317.6 Surface Integrals (Part 1)

Recal: The ficst method we learned Yo evaluale lne intearals along a
curve. (. was to Parame,+erice_ the curve. Tn math, o curve s
an obj'e_C-‘{‘ Hat has len but no width (e we connot Lind
the area of o curve, but n 2D, we Find the area below
or between curves). Even Hwough we con draw curves in
R, % or R3 all curves have +the one dimension length and
no width or volume. Recauwse of Hus, we can take a curve
n R, % or R3 and describe it usin% a vector —valued Lunctin
ft) with a4 +t<£pb, B has one scalar Mput ond has the
position vector for o point on the curve as output.
Parame terizoton (or par-ame:l'r‘{?_aﬁoﬂ) s the process of
olaﬁc.ribfn x curve -?C;(l\/)=0 or
5in0y{e, Parame;l‘er t (or s, B, uy ..

flx,yv,2)=0 in terms of a

Ex. X2 yg‘:( con be par&me:]*er (zedl by F(‘b):<c05‘1:, sintp, 0¢t < 2

x Y
Tnput: t Output: (&) = Lepst | sint>

. PL“%;%) y R IQZ
b= .
! ® N lL . F(%>h< EQ} s X

LR
o= 1
o Nar © e ]

r(£) maps scalar +o posi‘Hon vechor

As t increases O to AT, (1) = Leost, sint) outputs
vectors  dhat trace the curve xt+y2=1.

Noua, we  wont +o Parame}re.m‘za_ G Sur'Pace_. Be,c,ause_ a Suv‘{:ace,\\
has area, it should have some notion of “length® and “width;
Meanin% that to parameterize. the 5umoac,e,) we will use two
parameters C, 58), (n0)...). The parameterizotion ®(u,v)
will map a point in R% +5 a Posi ion vector (in [R% or [R3)
bo a Po'wd’ on the surfoce.

Vv z

R* QB % P(x(u.ﬂ;\; Lu,v)y 2 Cupvd )

.LUHVB
ORIy > /= (wyV) on Sur‘Pace, 5
[

oint (u,v) to R
Po-sfhon vector

[

Tputi () oquP’;]L: 2 v = {xlu), v, 2 (uyv)



Exl Give a parame;l-rfc_ description of a c.\/]{no(zr of radius a
ond he.fcé(ln:l‘ h. Tnclude bounds for ‘+he Po.rom.e;l'ers_

7 «——se this Ql‘%/wre,
h(

Tn redan%/ular C,ooml{nai‘e,s) He ey linder

‘BRE 3(x,y,z5ix:aaose,\/:asine, 2=z
with 0¢ 227 and Oz §.

A Could q)aramd-erize_ wr Hh
T(6,2) = LacosB, asnb, 2>, 00¢ AT
Otz & hn
OR

%as‘\g\gn\z‘— QV]MAgjﬁalé—— Fluv) = Lacosw, asnu, \/>1 OL U & 27T
coornatTes W O&v &
r=a +ixed

Ex2 Give o parametric description Fluy) with yv)e R of
the plane 2x-4y + 32z =l6.

We con solve the &%AQ‘HOH of +He plane tor any

variable :
x =z2l6+hy-32) N=-%06-2¢-32) 2=5(6~2x+Hy)

) l )

Fluv) =Caleriu-3v), u, v F[u,v):<u)‘3(|é—lw3v), vy T luv) =<u,v,’lgﬂﬂflu+4v)>
(e usua“y 40 a\p%ab@"im}ly,

but Fluv) = {6 dv-3u), v, up

is valid as well.)

Hsua\l\)\ we solje For 7 or whichever variable resulls
N +he wmost sfmph'won'eo( coe PLicients,

Because a plane s unbounded, R = o™

= $(uv) i -ecucw,
—00 < 40::2_.



Ex3 Give a paro.mei—r\(c, Ao.sc_ripﬁon Flwv) with v)el
T for the surface of the cone 22 -4(x*+y3), D24l

o= ke
which means X = 35_5 cos® Eze \;—Z—(,Zj—s}e
;_,z;_g_ Sin OZZ T
. ond we con use W=2 andl v=8 PLor

the. paramesters

R luv) = {Feosy, Tsinv, ud  R={uwiocutl, 04 v ez

Exd Describe the surface with parametric representahon
Fluvy= 4w, w+v, 2-u-v) for 0tucd, 0OLv 2,
WNe. have

|

50 we  Con ‘Hy o write an

It

X =U

N =h+V
zZ=d-u-V

equaton with x,y, andz and ne u,v.

