§176 Surpac.e. In-\-e.cara\s LPa.r-'(' 3)
¥ Oriented Surfoces

TF you start of a point P with normal ve ctor poimLM
towards ~our hood (M) and you can walk ar“oan@
o surfoce  on a closed curve back o P and end up
w it the same normal vector (xQ T not éiﬁ)) Yhen Hue

surfoce s orientable.

Ex. A kemisphure  is orientable o

-

Ex. The M&bius steip 15 Not orientable. _?Lﬂ
(We wont deal with surfoaces Hiat /‘~
are. not orientable, but +hey do exist) ‘

Figure 17.55

At oany 'PO[Y\‘l' on an orientable SLL\"Q&CQ,J there. are +wo
normal vectsrs 7 and A, with 7, =-ny.

o/ T CI«‘oosinzA wWhich vector (R or P2 s consistent
‘g with Fhe orientation of S makes the orentable
surface oriente

Think about a surface with wm"J-l‘ch on one side with
the normal vector on +he side with wr{Hn%.

: ords up) O (Words  dewn)

n

.

[)_?-__‘R A surface S with (chosen) normal vectsr N s an
oriented surfoce .

If Sis a closed orientable surface +Hhot encloses a

region (like o sphere or a cube), then, unless otherwse
specf%’e_cl, we assume i+ s oriented so that theo
normal vectors point in the outward orientation.

For o Parame,+e,rfzed surface ad've,n b\/ 7 (u,v), the

noemal vector direchon s roxry  or —Fux ),

(ﬂ'\e, book uses ‘Eu*—-gu Ms'}'ea.cl O'P Fux?‘v->



Det TF Ez(?,%,VO s a vector tield and Sis an oriented

sur\cac& wi h Paramd—e,rl'?_akon FCU.VB Por CUL,\!B mn !2)

then +he M or surface [w"e%)f‘al of +the vector Pield s
({,FedS = ([,FenAds =

where N is the unit normal vector whose d{rem[fon IS

consistent with +he orientation of S.

552 _ﬁ e (me ) dA

T+ n= L2ty Hen

|7 % Fv[ !

f[[,Fer d5 = ﬁzF-(%ﬁ?‘iﬁ 1Bt dA
Fen is scalar —

Va[rb\w_cl Qund‘!‘on, = SSQ e (Fuxry) dﬂ(

50 this s the

surface ivH-e‘a‘al
of o functd

Tn woro(s, the, surface mteagroel of a vector £reld over S
‘s eaqumal o the surface JmLe_%)ral of its _normal component

over

ﬂamk\‘ng of flux, we are only %akin% the part oL F
Passin% H'lr‘ou%b S in the direction” of the normal

vecTor,

I+ S s 6XP|fcf‘H\/ cQ,a,Qmo( with Z=5(x,y§ por (X,\/S{HE,
Phon  §§, BeRdS = IS, (-Fex — qu, +h) dA

(aﬁsuming +E quard ortentation ).

@ Evaluate 335 F" o\TS> where E';__(Y, X, 2.) ond D s H1e,

boundary of The solid re%«'on E enclosed by the parabo/oia(
z=1- x&-y % ond the Plane z=0.

z z z
,. Yoo

X

X



Cap: S5 F o d3 would De computed over just the cap
£ the fr‘o blem Salci, 'S s the parabo)oid

= l=x*-y? 0¢z & 1.0

Disk: x*+y =1 5 ar-t of  the boundar Lor +he
described Soﬁ)id E. !

We cannot re.pr*eserd- the cap ond the disk with
the same parameterizodion, so we will compute
the surfuce intearals separ\od—e,f :
sFends = [§ Fends + [§ Ferds
(capd (iskd
Since S s o closed sur?ac_e, We may  assume n s
Fhe outward normal.

