éﬂ_'l Stokes' Theorem (Par+ 1)

Recall: Cireudation s +he ntearal of o vector Licld alon

a closed curve ot c?ve,s now much -H/\e/ Leedd puslaes
the object aiovx% the " curve:

§, Fe df
TP F=dFq%, & Fed? =40 (8 qve {dx dy>
§. Fdx + %d\f.
§ F o dif = §_ (5,9, k>e (dx, dy,dz>
= &, $dx + %cly + hdz .

We later learned when F={¥, 7, we can use Qreens
Theorem  to compujre, cive il ation:

5, Fode = [0 (gq0-8) dA

b
whoee (O is the bour\olcu\] curve of Y‘e%b\f\ 2. Cx

and g, -fy is the fwo dimensional cuel of F.
Cven later; we defined the curl of 4 three

O{l‘me.YlSl‘onal ve,c}or Q{dd as c_wr*l F = V"F,

in o

e F =489,

(Note: We  can freat Flo)y=df, %> as (?_C}x.\)), a (xy), 07

Tn wrl B= yxB= |5 3 51-<oo 9 —fy7,
R 97 2z
£ q ©

50 Hﬂ& onl\] non 2ero C,OYV\POYICYL‘J‘ O‘F VX_{E 'S %X_Qi
which 5 the two duimensional curl.)

Now that we can find the cucl o8 o vector Leld
Floy,2) = {E, oé]\/\§) we want  an analo% of Green's

Theorem. B |
HOUJE,VE,Y") L«.))’le,n ):CX,\[\: <“P,(é>’ we, ore C..OYV\PLL-[_“’\

§’Q ﬁ' dr Lo closed curves (L in the x\;-plane_)

so (. bounds a r‘e%jon K n +he )(\I—Plar\e,.
TP Floyz) = {F g, hy, then § Feo dd can be
Ca‘ ya c.
computed over a closed curve n spPace QY
X



C no lon%ﬂf bounds & regqion in a plane. Tnstead,
i+ can "bound o sucface.
(The racy‘on B in the xy-plane is o Flat sur Loce.)

U«_W\_ Stekes' Theorem
let S be an orented surface n RS with closed

boundam{ curve C whose orientation is consistent with
the. orientaotion of S (use +the ri?d— hand  rule).

—

Tf F= (P qh), then

§. Fedr = §5, WxF)eRdS = 5l curl FodS

Where. 7 is +he wnit normol vector +o S defermined
by the orientotion ofF S.

Re,ca“: Qlﬁy‘/& - H OJLA RUL\& k

When you curl the fingers of your right
hand in the positive direction around C,
your right thumb points in the (general)
direction of the vectors normal to S.

}
_—F

Figure 17.60

» The right-hand rule tells you which of
two normal vectors at a point of § to use.
Remember that the direction of normal
vectors changes continuously on an
oriented surface.

Now , We con  Compare Stokes’ Theorem ond Green's Theorem?

@ o

C

Circulation form
of Green's Theorem: Stokes” Theorem:

;fl-‘~dr=£]("xl‘|-kd¢4 ?F-dr={j(\'xh-nds

Figure 17.59

Meaning: Under proper conditions, the accumulated rotation of the
% vector Preld over the surface 3 Loéj\/e_r\ by the normal componant

o*i the curl) e,c(fuals the net circulation on +he boun(icm\/
of .



Remember from 3173 that the ciradabon of 4 Conservative
veckor Lield on o closed curve s O.

You can use Stokes' Theorem to COVV\PLML& line in+€,cy‘als
%Qﬁ. &T—E ’QO\" problems UJJ’LU"Q, one.  ox more. 'l—e;pmg O\C

5 £ dx rgdy * hdz camot bDe in'l’e,%)ra',‘eo( (ex: (. et lt).
T+ can also be used +o comptﬂ'e, the  surface \'n+e%)raf of’
the cur| of o vector pt'&[cli Sgs curl E o o(g

