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Abstract

We prove two new results on the K-polystability of Q-Fano varieties based on purely
algebro-geometric arguments. The first one says that any K-semistable log Fano cone has a
special degeneration to a uniquely determined K-polystable log Fano cone. As a corollary,
we combine it with the differential-geometric results to complete the proof of Donaldson-
Sun’s Conjecture which says that the metric tangent cone of any close point appearing on
a Gromov-Hausdorff limit of Kéhler-Einstein Fano manifolds only depends on the algebraic
structure of the singularity. The second result says that for any log Fano variety with a
torus action, the K-polystability is equivalent to the equivariant K-polystability, that is, to
check K-polystability, it is sufficient to check special test configurations which are equivariant
under the torus action.
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1 Introduction

We work over the field C of complex numbers. This paper is a sequel to the works in
[Lil7b, LX16, LX17]. Together with the previous works, we complete the proof of Donaldson-
Sun’s Conjecture [DS17, Conjecture 3.22] (see Theorem 1.1), which says that as an affine
variety, the metric tangent cone C := C,(My,ds) of any point o on a Gromov-Hausdorff
(GH) limit (M, dso) of a sequence of Kéhler-Einstein Fano manifolds only depends on the
algebraic structure of the singularity and is independent of the metric structure. Previously
in [LX17] we proved that the intermediate construction W in Donaldson-Sun’s work (see
[DS17]) only depends on the algebraic structure.

Our strategy is to systematically use minimizers of the normalized volume functional
(defined in [Lil8]) to characterize valuations associated to metric tangent cones. Aiming
at a vast generalization of the original differential geometric approach, we try to algebraize
the construction of [DS17] by giving a completely local definition of a two-step degeneration
process for an arbitrary klt singularity. This has been done under suitable assumptions
about the minimizer of the normalized volume. In fact, these assumptions are posted to
make the first step of the degeneration possible and our current note draws a complete
picture of the second step. In particular, with the help of the metric structures to verify
the assumptions, we now have a rather satisfactory understanding of this process for those
singularities appearing on the GH-limit M. In below, we will give more details.



1.1 Main results

For the first step of the degeneration, in [LX17], we showed that the valuation considered
in [DS17], whose original definition depends on the metric, is a minimizer of the normalized
volume and such a minimizer is uniquely determined by the underlying algebraic structure.
This allows us to recover W using the minimizing valuation and hence gives the first part of
[DS17, Conjecture 3.22].

Recall that the cone W degenerates to the metric tangent cone C' and is K-semistable
(see [DS17] and [LX17, Theorem 5.5]). In the current paper, we complete the picture by
showing that the metric tangent cone C' is the unique K-polystable degeneration of W. In
particular, this implies that C' depends only on the algebraic structure of W, which itself
only depends on the algebraic structure of o € M.

Theorem 1.1 ([DS17, Conjecture 3.22]). The metric tangent cone C of o € M, on the GH-
limit of Kdhler-Finstein Fano manifolds depends only on the algebraic structure of 0 € M.

As in [DS17], the assumption of M., can be weakened, e.g. My is a GH-limit of a se-
quence of projective manifolds X with fixed volumes, bounded Ricci curvature and diameter.
All argument verbatim extends. One can expect Theorem 1.1 will significantly simplify the
determination of metric tangent cones in examples (see e.g. [HS17]).

Since a Fano cone singularity (C,¢) with a Ricci-flat Kahler cone metric is aways K-
polystable (see [CS15, Theorem 7.1] and also Corollary A.3), once knowing that W depends
only on the algebraic structure of o € M, Theorem 1.1 is a consequence of the following
more general result by letting (X, D, &) = (W, 0,&):

Theorem 1.2 (Existence and uniqueness of K-polystable degenerations: log Fano cones).
Given a K-semistable log Fano cone singularity (X, D, &), there always exists a special test
configuration (X, D,&o;n) that degenerates (X, D,&y) to a K-polystable log Fano cone singu-
larity (Xo, Do, &). Furthermore, such (Xo, Do, &) is uniquely determined by (X, D, &) up
to isomorphism.

If we restrict ourselves to the quasi-regular case of log Fano cones, then we obtain the
following result for log Fano varieties.

Theorem 1.3 (Existence and uniqueness of K-polystable degenerations: log Fano varieties).
Given a K-semistable log Fano variety (S, B), there always exists a special test configuration
(S, B) that degenerates (S, B) to a K-polystable pair (So, By). Furthermore, such (So, By) is
uniquely determined by (S, B) up to isomorphism.

We note that for the special case of Q-Gorenstein smoothable Fano varieties, this was
proved in [LWX14, 7.1] based on an analytic results on the existence and uniqueness of
Gromov-Hausdorff limit for a flat family of Fano Kahler-Einstein manifolds (see also [SSY16]).
Our current proof of Theorem 1.2 uses only algebro-geometric arguments and thus can re-
move the ‘smoothable’ assumption. Moreover, our techniques also give rise to an equivariant
criterion for testing K-polystability.

Theorem 1.4 (T-equivariant K-stability=K-stability). Let (S,B) be a log Fano variety
with an action by a torus group T = (C*)9. Then (S, B) is K-polystable if and only if it is
T-equivariantly K-polystable, that is for all T-equivariant special test configuration (S,B),
the generalized Futaki invariant Fut(S,B) > 0, and the equality holds only when the test
configuration is a product, i.e. (S,B) = (S, B) x Al.

Note that Theorem 1.4 is proved for smooth Fano manifolds in [DS16] for general reductive
group actions using analytic approach. Our result works for any singular Q-Fano varieties.
This combined the work [IS17] allows one to effectively check the K-stability of Q-Fano
T-varieties of complexity one.

1.2 Sketch of the proof

Now we briefly outline our proof of Theorem 1.2 and 1.3. We will first concentrate on the
case of log Fano varieties, corresponding to the quasi-regular case of log Fano cones. Let
(8@, BM)(i = 1,2) be two special test configurations of the log Fano variety (S, B) with

the central fiber (S(()i), Boi)). The main technical result Theorem 3.2 easily implies Theorem



1.3, says that if Fut(S®,B®) = 0,(i = 1,2), then there exist special test configurations
(S'®, B’(i)) of (S(gi), Boi)) such that (S’(i),B’(i)) have isomorphic central fibers.

Similar to [Lil7b, LL19, LX16], we consider the normalized volume function \7(71(X7D7w) ()
defined on the valuation space Valx , over the vertex x of the cone (X, D) = C(S, B; —A\(Ks+
B)) for a sufficiently divisible A > 0 (see Section 2.1 for the definitions of \7(;1(X7D7$)(~)
and Valx ,). Then (S0, BM) determines a “ray” of valuations, temporarily denoted by
{we}o<ex1, emanating from the canonical valuation wy = ordg (S also denotes the divisor
obtained by blowing up the vertex) and we know that the generalized Futaki invariant
Fut(S™M, BM) is the derivative of the normalized volume at wg along this ray. When k > 1,
wy/k, = ay -ordg, , where ap > 0 and E}, is a Kolldr component over (X, D, z) (see Definition
2.6).

By taking cones similar as before, {(S®,B())},_; > induce special degenerations of
(X, D), which will be denoted by {(X(i),D(i))}i:172. Our key observation is that Fj; can
be degenerated along (X(2), D(Q)) to obtain a model y,EQ) — X®@ with a unique exceptional
divisor 5,22) satisfying (y,f), 5,22)) xcC* 2 (Y, Ey) x C* where the isomorphism is compatible
with the equivariant isomorphism of the second special test configuration. Note that Ej x C*
determines a divisorial valuation over X x C* and hence over (X D). So the goal is
to show that this divisorial valuation can be extracted as the only exceptional divisor over
X Based on the results from the minimal model program (MMP) (see [BCHM10]), this
would be true if we could find a graded sequence of ideals 2, and a positive real number ¢},
such that the following two conditions are simultaneously satisfied:

(X@ D LA isklt  and A(E, x C;x® D@ 4 h1,) <1, (%)

where A(E) x C; X3 D®) + ¢, 2, ) is the log discrepancy of (the birational transform of)
E}, x C with respect to the triple (X, D®) + ¢ 2L,). Note that this way of applying MMP
is also a major ingredient in the study of some related problems in [Blul8, LX16, LX17] .

To construct such a graded sequence 2, of ideals, we look at the graded sequence of
valuative ideals {as} of ordg, and its equivariant degeneration along the second special
test configuration (X2, D). The resulting graded sequence of ideals over X2 will be
denoted by 2, which we claim is exactly what we are looking for. Indeed, as we will
show (see Claim 3.6), the assumptions that (S, B) is K-semistable and Fut(S™), BM) =0
guarantee the existence of ¢}, satisfying the two conditions in (€¢). This is possible thanks to
the interaction between K-semistability and minimization of normalized volumes/normalized
multiplicities.

