$17.7 Stokes' Theorem (Part 2)
Recall! Stokes® Thesrem %C Fe B dt = SS_S cucl Fer dS
4\ LODIL\‘H% ot H'Lc (eﬂD+ side of

]:,‘% 7.42. T+ we Plac.e,i a Pado(le_

wheel ot +he om'%fﬂ Fltzd
so that Ux F were its aws,

Hﬂ&n r‘zﬂ'a ﬁ\on (a ar= SP&EO()
due +o Lield B wouwld be

maximiz ech.

—_E-Q i\Y\Sﬁ’_aA we JDO‘Q oﬂ(' -Hfle_
ri%{ld' side. whore we have

.Paddle wheel at P with axis n measures . —

rotation about n. Rotation is a o Padd |€/ WW ’:’J ' H/\ N as

maximum when V X F is parallel to n. Vs axi s, qu,n - wi H 5{—7)/
Figure 17.42 conse.  some, votakon of

bhe poddie whaed, bud its W\acyu%ra(c will be less
The curl of F  tfels us which vedor to use as

the axis £or a paddle_ whea! 10 maximize.  rotation due
o F.

Note: Rotation s maximized whan UxE s paralle] fon.
T___If\_W_\ 1:10 ﬁ s a conSerVa:l—fve/ \/&CJ,_OF‘ 'pielcj\) Jr‘l’l.Ul C,U»r‘lf:O.
(For  mos+ r*eck\'ons D that we encounter wm +his

wurse, the converse 15 frue . Me.am‘yl?” L curlF=0

on D, t+hen F is  conservative on D.D



v={(0,1-2,0)

to the y-axis,

XIS

Horizontal channel flow T(f\e, V&C:I‘or‘ ple,lcl ;s V=<O, "‘le O>)

so ot any Po{ru‘/ AR Para“e,/

T# we place o paddle wheel
ot point P, its
be parallel to the z-axis in
order for ¥ 1o

should

cause H/UL/

Wheed o spin. TE Hhe axis

Paddle wheel with vertical axis s POJPO&H&I '{"O '}’1’1& X— or Y'JO‘G-'B

spins clockwise, for x > 0, and
counterclockwise, for x < 0.

(a) P&Ad les

then ¥ will pot push Hhe

ond coause Yhe
Figure 17.65 whee|  to Spfrl.

T]’\& yu,)(‘l' H’LI\ 1Lo V\D"'e, 'S -H’LOC{— 173|>ngj SO +l’\€,
paddle whaad  will spin  clockwise at P.

£ the wheed s place d a+t A, the axis should

still  be pacalle | to e 2 -axis. Snce Na | > Vel

the paddle whoel will have  Ged) counterclockwise

rotation.

Now, we leok ot (B which is a
graph of curl F = <0,0,-2x7.

For‘ an\, Suu‘woace, Para“e,f 1Lo H’LL
Xy- plane, & = 0,0, is a norma|
vector. Since (Vx3) e} = ’Qx) ]
the mm‘hd& o the rototion d

of a P[\fwhw( ol o point CX/YIZ)

IS dwwduu(' onl\{ on X
(provided s axis s Pa\"a“e{

4

N

3

VXv=1(0,0,-2x)

A

'{'D 'H/Lé’/ Z2-—a4. X I‘S) . (clockwise rotation)

(VXvV) k=—=2¢>0, |

forx <0
(counterclockwise
rotation)

(VXv)-k=—=2x<0,forx>0



Ed—umn\n% to  Stokes’ T]’laore,m) consider— surface S with
boun&ar/ CUrve. |
C
)

(T », R is @gf par{“ of 5.)

WNe can Pamme}@,rize, Cowith B and then &) s
-i—an%ﬂf to C aft any po{rd— on C.,

We also have the normal vecter 1 10 S given by the
pacameterization of S and consistent with © the orienta-
'HOV\ o‘@ C.

