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ABSTRACT. Let F/FT be a CM extension unramified at all finite places such
that p is unramified in FT and all places v|p of F1* split in F. Let 7 :
Gr — GL3(Fp) be a modular Galois representation satisfying the Taylor—
Wiles hypotheses, and is irreducible and generic locally at a place w|v|p. Let
m be the corresponding Hecke eigensystem. Under mild hypotheses, we show
that the m-torsion in the space of mod p modular forms on a compact unitary
group over F't split over F is an indecomposable GL3(F,,)-representation.
The main ingredients are multiplicity one results of [LLHLM16] and a weight
cycling method due to Buzzard and [EGH13].

1. INTRODUCTION

Let L be a finite extension of Q,, and let p : Gi — GL,(F,) be a continuous
Galois representation. When L = Q, and n = 2, Breuil ([Bre03]) proposed a mod
p Langlands correspondence which would attach to such a Galois representation a
characteristic p GL2(Q,)-representation II(5). This correspondence is combinato-
rially simple—in particular, if p is irreducible then so is II(p), and if p is a (split)
extension then so is II(p). This suggested the existence of a functor II from such
Galois representations to GL2(Q,)-representations realizing this correspondence.
Such a functor was constructed by Colmez ([Col10]). Shortly thereafter, Emerton
([Emell]) used this functor to prove local-global compatibility, or in other words,
that this correspondence is compatible with the completed cohomology of mod-
ular curves. In recent years, a number of candidate functors which also apply
when L # Q, or n > 2 have been constructed (see e.g. [Brel5, GK16, Zab]). At
present, little is known about these functors, although it is natural to hope that
they are compatible with completed cohomology. Breuil, Herzig, and Schraen have
suggested that the expected exactness and local-global compatibility properties of
these functors should relate the submodule structure of p to the submodule struc-
ture of completed cohomology generalizing the case of GLy(Q).

To fix ideas, let F/F* be a CM extension and let 7 : G — GL,(F,) be an
automorphic Galois representation such that there are places wlv|p of F and FT
such that v splits over F, I, is isomorphic to L, and 7|, is isomorphic to p. Then
we can define a GL,,(L)-representation Ilg,, from the space of mod p automorphic
forms on a definite unitary group over F'™ which splits over F, which serves as
a candidate for the mod p Langlands correspondence applied to p (see §4). We
can moreover choose level and coefficients so that I, satisfies natural minimality
properties. The following natural conjecture relates the submodule structures of p
and Ilgop, in a special case.
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Conjecture 1.1. Suppose that L is unramified and p is irreducible and generic.
Then Ilgon is an irreducible GLy, (L)-representation.

In the n = 2 case, [BP12] and [EGS15] show that the GLy(L)-socle of g, is
irreducible. The following is our main result.

Theorem 1.2. Suppose that L is an unramified extension of Q,, n =3, and p is
irreducible and 10-generic. Suppose further that F/F™T is unramified at all finite
places, T satisfies the Taylor—Wiles hypotheses, and T is Fontaine—Laffaille at all
places dividing p. Then Tlgo1 is an indecomposable GLy, (L)-representation.

With the additional hypothesis that L is Q,, it can even be shown that the
GL3(Qp)-socle of Ilgy, is irreducible from the mod p multiplicity one results of
[LLHLM16] and the techniques of [EGS15]. We briefly sketch the argument here.
Suppose that 7’ is a nonzero irreducible subrepresentation of Ilgo1, with GL3(Op)-
socle containing the Serre weight (irreducible GL3(Op )-representation) o. Let Iy
and I be the subgroups of GL3(Oy,) whose elements are upper triangular unipotent
and upper triangular modulo p, respectively. Then the space of I;-invariants of
o is one-dimensional. Suppose that I acts on this space by the character y. The