Applying the relative Rees algebra construction to 5,&2) C y,‘f) /C, and then taking a
quotient by the natural rescaling C*-action, one can obtain a family over C2, whose restriction
to C x {t} for t # 0 is the same as (S, B(MV)) and it gives a degeneration of (S(()l),B(()l))
when restricted to C x {0}. On the other hand, over {0} x C, one get a degeneration of
(S{¥, BS?). Therefore, we obtain that the two log Fano varieties (S$”, B") (i = 1,2),
which are special fibers of the two special test configurations (S®,B®) (i = 1,2) with
Fut(S®,B™) =0 (i = 1,2), indeed admit degenerations with isomorphic special fibers (see
Theorem 3.2).

To confirm Donaldson-Sun’s Conjecture (see [DS17, Conjecture 3.22]), it is necessary to
also treat the case of a general log Fano cone, i.e. including the irregular case. We first estab-
lish the condition ($) using an approximation argument to get common degenerations as in
the quasi-regular case. However, the common degenerations are a priori only weakly special
(Definition 2.17). So we extend [LX14, Theorem 4] to (possibly irregular) log Fano cones.
In other words, we reproduce the last step of [LX14] for a log Fano cone (see Section 4.2).
We also apply [CS15] to obtain the K-polystability of a Ricci-flat K&hler cone singularity.

We now outline the organization of the paper. More details will be given at the beginning
of each section. In Section 2.1, we recall some basic tools needed in our arguments including
normalized volumes, normalized multiplicities and Kollar components. In Section 2.2, we
recall the notions of log Fano cones, their test configurations and K-stability. We also
discuss how to construct test configurations using models over log Fano cones. In the quasi-
regular case, we are reduced to the K-stability of log Fano pairs. In Section 3, we prove
our main results in the case of log Fano pairs. In Section 3.1, we prove a lemma about



special degenerations of K-semistable log Fano pairs with zero Futaki invariants. In Section
3.2, we prove the main technical result (Theorem 3.2) on the existence of a common special
degenerations of special degenerations with zero Futaki invariants. In Section 3.3, we finish
the proof of main results for log Fano pairs. In Section 4, we deal with the general case of
log Fano cones. In Section 4.1, we obtain common weakly special degenerations for log Fano
cones with vanishing generalized Futaki invariants. In Section 4.2, we show that these weakly
special test configurations are indeed special test configurations. we generalize the last step
of results in [LX16] to the case of log Fano cones. We complete the proof of Theorem 1.2 and
Donaldson-Sun’s conjecuture in Section 4.3. In Appendix A, we prove the analytic result
that Ricci-flat Kéhler cones are Ding-polystable among Q-Gorenstein test configurations.
This result could substitute results in Section 4.2 to complete the proof of Theorem 1.1.

Acknowledgement:

CL is partially supported by NSF (Grant No. DMS-1405936) and an Alfred P. Sloan
research fellowship. XW is partially supported by a Collaboration Grants for Mathemati-
cians from Simons Foundation:281299 and NSF:DMS-1609335. CX is partially supported
by ‘Chinese National Science Fund for Distinguished Young Scholars (11425101)’. Part of
the work was done when XW was visiting IHES and CX is visiting Institut Henri Poincaré
(partially sponsored by ‘the Poincaré Chair’), to which they want to thank the inspiring
research environment.

Notation and Conventiones: We follow the standard notation in [KM98, Kol13]. We
call a pair (S, B) a log Fano variety if (S, B) has klt singularities, and —(Kg + B) is ample.

We will use the following terminology introduced in [Kol18]. We consider a f: (X, D) —
C where X is normal flat over a smooth projective curve C, D is an effective Q-divisor on
X. We say (X, D) is locally stable over C if (X, D + X;) is log canonical for any ¢t € C.

2 Preliminaries

2.1 Normalized volumes

In this section, we recall the definition of the normalized volume of valuations centered at a
klt singularity « € (X, D). This is introduced in [Lil8]. For readers’ convenience, in below
we discuss some basic properties which will be needed later.

Definition 2.1. Let X = Specc(R) be an affine variety and x € X be a closed point. We
denote by Valx , the space of real valuations v : R — Rxq U {+o00} that satisfy the following
conditions: for any f,g € R:
(1) v(fg) = o(f) + v(9); (2) v(f +g) = minf{o(F)v(g)}; (3) v(0) = +00,0(C7) = 0; (4)
o(f) > 0 if f(x) = 0.

For any v € Valx , and m € R, its valuative ideal (at level m) is defined as a,,(v) :=
an (v, X) = {f € R; v(f) >m}.

We remark that Valy , is also called the ‘non-archimedean link’ around z € X in some
literatures.

For any m > 0, a,,,(v) is a primary ideal associated to the maximal ideal m,. We will
denote its Hilbert-Samuel multiplicity by mult(a,,). If A = v(R) C R>( denotes the valuative
semigroup of v, then {a,,(v); m € A} is a A-graded sequence of ideals. In other words, they
satisfy, for any m,m’ € T, (i) : ap/(v) C an(v) if m’ > m and (#) : ap(v) - ap(v) C
Amtm’ (V). Note that {a,,(v);m € Z} is also a Z-graded sequence of ideals.

Definition-Proposition 2.2 ([ELS03, Mus02]). For any v € Valx ,, the volume of v is the
following well-defined quantity:
di m .
vol(w) = Tim Smel/am()

m—4-o00 m" /n! m—foo  mm

mult(an) _ o t(a). (1)

Now we assume (X, D) is a log pair such that Kx + D is Q-Cartier. For any divisorial
valuation v = ordg where S is a divisor of Y for a birational morphism g : Y — X, the log
discrepancy of ordg is defined as A(x py(ords) = ords(Ky — p*(Kx + D)) + 1. By [JM12]
and [BFFUI15], there is a canonical way to extend the log discrepancy to become a lower
semicontinuous function A(x py: Valx,, — RU {+o0}.
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Definition-Proposition 2.3 (see [Lil8, Theorem 1.1]). Assume x € (X, D) is a kit singu-
larity. For any v € Valx ., its normalized volume vol(x p 5)(v) is defined as:

— A (v)™-vol(v), if A (v) < +o0;
_ (X,D) ) (X,D) ’
VOl(X,D,a:) (U) { +00, if A(X,D)(U) = +400. (2>

For simplicity, we will just write \781(11) if the singularity x € (X, D) is clear. This quantity

is a rescaling invariant: vol(Av) = vol(v) for any A > 0.
The volume of a kit singularity © € (X, D) is defined to be the following positive number
vol(z,X,D) = inf x;(;l(X)D)x)(v). (3)

veEValx o

It has been shown that there always exists a minimizer v of \7(;1( X,D,z) @among allv € Valy ,
in [Blul8]. The expected properties of the minimizers are formulated in the Stable Degener-
ation Conjecture ([Lil8, Conjecture 6.1], [LX17, Conjecture 1.2]). The case of cone singular-
ities over Fano varieties was studied in [Lil7b, LL19]. The general case was systematically
studied in [LX16] under the assumption that the minimizer is a divisorial valuation and in
[LX17] under the assumption that the minimizer is a higher rank quasi-monomial valuation.

We will need a relation between the normalized volume and the normalized multiplicity
of a graded sequence of ideals.

Proposition 2.4 ([Liul8)). If z € (X, D) is an n-dimensional klt singularity, then we have
vol(z, X, D) = iglf mult(b,) - let” (X, D; by ),

where be Tuns over all graded sequence of primary ideals cosupported at x.

We now state some central results from our previous works and refer to the next section for
the notations of log Fano cones (see Definition 2.12) and their K-stability (see e.g. Definition
2.23).

Theorem 2.5 ([Lil7b, LL19, LX16, LX17]). Let (X, D,&) be a log Fano cone singularity.
Then it is K-semistable if and only if the valuation wte induced by £ is a minimizer of
vol(x,p,z) on Valy ..

