§l7_3 Conservative \fe.ctor Fields

Def A vector Sield f s conservatve if there esists a scalar
functon ¥ such that F = 90,
Recall: P js called the Po‘l’er\ﬁ'a) funchon for F

In m:l) ﬁ(x,\D:(-Pl %> 'S C,onSer‘Va-H\fQ . ;TF = g_i

In T\RB, ?(X,\/,Z\: < %,h> s conservonve 1€
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Bl Ts F= {x,¥> conservahve ¢

L (xy) = x (xN) =V
Fyey) = O L xy) = O
—g_l\?- :%% , SO F is [conservative.

Evd Is F=<x%+yz, xz+ Ay, 2%+ xyz7 conservative 7

$=xa+\1?_ %:xz +2\[ h:2_3+>qz

by==2 0= 2 hx= Yz

Qz: N A, = R hﬁix?_

S;\; = O&xj but ’Pz 7 hx ond %Zi l’l\,, 50 r_t_oj' conservative

Ex.3 Determine a pofential funchon W of the conservatfive
V@C;[‘OV‘ leéld F = <)(2-|—\/2) 9"‘\/ "'Y2>,
Mok £=x2ey? g = dxy +y?
Q\;’Q\\i ! — (kx-‘— Q;z v
TP Ois a Poi’@nﬂal funchon of —if) +hen
so  Axfey?) axy vy = L0 WY

= @Y =x%+y®  and @ W, = Axy ry?
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Snee W s He deocivahive with resped* o x, we will
imLe%ﬁoA-c, ® with respect +o x,

LPX - Xﬂ*’ \[ * B@iﬁuse we- ;_n*be_ mLsol
— W respec o X
v= g(xa 4—?2) dx ‘Hﬂe, c,onsphmF of )
@ W =53+ Xy 2+ cly) injra%)‘raﬁon S ony

Lunckion  of YF_

Now we meed fo Pnd (). We don't have nformation
obout @ itself, but we know @ Oy= 2xy vy

Take the dertvabive of (B3) with respect to V.

W, = xy C,)( Y = We don+ know an Hun
IR Y v about cly) €,XC@—P1“V Hlagf

ZQXBVQ t's & funchon of V.
by &
Axy + yE= ey + C)(\/B
\la: ¢’ (y) — Ivﬁfe,%)ra@rc w1 Th r*e,spec'f
S\la&\/: C,Cy\ to \/
LB'YB i C/ = vy — C, s on arbH—mr\{ constat

ywmﬂbe.r\,
Check pr'“' )(Q-l-\ila :10 v

LP\/ = Ay + \/Q:f}\/

O(x)= 5% xy?+ 3y3+C

Note! Wle could olse proceed by }vxjracaxajrin% ‘LP\,:;ZX\, +\/2
with respect o @/ Then oU?—Pere,nHmLM%, wiHh respect

o X O\V\E usin% =Xa+7a > find e,



Exd Find a potenhal funchion © o0 conservative vector feld

p——

F= {axz-y?%, z2%-axy, x* + 2Ayz).

Note! £ = QAxz -y * S PN h=x%+ 242
10\12 -9»\{ [%Sx“/ol\[ hxzax L
FZZ Q‘X %Z: 22. h\):az_
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F (s mndeed c,ov\servd'{\/&,
TE® s a pofential funchon of —ﬁ) F= VO 55 we know

D We=2xz-y* @ O =222y @ P, =x%+ Aqyz

Ne con use any funchon as a starting place, buk T
qona o proceed x -y -z,

Trteagrate @ with respeck o x:
%}h PCC > Sinc_e (-O fs o ‘Pund'!‘or\

P, = Q_X?_Hya of XY, ond Z)T_l,\m
_ 2 we. ntearote pith !
©= S&@\xz. ) ) dx re,spedr%r*ro Xy any
® ©=x2z- ><\/’;l + C(\/}z,) Quncjr{o}’l ot Y andz
s the constfant of

in{—e,c)&xuﬁon.

Now, we can use @ by differentiating @) with respect 4o
or  we con use ( by d@?@ere,vd-iaHr\% @ with resped +o 2.