X=u and N S0EY =y =XV S V= ok

Then 2z2=d-u-v = z=2q-x-(-x)= -y,
buﬂ' Ocuwed ond O&v &2,
Vv

a__—l-
ol dince %= U, Ot x £ 4. o
Since —u+v Hie minimum value o s O
—r—t W’ )\ ‘ Y
toa onch H&Z Moy i Value ol N b4 (u=v=2).

The surface. s the PaH’ of the Plana z =37V
obove [0,2] » [o,4] (in Hhe xy- plane).




(VY= v, Geosw, Gsinuy, 0tust Qr , DEv e,

=V

Ex5 Describe. the surface. with par*ame,‘l'e.r‘iz_o.ﬁon
7
X
Y

Z6cosu S g2t 2 36 (costur sinn) = 36

| A c,\}\iwc(er of rodius 6 with the x-axs
P ¥ las s axis and of mcajmt .

Def T8 £ s o swlar-valued funchon and S is o surface
with parametric representotion Tlwv) with (W) €R|

Hien +the. surface in+e,cyral of P over D 1S

- = g = * See last
SSS @(x,\/,z) dS = SSR £u,v) J‘f‘u X Y‘v! d A ?a%
Note: Ruxdy is normal +o  the Jran%a/ft+ plane of 3.

—_—

The Proo-P of Hhis definition usim}j Riemann sums s
in the. book s+arﬁnc} on p&ge. N9’

When £y =1, {55 45 = §lp 1fuxwyl dA gives  the

surface oreoa of S above R.

Exe Find the surPage orea of the plhne 2=3-x-3y in the
Piest octaont using o parame;l-ﬂ'c. oln.sc,rfpﬁ‘on.
2= 3-Xx- By s %}ve,r\, so 0 cleor P&T‘&M’I_Q_X‘\\ZCL'I’T‘OYL (s
rwpw)=du, v, 3-u-3v).
Now we need bounds on  w and V.
In the Pirst octant, x20, N=20, 220,
N};_w ?_=O) O'—‘B“X"B\/ = x:3—57) 50 we hove
OixiB—Sy and Oé\/él

£ W
Ocut3-3v O=v £




The surface orea

'S SS AD =

s IS §8 1R | dA
L [
m— (1,0, Vil x = 5 1| = (D—L—l\,“(*%-()), |- 0>
ry = <O 1 #3> o | -3 = <\) 3, |>
JFux 7yl = JIrarl =

{5, ds =15, [T dA
= S; SZ—BVW du dv
=1, IT (3-3v) dw
= I [av- 2vAl,
=0 (3-3) = |2

ExT Evaluate the e.urPace, nte %)ral $0s N dsS whae S s
the cylinder x2+y%=9, 0=z 2 <3,

Parame}r\t(_ cla,scrlphon- r‘(u V) = <3C»06Uk 35mu, \/> giﬁu:/

£
£3
T 7 X
= (=3snu, 3cosu, 0>  Tux¥y = [|-3su 3esu 0 = (3cosu, 3smu, 0
N o O ]
Cv = 4 O ) O ) 1>
]FuxF\t\ =

13 Leos?u+ sin?y) = 3

e vy dS= Mg 3snu [Rxr| A

= S?S;ﬁ 2snu (3) dvdu

= A" [—COSU&]::T
=10




Now, we can  +ully explain double {nire,oaxa\s n polar
coor dinates !
a__

g \ We can parameterize the circle of radius a
K

kj“ using T(r, = (rcesO, rsinb, o>

n the. xy-plane,
‘ S0 2=0
fxy- plane) wth 0=r< a

ond 0<£0¢ 2
Note that R is ant

because fhe

parame,fers ore.
drown n the

st rB-plone..
Then SS‘S Q(x,y)d5 = SSR Qo8 rsinB) & xv, | dA
i 3 3
= <c056) 5])«6) 0> T X Ty = cos© snB O
- . ‘ S
Co={~rsnb, rwsB, 0 cno rees O

={0, 0, res®d + csn2>
) = (0,0, ¢
\f‘ere\ ——‘Jr‘a- =~
(S £ Y ds = (55 Flreosd, rsind) |7« 7y | A
o a \
SDSO$(rc058)r5|n9) rdr 6
—in (Y, 2) coordinates) = ‘\r\sphe;r‘f(_a.\
Ex83 Evaluate [385 £ .S | where £lp, 0, B8)=cos¥

“x. { ancl S is
the part of the unit sphere in the Pirst octan+

This port o the uni+ sphere- 15
tp®od:p=1,0:0e T 0 He I

n 5phe_riaal c;oorciinmLes) 50

!