We will also use the following notion frequently:

Definition 2.6. Let (X, D,z) be a kit singularity. A divisor S over (X, D,z) is called a
Kolldr component over (X, D,x), if there exists a birational morphism p:Y — X such that

(i) w is an isomorphism over X \ {z} and the exceptional divisor S = p~1(z) is irreducible
and Q-Cartier; (ii) —S is p-ample; (i) (Y,u 1D+ S) is plt.
The relevance of Kollar components to the minimization of normalized volume is con-

tained in the following result:

Theorem 2.7 ([LX16]). Let (X,D,z) be a kit singularity. Assume that vy € Valx . is

a minimizer of vol(x p ). Then we can find a sequence of Kolldr components Sy and a
constant ci > 0, such that

¢k -ordg, —vg and @(ordsk) — \751(110) as k — +o0.
Moreover, if vy is divisorial, then vy is given by a K-semistable Kolldr component.
Proof. See [LX16, Theorem 1.2 and Theorem 1.3]. O

In the above theorem, when v is a divisorial minimizer, then [Blul8] also shows it yields
a Kollar component. In the case of K-semistable log Fano cones, the approximation stated in
the above theorem can be realized concretely by perturbing the Reeb vector field to rational
ones.

2.2 K-stability of log Fano cones

In this section, we recall the definition of a log Fano cone singularity and its K-stability, by
essentially following [CS18, CS15] and [LX17, Section 2.5]. Denote by T a complex torus
which is isomorphic to (C*)".



Test configurations

Definition 2.8. Let X be an n-dimensional reduced affine variety which is not necessarily
irreducible. We say that a T-action on X is good if it is effective and there is a closed T'-fized
point x € X (called the vertex) that is in the closure of any T-orbit. By a T-singularity in
this paper, we always mean an affine variety X with a good T-action. If D is a T-invariant
R-divisor on X we say that (X, D) is a pair with a good T-action.

Let N = Hom(C*,T) be the co-weight lattice and M = N* the weight lattice. If X =
Specc(R) is a T-variety, then there is a weight space decomposition:

R=@PR, whereT'={a € M | Ry #0} C M. (4)

acl

The action being good implies Ry = C. We will call any element ¢ in the Lie algebra
tr := N ® R a coweight vector (or abbreviated as a vector). We will denote by (£) the
sub-torus of T generated by &, i.e. the sub-torus corresponds to the minimal linear QQ-linear
subspace V C N ® Q such that V ® R contains &.

If T acts on a smooth variety X, then £ will give a vector field on X. For example, if we
consider the multiplication of C* on C, then the coweight vector 1 € Z yields the vector field
tat.

Definition 2.9. The Reeb cone of X with respect to a good T-action is the following set:
th == {¢ € Ng | (a,€) > 0 for any a € T\{0}}. (5)
Any vector £ € tﬁ{ will be called a Reeb vector on the T-variety X.

Definition 2.10. For any £ € tﬂg, we define its volume as:

> teay<g dime(Rq)
volx (€) = volx o(§) = lim =& iljz/m

One key property of the volume function is the following.

Lemma 2.11 (see [CS18, LX17]). The function & — volx (&) is smooth and strictly convex
on tﬁ{.

Proof. The smoothness was proved in [CS18, Theorem 4.10] where volx (§) was interpreted
as the leading coefficient of the expansion of the so-called index character (see [MSY08]).

The convexity of volx 5 follows from [LX17, Section 3.2]. In fact, if we let ¥ — X be the
normalization of X, the T-action can be lifted to Y. Denote the preimage of = to be {y;}:,
then we know y; are on pairwisely distinct components Y; of Y, and the T-action on each Y;
is good with

volxa(§) = D volyy, (€).

Thus we may assume X to be normal. Then [LX17, Proposition 3.10], which generalizes
the convexity result from [MSYO08], says that { — volx . (§) is a strictly convex function for
et

O

If (X, ) is a normal affine T-variety, then each £ € t corresponds to a valuation wte €
Valx , which is defined as:

th(f):min{@z,{);f:z:fa Withfa#OERa}- (6)

Definition 2.12 (Log Fano cone singularity). Let (X, D) be an affine pair with a good T
action. Assume (X, D) is a normal pair with kit singularities. Then for any £ € tﬁ, we
call the triple (X, D,€) a log Fano cone structure that is polarized by &. If (£) = C* which
is equivalent to saying that & is a multiple of a vector in ta, then we call (X, D,§) to be
quasi-reqular. Otherwise, we call it irregular.



Definition 2.13 (Quotient in the quasi-regular case). In the quasi-regular case, we can take
the quotient (S, B) of (X \ {z}, D\ {x}) by the C*-group (£) generated by & in the sense of
a Seifert C*-bundle, and we will denote by (X, D)/(£). More precisely, assume £ € N, and
we write

R=P| P R.|:=EPEr.

k=0 \(£,a)=k/I

Then we take S = Proj(B,_, Ri) By [Kol04, Section 4], m: X \ {z} — S is a Seifert
C*-bundle, with the quotient X \ {z} — (S, B1) where By is the branch divisor. Write
D = Y".a;D;. Since each D; is G,,-invariant, D; is the pull back of a diwisor E; on S
and the multiplicity of D; along ©*(E;) is denoted by m;. Define By = >3, +-E;. Let
B = By + By. Then n*(Ks + B) = (Kx + D)|x\{z} since 7" (Kx + B1) = Kx\{2} (see
[Kol04, Corollary 41]) and w*(B1) = D|x\{a}-

The quotient (S, B) is a log Fano variety, because we assume that (X, D) is kit at x (see
[Kol04, 42] or [Koll13, Lemma 3.1]).

Definition 2.14 (Test configuration). Let (X, D,&y) be a log Fano cone singularity. A
T-equivariant test configuration (or simply called a test configuration) of (X, D,&) is a
quadruple (X, D, &;n) with a map w : (X, D) — C satisfying the following conditions:

(1) m: X = C is a flat family where X = Spec(R) is normal affine (thus R is a finitely
generated flat C[t]-algebra), D is a divisor on X with Supp(D) not containing any
component of the fiber, and there is an isomorphism ¢: (X, D) xcC* = (X, D)xC*.The
torus T acts on (X, D) — C fiberwisely, and coincides with the action on the first factor

[
when restricted to (X, D) xcC* = (X, D) xC*. We write R = @, Ra as decomposition
into weight spaces.

(2) A C*-action on (X,D) such that © is C*-equivariant where C* acts on the base C by
the multiplication and ¢ : (X,D) xc C* = (X, D) x C* is C*-equivariant. We denote
the coweight vector of C* by 7.

3) The torus T-action commutes with the C*-action.
(

Condition (1) implies that each weight piece Ry, is a flat C[t]-module. So X and Xy have
the same weight cone and Reeb cone with respect to the fiberwise T-action. In particular, &
is contained in the Reeb cone of Xy under the T-action.

A test configuration (X, D,&o;n) is called a product one if there is a T-equivariant iso-
morphism (X, D) = (X, D) x C and n = no + td; where 1y is a coweight vector of T and t;
is the canonical lifting of t3; on C through the second projection. In this case, we will denote
(X,D,&;n) by

(X X (C?D X (Caé.(); T’) = (X(CvDCafO;n)'

A normal test configuration (X,D,&y;n) is called Q-Gorenstein if Kx + D is Q-Cartier.

Remark 2.15. Our Definition 2.1/, by the argument in [LX16, Section 6], implies that there
exists an embedding
(xe X)cC (0ech),

such that X is obtained by a one parameter group of the ambient space 0 € CN which also
corresponds to a weighted blow up of CN. The latter was used in the definition in [CS18].
So our definition of test configurations is indeed equivalent to the one in [CS18].

Because Ky +D is Q-Cartier, by the structure theory of T-varieties, there exists a T'x C*-
equivariant nowhere-vanishing section s € |m(Kx +D)| (see [LS13, Proposition 4.4], and also
[MSYO08, 2.7]). For any b € R and £ + bn € tg ® Ry = Ng @ R, define:

1L
A(E + br) o= — =502
m s
where L¢ 14y, is the Lie derivative of s with respect to the vector field associated to & + bn.
Note that this is a linear function. We remark that when £ + bf is in the Reeb cone, then it
yields a valuation we4pp and we have A(€ + bn) = Ax p(weypp) (see [LX17, Lemma 2.18]).



If (X, D,&o;m) is any Q-Gorenstein test configuration of an n-dimensional log Fano cone
(X, D, &), we will denote:
_ A(o)n — An)éo

Te, () = =280 (7

Definition 2.16 (Special test configuration). Notation as above. A special test configuration
of (X,D,&) is a Q-Gorenstein test configuration (X,D,&;n) with central fiber (Xo, Do)
satisfying moreover that:

(4) (Xo,Do) has klt singularities.
In this case, we say that (Xo, Do) is a special degeneration of (X, D).

We need also consider a larger class of test configurations than special ones.

Definition 2.17 (Weakly special test configuration). Notation as above. A weakly special
test configuration of (X, D, &) is a Q-Gorenstein test configuration (X, D,&y;n) with central
fiber (Xo, Do) satisfying moreover that:

(5) (X, D+ Xo) has log canonical singularities.
In this case, we say that (Xo, Do) is a weakly special degeneration of (X, D).

