3174 Green's Theorem

¥ For Hhis sechon, unless otherwise stated, we will assume
curves ore simple, closed ond oriented.
Nhen o cucve is traverse d in the posijri\re, direction,
the interior of the curve (s fo the lef+. At any pont,
Hece (s o unigme outward unit nocmal Pomein% Yoward s
the exterior of " the curve,

The curve C  encloses the (interior)

c . _ ' \
pierr ety R Imeging stmding of e,
Pos)'ﬂva divection, the interor should

T be. on vour left which means Vou
i ore look}n% n the d{re,c;Hon T.
N = owtward Thuen@ore) C, should be traversed
rocmel counter clockwise. .

_

Recall: The circulation §>c, FeTds = &c Fedrf measures the
net component of F in the direction tangent to

the closed curve C.

u C: Ft) = <cost,sinkd>  0etedT
P C will be traversec counterclockwise
i (posH—ive, direction here) as ¢t incresses

Prom O +o X

Imacbjne, 5+ancﬂin% at point P on the cirele C.

ch‘f‘, ima%,ine, movin% alon% C. while rmLaHn%Jlike,
the. earth roﬁd-{n% on s axis while orbh’q‘ng +he sun.

—_—

Fowill poinjr n the direction \ou Loce as you

rotate., y 2@ £oT

-F =<y, %> is conservate. tp £=0
o | che | ¥ Vo
T/ o1 {1,0% £ etC =
T -1, 0) <o,—(>> © -
3w/ (o, -N <-1,0 = _ 2
AT ()0 <o, 1> et %




For the conservative vector field, we start at P and
end af P Pac,m% the. same d[r‘&m‘“lloﬂ}so our
net rotation is O,

This is consistent with the previous se.chon where
we. sow that He circulation on o closed curve
(the net cotation) s 0.

« F = {sint, T~ t> 15 not conservative

- —_ _,/—E_
£ ] () | F TFRtTa
O (1,0) 401W>
/2 (o1 ), Ve 2 @ ER t=
1 (-1, 0) <0, Oy v X
3r/a| o) | <ThTTARY £=T L= = AT
AT (,0  [<o, =T g@Qt=
s _ 31T
=0 t=3

The net rotation is not O £for +his F because
we start ot P and end at P, but we end wp
pacm% the opposite direction,

— b,
§a Fedr = (g‘;r(s[nt, T-t> e {-sint, costd>d+
= (8T (sin?t + (T-t)cost) dt
(24
= Sfj (- cosdt)y dEt  + Sff(—n———t> cost dt
TP T VI
| | . . aTr
= 3-}; - —Lrsln;Z‘f: + (TI'"I:)sm‘L‘ — cost ‘o
= T -0 +0~-1-(0-0-0-1) =1
The circulation Lor Hais ﬁ on (s T (ot 0).

Thn Green's Theorem — Circulahon Form

Let C be a simple closed curve | oriented counterclockwise

that endoses o re%jon R. Then if F-= (Q,%>)
§C’|fo &Y% = &dex + %d\[ = SSR (%x—- \e\/> ClA

. c nt
v IR Th  Taims
by FCS by Oy




Db TP F=<lqy, then |5F-57 = .- &y s +he

{—wo"olime,nsfona{ curl of F.

e %X~$\, =0 in arecyow l?, Fis crototional on K.

Ly circwlation (net cotation) isO

Exl Evaluate §. x*dx +xy dy where C is the triangl e
wh vertices (00), (1,00 and (0, 1).

() usin% Green's Theorem :

.’ o Assume counter clockwise orientadion.
/v‘\”’*""
Qs P8 xy > = <Fad
T Q- ¥y =y-0 =y
B\) Green's Theorem )
Sc, xtdx + Xyo[\[ = Sgg (%x‘p)f) d A
S0 dyds
- So‘ E:'T 7'&]]0:;\, Ax
= 102 dx

]

=—5(1-)3], =[&

(b) Not+ usfn% Green's Theorem !

