§@__l Double l_nJre,%ralS over lZec:l—ang,ular‘ Qc%;bn.s
Sivxcb/le, variable. Hinction s 2(x) A= S: £x) dx

is the area under
Hle, curve ON the
X nterval [ab]

Ne can eshmate +he oarea with Biemann sums :

n

Ax 2 FGO Ax | wiwee £(x) is Hhe l/w'calaf and Ax is

L=1
e width of +he vrectangle.
As we nerease the number of r&d—a\ﬂ%les to estimate the
areo, We t better eshmates,

e weited A= 52060 d = im0 00) A

n—oo

Several variable function @ When we {njre%ra{'e, a surtace,

2 we get fhe volume wn
2=F00y) L surface mMstead of areo.
<.= Tnstead of estmating Hwe area of
Il rectangles;, we esfimate
| ) volume ® of (*edan%wlar prisms.
i Ay ; n m m n
AT = 22 06 OAAx = 22 P6E YD AcA
b 7 e Agasn F(xf, y*) is the haight, but
% CHRT. notju we. wwlvﬁsplx/ b\? Hao c;:jﬁé)a o+f
the base.

WNhon we letr n and M ncrease inﬁnﬁc\vi
V= 85 Flovd A = e BB R0, 1 AA

Whare. K 15 He Pec+aﬂ%/|c [o,b] % [, d].

dA=dx oQ\/ dA= d\{ dx

=d L= X = y=d
v={ gb Plxy) du dy V= J7 5\,’% Dlx ) dydx
)

c



This jdea extends ‘o any pumber of variables, For a
Punchon of 3 variables * Plyy,z), we usually Hunk. of
Aﬂnsﬁ’y or 4'e,mpe,r~a4‘ur‘€,. e worite He ca,a,nﬁra\ ImLe%;af

a5 ng 'P(XIVIZB &\/

Ex.| Evaluate %S xay dA whure R=5(xy1 0ex2), -l2y 228,
Ne can evaluate +his three  different Ways:

& 2 .
@ S_\ So %Q\/ dx dy = S_I[SD XQ\/ dxj‘ol\[
mits on X T IHJF@CXPCAJV@ w i Hh r@spec:)L to X,
wits on v Hrealhn as o constant

- [y 4y
= 5[4 y-9y] &

_ M d
== 5y dy |
\ LC-)_VlT\I/ Y should vremam i e QJ\RC{"OH!
= L+ .L sz}\/:a
2 aY y=-i
_ L 2 4 0
eV = T - e|E

@ 55 ey dydio= STEN Ay dy] dx )
Tnt te with respect +
Jrreima X as O\PC.OYIS'I_(ZU’Y{‘,

= [2x*dx
- 2715 =g
® 5 _Yol_xfj_éﬁokx = 5.? y El x‘idx]ol\( =BL><QA><]B,?\) oly]
constant orth constant 5 Hh

respect Lo X, SO respect to
@&E{'Or‘ oud—’ S0 PPaci’or 61J+)



a3 x=l
= X .
517

Noke! e can OY\\Y inte arate this way 1€ we can
sepacate the vertables with mulhphication  ie.
L X)) = %(xﬁ' h(y)

Ex.d Evaluate $7 §,(3x2 + 4y 3) dy dx.
Nﬂi e cannot Se,paraJre, these fnﬁ%)“als as in@ above.
JEL5Bx way dyJde = S5 |2ty y 100 dx

onstant or

Loy $2[3x2 +1] dx
X=d

XB T X ]x:,

=3+ 21— U+l) =3
T
£x3 Evaluate §7 577 xy cos (x®y) dy dx.

If we try to }m—e%i;a{-e/ as  wrifen, we ned fo do
mjre,%mﬁon b\f partfs : U= Xy dv:qos(_xﬁy) dy
d-M:" XA\Y V:Fﬁln(x‘q\/)
Remem ber, X s constant
wiH respect 4o , SO
thi'_s .‘s}rﬁms sa \Aas
nte LTI cos
\ i 3 =ﬁ—s£\>{é4y\/)~

lf\.”/\(ﬂ‘ hO\PPE,Y\S F we switeh the ordor of ?n%z,(ymﬁon?