martrices
1 1
( 1) and (p )
P P

normalize I; so that they cyclically permute the spaces where I acts by a cyclic per-
mutation of x. By Frobenius reciprocity, one obtains nonzero maps from principal
series types ¢y, : Ind?L3(OL) wy to 7 where w is a cyclic permutation. In fact, it can
be shown that these maps factor through parabolic inductions which are quotients
of these types. In every case, one can use p-adic Hodge theory and characteristic
zero automorphic forms to show that for at least one normalizer of I; at most two
Jordan—Holder factors o and (o) of these parabolic inductions is in the GL3(Op,)-
socle of Ilgo,. The image of ¢, cannot contain ¢ as a Jordan-Holder factor because
g0 is known to be a supersingular representation by classical (characteristic 0)
local-global compatibility. Thus the GL3(Op,)-socle of the image of a nonzero map
Ind?LS(OL) wy — 7' contains §(c). This procedure is known as weight cycling. Re-
peating this weight cycling procedure and using mod p multiplicity one, one shows
that the GL3(Op)-socles of 7’ and g, coincide. Thus 7’ must be the G-socle of
1_[glob-

There are two major issues with generalizing this result to cases where L is not
Q,. The first issue is that usually more than two of the Jordan—-Holder factors of the

relevant parabolic inductions lie in the GL3(Op,)-socle of I14,p,. Fortunately, results

in [LLHLM16] show that the dimension of the space of maps Ind?Ls(OL) wx — gion

is often one-dimensional, from which the image of such a map can be determined.
This fully describes the weight cycling procedure in many cases. The second issue
is that the weight cycling procedure is not transitive on the GL3(Op)-socle of Iz
when L is not Q,. There is a partial solution to this problem which was described
in [BP12] when n = 2. Instead of starting with an Ij-invariant of the GL3(Opr)-
socle of Ilgi,h, one can start with any I;-invariant and apply a normalizer of I;. If
we assume that 7’ is a direct summand of ILz1on containing a Serre weight o in its
GL3(Op)-socle, then 7’ contains any I;-invariant whose GL3(Op,)-span contains o.
This produces further [;-invariants of 7’ to which we can apply the weight cycling
procedure.
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It is not clear to the author whether this refined weight cycling procedure is
transitive on the GL3(Op)-socle of Ilgon because of the rather different behavior
exhibited by so-called obvious and shadow weights. This contrast between obvious
and shadow weights is also exhibited in the description (refining the mod p mul-
tiplicity results of [LLHLM16]) of the invariants of Ilg,, under the first principal
congruence subgroup in [LLHM17]. Fortunately, this description is exactly what is
needed to finish the proof that the GL3(Op)-socles of ©" and Ilgep coincide. This
implies that 7’ and IIg101 coincide.
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Le Hung, Brandon Levin, and Stefano Morra and we thank them heartily. The
first author was supported by the National Science Foundation under agreement
No. DMS-1128155 and the Mathematical Sciences Postdoctoral Research Fellowship
No. 1703182 and the Simons Foundation under an AMS-Simons travel grant.

1.2. Notation. If F is any field, we write G for the absolute Galois group Gal(F/F),
where F is a separable closure of F. Let L/ Q, be an unramified extension of degree
f. Let ¢ = p/ and identify F, with the residue field of L. Let I, be the inertial
subgroup of Gp.

Let E be a finite extension of L with ring of integers O and residue field F. Fix
an embedding o9 : F; — F. Let ¢ denote the p-th power Frobenius on F,. For
1<i<f—1, letai:Fq<—>Fbeooocp*i.

Let G, be RGSpr ¥, GL3 and let G be G, x¥, F. Let W be the Weyl group of

G. Let T be the diagonal torus of G and X*(T) its group of characters. Let E be
the extended affine Weyl group for G. There is an isomorphism

G= H GL3/F
i€Z/ f
where the i-th coordinate corresponds to o_;. There is a similar decomposition for
w, T, X*(T), and E Let Cy be the set of dominant characters w € X*(T') such
that (w, @) < p — 2 for all simple positive roots a.
Let ' € X*(T) be the lift of the half sum of the positive roots which is (2, 1,0)
in every factor.

