32 CHAPTER 2 THE REAL NUMBERS
Section 2.2 Absolute Value and the Real Line from [b]
combine
From the Trichotomy Property 2.1.5(ii1), we are assured that if a € R and @ # 0, then (b) Repl:
exactly one of the numbers & and —a is positive. The absolute value of a # 01is defined to |6 we ob
be the positive one of these two numbers. The absolute value of 0 is defined to be 0.
: o A st
2.2.1 Definition The absolute value of a real number g, denoted by |}, is defined by : equality |
a ifa>0, 225 C
5 lal:=1¢ 0 ifa=0, °
i —a ifa <0.
3 For example, |5| = 5 and | — 8] = 8. We see from the definition that |aj = 0 for all The :
:g acR, and that |a| =0 if and only if a = 0. Also | — a| = |a] for all ¢ € R. Some 22.6 Ex:
i% additional properties are as follows. Fron
| 222 Theorem (a) labl = |ailb| for all a,b € R. and only .
R 2, we cot
H by laf = for alla € R ) Det
Ees c
jfé . {¢) Ifc=2 0, then la] ¢ if and only if —¢ <g<ec On:
iq (@ —lo|<as lal for all a € R. Here we
Proof. (a) Ifeitheraof b is 0, then both sides are equal to 0. There are four other cases io )
consider, If @ > 0,b > 0, then ab > 0, so that |ab| = ab = lal|bi. M a > 0,b <0, then (Why _d“
c ab < 0, so that |ab| = —ab = a(—-b) = |a||b]. The remaining cases are treated similarly. wh1;h Is ¢
(b) Since a* > 0, we have & = || = |aa| = lallal = \af*. fl?its ‘;:;;
_ ; (c) If|a| < ¢, then we have botha < cand—a < ¢ (why?), which1is equivalentto —¢ < 4 < . becomes
Conversely, if —c a5 6 then we have botha < ¢ and —a < ¢ (why?), 50 that |a| < ¢. value of »
: (d) Take ¢ = |a] in part (©)- QED. conclude
Ther
The following important inequality will be used frequently. only if a2
. . |x}is equi
2.2.3 Triangle Inequality IfabeR, then la+b| < lal+ |b|. can expai
apai
Proof. From 2.2.2(d), we have —|a} <a < lal and —|pj < b < |bl. On adding these agé‘l,::uﬁnc
inequalities, we obtain s
Agr
~(la] + Bl) < a+ b < lal + 1B y=ix—
% — 1] Lis

Hence, by 2.2.2(c) we have |a + bl < la} + 1b- QED.

1t can be shown that equality occurs in the Triangle Inequality if and only if ab > 0,
which is equivalent to saying that @ and b have the same sign. (See Exercise 2.)
There are many useful variations of the Triangle Inequality. Here are two.

224 Corollary Ifa,b€ R, then

@ lla —1bl| < la—bl;
(b |a—b| < lal+ [l

b+ b and then apply the Triangle Inequality 10 gel

Proof. (a) We write ¢ =d—
|b| < la— b|. Similarly,

aj = (a—b) + b| < |a — bl + {bl. Now subtract |6l to get la| —
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from |b| = |b — a+a| < |b —a| + |a|, we obtain —|a — b| = —|b — a| < |a]| — |b]. If we
combine these two inequalities, using 2.2.2(c), we get the ineqilality in (a).

(b). Replace b in the Triangle Inequality by —b to get |a — b| < |a| + | — b|. Since | — b| =
|b[we obtain the inequality in (b). QED.

A straightforward application of Mathematical Induction extends the Triangle In-
equality to any finite number of elements of R.

2.2.5 Corollary If ai,a,...,a, are any real numbers, then
s + a2 + - +au| < e+ ag| + -+ + |-
The following examples illustrate how the properties of absolute value can be used.

2.2.6 Examples (a) Determine the set A of x € R such that |2x + 3| < 7.

From a modification of 2.2.2(c) for the case of strict inequality, we see that x € A if
and only if —7 < 2x +3 < 7, which is satisfied if and only if —10 < 2x < 4. Dividing by
2, we conclude that A = {x e R: —5 < x < 2}.

(b) Determine the set B:= {x € R: |x — 1| < |x|}.

One method is to consider cases so that the absolute value symbols can be removed.

Here we take the cases

x>1, ({)o<x<1, (ii)x<0.

(Why did we choose these three cases?) In case (i) the inequality becomes x — 1 < x,
which is satisfied without further restriction. Therefore all x such that x > 1 belong to the
set B. In case (ii), the inequality becomes —(x — 1) < x, which requires that x > 1. Thus,
this case contributes all x such that { 3 <X <1 to the set B. In case (iii), the mequahty
becomes —(x — 1) < —x, which is equwalent to 1 < 0. Since this statement is false, no
value of x from case (iii) satisfies the inequality. Forming the union of the three cases, we
conclude that B = {x € R: x > 1}.

There is a second method of determining the set B based on the fact that ¢ < & if and
only if > < b%whenbotha > Oand b 0. (SeeZ 1.13(a). )Thus the gquality [x — 1| <
|x| is equivalent tg the inequality |x — 1|*% |x|* Smce |a* = a a
can expand the sqliare to obtain x* — 2x +%, < x2, which si
gain find that B=fg e R : x > 2} This method of squ

antage, but often a ¢gse analysis cannot be avoided vt
A\graphical view of the inequality is obtained
|, and interpretinig the inequality [x -