For simplicity, we will just say that (X, D) is a Q-Gorenstein (or weakly special, special)
test configuration if &y and 7 are clear. We also say that (X, D, &y) degenerates to (Xg, Do, &o)
(or simply to (Xo, Do)).

Test configuration and filtration

In [BHJ17, Section 2.5], a filtration viewpoint for test configurations is developed. Here we
will mainly work with data over the vertex of the cone which brings more flexibility when
applying the minimal model program. In this section, we will discuss these ideas and modify
them to fit into our context.

Lemma 2.18. Given a normal T-equivariant test configuration (X,D,&o;n) of (X, D), we
can find a Z-graded sequence of ideals {as} of R such that

1. ap =R for k <0;
2. ay is a homogeneous ideal for any k € Z: a, = @, ar N Ry for any k € Z;
3. the extended Rees algebra Rees := @, o, t "ai satisfies Spec(Rees) = X.

Moreover, if  is in the Reeb cone of Xq, then ay is primary for k > 0.

Proof. Recall by the definition of the test configuration, X = Spec(R) where R = @ R,
and each R, is a flat C[t]-module. For any f € Oy, we could denote by f its pull back
from the first factor of X x C*. Since X x¢ C* = X x C*, we could mimic the construction
in [BHJ17, Section 2.5] by defining ar = @, {f € Ra [t7"f € Ra}, and then we form the
extended Rees algebra Rees = @, o, art "

Then it is clear by the definition we have R = Rees. (In particular, this implies that
Rees is finitely generated.)

Since R is a flat C[t]-algebra, that means ayp = R which implies that ay = R for & < 0.
This is the first property. The second property follows from that the C*-action generated by
n commutes with T'.

Finally, if 7 is in the Reeb cone, then (n,a) > 0 for any a € T'\{0} (see (4)). Thus for
any « # 0 and f € R,, the order of f vanishing along (¢t = 0) is (5, @) > 0, which implies
for any k, f™ € a; for m > 0. O

Remark 2.19. Since the Reeb cone with respect toT' is open, for any given test configuration,
one can always perturb & to a rational Reeb vector and modify n accordingly so that for
m > 1 sufficiently divisible, m&y + 1 is an integral vector in the Reeb cone with respect to
T:=TxC*.

We give a way of obtaining test configurations using models. It generalizes the construc-
tion of special test configurations via Kolldr components as discussed in [LX17, 3.1].



Definition 2.20. Let (X,D,&;) be a log Fano cone singularity. Let u:' Y — X be an
isomorphism outside X \ {x} with a T-equivariant integral Weil divisor E supported on
Ex(p) such that —E is ample. Denote by R := @yt "byi,, where by = 1. (Oy (—kE)).

Then (X, D, &y;n) is a test configuration associated to the model p: Y — X, where X :=
Spec(R) and D is the cycle (with Q-coefficients) degeneration of D. More precisely, if we
write D = a;D;, where D; are prime divisors with the corresponding ideal Ip,, then we can
define D; on X to be the divisor corresponding to the ideal Ip, := @, (b N Ip)t™* C R,
and let D =Y a;D;.

Conversely, starting with a test configuration (X, D, &p;n) and assuming 7 is in the Reeb
cone of Xy, we take the primary ideals a; as in Lemma 2.18, and then take the normalized
filtered blow up (see [TW89, Chapter 1] for the definition) p: Y — X induced by as =
{ax}rez. Then the pull back of Proj@, _,ar/ar+1 on Y gives us the divisor E.

Lemma 2.21. The above two constructions give equivalence between normal test configura-
tions (X,D,&y;n) with n in the Reeb cone and models : Y — X satisfying the conditions
in Definition 2.20. Moreover,

1. (X,D,&;n) is a special test configuration if and only if u:' Y — X vyields a Kolldr
component; and

2. (X,D,&;n) is weakly special if and only if (Y, E + u; D) is log canonical.

Proof. If we start with a normal test configuration (X, D, &y;n), then we get a graded se-
quence of primary ideals {as} by Lemma 2.18. If we take the filtered blow up of {ae} and
get E as above, then we claim it is normal and the algebra {by, = p.(Oy (—kE))} is the same
as the algebra @@, _, ax.

In fact, @,_,ar C P,_, bx is a subalgebra, but the latter is integral over the former.
Thus it suffices to verify that the R-algebra @, _, ax is integrally closed. Similar to the proof
of [Laz04, 9.6.6], this follows from the fact that to check whether a function f is contained
in a suffices to only check it at the divisorial valuation along the the special fiber X,. More
precisely, let the special fiber Xg = >~ m;E; where E; are the prime divisors, then

a homogeneous element f € the normal closure @ a
k=0
& f satisfies an equation f™ + a1 f™ 1 + -+ a,, = 0 with a; € a;z,

which implies the vanishing order of f along E; is at least km; as the element in a; have
vanishing order along F; at least jm; by the definition. Then we conclude f € ay.

If we start with a normal model p: Y — X and E as in Definition 2.20, then @, _, by
is a normal algebra where by = p.(Oy(—kFE)), then we can easily show the Rees alge-
bra @, t~*by, is normal, thus the induced test configuration (X,D,&p;n) is normal. If
we take the filtered blow up then Y = Proj(@,_,bx) as —F is ample, and the divisor
Proj(D,_o bx/brs1) C Y yields E.

To prove the second part of the statement, let v: AL C X corresponds to the section
of vertices. Consider the C*-action given by 7 in the data of the test configuration, then
(S = ProjepyRees, B) is the base of the C*-quotient of (X \ v(Ag), D\ v(Ag)) as a Seifert
bundle (see |[Kol04]), i.e., we remember the codimension one orbifold structure and put it
into B. Over the special fiber, we have

So = Proj @ ai/ak+1 = Proj @ br/bri1 = E.
k=0 k=0

If (X,D+ Ap) is log canonical, then Xy is reduced and (Xo,Dg) is semi-log-canonical.
Thus E = Sy is reduced and (Sp, By := Bls,) is semi-log-canonical. Moreover, if we write
Kg+Dg = (Ky + E+ p;'D)|g, then Dg is sent to By under the isomorphism between E
and Sp. Thus by inversion of adjunction, (Y, E + u; D) is log canonical.

For the converse, assume (E, Dg) is log canonical, it suffices to show that by/bri1 =
H°(E,Op(—kE)) for any positive integer k, as this implies that (Xg, Do) is the orbifold
cone over (E, Dg). First, since the test configuration is Q-Gorenstein, —Kp — D ~g AE|g
for some A > 0 . Therefore, E and Ky + E + pu; ' D are anti-ample over X,

~(k+1)E =Ky + E+p;'D— (k+1)E — (Ky + E + p;' D),



we conclude that R'p,.Oy (—(k + 1)E) = 0 by the Kawamata-Viehweg Vanishing Theorem,
then we can apply p. to the following exact sequence

If we specialize the argument to the plt case, we obtain that E is indeed a Kollar component.
O

Generalized Futaki invariants and K-stability

We define the generalized Futaki invariant for Q-Gorenstein test configuration using the
volume function. One can easily show this definition is the same as the one in [CS18].
However, the formula in Definition 2.22 more fits the argument in the current paper.

Definition 2.22 (Generalized Futaki invariant). For any Q-Gorenstein test configuration
(X,D,&;m) of (X, D, &) with the central fiber (Xo, Do, &), its generalized Futaki invariant
is defined as

D_r, (mvolx, (o)
VOlXo (50)

Since generalized Futaki invariant defined above only depends on the data on the central fiber,
we will also denote it by Fut(Xg, Do, &0; 7).

FUt(Xa D7 507 77) =

In the above definition, we used the notation (7) and the directional derivative:

d
D_T&)(w)VOlXo (EO) = & o VO]X(J (50 - eTﬁo(n))'
=
The negative sign in front of T¢,(n) in the above formula is to be compatible with our later
computation.
Next, we will introduce the notions of K-stability. We note that in the definition, we only
look at special test configurations, in the spirit of [Tia97].

Definition 2.23 (K-stability). We say that (X, D, &) is K-semistable, if for any special test
configuration (X, D, &o;n), we have Fut(X, D, Ey;n) is nonnegative.

We say that (X, D, &) is K-polystable, if it is K-semistable, and any special test config-
uration (X, D, &y;n) with Fut(X,D,&;n) = 0 is a product test configuration.

