§|_'Z_2_ LI'HC_ In‘('e. Cbrals (or— In{-a%/rals over «a CW‘VG—)

Recall: Le_n%;{']’l obqo a curve C gaven by T(t), act <b, s
L= [ IR dt

Acc len%ﬁk Punchion s s) = S
\

= ____dS =
d

> ds = (B dtE

0ef TF ¥ is a scalar valued Ffunction and C s a curve
given by F(t) Por act<b, thenthe line. in+e,%/ral of £ overC
s 0P ds = [ f) [Pwldt

Note! This works for any number of wariables. S e,z_iﬁ.‘call\/,
+ works Lor P(x,\}\ with ¥(&) = {x (D, \;ug\? and
Lor Q(,x,y, z) with R = I, y (£, z (E).
Exl Evaluate §o x ds where C consists of
© Hre part of the unit circle €rom (,0) +o (0,1) in
Quadrant L

@ the parabola \1=x2+l Prom (0,1) +o (2,5) , and
@ the line segment from (2,5) to (3,0).
Y_.

E: \I\‘& ne,aoQ {'D parawu:har}ae each Par'{" o?
5 1 the curve.
L ® ‘
Q\b @ Ke can Par ameterize o circle of radlus
TR k. b\/ F@)= {kcost, KLsintD ,0¢ £ £ Q1.
ol v a 3 For Hhis se

W1‘ of the wnit circle,
we have T (x)= Lcost, sinty, 0 t<L

@D Whken we are

coordunate , we
par ometer :

Lmbj\/@n o curve in terms of one
con  make that coordinade t+he

L=t tieiy, 02t 2]
Kl Y 5= %
t=2

2_;_[



B WNe para meterize +he line Se%,ﬂfuﬁ“[‘ Lrom Plxq,y0)
(L,oer\ POSH—IOH v&c:l‘or‘ 4%1)5215) +o Q(xa,y_ﬂ CUOIH/\ (x:,,\/;
by B (1= E)xy, Vi + £ {xg, ¥

= <X1+ tCX;L—X.3 ) Y1 + t (\/l_y1>> ; DA

r(e)= (1-8) 25> + £ (3,09
=42+ £(3-2), 5+ t(0-5))
=2+ t, 5—5t>} 0=+ 21

Now that the curves are para materi zed, we have o
evaluate SCJP- ds={ fds = f@?— ds + (¥ ds
u)lu)r‘e, P(x,\/) = X

©® a(tB = Lcost, sint>= {x(#), yBD , 0 ¢ ﬁé-}
Then £(£)= Flx(®), y(ﬂ) = x(® = cost

ro() = {-sint, costy ond [7B]=[sin?t * cos?t = 1
S0 P ds = 07200 IRy dt

= (M2 cost (1 dE
= sint |12 =

Note,: We can also Param.uLenze, his pact »f Hfhe
C;\Y‘CI& uS{Yl Xai— Yl— 1 =2 x = 1_V 5 %L_l_
Y= (JT=55,t> |, 0& et

Then F(E)=11-t* oand TE)= (ﬁ“t? : 17

1

+? _ + =
so [F(0)] = —t= ”‘"—rﬁ_a— JT?-

Then {o#ds = ('m0 == dt = [ldt =1

As lcm% as fwo paravvuz,hm > ations trace +he
exact act Same curves (not just havm% He same &rlclpo:‘v&s)
Fhen the line m'f—e,(}((‘als ar‘e, e,cb/otal

and

S € ds = S 9ds # L %ds  E (. fds
(oY 7= <cost,5mt> (0‘\;’ 2(b)= <r—l—'t?,t> Lo‘\sy 2 =<K1- £ £ (o\\t T () =¢snt, costy
0,0

X ostt tte ctel oete
,0) X 0z e U,O)X 0 X 2



@ Ty =<, £ 1) = dxtd, y(£Yy , 02 t22
Then P()= $(x», y&) = x(&) = ¢
Tale) = LA, 247 and 12D = [+ ueT
S@P ds = S PR dt

= 0%+ T+ae= dt
= e L (eugyR ]
= o (v - 1)
BT =2+ £, 5-5¢) =dx(t), y(&)>, Dt <]
Then FE)Y= F(x(B)y®) = x(&) = 2+t

=)= <1,-5)  and  |R(B= 1525 - [76

o ®ds = (! P Bl dt
= {, (av£)fag dt
= (@ (at+ L9,
- 5%
oL
F{Vla”\}: S\C fds = f@{: ds + j’@Q ds + %P ds
=1+ tWﬂZ-l . 5_1;;;‘_@,

Ex2 Evaluate the line m+e, al S xel®ds whae C s %,Ne,l’l
b\[ r(t) = <‘t Lt, Por 0ttt &2

Ne're given the parameterization, so we need +o find
the d:g erent components :

fEY= £(t,at-at)= £ = 1o pereg

FEY=44 2, -2 = |PW)] = [1+y+y =3
.0 ds= (% te™ .3t = S LR o




DeP T# F is o vector field and C s a curve parametferized
by ar‘de,noakh s ond T s the unit +an%1m+ vector,
then the Ine infegra| of F over C s

((FeTds = SFert)dt =( F.d

:\A (‘lll) ) T /\;
Scp J;/,MJ 2ldt
=T -ds

whore. T(t) parama.Jrerize.S C.