X = Q;Jﬂ LPC,O.S@ N
N :pzéin@ sm B
z _—;/@;\CJOS(-P

P:I is constont | 55 we use u=0, v=0,



~(wyv) = <6inu Co5 V, sinu siYL\() 605u>

Sk

w= { cosu CoSV) COsSUSINY, —sihu >
v ={-shusinv, sinu cosv, O

PoXTy = 4 smaucosv> s{n&usfr\\// cosusMU cosfy + cosusini sinéyv >

= cosusinu ( CosBy—+=TR V)

IFuxry | = d (snTucosv)® + (snfu ginv) ® + (wsusinu)?

= | sin ulcosZe—+3Tnav) + cos%u sinfu
= {s5in?u ( sinfu+—cos%a)

= siny
¢ 9
§5, Flyz) dS = §8g £l w) 1R R | dA
tnol g = Vo) tein) du dv

on U.Y\H" SP}’LU'Q
sinee o= 1 _

- | -

L ]

. Ly
'C(XI\IJZB: z = % [_;1‘ Slﬂau] 0/'1
T

£ Evaluate §§ (x*+ y2) dS  where S is the surface
with parameterization Fyv)= (2uv, ud-v2, u +v2>
for 02 U+ vl 2| , ’

We have 7(uv), so Cu=<2, Au, 2>
\‘t\/= <5Zu,~61\/) Z&v)

"_:qu—\:\l:' <L{LAV'J"qUV)‘(qvafqua)}_'L}Va—qbﬁz>

= CBuv, Ju-4va 4 (ud+v2))

2o Byl = GHutu? ¢ 16 wd —v VB 16 (w2 v2)R
=116 (Bu@v@ + (W% — Ludv®r v + (W + 2eBv® £y))

S AU - SudvE « dyH
=412 (wdrvA)? = 45T (u?r v3)




[, (x2+y2)ds = 55, (Quits Gava®) e, <7, | dA
=§5, (uraudvde vH) (Uia W +v@)) dA
=42 §S, (u@rve)® dA
‘/Z\ e can integrate Hhis wh

x polor cosrdindtes in the

l] ,
Kj wv - P)an&- bk=r~ac>;6
v=rsnb

btvre| 0e B2 2T

Note! We calculated |Fyx & +o switch
dS in y,2) to  JdA n (uv).
Now, to switch dA in (U0 +o
polar  coordinates, we use
dh= cdrdD. Lanore Hhat Nou

previowsly calculoted [Fu xFy and

retend as Huou ou  ore
Enoowﬂrerinq Hfé),ﬂ ‘\ere,q\)(‘a]

L]E\S‘SK (Ut + Vl)uo(A ) K= §(u.v)18£u"+v“é K

with no  other information.
T# you saw just thot imLe.%xd,

Jour instinct should. be to
cotwerT +o Polar,

=4 XTSL (=) rdrd O
=4 52 (2 5, r e
= 32w L # ‘“STD

= T -




7% Real word 6X&MPI€, of par‘ame,+e,‘f‘iz_in% :

The surface of +he earth caanot be o.c,auwaﬁzl

repre sented in two  dimensions. Insf—eaok +'s baﬂer
o think of i+ as O srameterization whaxre

U = /ahw'-uo(e, -90° £ £ 90°
v = onoyﬁ,tde, -130° £ v £ [30°
1307V ) -
(Lk5 {0°
._L/
_ |- 2 Curve +raced b r‘(LL‘S V)
_ P (x(45%,%0%), y (452, ﬂo'=> 2(45"‘10"))
J‘ \‘ L{ T o \I
-9c° D ap® r(sl )
ah T
| * curve traced by
ALy S OTRTE)
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