If (X, D, &o;n) is a special test configuration, we know A(§) = A(x, p,y)(Wtg,) > 0. Then
we see the following identity holds:

(®)

d — 1
D-reynvolxo(§0) = —-|  volxy (Wheo—en) - WA T
e=0

where we use the rescaling invariance of the normalized volume and A(§y) = A(§o —t - Teyn)
for t < 1 (see (7)) As a consequence, we can rewrite the Futaki invariant of a special test
configuration in the following way:

1

nA(&)" 1 - volx, (&)

This shows that it differs from the one in [L.X17, Definition 2.26] by a positive constant. It
also differs from Collins-Székelyhidi’s definition by a constant.

Fut(X, D, ;1) := D_,volx, (wte, ) - 9)

Remark 2.24. Obviously to define the K-stability notions, we can also consider more general
test configurations than the special ones. In [LX14] we proved that for the K-stability of log
Fano wvarieties, to test on all test configurations is equivalent to only test on special test
configurations.

For log Fano cone singularities, results like [LX14] are not completely known. Neverthe-
less, later in this paper, we have to deal with weakly special test configurations, as they will
naturally appear in our argument. Thus we need to prove a statement (see Proposition /.3)
similar to [LX14, Theorem 4], which says that for log Fano cone singularities, our definition
of K-semistability is also equivalent to test on all weakly special test configurations.

Compared to the other literatures, all test configurations are considered in [CS18], whereas
in [CS15, LX17] K-stability notions are only tested on special test configurations.
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We will need the following simple fact, which follows from the definition of the generalized
Futaki invariant applied to product test configurations:

Lemma 2.25. Assume that the log Fano cone (X, D, &) admits a torus action by T' = (C*)"
that commutes with (§o). Let t' denotes the Lie algebra of T'. Then the function

n — Fut(Xc, D¢, &5 1)

is linear with respect ton € t'.

Log Fano varieties

In the below, we will specialize previous definitions to the case of quasi-regular log Fano
cones, which correspond to Fano projective varieties.

Definition 2.26. Assume (S, B) is a log Fano variety. A test configuration of (S, B, —(Kg+
B)) is a quadruple (S,B,L;n) with a map 7 : (S,B) — C that satisfies the following condi-
tions:

(1) L is a w-ample Q-line bundle and 7: S — C is a flat family and Supp(B) does not
contain any component of the fiber. We denote the central fiber by (So, Bo, Lo).

(2) There is a C*-action (with coweight ) on (S,B) such that © is C*-equivariant where
C* acts on the base C by multiplication and there is a C*-equivariant isomorphism
¢ (S8,B,L)xcC* = (S,B,—(Kg+ B)) x C*, where C*-trivially acts on the first factor
of (S,B,—(Kgs + B)) x C*.

Most of the time, as in the literature, we omit n in the quadruple and simply denote the test
configuration by (S, B, L).
Such a test configuration is called Q-Gorenstein if S is G1 and S,

Ks + B is Q-Cartier  and L ~g —(Ks+ B).

In this case, we usually just write the test configuration as (S, B;n) or simply as (S, B).

A Q-Gorenstein test configuration is called special if (So, Bo) is a log Fano pair with kit
singularities. In this case, we say that (Sp, By) is a special degeneration of (S, B).

A test configuration(S, B, L;n) is called a product one if there is an isomorphism

(§,B,£) = (S,B,—(Ks+ B)) xC such that n = ng + t0;

where 19 is a coweight vector on some torus group T acting on (S, B) and td; is the coweight
corresponding to the C* factor. In this case, we will denote (S, B, L;n) simply by (Sc, Bc; ).

For a test configuration of a log Fano variety, by trivially adding a copy over {oc}, we
can take the intersection formula (see [Wanl2, Odal3]) of the generalized Futak invariant
as the definition. More precisely, for any test configuration of (S,B), we can glue it with
a trivial family of (S, B) x P!\ {0} along (S, B) x C* to get (S, B) over P! and denote by
L ~q 7(KS/]P’1 + B).

Definition 2.27 (Generalized Futaki invariants). For any Q-Gorenstein test configuration
(8,B,L;n) of (S,B), we define the generalized Futaki invariant

E“ﬂ

Fut(S, B;n) := T (Ks £ BT

By the intersection formula (see [Wan12, Odal3]), the above definition of the generalized
Futaki invariants coincides with the one in [Don02].

Definition 2.28 (K-stability, see [Tia97, Don02, LX14]). We say that (S, B) is K-semistable,
if the generalized Futaki invariant Fut(S, B;n) is nonnegative for any special test configura-
tions. We say that (S, B) is K-polystable, if it is K-semistable, and any special test configu-
ration (S, B, L;n) with Fut(S, B, L;n) = 0 is a product test configuration.

Remark 2.29. We choose to work specifically on Q-Gorenstein test configurations (S, B, L),
since it fits into our study on log Fano cones. By [LX1}], we know for a log Fano variety,
working on this intermediate generality of test configurations yields the same stability notions
as working either only on special test configurations or on all test configurations.
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Given a Q-Gorenstein test configuration (S, B, £;n), by choosing A such that A(Ks+B) is
Cartier, we can get a Q-Gorenstein test configuration (X, D, &; n) of (X, D) := C(S, B, —\(Ks+
B)) by letting (X, D) = C(S, B; —\L), & = ud, the canonical rescaling vector on X where
u is an affine coordinate on the line bundle AL, and letting n also denote its canonical lifting
from S to X that corresponds to the pull back of pluri-log-canonical forms (see [Lil7h, Page
3186-3187].

Lemma 2.30 (see [CS18, Theorem 4] and [Lil7b, Lemma 6.20]). Notations as above. If
(8, B;n) is a Q-Gorenstein test configurations, then
Fut(Sv B; 77) = Fut(‘)(v D7 50; 77)

Proof. With the above choice of &, A(&) = A™1. Since 7 is the canonical lifting, we have
A(n) =0 so that T¢,(n) = %&))n = 2"y (see (7). So we get:

n

A1 dvolx, (& — tn)

AT W, _ An—lpm
n dt

=A"' lim =
m—s4o00 MmNy, n

D_Tfo(n)VOIXO (60) =
t=0
where w,, is the weight of the (n) action on HY(Sy, —mA(Ks, + By)). The second identity
follows from [CS18, Theorem 4] (see also the calculation in [Lil7h, Proof of Lemma 6.20]). For
the last identity, see [BHJ17, Theorem 5.3]. Dividing both sides by volx, (&) = A"~ (—(Ks+
B))"~! we get the identity. O

The above lemma says that the definition 2.27 is compatible with the generalized Futaki
invariants for log Fano cones in Definition 2.22. Thus Definition 2.23 specializes to Definition
2.28. It is well known that if we have a product test configuration induced by a vector
field coming from a C*-action on (5, B), then the generalized Futaki invariant defined above
becomes the classical Futaki invariant. It also follows from Lemma 2.25 that

Lemma 2.31. Assume a log Fano variety (S, B) admits a torus action by T = (C*)". Let
t be the Lie algebra of T. Then the Futaki invariant n — Fut(S x C,B x C;n) is a linear
function with respect to n € t.

3 Case of log Fano pairs

In this section, we will focus on the stability of log Fano pairs. More concretely we will
construct common degenerations of two K-semistable degeneration of a log Fano variety, as
well as investigate the equivariant K-stability for a torus action. A point we want to note is
that even in this case of log Fano varieties, we find it more flexible to work on the associated
log Fano cones in order to use a combination of techniques from the minimal model program
and results on normalized volumes. The study will be generalized to log Fano cones later.
However, we believe that treating the case of log Fano pairs first will help the reader to more
easily get the main idea.

3.1 K-semistable degeneration of K-semistable log Fano pair

We will need the following lemma which allows us to reduce a two-step equvariant degener-
ation to a single equivariant degeneration. The idea of its proof is similar to the one used in
[LX16, Section 6]. In fact, the proof is a mimic of the argument in the classical GIT situation,
but replacing Kempf’s instability theorem [Kem78, Corollary 4.5] by [LX16, Theorem 1.4].

Lemma 3.1. Let (S,B,n) be a special test configuration of a K-semistable log Fano variety
(S, B) with the central fiber (So, Bo). Suppose that Fut(S,B) = 0. Then (So, By) is a K-

semistable log Fano variety.

Proof. Suppose (Sp, By) is not K-semistable, then by [LX16, Theorem 1.4] there is a special
test configuration (8, B’) := (S',B,n’) with a central fiber (S, Bf,) such that

Fut(S’,B',7n") <0,

and (8',B',7) is equivariant with respect to the C*-action corresponding by 7.
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We can assume (S, B) (resp. (S8’, B')) are C*-equivariantly embedded into PV x C x {0}
(resp. PN x {0} x C). By abuse of notations, we denote n : C* — SL(N + 1) (resp.
7 : C* — SL(N + 1)) to be the 1-parameter subgroup (1-PS) generated by 7 (resp. 7n').
Then n commutes with 7/, or equivalently [n,7] = 0. Let © = mB for some sufficiently
divisible positive integer m such that © is integral.

