

_._ /o 0




315.6 Tan%;m+ Planes and Liwar A pproximations

Def. The tangent plane 1o the surface Flay,z)=0 ot Blabc) s
the plane. po\ssfn% H\r‘oucs/k Fo and. or thogonal 1o VF(ab,c).

The plane 15 gaven by [Blabe) (x=ad>+ F, (abe) (y-b)+F (abde-c)=(]

R VFGbed e x-a)y-b, z-c) =0

Let's look ot 2=x®+y? ok (0,1) sgain. For the tangent plane, we
write this as Flxyzd=x*+y%-2 =0 at (o, 1, ;A);A )
Then VF={dax, 2y, -1> and VFo,1,1) =<0, -1,

z

When we discussed the. GX(‘&OU@L‘\L
for z-= WGCX,\/>J we draw Hie OM‘&OLJ‘&VH
{ gF(01,1) n Hae, xy—plane. _”’le, %(‘OKGLLUL‘IL _\ZE /s
=<0,2,- 1> p@rpmdlcufar to the 1Lcmq/z.m" line. +o
x/ : v the level curve ot (a)b)

Now, we are dealing with F(xy,2)=0. The %moum+ VE s
3D space and is éerpe,nd,«'cular to  the tfangent plane 4o
the aurface ot Ca,b,c): Y '

This s why_the eguahon_of +he i'am%wu‘ plane s
VFlabec)® RP =0 phare Flabe) is +hed point on the
surface and Plxyi2z) s any point on the hm%amL plane.

Ex5 Find an equation of the tongent plane fo 2= 32X+ xy2 ry of
the pownt (O 1,-2).

F(X,\hZ—) = 36X+ x\/&’ - Z_Q: O
VF(Xr\/.Z)= <Se,’< 1’\/Q, Axy + 1, ~’0L2>
VFO, ,-2)=<3 +1(, 2D+ 1, —2ca>= <4, 1, 45

Plane © U(x-00+ 1(y=D+H4(z+2) =0
Oy + (y-1+ Hz*2)= O

Application  of Tangent Planes

tongont (il
Pwp)= ca.b)%‘) In QD, we con eshmate valuw m@ \QC><>
NKe > & near x=a by usm% the +am3m7‘— Iine.
In 30, we will use o fancent plane +o
estimote  walues of £(xy)° near (a,bd.




Def The lnear approximation to the surface z={0Cuy) ot the point
(ab, flap)) is gjiven by L (xiyd = fila, b (x= o) + £, (b (y-b) + flab)

For o punc.‘/{on O‘p g\mum'able,s) w = \Oﬁx,\/{z) ot +ha Pofn‘l‘
()b, c, Plaba)y, we have

L(x,y,z) = L. (a,b¢)(x-a)+ Py(a, b,e) (\/ - by L (o, b))+ Llab o)

Ext Find +Hhe lnear opproximation of L£(xy,z)= (x* + \/9+z.2)3a+ (1,2,2)
—  and use (t+ fo approximate ((ﬂ-\”" +(Z)*+ Ll;-)ﬂ)3’

VE(xy,2)= <6x(x7\+\/g+zl)j by (x2+ yR2+22)% ) (2 (xFyR+22)
VE(h2,a)= L6 (DR, 12AD%, DD = <436, 112, 112>
)

P((,Q,Q = (QB3 =749

Lixy,2) =486 (x=1+ 472(y-2) + 9T2(2-) + T

L(Z, %.%—>=4£%(—4—3+ T72( 5)+972(-+) + 129

Differen ﬁ&JS y- fla)= L)k -a)

Ne hcgve, Ay = Plardx) = (o) and
approxtmaJra A\/ & ol\/ = ) dx
- Note.  +Hhat £(x) = %&) <o N <ome.

a (3:2):0 sense, Hus s a rearrcm%e,menﬁ

M oayz +

Qg‘f- Let z=Flx,y). The exact Ch&'/l%ﬂ, in 2, Az, from (o, b) +o
(a+ dx, b+ dy) 15 Az = £lo+ dx, brdyd— £{a,b)
The  differential, dz, to approximate Az s

dz =~ £, (ab)dx + -p\/(a,b) ot\/




ExT T z=x%2+y* gnd (xy) changes From  (1,1) b (-5, 2),
~ compare the wvalues of Az and dz.

Ao = F(-5,4)- 11D VE(xy) = <%, 24>
= ((-3)%+ () - ((NF+ (™) TREDN = -2, 2>
=(F+ 1) = (1) .
v dz = -2 (-5-0)+2( 4-1)
=5 -d = -2 (%) +alF)
= % = - 2‘3 + f;l
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