TP we use +the Lield 7 =¢0 1-x2 0% feom b@por“e}

then ot point P oon C/) r(t) s or%kocz(onal to v, s0
Je PE) = 0.
Howeve,r‘) AcH— Pojn+— P on 5J n is paral/a) o _\7)

so Ven £0. We do have at P on S that curl?
1S DFHrLooxona\ to ﬁ,

This is & small example o  show why Stokes' Theorem
makes  sense.,

§CV N ?)(-l;)o({; = S\S; (Vx{,‘)o ﬁ ds




Seyantics

D A pr‘oﬁlem states : Use Stokes Thooremt +o Lind the

p———

cicculation of F=VQ around a simple
closed curve C.

How -I'o sl’LouJ \/ou.r* wor*kf Cn‘rcu)on‘ﬂ'on = §c, E. OL(“
= SSS corl —]foolS
by Stokes' Thearem.

E'=9Y s conservahve , and.
= \
curl F =0  Lor o conservative

vector Lleld . This imP”eS Fhat
the circulaton is O,

@A proble,m states - }:l‘ﬂd the c;‘w‘culaﬁ'ov\ o —F?=th

oroind o simple, closed curve C.

The work Tor @ would be correct ©0R ...

Diffevend Work ! C:ir‘c,ulahlon = §O Fe dAF
F=V® s conservahve, ond C is
o closed curve, 5o by Hhe
Fund amenta| Thiorem - Line In—hféfmlsj

e cirailation s O

Both examples of showl‘rwé work,  state that Fhe Leld

—_—

is conservative. (for a specific F, you should show
Fhad E /s conservahive) and state the  theorem
fhat  allbws you +o  deternmune nBemabon  about
the. ]nﬁayml,



Exl Consider the tilted disk C:
c@)=Ccos Peost, sint, sinWeosty Por 0L+ 2T
©is o fixed an%le, with  0¢Pe I

(c) Use _\54’0!4&5\ Theorem +o find the circulation on C
of F = (—\/ -2, x> as a funckon of @,
b) For what wvalue of @ s Hae

circulation a max ('mu,m?

(&) We. can pamma,—/-e,m‘za the zsurface enclosed by C

by ntreducin an ot~ Pahamd—e/r‘ B Ha y\aﬁ[us-
Take w=<t gcmd v= radius !

v (u,v) = {veosPeosu vainu, vasin@ cos Wy
wth  0&v el and Ocutdm

=il

= (—vaosw,sinbk, VLosu, —V sin SINU
= ( cos¥ Cos, DINU, sin cosu >

Xy = ivsin@cas‘?u+ \Y% SinLP <in?u

)
— (——\/ cos W s LP Sf}/lu coOSUw T V cos LPSMLP COos LA sr‘nu))

—veos Wsin?u — v cosWsinu

:<V5{Y\Lp, DJ "Vcos(\o>

Note ! FCD)T— <COSL0) O, Sin (-0> with

51\1’\ )w5(.0 _}O
_FC:E):d O/ 1/ O> @or Dé(‘pé%
(coslf D51 @) - )= (- ws¥ O, -sin @\

\l . A
Y~ Need N o have PDSl‘?"I\/C ya C;DWL‘POWUL ;

n= (-—vsin® O, vecosW >

K

%Cﬁo&?= SSS cuel E ohn 45

- SfrrSJ (1) ~1) 1He (-vsin® ) 0) v eos LQ> Oo'vd‘“b(
= 2 ) (mvsin® +veos @) dv



Ar |z V¥ (sl + cos LO)]:
=| 0 (cos W= siny)

() Cirenlation

= %CLQ)——— T (cos @~ sin @)
T Lunchon o 1 Var‘f&ble,so abs max prod

%‘U-PS =TT (= sinW® - cos®) fom cale L
O=T(-snP- cos LP)
cos @ =— 5 Y

31T i .
= L—P: G oor T o Lol'uc,h ore Ylo'l" n O&LQA—_ :ZT:TZ-

Check. O\A.Pofn‘l‘i o W=0 = () =17 (1-0)=T1

0= = q(E)=mw(0-N=-1T

Circulatron  has

maxinum value of T when |¥=0
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