2. PATCHING FUNCTORS AND SERRE WEIGHTS

Let L/Q, be an unramified extension and 5 : G, — GL3(F) be an irreducible
10-generic Galois representation. Then there is a u € Cy such that p|;, = 7(s, p+1)
where s = (1,1,...,1,w) € W, w = (123) or (132), and we use the parametriza-
tion of inertial types for GL,, in [GHS15, §9.2]. Recall the definition of ¥t, from
[LLHLM16, §2.1]. We recall the definitions of ¥y, %¢" and ¥ from [LLHLMI16,
§2.2]. We have the following result which follows from [LLHLM16, Prop. 2.2.6].

Proposition 2.1. Then W*(p) = F(Tt,(sr(X))).

We recall the notion of a weak minimal patching functor for p. Let RﬁD be the
(unrestricted) universal O-framed deformation ring of p. Fix a nonnegative integer
h and let R. be RﬁD [z1,...,2p]. For an inertial type 7 of G, let R7 be the
universal O-framed deformation ring of p parameterizing lifts of p-adic Hodge type
((2,1,0),7). Let Roo(7) be R ® RO Rs. Let K C G be GL3(Or) C GL3(L),

respectively. For an inertial type 7 of G, we also denote by tau the corresponding
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K-representation under the inertial local Langlands correspondence (see [CEG™14,
Theorem 3.7]).

Definition 1. A weak minimal patching functor for p is defined to be a nonzero
covariant exact functor Mo, : Repg (O) — Roo-Mod satisfying the following axioms:

(1) Let 7 be an inertial type for G,. If 7° is an O-lattice in the K-representation
7, then Mo (o (7)°) is p-torsion free and is maximally Cohen-Macaulay over
Roo(7);

(2) if o is an irreducible GL3(F,)-representations over F, the module M., (o)
is either 0 or Cohen—Macaulay of length d; and

(3) the locally free sheaf M (7°)[1/p] (being maximal Cohen—Macaulay over
the regular generic fiber of X, (7)) has rank at most one on each connected
component.

Let M, be a weak minimal patching functor for p that has an action of G com-
muting with the action of Ry [K]. Let 7 be the GL3(L)-representation (M, /m)Y.

Theorem 2.2.

SOCKT = Dyew? (5)0-

Proof. [LLHLM16, Theorem 3.4.3 and Lemma 5.2.2]. O

3. WEIGHT CYCLING

Recall that to a tame inertial type, one can associate an element w*(p, 1) € E
as in [LLHL16, §4]. In this section, we let 7 be a generic tame inertial type such
that w*(p, ) is n’-admissible. Then p has a potentially crystalline lift of type 7
and parallel Hodge-Tate weights (2,1,0). Then there is a well-defined element
@(p,7) € W as in [LLHLM17, Definition 3.3]. Assume that ¢(@(p,7);) is even for
all i. Recall the definitions of M, and 7 from §2.

In this section, we fix a weight o = F(%v(w,a)) € JH(T) such that (w;,a;) €
s;w* (p, 7); H(B8PY) for all 4. If £(w(p,7);) = 2, there is a unique (w,a?) €
s;:0(p, 7); 1 (S0) N 8ir(Zg) such that

(31) dgph((wi’ ai)a (w?, CL?)) < dgph((wiv ai)v (w;7 a;,))

for all (w},al) € s;w(p,7); *(Xo) N sir(Xo) with equality if and only if (w},al) =

(w?, ).

Proposition 3.1. Suppose that o' = F(Te(w’,a’)) € W¥(p,7) and that for some
JjEZ/f, either

(1) £@(p,7);) =2 and (), aj) # (w3, a)) or
(2) Lw(p,7);) =0 and (W}, a}) € s;7(3").

Then o' is not a Jordan—Holder factor of the image of any map 7° — 7.
Proof. Let o = F(Tt(w”,a")) € W¥(p, ) such that
d (wg/’ a;/) = (w?7ag) if 6({5@, T)z) =2
o (W al) ¢ s;r(X8PY) if (w(p,7)i) = 0 and
dgph((wg/ﬂ a;,)a (wi; az)) < dgph((w§7 ag)v (wia al))

with equality if and only if (w/,a}) = (w}, a}).