However, we connot use Stekes' Theorem +o compute

SSS FedZ uwless we know F=curl & Por
vector field C_;‘f

some

Ex! Evaluate &, Fede where ﬁ(x,y,23= {3 x, 22> and

C is the curve of infersecton of the plane y+z=2
LuH;h +he a\ilindex‘ x&+yE=1

2, L a_
Xty =l The curve (. is +the (losed boundar\/ curve.
i) of surfoce S.
el N Ne can write a parametric  description
of O where X and \ line on +he
- circle. w the xy-plfm& X"’“f\/g‘lf and

2 s ven by the plane z=d-v.
Then CF(E)= Lcost, sink, 2-sinty 0ttezr
~N

x3+y T = 2=2-Y
HI‘H’\OUJ}J 5"’0]46,5\ _ﬂf\.ﬁaor‘e;m) we. con C,OW\PU:[-Q, 0s ‘pOHOUJS:
§ Fed = § L-y% x, 2%« P2 dt
= S:r(—sinqtl cost, (2-sE)2) o {sint, cost)~c,os{:>o"é

el :
gow (smst + costt — cost (2«5{»41%)'2\) dt
ndontities ¢ w-sub

He ol

Tr I.%

I«

I



To use OSfokes'| we need fo paramererize the sucface S
Ne can +think  about c,\llindr(ca\ coordinates : x =rcos e,
y=rsin®, and z=2, but 2=2314-y=2A-rsnD in
cylindrical © coordinates. To avoid  confusion, use v=r and u=6

R ‘ (lor ¥V =& oand u=r)
r*(umv: (veosu, vsinu, d-vsinu», 05udd, Oty <1

> e .,
A

Ne also need curlf= Vx—{—j We weed o oovnpud-e, Vx}—f
in terms  of (x,v,2) because V= <—§;_,“ff— 2= e
cennot e,asdy compute  VxF  with F (Fluw).
- 1 ‘ k
curl F = 15_ :)?,_ 2| =
INE 2| = <0, 0, t+ayy
= <o, 0, 1+ Avsmuy (on S)

<O‘O;“© - O>/ [ - (—Qy)>
v PN Gz

We also need o find +the normal vector +o0 S

consistent with  the positive (counterclockwise)
orientabon of (-

ry, = <‘\/Sinu\ VC0S U, TVEos uy

cv =Ccosw, sinu, -snup

Fux By = {=veosusinu + veosusinu, — (vsintu *veosu), ~vsindu-veosqu
=0, =V, —v)

normals  consistent with orienfation ¥ C,) 50 we nzed
normals  with posi—)ﬂvc r c,ompone,n'i's

=

n=—(FuxT)= =(0,-V,-Vv> = (0, v,v>
' Using Stokes' §, Fode =Ilocurl Fo dS (=05, (gxF)erds)
= SSIZ 0,0, 1+ 2Avsinuy e {0, v, V) A

- S; SQ:LV v Avesinw) du dv

It Pamvvu_:f'%f'z_ ed with (8,r) “
nstead of (wV), we wsoul
have (B,r) over +he same

50 we  would not use _ ot _ v cosu w=qm
A%; f_d;“dg. As lﬁ"&\d g” [UN v ]u:b dv
with GV, we wou use.
AA= e dB o AR=4ddr) = g‘ (amv — 2v¥ - (0 —avD) dv

= Trv9~{,,l = | T




Eﬁ Fl‘nd §°I’f°df-’ UJIUU’\ T:‘f— <Zﬂj\ia, X\/> OLY\Ol C s Hae, counter-

clockwise hw'ancb/(e, with vertees PUL1,2), Q1 3),
Z

x\,—plane,.' Xz——F)anci yz-plane
N 2 - z
2 | 2 Lz I+ X %J_ o
_ X =71 = -3
5y T oy=a- 3 s VA 2= by
2= dx £ T 4
3 This line”ss x X v
X y=2-x © 3 2, o 2

Z:L}—-Q\I

(5 paH— of the plama con+a1\m‘n% the, non collinear

points. The normal 4o the plane’ can be found
us{no& PA*PRn=|t 5 ¥ |=(0o-1-(-2+1,1-07