Hilb(S,0) € HY-P? .= {(Hilb(S), Hilb(0)) € Hilb(PV, P) x Hilb(PY,p) |© c S ¢ PV}
(10)
where P(k) = h°(Os(k)) and p(k) = h%(Og(k)) for k > 1 are the Hilbert polynomials for
(S,0) c PN x PN, The SL(N + 1)-action on PV induces an action on H:"?. We then have
the following convergence:

Hilb(Sp, ) = lim (t) - Hilb(S, ©).

We remark ©g := mBy is not necessarily the same as the scheme ©f due to the possible
appearance of embedded points on ©F. However, we have the inclusion of the ideal sheaves
lo; C Io,, with the support of the cokernel being of codimension at least two on Sp. We
can similarly define p/(k) = h°(Og,(k)) and have the following convergence:

Hilb(S), ©;) = %H% 7' (t) - Hilb(S,, ©9) ¢ HN-P#'
—

Hilb(Sy, ©¢) = }H% 7' (t) - Hilb(Sy, ) ¢ HYN PP,
—

Therefore, we have the inclusion of the ideal sheaves Ie» C Ig;, and the codimension of the
support of the cokernel is at least two on Sj).

Our goal now is to construct a new test configuration (S”,B") of (S, B) with a special
fiber (S}, Bf) such that Fut(S”,B"”) < 0, contradicting to our assumption that (S, B) is
K-semistable.

Notice that the action of C* x C* = (n) x (/) < SL(N + 1)? on HM PP induces a

C* x C*-equivariant maps f and gf) given as follows

g (11)

N

C* = C* x C*—> P! x P! — £ » HN-P,

\/

(n,n")-Hilb(5,0)

where G is the graph of ¢ and f is a (C* x C*)-equivariant blow-up and ¢(0,0) = Hilb(S}, ©F).
Now we introduce the 1-PS
T: C* — C*xC* (12)
t o (th1)
then for k& > 1 its lift 7 satisfies

¢ o7(0) = lim ¢ o 7(t) = ¢(0,0) = Hilb(S}, OF).

Let (S”,0") be the flat family obtained by pulling pack the universal family (S Hilb  gHilby
HY-PP via 7, and let B” := L ©". Then (S”,B") is a special test configuration and we have

Fut(8”,B") = Fut(S), By kn+1n')
= Fut(S), By; kn) + Fut(S), By;n')
= Fut(So, Bo; kn) + Fut(S}, By;n')
= k-Fut(S,B) + Fut(S', B')
= 0+ Fut(S8',B) <0,

where we used the linearity of the Futaki invariant (cf. Lemma 2.31) in the second identity.
Hence (S”,B") is the test configuration we are looking for and our proof is completed. [
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3.2 Common degenerations of log Fano pairs
The main technical theorem of this section is the following.

Theorem 3.2. Let (S, B) be an (n —1)-dimensional K-semistable log Fano variety. If there
are special test configurations (SW,BW) (i = 1,2) of (S, B) with central fibers (S(()l),B(()l))
and (S(()Q),Béz)) such that Fut(SW,BW) = 0, then there are two special test configura-
tions (S’ B of (Séi)7Béi)) with isomorphic central log Fano fibers (S}, By) such that
Fut(S'®, B = 0.

We remark that Theorem 3.2 should be regarded as an analogy of a corresponding state-

ment in classical geometric invariant theory (GIT). As an immediate consequence we have
the following;:

Corollary 3.3. In the above notion, if we assume further that (Sél),B(gl)) is K-polystable,
then there is a special test configuration of (582),362)) with generalized Futaki invariant 0

and central fiber isomorphic to (S(()l), B(()l)).

Proof of Theorem 3.2. As (8%, B®) (i = 1,2) are special test configurations, (S(()l),B(()l))
and (5’82), Bé2)) are log Fano varieties. Consider the cone (X, D) = C(S, B; —A(Kgs+B)) over

S and similarly (Xéi),D(()i)) = C’(S(gi),Béi); MK g + Béi)))(i = 1,2) for some sufficiently
0

divisble A. Denote the corresponding degeneration of X to X(()i) over C to be X then we
get special test configurations (X, D, &:n@) of (X, D, &), where D® is the cone over
B® and & is from the natural C*-action on the cone.

From [BHJ17, Definition 4.4], we know that the central fiber S(gl) of the special degen-
eration S induces a valuation w’ := q - ordp for some divisor F' over S. Let ordg denote
the canonical divisorial valuation associated to the exceptional divisor, which is isomorphic
to S, obtained by blowing up the vertex. Assume p: S — S is a birational morphism such
that the divisor F is on S and (5‘, F) is log smooth. Let X — X be the resolution given by
the total space of the line bundle of p*(A(—Kx — B)) over S. Then following [Li17h, Page
3181-3182], we denote by a1 = _)\(A(S,B)X(C(S(()l)) — 1) and let we be the quasi-monomial
valuation on the model (X'7 S + F) with weight (1 4 €aq, €q) with respect to S and the pull
back F of F by X — S (see [Lil7h, Definition 6.12]). We choose €* such that 1+ ea; > 0
for any € € [0, €*). Then w, is centered at the vertex of X. By [Lil7b, Proposition 6.16], we
have the identity:

A(X,D) (’Uk) = kA(X7D)(w1/k) = k . A(X7D)(Ords) = k . )\_1. (13)

ForN> k> 1, let vy = k-wy ;. Then vy = d-ordg, is a multiple of a divisorial valuation
ordg, for some d € Z~o. As a valuation, we can describe vy, explicitly as follows (see [Lil7b,
(57)]). For any f € H°(S,—mA(Kgs + B)),

vk (f) :k‘m—l—ordsc()l)(f). (14)
where f is the meromorphic section of m£L — S obtained by pulling back f via the map
(S\SSV,mL) = (S x C*,m-piL) 25 (S, mL).

Lemma 3.4. Notations as above, for k > 1, the divisor E} corresponding to vy is a Kolldr
component with an associated model Yy, — (X, D). Moreover, the special test configuration
(X(1)7D(1)) is given by the special test configuration associated to Ey, (in the sense of Def-
inition 2.20) up to a base change. In particular (8(1),6(1)) can be recovered by the model
Ey =Y, — (X,D)

Proof. For simplicity, we denote L = —A(Kg + B). By [BHJ17, Proposition 2.15] (see also
Lemma 2.18), we know that X(Y) is given by

Specgy @ @t‘j}'jHo(S,mL) =: Specc[t](R(l))
meN \ jEZ

14



where 77 H°(S,mL) is given by:
FIH(S,mL) = {s € H*(S,mL) |t 75 € H(S,mL)}.

Therefore X(()l) is isomorphic to

Spec @(@.FjHO(S’,mL)/fj+1HO(S,mL)> )

j€EN \meN

and the (C*)2-action on X(()l) is induced by the two gradings. B
On the other hand, f € F/H?(S,mA(—Kgs — B)) if and only if ordgm (f) > j which by
0
[Lil7b, (57)] is equivalent to

u(f) = mk+ordsél)(f_) >mk+j .
In other words, the valuative ideal a,(vi) of vy = d - ordg, is determined by:
f e H°(S,m\—Ks — B))Nay(vg) if and only if f € FP~™*H°(S, mA(—Kg — B)).
Since vy, € Valx ; is C*-invariant, we have the identity:

gr,,R= P P Fr—*H(S,mL)/FrH " HO(S,mL).

peEdZ m
Let 5% =& — %77. For an element
feFIHYS,mL)/FITH(S,mL),
its weight vector is a = (m, —j) and ({1, 00) =m + % Thus
Proj(groa,, ) = Proj(gr,, R)

is the quotient of X(gl)

(Fx, Bi) == (Xo(l), D(()l))/@%) (where By, includes the orbifold locus) and Ej, can be extracted

over X. Since (Xél), D(()l)) has klt singularities, (Ey, By) is a log Fano variety which has klt
singularities and hence is a Kollar component over X by the inversion of adjunction.
To see that last statement, note that we can rewrite R(1) as:

R = D Pt ampr(ox) NH(S,mL),

JEZ meN

P Pt ap(ox) N HO(S, mL),

pEZ meN

by the C*-action generated by 5% (see Definition 2.13). So we have:

which is isomorphic to the extended Rees algebra of a(vy):

B Pt ap(vx) VHO(S,mL) = @t Pa(vr). (15)

pEZ meN pEZ

Indeed, it is easy to verify that the map ¢t =PT™k f s ¢=P f for any f € a, N H°(S,mL) is an
isomorphism of the two algebras. On the other hand, the extended Rees algebra of ordg, is
given by:

@u*qaq(ordEk,) = @ ufgap(fuk).

qEZL pEdZ

From this we see that X1 = X ste C where Y is the test configuration associated to
ordg, in the sense of Definition 2.20. O
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In the proof of Lemma 3.4, there is a rank 2 torus (C*)? acting on Xél), such that if we let
&o be the coweight vector (1,0), then X(()l)/<§0> = Sél), and the action by the coweight (0, 1)

is induced by the action on S(gl) from the test configurational S() structure. We construct
aray & = & — en, where 7 corresponds the action with coweight (0,1). Then any & gives

a quasi-monomial valuation wt. on Xél) (see (6)). Moreover, for € € [0, €*), it also induces
a sequence of quasi-monomial valuations w, in X which is contained in Valy , (see [LX17,
Proof of Theorem 3.5]). Our proof in Lemma 3.4 just gives a verification of the divisorial
valuation, which can be easily extended to the general case.