1 1)
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Then any map 7° — 7° factors as 7 — 77 — 7° by [LLHLM16, Theorem
4.1.2], and Moo (7°") is a cyclic Roo-module by [LLHLM16, Theorem 5.2.1]. With
the hypotheses of the proposition, any map M. (?”/) — My (?"”) has nontrivial
cokernel. Thus any map 7° — 77 induces a map Mo (77 ) — Moo (7°) which
factors through mMu (77 ) and thus mM. (77). O

Let K; be the kernel of the natural reduction map K — GL3(F,)).

Proposition 3.2. Suppose that ©' C 75 is a K-direct summand. Let o' =
F(Te((w!,ab))) and 0% = F(Tr((w?,a?))) € W (p) such that (w},al) € s;7(ZPY)
if and only if (w},a?) € s;r(X3™) and (w},a}) = (W7, af) if (wi,aj) € s;r(S).

Then Hompg (o', 7') is nonzero if and only if Homg (02, 7') is nonzero.
Proof. This follows from [LLHM17, Theorem 4.19]. O
Let W”*(p,7) be the intersection W’ (p) N JH(7).

Proposition 3.3. Suppose that ©' C 751 is a K-direct summand. Let o' =
F(ZTe(W',a’)) be a weight in W (p,T) such that

o if l(w(p,7);) =2 then (W), a)) = (W?,al); and

o if l(w(p,7);) =0 then (W), al) & sir(XgPY).

Then Hompg (77,7’ is nonzero if and only if Homg (o’, 7') is nonzero.

Proof. Suppose that Homg (77, 7’) is nonzero. By Proposition 3.1, if 77 — 7’ is
a nonzero map, then the K-socle of its image must contain a weight satisfying
the itemized properties in the proposition. By Proposition 3.2, the K-socle of 7/
contains one weight satisfying the itemized properties in the proposition if and only
if it contains all such weights. Thus, Homg (¢, 7’) is nonzero.

Suppose that Homg (o/, ') is nonzero. By Proposition 3.2, the socxm/socxn’
contains no weights satisfying the itemized properties in the proposition. Note that
since M (0’) is nonzero, so is My (7%) and Homg (77, 7). The K-socle of the
image of a nonzero map 6 : 7° — 7 contains only weights satisfying the itemized
properties in the proposition, and is therefore in socxn’. Since n/ C 7t is a
K-direct summand, 7’ contains the image of . Thus Homg (77, 7’) is nonzero. O

For a generic tame inertial type 7, let w(p,7) be the image of w(p,7) in W.
Recall the definition of w from §2.

Lemma 3.4. Suppose that 7’ C 7 is a G-subrepresentation such that 7’51 C 71
is a K-direct summand. Let T be a generic tame type such that for some j € Z/f,
w(p,7); = 1 fori # j and w(p,7); = w™t. Then for o and o' € W'(p,7),
Hompg (o, 7) is nonzero if and only if Homg (o', 7') is nonzero.

Proof. From [Her09, Lemma 4.2], we see that 7 is a principal series type. We note
that if i # j and (w;, a;) € B8PV (resp. (wi,a;) ¢ BGPY), then £(w(p,7);) = 4 (resp.
L(w(p,T);) = 0, while ¢(w(p, 7);) =2. Let I C K (resp. I1 C K) be the standard
Iwahori subgroup (resp. pro-p Iwahori subgroup) which is the preimage of upper
triangular matrices (resp. upper triangular unipotent matrices) under the reduction
map. Then 7 2 Ind} y for six possible characters x. Let o, = F(%t(w,a)) be the
unique Serre weight such that o/t =2 y. The six possible choices of x give the six
possible choices for (w;,a;) € s;W(p, T);l(ZgbV). Fix one of the two choices of w
such that (w},0) € s;w(p, 7); H(Z0) N sir(Xo), and let (w;,a;) € s;@(p, T)j_l(Egb")
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be the unique element such that (3.1) is satisfied. Then by Proposition 3.3, 7//1:X is
nonzero if and only if Homg (o, 7’) is nonzero for any o = F(Tt(w,a)) € W (5, 7)
with (wj, a;) = (w?,0).