;3“? Cy Perameterize each part of Hhe curve
oh Tt (e fB)= (E,0>, 0t 4]
Ca: Fa({:):<1_t)'};>ioété'l

Cs: TaE)= L0, |-ty 0cte|
N R



So, x7dx + xydy = SSCEDHUY v YO dE
o t9dt = &
SCa X dx + xy dy = S;(UJE)”L—TB + (1-8) € U)) At
= (U (~u-0) » -1 At

= 20- ) ST 527,

(

(' (0Y + OYU-DENdE =0

o —~

Sgg X“olx = Xy d\)

\
1

S’Cqux+xyd_\[ = Jg T =0 +( = L@_ i

T Caleulating Area with Line LThtegrals
To £ind the area A of o re_%,ion R boundaed by C)

A = %@cxd\{~\/dx = &cxd\/ :—‘gc\/dx
Why? TP F=Loy,n>, & 8 xdy - ydu Z7T0, (g,-£,) A
<%, a> = [0, (2T - £ A
= SSQQ—OQA
:Q,A

9 A = téll_, §C. X d-\( - \/ &X
USM% Green's with F = <{-v,0%, we C&ﬁﬂ‘ A =~§c Y dx.
Using Green's with F =40,x>, we gt A= § xdy.

Ex2 Use a line integral on the boundary +to find the

area of a disk of radius B
C %{Ver\ by FE) = {5cost, Bsnt>, OL £ QT
/\\ y The formula from aboo\ée, oy'vas -
o Asmdoddy - ydie = gxdy =Ry dx
) @ G)




®A=5 ((Sc,osf:)(Bcost) - (B5sint)(~ 5sm'b)>ol1':
45 ™

= == Sf dt =451

S

@ 7 (Beost) (Beost dt)= 25 § costt dt
= g\ S (1+ cos )t
= %— E—); + ES\Y\LQ%BO = 2517

@ simlar to @ m

Tm (reen's Theorem — Flux Form

§ Foerids = § 0dy-ade = (fp (£ + g,)dA

p._ }

where n Is the outward unit normal vector on +he
counter clockwise oriented curve G,

Def TF F= <bq>, then |Fc+ 54 = B+ o] is Hhe

hwo- dimensional diverqﬂ,mae, of F.

Tr$ P +%\} =0 n o reoyov\ E then _ﬁ IS SOUrCe Lree
(or divergence Lreey on R.

Ex3 Use Glrcens Hne,ov*e,m to find the owhward Llux of

F— = X +e,\’ 3 —1 > across the boundaf‘\/ of
He omnulus = § (Y)Y = X%+ yE 2 9q3.

Note: The boum&ar of R consists of x%y®=y
ko ond x*+y %= C( These 2 cirddles  are
C“*{é’f—* not cor\ne_cj"e.ci +o0 each oHr\er‘) <O we
v introduce Ly and L. Notice +hat

x2+y2=4 s traversed clockwise
because we want the wnterior R 4o

be on +he left whan Jr‘PaVU'SfY\% C.




Now, we  Con write &jfﬁacls =S®+ S +S + SL;L

Ly and Ly +raverse the same

oppPosite d{rcc}n‘ons) s0 L4 =
Recall! Tn cale 1,

line se%mm% but in

we  saw e pmx = — 5 R0 dix

5imilar[\/) we have SL L_1 = = S
which  means Sc, = S@ (./5(5/ S@ M
- S@ T j@

Lt s important  to Bind +his proper curve C +o
SaJriS?Y the condihons of Green's Theorem,

Most problems in  this  course will have easier boundari

Now that we found C, we have
§, Forids “Z 10y (B+ qy) dA

150 (BrDé+r e ] + %[\ﬁﬂ]) dA
use polac e 34+ 3y d A
= 1752 3e3) ~drdbB
= g [
_ %(3\—%) _| 1asar

2

I

Note! Wthout Green's Theorem ! Chack in | 4‘6,%}" L
> Subtract n line in al, bu
§ Feiids = § Pdy @gqde '

n the double iY\Jrecaral)
@ gy

=S©Cx3+e,\la)dy — (\/B*ﬂ d %
+ SGLXS*-C’YQ)C,.Y _ C\/’s,n d %



xZry2=9 — ﬁ(w’:) = (3 C,O$'b) 2Sint> ,0¢ t < Zr

XQ+\}Q:L} — T‘}(-l:)= <&cost) —&SfY\t>)Oit£QT
T

clockwise  durecton
C R
- ST(((BcoSJCﬁ N &Cgsmt) )ngstdt\ — ((Bsint)? - \)(-SSM?;A{))

QT

+ SO( ((62.(,05‘[:\3 te

R
(asmnt) )(Qc,ost oH:\ — C(Qs[nt)B - \)(—Qgﬁ&&ﬂ)

Giross | eqs;n&t will be  difficult +o QnJraaKraJre,

since. w =dsint c}f'w,s S aua olu u)]/u\cJ/\
du = 2costdt

we can't {n+666)ra{'e, Wit the technigues
weve  |earned,
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