Furthermore, as proved in [Lil7b, Lemma 6.20] or [LX17, Section 2.4], if we define f(¢) :=

L

\7(;1(106), then it is a smooth convex function on [0, €*) with 0 < €* < 1 such that f(0) = vol(v)
and

= —volx, (wt)

d —
) = d—volx(we) T

€

e=0 e=0

&), volx, (o — €n)

= C-Fut(xW, W g;nM),

where the last identity follows from (9) and the constant
C=n-Ax,(wtg,)" " vol(&) > 0.

Lemma 3.5. For k sufficiently large, the model Y, — X extracting Ey, can be degenerated

along X to obtain a model ju : y,f) — X® over C with an exceptional divisor &, such that
the following properties hold true:

1. There is the following isomorphism which is equivariant with respect to the C*-action
generated by n? :
VP, D) x¢ C* = (Y, Ey) x C*.

2. (y,iz), p D3 4+ 5,22)) locally stable over C.

Proof. For a fixed sufficiently large k, denote by I the m-primary ideal over x € X induced
by E}) which is the push forward of O(—mE}) for a fixed sufficiently divisible m. Let

C = ICt(Ik;X7D) =: ICt(Ik)

be its log canonical threshold. Then because Fj, is a Kollar component, we have:
1 3 n
f )= vol(ordg, ) = mult(ly) - .

Note that because of the rescaling invariance of the normalized multiplicities mult(7) -
let™ (1), we can replace Iy, by its powers and the normalized multiplicities do not change, so
we do not specifically denote m.

Since f/(0) = C - Fut(X™, DM &4;n) = 0, we have

/(-0 ()

Fix k, for each [ > 1, as in [LX16, Lemma 4.1], we can construct a graded sequence of
ideals 2, = {2} on X3 such that

A ®cy Clt, ¢~ 2 1Lt t 7Y and A ®cpyy (C[E]/(1) = in(I}),

where {in(I})} is the graded sequence of ideals consisting of initial ideals of the sequence
{I,lc}l for the C*-degeneration of X to X(()Z). To simplify the notations, we just denote

br,e = {b1, 11 = {in(I})}.
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Claim 3.6. For any e > 0, we can find k sufficiently large and § sufficiently small satisfying:
A(E X, D+ dp) <e/2  and ¢}, <let(bge: XS, D)
with ¢, == cx(1 —9).

Proof of Claim 3.6. To prove the claim, we first note that, by using A(Ey, X, D + cxIx) =0
and identity (13):

A(Ey; X, D+ (1 —98)cgly) =0 - A(X,D)(Ek) =6-k- A(Xyp)(ords).

On the other hand, since (Xéz)7 D((JQ)) is K-semistable by Lemma 3.1, we know that f(0) =
vol(z(?), Xéz), D(()Q)) (see Theorem 2.5), where 2(?) is the vertex. Therefore,

< let(bpe; XS, D)™ mult(by,.)
< ¢ - mult(ly)

1(3)=ro+o(5z).

where we have used Proposition 2.4 for the first inequality, and the non-increasing of log
canonical thresholds under specialization as well as mult(by o) = mult(}) for the second
inequality.

We get the inequality:

£(0)

let(bg.e; X2, D) N < £(0) >l/”
Ch — \f(1/k)

Since (1+ O(k%))% is also of the order (1+O(7)), for any fixed e, there exists Ko >> 0 such
that for any & > K,

FO) N ¢
<f(1/k)> 2 A p(ords)”

€
n 2k - A(X,D) (Ords) ’

Now if we choose ¢ to be:

]

then ¢} = (1 — 0) - ¢ < lct(by.e; X2, D) and

A(Ek,X7D+(1 —6)Cklk) :6/2. (16)

We may assume ¢ is less than 1. It follows from Claim 3.6 that
A(E, x C; X D 4 ) <e/2  and ¢ <let(e; XD DA 4 X (17)

where we used the inversion of adjunction for the second inequality. We can then apply
[BCHM10, Corollary 1.4.3] to precisely extract an irreducible divisor 5,&2) to obtain a bira-
tional morphism )),?) — X@) whose restriction over X x C* is the divisor FE xC* and 75122)
is ample over X(2).

Let p: y,i” — X® denote the family obtained above with an irreducible divisor 5,22)

for which we may assume —Ky

(y,f),u*—lz)(?) +(1 - 6)5,?) + Yo(z)) is log canonical, by ACC of log canonical thresholds
([HMX14, Theorem 1.1]), we may choose € to be sufficiently small and independent of k such
that (y,f), po D 4 5,22) + 1/0(2)) is log canonical. O

@ — py DR — E,gz) is ample over X, Moreover, as
s

There is a C* x C* = (&) x (n®)-action on Xéz). Note that [¢9,7®)] = 0. The ideals
{bie} is (C*)%-equivariant. In fact, by definition it is clearly equivariant with respect to
(n®). Tt is also equivariant with respect to the first factor because Ej, is (£y)-invariant and
X3 is (¢&y)-equivariant.
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X(Q)’D(2) y(‘2> £
(Xé”’Déf))wN(Wm(X’Dyfyk « B (18)
RN S g®@ e
(58, B 58, B)

-

@ DEy e (® ) (5.8 (X D) Yy —Er=Ei x A}
1 1
(Sh, BY) (s, By
_7 (S’(l),B'(l)) ~ -
~ ~
~ ~

e

1 1
(%ﬂé)wwm()fé ) D{Y) <Y < By

Now we apply the family version of the construction first introduced in [LX16, Section
2.4], to conclude that the model y,f) — X® with relative anti-ample 5,&2) over X yields a
degeneration of X(?) which gives a family (¥,9) over C2, whose restriction over (C*)? ¢ C?
is isomorphic to (X, D) x (C*)?. More precisely, if we assume X = Specepy(R?)) and
define the extended Rees algebra:

R = @ am(ordg, )s™™ € RP[s, 571, (19)
meZ

where as before a,,(ordg,) = {f € R®, ordg, (f) > m}. Then X = Specyy, o (R) and D is

the divisor on ¥ induced by D). Using the fact that (y,f), ur DA 4 5,&2)) is locally stable
over C (see Lemma 3.5.2), we know that (X,D) x¢z ({0} x C) is a locally stable family (see
Lemma 2.21).

Using the basic property of the Rees algebra (see e.g. [LX16, Section 4.1]), we see that
(X,D) xc2 (C x {1}) = (x®, D@),
Moreover, we claim that:
(X,D) xc2 ({1} x C) = (¥, DW),

This holds true if the morphism a,, (orde, ) = uO(=m&;) — am(ordg, ) = (ply, )«O(-=mEy)
is surjective and the surjectivity is indeed true by using the vanishing R!u,(—m&) = 0.

The restrictions of (X,9) over the two axes C x {0} and {0} x C respectively give test
configurations (Xél), Dél)) and (X(§2), D(()2)) with the same central fiber (X{, D{). We know
these two test configurations are indeed weakly special because of the local stability of of
(%,9).

The (&)-action on (X, D) extends naturally to (X,D) over C2. Moreover, Ky + D is
Q-Cartier and admits a (C*)2-equivariant nowhere-vanishing section s € |m(Kx +®)|. Then
we can take the quotient of the action (X,) by the (£y)-action to get a pair (&,98). Its
restrictions over the two axes C x {0} and {0} x C respectively give test configurations
(Sél),Bél)) and (S(gz),Béz)) with the same central fiber (S}, Bj). Because the generalized
Futaki invariants are defined by the intersection numbers, we know the generalized Futaki
invariant of the test configuration (&, B) x ¢z (Cx {0}) degenerating (S(()l), B(()l)) to (5§, BY) is
0 since the nearby fibers (&, B) xcz2 (C x {t}) (t # 0) all have generalized Futaki invariants 0,
and the same is true for the test configuration (&, B) xc2 ({0} x C) degenerating (S(()Q), B(()2))
to (S5, BY).