AN i /! ‘j o
2 ISR I gh
| & 2GR fa‘\[
X ; cap 51 % PlO.Y\e/ O&I‘Sk Sa

X

zy'
C_—gg: r’:(x,\/) = <X.y, |- X‘Q—y&> ) RZ{(x,y): xE+ Ny e 1?_\%*
(or 5Pher~ic,c11 on sphere P=1 e have B
,E(L?,B) = {sin@ sinB, sinWcosB, cos LQ>) e =
R=1(ge):0¢0e T 0202 2my — | ,)

|

Nith #Gy): fx:“l O ~Ax> By = (2, dy, 1
Ty =401 -2y 7>

(S, Fed3=§5s Fe(rne,Nds
= S_fg E(x,\/, \—x“’—y}_}l- (Qx, Ay, 1> d A

=4y %, \'Xa—ﬁa>
= ng (Qx\} + Axy + |- xQ—\;Q)o(A




Pack +o SSE U}é\, - x2-y2) dA  Lnd use Po(ar!

:rsinﬁ

Y =vrcosB ZTLR
N
di = vdrdB ot

*Ery 2= rd

Disk!

§s

=

= § 0 (4 (easB 5B 1 — 1) rded®
= BT (Ye2easdsind o= 3 dedB
= T [ eosBainB + ko - 4 i) 4D

= {7 (cosPsinB &) 4D

= 1 l AT
“Q__Slnae"-jeo
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e

|
i
L

rloy) = Sxy, 0>, xTr gy &

ry = C 1, 6,0> = Xy =
F: _ <O) l/ O> % r\i 40) O) 1>
Note: (0,0,1> has upu)aro( orientaton, but Qe

this surface the normal showld have

down ward. orentation (M%H{\/e, Z comp
so A=

(B x B = =400 1> = 0,0 >

2 on disk

§, FeidsS= 0 <y, x, O £0,0,-1>dA
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Exd Find Hs ?"Ag where _F-:;= <x2€j,—-xze_\’,z> and. S is

the part of the plane x+y+rz=1| in the First octant
with  downward orientation.

First we paramefecize S as Tlx,y)= {x, vy, I=x=-y>.
We reed bounds on x and N, S0 let's %aph +Hha
plane  in the Dirst  octant:

2@,0,(3

b 10 From the picture, S is the plane.
C\j : z= |=x—y above the {-rfanwar
(1,00 3 ronative region when z =0 ¢
. Y—;_ »c‘,gﬁpffﬁh— to RNy =¥
be oLOLUY‘LV)(LYYi X

¥

fx: <<({))C\>I—Il% FxxF\]: <’\} ']‘1>
ry= ) ) \
k | Needs +o be M%A«'}_’VC e

dowwon werd erentudion

F:“<111) T>: <_T|51;—1>

Fen= dxzel,—xze’ 2% e (-, -1>
= —xzel +%xze) -2
- -

On S :—(l-x—w
:X-&-\}—-(

fl.Fends = {5, (xey-1yda
= 550 Gery -0y dy d
= §o [xy - é\/a—\/j\)i—% d x
§o (%= = & (=)= L1-x)) dx

<L

= Exi- EnP o (-0 - x +ax?

=kt c0As K -(0-0-% - 0-0)

1
- b




Ex3 Find the flux of F-= (\},x,z> -H\r‘oucérh fthe sur face S

ven by rlu,v) = KCOSV) USINY, uy y 02U I eveT
. : |
with  upward orientaton.

Fu= Lcosv, sinv, 1 o B xE =
= FLXT, =

,, . {~ucosv, ~usinv, uy

v = {-ushv,ucosv, 0% \L
Snnc_.e Dfus Q) a.bwa\ls
positive. z compo nant,
S0 ﬁ = ?:.LLX_FV.

§s Fo@d3 = §1, Cusiny, ucosv, ure {ucosy, —usiny, urdA

= 58, (-2ucosusiny +u?) JdA
= (755 ua (1= 2eosvsined du d
= (521 dun)( Sy (1-2eosv sinvdly)
:[Jg u?l® [v - smav]ﬂz
=&Y -0-(E-1)

=15(Z+0D
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