315.7T Maximum /Minimum Problems

D_e@ Pla,b) is a local maximum of € 1f there s a small reqen
R sround (a,D) where  Rlabd = Ployd for gl (an) i B
Q(cqb) s a local NN ML of £ F there s a sma” req oh
R around (o,b) where  Q(a,b) = Plx,yY  Por Q_,!_l_ (xy) M

(a,b) is & critical point of £ £ eaithes
O Flab)=€y(b) =0 oo

@ at 1€as+ one o-P Px and -pY O(Oes no+ &XfS‘h

Q has o saddle pofn—)— at (a,b) i P(a,b) s et ther a
local min noc a  local max. This means +here are pointts

(x) near (a,b) for which  £(xy) > flap) and points
Por which  £0x,y) € £(a, b).

Onece  we -pihd ‘H/LQ, C,r*H—ic,al poimLs op o puncﬁbn, we. can

classifty them as _local mins local maxes, or saddle
Points usin% He Second Derivadtive Test (22 0T)

Thm Second. Derivahive, Test

Let Dixoy) = Pax Goy) By (xy) = Tyl v)J2
Me canyclaSSI.\?{) )’a Wcr‘{ﬁca\ poir?‘l- (a,b) of £
hi

(where Flab)= £, @,bd= 0) as fllows:
) T Dlb) >0 and ux (a)b) 2O, then Llab) is a local max
2 L Dﬁalb>>0 and £,y (ab)>0 , then flab) is o local min,
2)LF Dlab) «O | then £ hos a saddle point- ot (a, D).
Y ITF Db = O, then the +es+ is meonclusive at (a/b).

Remark 1 Dxiy) (s called the diserimnont and /s +he

determinant of fhe mahrix of second parctils
Pxx QX\{ I'P ﬂcx\/ = ‘P\/x -

‘P’\lx 'Q\/\j

Ramark & T£ the 28 DT is inconclusive, £ could have o ol
| miny local mox, or saddle point (a,bd. We need +o
use othor tools like %xaphn‘ng to classify (a b,




E.x.l F‘_fnd ‘H’le_ c,m'ﬁ'c,al Pofn'f's op -p(x,y) = xg kéx}”'éx*—\/a’&)ﬂ

WNe need 4o Find (4b) s0 that loayb)= Hylab) =0
o one 15 pndefned.

570 2x2 v 6y ~b =0 O©
‘p\l— @X"’ 2 “Q O @
(Both dafined e,\/er\/wkwre)

@ = 2Ay= 2-06x
N = (-3x %Pgnnﬁ@—ygx +6U 32&5 b =0
% =0
?)X(X"‘ ©)=0
xO X=b

Now Hhat nove.  x—value \ua, Ham mt ={-3
o Lind JrLl:;i ci\:\re,s\:br[tobi% P\ng alues. T g

% =0
N = =\-3 x \)“‘l \):—/7

Crikical points ¢ (01) and (6, -)7)

2 Uy _ Q. U
Exd Find the crifical points of Play)= e PV -8y
_@ —UGJX\/‘Q-L}Z)( %\l) gx2yR—qL xR 8>‘V” -0

jwa\/s >O
Q\, = (lbx? y—BQXy3> Bx Ry 8- 2hx 2= Byl =0
olways >0 .
= Solve. §l(oxyf\’ 4R x —8% =0
loxzy - 32 AN
@= loxy(x - 24y2) =0
(O 0-0-841=0  0-48x-0=0 O=l6(ay)y*-48@y?)-By*
= y=0 = x=0 O=3ay* -6y 3 -3y
O =2ya(y*-4)

y=o N=EQ
\},:_i ;l = Y = QV;Z — Cm-hw] wwﬂ"s { (0,0)/ (_8}‘?))(%1 2)




3 Find and classify the critical points of £lxy)=xPeny Laxal

(fx=Adx+y2-2=0 — Coritical nts  are
£y = 9@(\7 =0 (0,42}, LOT,D—OMB, (1,0)
ﬁx:Q D(.X, )= 7Cx WC - Qxa
Py = 2 A AT N
‘@xy:&\/ =4x*ﬁya
CG‘I b> l D ( Q b) 'CX)L [CL( b) Cl&SS (‘ QCOCH::’JH
0,3 0-8=-3 — Sodd le Point
O-f)| 6-8=-8 — Soedd le Bint
(1,0) | 4-0=4 = ) ocal Min

Nofe: At +he saddle pont (0,17,
VR (o 1a)= <20+ (@Y ~2, 25 = <06

be cause. there ma

y be mudhple direc fions
of Steepest oscent
¥ Absolute Min and Max

Def. On a bounded region Q) fla,b) is an

e, Y absolute. mowsimum
F Pl b) = Plx,y) For all Y)Y in R
Lla,b) is an absolufe. minimum

£ Pla,b) £ £lxy)
for ol y) mk

To find absolute min/max on a reojon R:
® Find the critical pOJ‘mLS of 10 thot are n K.