—11 -1 :<-1l1lt>

— O

An e,cBuaHon of +the plane is -I(x=0) * 1{y=2) + 1z -0) =0
= —xXxtytz =24
Ne can write n 3 ways:
® The Pav--f’ of 2= 7 tX -y over Huo r‘ecé,fon T4
@ The ParJr of N=d+x-2 over Fhe re%,z‘on T2
@ The part of X =y+z- g over e re%jon Tz

Mm‘n% O Pl = {xy, L x=N 7 with A=y exs G-2y 1eyed,

Ne know that (~1 1,17 is normal +o the planc ond s
consistent wov M the  or entation of C.
To use Stokes', we need i-o C/OW\PU.]L@.

curl F = VYxF = é; % P = (*x-0,-(vy-22), (0-0)>
Z_‘l 70’( X\f -":(X) 9-2_\/)O>

%CE'/AF = §§. cuclF o
- SSR <Xr 12—\/,05‘ <_l,l)l> d:ﬂﬂ
= SIQX::\IQY ("X - Q%"\}) d x 0{\/
=2r XY



= § S:_—\,QY(H+>< = 3y) dx dy

= S? [l %+ & x2- gx\lj:;;—-\?\i A'\/

= 5 16-3y + £ H-2y)* -394 -2y)
—(3-uyr £@-y* —39@-y)) dy

- (2 (8- 10y +3y2+ 2(4-2y)2 —£(2-y)*) Ol\/

=[8y- FETINER T wWU-ay)’ - %'(*I)(Q—y)ﬂf

=[16 - 20 +8 = 2o+ 5Ly~ (35l ~F + &) ]

1 3 ]

L 2 |4
- 3 - 6 — |

Not usin 54’0'465\J C= ?& — @Tﬁ —> W which are
line = s that we can Parameterice as Bllows

PO A= (=) U 20+ £42,1,30 = Lev, 1, L e2y, 02tef
QR ()= (1-6) LA, 3>+ £40,2,0% = {a-at, t+1, 3-3t> 0tieq
2P R (8)=1-+)<0, 2,05 + £ (1, la>={+,2-1, Aty 0t

§ Fodi= Fedi+ { Fodir [ Fedz,

= (1) 13 (D> « (1,0, 1O dt
F B3N (B (2-2e) (k). {7, 1, -3 dE
+ 5042 (2-8)® -1« {1, -1, 2 dt

- Sl(&m’- ) —2(3-30) % B+ - 3(2-28) (1 +1)
FULT - (2-6)2 + gt(a- ) dE
= S: (-9¢t2 +51t -2a) d+t

=-3¢3 2L 29+ !

=-3+3% - 21

_ -6 + 51 - 44 _ L
- 2 | m




Ex3 Use Stokes' Theorem fo evaluate §Ss Cur‘\l_:h-ol‘s“l whore T‘l—_=(\,z,xz,y\,)
and S is the part of the sphere.  x2+ Ny2rz? =4 +hat
lies inside the ey Indea  x*« yg‘=1 and above +he xy -Plam_

z

Cis the curve xZ+y® =1 in the plane 7_:4]"3—7
S0 rlt) = <C,o.5‘f:,sfn‘i:/,§_3—>/ 0¢ - ¢ 2T

B\I Stokes® Theorem !
SYS Cur( ﬁ‘dg = ﬁc E° ar

gfjr (3 sint) {3 cost, cost sinthe Esint, cost, OY At

i

= wa(—ﬁsm&t +[3 cos?t +0) 4t
=13 07 (cos®™ - sin?t) dt
=3 53 cos(at) dt

= E,,: sin () ]irr

=10

Wi Hhoud S'l'olces‘) we Pamm_d-crfzc S with

Fluv) = {Asinv cos, Asinvsinth, Leosv> Lo DLW 04y L

To Pind  the bounds on v, recall spherical coordinates:

r=cosv = N=7
e }ﬁ: VXE: ; ‘EQ__T; = < ) - >_ 5
o L £ %7 Sxontymy), 2T S
\IZ Xz X\l

Sscurl Fedd = §5, 0 ga =[O

0! Nokice that T is conservabive with F=V¥ fir

— W(lx,y,2)= xyz. Qmece C s o closed curve,
T curl FedS =< § Fodr =O.
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