STZQ S1a><\) cos (XQ\/B dx ciy — Now, we can use u-sub o

)
nte axrote | = %2
| % o = ZZJ\/ d.x

. *:&l
- JE [ & cost du] dy
S [asn a7 Ay
- | Syﬁ{sfn(“\/) - smly)] dy
[- 4 cos(@y) + cos(y) Z“ dy
[,—L_'—rcos(QTf) + cos(E) - (——,J_Tc,os (0) + cos CO))]
-;%E,_ﬁJrO*llT“D = "TI:Z_.'

I

i
R pf

ol




Exd Evaluate §;§° 1+>!<+\/ dy dx
Start witt u-sub: M2 \/+\/ 513 S\{—IOJ— du el

du= -
=S|3E”\ u];’—? dx
*53]:r\(l+x+\3] " dx
= 7 [In (1+x) — ln(x)] d.x
§In(1+ %) dx
By par‘fsf dﬂl-’ ]ﬂCerX} dv = dx

= |+~x chx vV = X

- X\Y\U*‘XB_ E I+—>< CLX

SHIl wuwsy
Tnstead. : S\, F\CH— x) dx - SFM(X) d x
t =]+x
d“: dhx
X = A
X =3 1’::4

(2 de = 52In(x) dx

Now: §$inx)dx by parts: u=h(x) dv = dx
diL:Jx“dX VvV =X

L‘; XIn(x) = § x- % dx

= xIn() - [dx
=% lnlx) - X

[eme €155 = [xint X355

=F|n4 ~ 4 — (2 2- aﬂ— [B]V\ (3)-3 = (M - Dj
=4l -Ama —& - 3n3+4

=4 N4 -2Ind - 3n 3

o2 In(F) - (3% = In (1)) T (&) |




Def: The qveroae value of £ over a re,%)'on 2 s

—_—

‘P = 'pove,: Qa.v:} = ar‘ec(k of R SJ\ 'CCX/\IB kA

j’L& avera \/alu_ﬁ, con be m"‘efpr\eﬁrecﬂ as H’LQ MW
of o rec rism with base R whose
volwme s B \/ale,m— o SS L) dA, e,

Pave.'cu‘@a of Y&: SXZ QLXnY\dA

x5 Find  the Cveraag. vahu, oP £(x,y) = sinx siny  over
T R={(xy:oexet, 02y s

hrea of R= Gr-0)(r-0) = 12
50§, sinx siny dydx = § Feosxsing] ) d
= [siny + siny] OL\/

= J5 Lsiny dy

= —dcosy |}

_ 4
=
L Find the oavera ared distance between +ha
%ém% of R= o%’,\/)%of— x£3, O‘ <327 and ‘HLLPOM‘"
FCX;\/B' s tance scbtmred = (x- 3)9‘ *‘Cy - 3)21

rea. of = 33 =

0752 [ex-3)%+ (y- 3)9\] dydx =% (30-3%+)dx = 54
F=0

Ex1 Evaluate the ﬁollowmg ere,%ra.ls usmg symmdry
av‘fyunmf-s. Lc+ $9(xy) | Pat xe y¢bY ab>a

(a) ng\jﬁ_(x dA T+ Flx y): Xyeﬁﬁx +\/2J then
> £l x)y) £0xy), so the m*@yrn

‘—‘@ m gﬁ‘xao\\"amﬁ's I and]ﬂ: cance)

als  over %uadram% Iano(IDI




b) 5§ SRR A Note! P yd= = #yd, 50 QIL

L:@_(,_\_J concels T, and Iﬂf cancels
L y, QIC,
=0

Ex‘Z Consider the plane x+3y+z =@ over the r&d‘&?ﬁi
with verhces (0,0), Ca;0), (b}, and (a,b), where
vertex (a,b) lies on the hne, where the  plane ntersects
the xy—plane, (so a +3b=6). Find Hue, mﬂ— (a,b)
for which the volume of He sdid befw

plam and B s o maximum.
J’w%)d' ‘s z=fluy)= b~ % -3y
Via,b) = Sb S*& (6—x- 3\/) ol d\/

X+3y=06 B
(5 o +his = (b= £x7-3xy)]) dy
line- - j (Qa - 5L Ba\/)d\/

= @‘W‘ a_;\, _ %Q\/azob
= (pab - &;—b - Babﬂ

Max]m{z_e/ 5ubJ€,¢+' +o a+3b =0

V(6-3b, b D=6 6-3b)p — 56-3b)b - 5 (6-3b) b3
=36b - 18b% - (3619 36b%+9b 3) - Z (Gv*-3)
= |3b - 9b%*
=\|18-18b =0

= b= = a=73 (3,1)
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