T use @ LP\F 2% L xy

thrh‘vu% with @ 0 = erz - xya + C,C\},a)
LP\/: —dxy +ocyly,z)
2% Axy ==Aqxy + C,Y(y,z;\
Z_Q — C\’L\/;ZB
S Z.a &_\) = CL\MZB
yz? + d(=z) = ¢y,2)
4
C(\)\z) 5 o ptmdiom OP N anck Z \

50 when we. [n+e,%)r*a+e, with respect o6 v,
Hee constant of I'M—e,aé/mﬁorx s o fnchon bR 7.



Now, we have P = x22 —xy? ot oy2)
® W=x*z-xy*+r yz?+ d(2)
Dhc@erenﬁaﬁm% ® with respect +o z gives
LQ?_: xT+ ANz T 4’ (2)
Finally, we can use @ O, = x2+ dye o find  d(2).
¥+ Qyz =x®edyz + (@)

0=d 6
§042 = d &)
Arbitrary c,owsﬁud;,_ C, = d(z)

hum ber,

Wixy,2) = xPz—=xy* + yz? + C
Check: W, = Axe -y* = $

Oy =-quy+r2t=q
B, = x*+ Axy =l vV

T Fundamenta| Theorem for Line Tntegrals

¢ Fis a conservahve vector Pield with po%enﬁdl
funchion @ Ge. F = VW), fthen

Jo FeTds = §, Fedr = @(B)- ©(A)
Jere C s an orenfed curve Prom poin - A fo pomt B.

Note 10 TF F is ot conservative, then we. have +o proceed as
n  secton (7.2 bv Par‘ame}e,r{zin% C with F ().

Nole 2: T# F is conservative, this Huorem tells us that 1f
curves Cy ond Cp have the same endpoints

Aand B, Hun [, FeTds = FeTds,
Ne soy the line ntegral is “path independad’
or ”ind_apzﬂdlm+ of paHf\:\




Ex5 Given F- {x,-N7, evaluate  §, Fedr the %“Dw:'n% LS
(a) alon% the line se,ca,mw+ from (1,0) +o (O, 1).

(b) cl:)\?ms 4‘1«5,—%&&%{-@1— circle %jven by r(t)= Leost, sint)

(c) usin% the Fundoamenta| Theorem For any curve
from  (1,0) to (0,1),

(@) Line seqnent odven by FCQ;gﬁzlﬁfz + (0, 1) 0t
= Ti)(-t): <—1| 1>

(o Fede = 0§, <imt,-to= &1 dE
§&-1de

(b) T@)= {cost, sinty Dete

.
~
=) = {— sim‘:, costy

ch, de = S\:T/l (cost | —sint > e {-sint ,costH dt

= " - Qcostsint dt jf;fiﬁ\td{;
= §* 2u du
= Ut - costt |12 = 0-1 =1
(& F= dx,-y>  §-=0 56 F is conservative and we
Y =0 neod 1o find po‘%eqnﬁ'al ©
V- ﬁ = <pr, Lpﬂ> = <><,y>
Pr= x > Py =20y Q)= g x2 -z yhe
LP:SXAX -7/:6(\/3
0= xtecty) = ANy E el
-z yi+C=cly)



By the Fundamental Theorem, C From (1,05 +o (0, 1)
{ Fede = Q0,0 - @01, 0)
= otk ) - (B 1R R0
=g+ - (£-0) =[]

—_

Note: Since F is conservatve, we can see that [, F e dF

is path independentie. the parameterization of ¢ does
r\o+Pa1O‘?ec+ o value oFf pfc%w: AT ’

DLPSULPPOSG. C s a curve paramﬁar{zecl by r(£),a% t<b,
C is closed i f rC&):Y‘Cb)) ond C is M, Tt never
ivx“‘er‘se,c.Jrj H’Selp) Le. for all a <« '(:1 < ‘tp_ < b) r*(,tﬂ ¥+ Y‘C"’-‘—z)

Sue: %o eqinlity

O/ OO X

simple.  simple not simple ot simple
closed not closed closed noft closedh

Notation ! Lf C is & simpl closed curve, we write the
line inJre%/r‘al on C as & FeJr
C

Thm Line In{-e,cy'als on Chsed Curves

F s o0 conservahve vector Peld on g reoion £ 1 and

only ¥ &cﬁﬂ de =0 on all simple closed oriented
curves C in R,

A=E
C

Wh? ITF Cis simple and closed, +hen
have. A=R Cs%av*ﬁ‘r\g point = er\dfnca Powa.
¥ F s conservahve, E-VO and

?Ro?‘ de = P(BY- WAY=0 by e Fund amendal
Theorem,

)U-Je,
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