Tf Cis closed and F is in R® then |J,FeTds
called +he circulation of F on O,

Ex. Evaluai—e S FeTds for F=¢- Vi x> on the parabola
y =x% Pram (6,0) 4o (1, 1).

rlE)= L, %> 02t < > - {- % +>
()= 21, 2+>
(FeTds = L mW@ dt

= (1-2 > (1,28 dt

:S (- tﬂ+2f2> dt

- L3 =L

Def The work done by a Force (vector) Pield T +o move

an obJe,c:{' a(onc,\ 0. curve C, N the pos;ﬁve, d\r“e,dwr\
s W= g Fe Tols




_x_’j Find the work rectfureci +5 move an obj ect H’trouz}q
F- (x,\/,?_> on tu ‘I‘IH'CJ E_;HIPSE. r(t)= (Llcos't 4 sint, c.os{>

O&+ ¢ A

HOERY cost, ¥ sint | heost)
F(t)= (~Y4sint, Yeost, ~lf sintH
W = Ecﬁ‘TdS = (" Fo () dt
= {#r (—j(oaos‘tsmt +1bsint cos & —beostsit)dt

= s(ni"

:—l& S‘jWCOSt SEHJE dt O[M:cOSTdt
=7 8 5“’\?"& )aﬂ-
= O

TF C is a curve parame,ﬁar‘ize_d by Flt)= {x), Y& and
Fxy) = <{3(x,\/5, %LX,\/5>) then we can write SCEOAF 0s

SC, ﬁ’ B dt = Sc, ROy, c&(x‘\/)>, <X\(‘E))Y\({:)> At
= S0y ) + qloy) v (e)dt
)

. Plx,y) XAt + %(x,\/)lx)’(t)di:_‘

Note: X(t)= —‘ji = X dt = dx
yy= 2 = y®dt =dy

= Sc Pl dx + q () dy

Similar‘(\f) % _[f: <P,%,h> and. FC£3=<X,y, Z_>) tHhen
[ Fedf = ( fdx « gdy * hdz



E;>_<_,_§ Eva/uod—e_ fc x* ol x ""d\/ +\Jd2_ where C is the curve
Tl = (tF, 2+, 2> for Ot

Rey= Rt 2, 1)
Jo Xidx v dy vy de

t? x@dt y(Hdt at 2'(BAt
(2L D% 0@ + V(1) + at 2(E)d
12 (245 + 2 + 2&)dt

L
o

[

11

\l

Ste 2t + 2

G4

> t 4 + U
.t e -
- 3 - 3

Note! T# we tried o evaluoate without rewriting  dy, dy,
ond  dz , we may see T0Y=<0,0,05 and F(A)=<h,4

to H‘\/ Fhe wao“ow"l’\%: oz %2 Y22

I

?
Scxadlif CL\/ +\/dZ = S:xaaﬁx + S: d\} *Sfy dz=

DY feand Y= 2=2
= g X [xzo” Ve = vz .2

#%&*H* Zl\lu
T

We shouwld gg_j- have

o variable afler
evoln aln‘ncés.

T+ s very impori’anf‘ that we evaluate alonc}
the curve by usfmg v (),



Def The flux

of o vector Pield F H\rouc})n o. closed curve
CJ wher‘e,

C doe= not intersect sl (—— not £2))
s cyve,n b\I Scl—foﬁ ds| where n

to the curve.

is the unit normal

T C s a clsed curve with counter clockwse orientation
then n 1s the outward normal, and +he flux C?VQS

the ou}wav\ci Plux ACrosSs C.

Note: You can visualice Flux +Hhrou
wo.+e,r Hf\rou

o closed curve as
H/\.e. ccoss-secton of o LPé’,

is oY“HfLD%,OY\O\-[ o R, then no woter
% X ows Hhrou 'pe, so the Llux
s 0. (Dot pro nd:l—(?

m xz-plane
n n \/ dtre.d’loﬂ

How can we compute He flux §, Feo
We are CXOM% fo Poeus on flux wWhan
15 %/ive,n b\/ r(E) = dx(4), VL’H>, ast eh
n s the unit normal

ven by A= Tx¥ whre s
the unit %an%/uﬁ- vector +o C (in the xy-planed and
k = <o, 0,17.

—_—

() _ < x(), y(¥) XD N -
T 1“_’&—) ——[5_81:_)14) = {Eer ) Bo = 0= AT Ty

2
0
\

=

, 07

= LTy, — X|o> ~ QT\il’T>

ojc"t

L
Tx
(o)

= SC,E.?\ ds = gc (‘P,%>' <T\| ‘—‘Tx7 ds
S (PT "C&Txy (‘ls

§o (5 B — o 23 et dt
SC_FEW’\ ds =§ fdy - %dx
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