@ Find _the minimwm and maximum values on +the bowdqry
of K. The_ bouna(ar‘\f or constrant can be used +o
write POGY) n ter

hnhs Op 1 variable. Then MLQ,HLL
al fo O ond <ole +p see Lohare on

MIN OF  MAX  occurs,
3 Evaluate ot the points (a,b) Found n @ and@
The laraest wvalue of £ s Hie mox, and +he
5\!\/L0x(l€,s1&5Q is e mi /

mivl, _
Do NoT use +he 222DT  as +he ponm% on Hhe
bom%ry moy not  be crvtical po nts.

vative | set e g
bouywlar:a e



EJ‘L’Z}FInd He absolidte min and max of Q(x,\;)zx“‘fy”—#x\/

on the dosed triangula reoion with verfices
(2,25, @75, and (2,2, ¥
Y ¥=

N %:a ® Critcel Points ! {Qx = qu—L}\/ 8
\/“: '.| X ‘Q\!:q)’z’qx O
At (X\/as crihical (0,0), (D), and

(= )
(en =-x) ( inside) )

ol

-9
=2: Plx,2Y= xt+l6- 3x
@ == Doy = dx3 -8 =0
x =32 =120

=
I
2
-+
7

2;\/): Lty =3
P = H\,3:/8=Oy
y =42 = 1.26

y=oxt Fly=x) = 5+ xR
Pl = 3y +x?3x :XO

Bx(x2r]) =0

x=0 "#0
@) Eveluate £ _ (81D D L S SN TN
(0,0) O
Chlﬁ \+'l“l’f :_Q,

G2, 2) | P12 +1b - Bz = 8.44
(2,40 | 16+ & x -3z = ]4Y

AbS. M&K u‘P I(D—éﬁ
Abs. Min of -2

EX.5 Fln& 'H/L& ‘POM‘I’S on 'H’LL cone Z_a: Xa-l— \/';Z CIOSCS"- —{-0
~ the point (4, 2,0,

The. munimun distance D= m—43a+(\/—2)2+13

15 o\framad whan d=D%= (x-U)*+ Cy—a)‘g“r?_&

is minimized.

Ne con +reat z%2= x*+y2 g5 o constrant
roter  than o Douvxciar\/) so we P!ug Fhis (nto o
ond find e crifical points of £ subje& o ths
relationship between ¥, vy, ond z. Without +his




restriction on values of X and y (ie x2+yZ=2z3)
we.  would %JZ+ dflerent critical POINTS for +he
local extrema., QONI NG | 1E shill do not use +ha
ALOT 4o classity,  dd (=R r (=202 + x2 ey
® Critical Ponts' Solve, ( dy = A=) +Ax=0
L dy= 2Ly =2 ey

to %ﬁ‘ (3,1)
@ ZiiﬁajLYg A Minmum  dustance ot Toints
. if;J (2,1, £15)

Ex.L Find the absolute. minmum and maximum of )
{3(:,\;\ = -QPHlx -3y R =6y~ on R=fiun: Dy 4]

| \ “ ® Critical 'Pomes t Lolve. {—L;XA—L} =0

~oN-6=0
. o %‘F Ch=n.

@ On +he_ boundary, 1€ we. work in tems

o) X and 7) we. have to Treot it as
two flunctions @ x = 1-

TR

X :1"',\“—(\/-#))2
PO-0mm, §) = =2 (- ) + 4 (1= [FG7) - By 2= Gy~
£+ )—(\/H)"‘,) ;/) = ~2+ \—L\/*r))z)a +4U+ﬂ]~(y+j)3>*3;//9‘~@;*1

However, these derivahves are. annoyin +o +oke
vaeread, we can parameterize Hie. el nstead :

We want to  change (XD GrN*=( to cos?é +sin?t =]
Xx—1 = cost v+l = sint
X = cost +l| N = sint —| Ot < 21
Then L(£) = £{x®), vy = Fleost +1, sint=1
= —;L(c,ostﬂyﬂ + UYlcost +4)-3(smt-1)*— blsint-)) -]
= L) = -Yleost #N(=sint) ~Usint -((sint=+ycost M

O = "lo Sl‘ﬂt COS?E
O — '!OC Smg(_zt))
O =sin(2t)
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