Using normalizers of the Iwahori, we see that the nonvanishing of
1117(132))( /Il,(123)x

/11,X7 7T/11»(123)X

b
and 111,(132)x

are equivalent. Again by Proposition 3.3, 7 and 7
are nonzero if and only if Homg (¢’,7’) is nonzero for any ¢/ = F(Tr(w’,d’)) €
W*(p, ) with aj = 1. Combining this with Proposition 3.2, the nonvanishing of

Homp (o, ') is equivalent for all o € W7 (p, 7). O

Theorem 3.5. Suppose that ©' C 7 is a nonzero G-subrepresentation such that
7K1 7K s g K-direct summand. Then ' is indecomposable as a G-representation.
In particular, 7 is indecomposable as a G-representation.

Proof. Let " C 7’ be a nonzero G-direct summand. It suffices to show that the
nonvanishing of Homg (o, 7”’) and Homg (o”, 7'’) are equivalent for o = F(Zt(sr(w,a)))
and ¢/ = F(Tr(sr(w’,a’))) in W2 (p). Inducting on k <= #{i : (w;,a;) # (w),a})}
and possibly relabeling, we can assume without loss of generality that £ = 1. Sup-
pose that (wj, a;) # (w},a}). There is a generic tame inertial type 7 (resp. 7') such
that o € JH(T) (resp. o/ € JH(7')), w(p,7); =1 (vesp. w(p,7’"); = 1) for i # j and
w(p,7); =w ! (resp. w(p,7'); = w™!). One can check that W (p)NJH(T)NJH(7)
is nonempty, and so the nonvanishing of Homg (o, 7”) and Homg (¢/, 7'’) are equiv-
alent by Lemma 3.4 applied to " C . O

4. GLOBAL APPLICATIONS

We now apply §3 to a global context. We follow [LLHLM17, §7.1] and refer
the reader there for any unfamiliar notation or terminology. Let F' be a CM field
with maximal totally real field F'* # Q in which p is unramified. Suppose that
the extension F/F* is unramified at all finite places and that all places of F*
dividing p split in F. Let G,p+ be an outer form for GL3 which is compact at
infinity and quasisplit at all finite places of F'" and which splits over F. Then as
in [LLHLM17, §7.1], we define spaces S(U, W) of algebraic automorphic forms of
level U and coefficients W. For a place v|p, let S(U?, W) be

limy S(U Uy, W)
U,

where U, ranges over compact open subgroups of G(F,"). Suppose that 7: Gp —
GL3(F) is a modular representation which is Fontaine-Laffaille at all places dividing

p and there is a place w|p of F such that p & Tlgp, is an irreducible 8-generic
Galois representation. Let v be the place w|p+. Let W be as in [LLHLMI6,
§5.4.1]. Let m be the kernel of the system of Hecke eigenvalues associated to 7
as in [LLHLM17, §7.1]. For each place v'|p not equal to v, there is an element
ay = {8y, Qyic} € (Xl(g))v such that 0 < {(a,,,a) for all positive simple roots «
and S(U, @y, Fa,, ® W) is nonzero.

Let UY be the maximal compact subgroup of G(ALS") which is hyperspecial for
every factor. Let Il be S(UY, @y, Fy,, ® W)[m] which has a natural action of
GL3(Fy) through t,.
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Proof of Theorem 1.2. As in [LLHLM16, Prop. 3.4.14], one can construct a weak
minimal patching functor M, for p such that MY [m] is naturally isomorphic to

IIg10n. Then Theorem 3.5 applies with 7' and 7 both taken to be Igion- O
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