Then the central fiber (S(, B) will automatically be a log Fano variety since otherwise
it follows from [L.X14, Theorem 7] that we can construct a special test configuration of

(Sél), Bél)) with a strictly negative Futaki invariant, which contradicts to the K-semistability
of (S((,l), B(()l)) by Lemma 3.1.
Thus this completes the proof of Theorem 3.2. O

Combining the idea in the proof of Theorem 3.2 with the argument in [LX17, Proposition
4.17], we have the following fact.
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Lemma 3.7. Assume (S, B) is an (n — 1)-dimensional K-semistable log Fano pair. Let
(S, B,n) be a special test configuration with the central fiber (So, Bo) such that Fut(S, B,n) =
0. If S admits a torus T = (C*)%-action, then S admits a fiberwise (C*)%-action over C
which commutes with the C*-action generated by 1 and extends the (C*)¢ action on S. In
particular, Sy indeed admits a torus T =T x C* 2 (C*)4*-action.

Proof. By Lemma 3.1, we know (Sp, Bg) is K-semistable. Fix a sufficiently divisible A. By
Lemma 3.4, for k£ > 1, the special degeneration induces a Kollar component Ej over the
cone

Ey, —»Y, — (X,D)=C(S,B;—\(Ks + B)).

The cone (X, D) is T = T x C*-equivariant, where the first factor T-action is induced from
the T-action on (5, B) and the second factor C*-action comes from the natural rescaling on
the cone (X, D). Then it suffices to show that Ej is T-equivariant.

Pick an arbitrary integral coweight vector n’, which generates a subgroup (') = C* C T.
Consider the valuative ideal I}, = a,,(ordg,) for m > 1, and its equivariant degeneration
{by1}; of {I.} on the fiber of X x A! over 0 with respect to (r’). Then as before, we know
there is a smooth function f on [0, €*) with 0 < €* < 1 such that

f (i) = mult(Iy) - let(I)" and f'(0) = 0.

Then by exactly the same argument as in Claim 3.6, we know that for £ > 1, we can pick a
¢}, such that

A(Er, X, D+ ¢, 1) < 1 and ¢ < let(bg o5 Xo, Do).

Considering the (n')-action on X x C induced by the diagonal action, it degenerates I,i to by .
Applying [BCHM10, Corollary 1.4.3], we can construct a (n’)-equivariant model Y, — X xC
which extracts an exceptional divisor &, such that

V', &) xc C* = (Y, Ey) x C*.

But then Y, x C and ), are isomorphic in codimension one and both are the anti-ample
models of the same divisorial valuation over X x C. This implies YV =2 Y, x Al and hence
Ej, are (n')-invariant. O

Lemma 3.8. Assume (S, B) is a K-semistable log Fano pair and it has a special degeneration
to (So, Bo) given by a test configuration (S, B) with Fut(S,B) = 0; and (So, Bo) has a special
degeneration to (S}, BYy) given by a test configuration (S',B') with Fut(S’,B') = 0. Then
there is a special degeneration of (S, B) to (S}, Bj) given by a test configuration (S”,B")
with Fut(S”,B”) = 0.

Proof. By Lemma 3.7, (S§’, B) is automatically C*-equivariant with respect to the action on
(So, Bo) coming from (S, B). Then this is proved in the proof of Lemma 3.1. O

3.3 Proof of main results for log Fano pairs

Proof of Theorem 1.3. Given a K-semistable log Fano pair (S(©), B()) := (S, B). If it is
not K-polystable, then by [L.X14] we know it has a special degeneration to a log Fano pair
(S, BMW) which is not isomorphic to (S, B), with the generalized Futaki invariant being 0.
Furthermore, (S, BM) is also K-semistable by Lemma 3.1. Tt follows from Lemma 3.8 that
any special degeneration (S(), B®)) of (S, BW) with the generalized Futaki invariant 0
will be a special degeneration of (S, B) with the generalized Futaki invariant 0. By Lemma
3.7,if S® and SU*D are not isomorphic, then the dimension of the maximal torus effectively
acting on SUH1) is strictly larger than that for S®). Thus this degeneration process has to
terminate after » < dim .S steps. Then the end product is K-polystable and is also a special
degeneration of (S, B).

The uniqueness directly follows from Theorem 3.2, as any test configuration (S,5)
which degenerates (S, B) to a K-polystable log Fano pair (Sp, Byg) automatically satisfies
Fut(S, B) = 0. O
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Proof of Theorem 1.4. It is known from [LX16] that to check K-semistablity, we only need
to check the T-equivariant special test configurations. Then from K-semistability to K-
polystability, it follows from Lemma 3.7. O

Remark 3.9. In the above discussion, we indeed prove that if there is a linear algebraic group
G generated by subtori, e.g. connected reductive groups, then the polystable degeneration of a
K-semistable G-equivariant Q-Fano variety is always G-equivariant. However, our approach
does not cover other cases, e.g. G is a finite group.

4 General case of log Fano cones

In Section 4.1, we will generalize the techniques in Section 3 to the case of log Fano cones.
This allows us to get weakly special test configurations with isomorphic central fibres and
zero Futaki invariants, under similar assumption as in Theorem 3.2. In Section 4.2, we
prove that these weakly special test configurations are indeed special. We prove this fact
by generalizing the proof of [LX14, Theorem 4] to the setting of log Fano cone singularities,
including the irregular case. Combining with [CS15], we complete the proof of Donaldons-
Sun’s conjecture (Theorem 1.1) and Theorem 1.2 on existence/uniqueness of K-polystable
degenerations in Section 4.3.

4.1 Common degenerations of log Fano cones

Fix a K-semistable log Fano cone (X, D, &) with a torus action by T = (C*)". Then wte,
is a minimizer of volx p by Theorem 2.5. Assume that (X, D@ ¢y:n@) (i = 1,2) are two

special degenerations of (X, D, &) to (X, é),D(() ,€0), (1 = 1,2) respectively. Recall that &y
on X is just given by the natural extension of & on X x C*. By assumption 7(*) has an
integral coweight which can be written as the form (-, 1) with respect to the decomposition

of T := T x C* =2 (C*)"+1. Note that the central fibers (X(gl)7 D( )) (i = 1,2) admit T-actions
generated by T and (n(*).

Theorem 4.1. Let (X, D, &) be a K semstable log Fano cone. With the notations in the
above paragraph, assume Fut(é’('(1 D, &;n™M) =0 and Fut(x? D(2) €0:nP) = 0. Then

there are weakly special test configurations (X'®), D'C ),50,77’(1 ) of ( o ,D(() ,50) (i=1,2)
with isomorphic central fibers such that Fut(X'® D' ¢y:/D) =0 fori=1,2.

We follow a similar strategy as in Section 3.1.

Proof. We first claim that (X((,l), D(()l), &o) is K-semistable. If not, then there is a special test
configuration (Xé'(l), Dg(l), 03" ™) with

Fut(x, D5 03" ™) <0,

which degenerates (X(l), D(()l), 0) to (Xg(l), Dg(l), &0). Then we claim there is a test configu-
ration (X, 6'(1), Dg(l ,&0; knW +4n""M) for some k > 0 degenerating (X, D, &) to (X(I)/(l), D(/)/(l)7 o)
with the generalized Futaki invariant
Fu t( //(1) 61(1);€0§k77(1) _|_77//(1))

— e Rt @), DO, ) + P, D, )

< 0,
which is contradictory to our assumption (X, D,&;) is K-semistable. Here we used the
linearity of the generalized Futaki invariant from Lemma 2.25 as in the log Fano variety

case. To see the existence of such test a configuration we fix a rational vector & € t]fg , and
take the quotient, we get

(857, B5Y) == (2, D) /(gh) and (S5, ByM) = (A, Dy M) /(€ -
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Since [p™,7"M] = 0, the proof of Lemma 3.1 shows that there is a test configuration

(56'(1),§g(1)) that degenerates (X, D)/(&}) to (Xél(l),Dg(l))/@(’)}. Then we can take the

cone back to get (é’%/(l), ﬁg(l),fo). (Also see [LX17, Section 4.2] for a direct construction.)

Applying the diophantine approximation (cf. [LX17, Lemma 2.7]) of the coordinates of
&0, we can choose a sequence of integral vectors {ék} such that |§~k —k&| < A for any constant
A > 0 where k is an infinite sequence of increasing positive integers. Consider the Kollar
component Ej, determined by &, — n) over z(!) € (Xél), D(()l), &o) (it is a Kolldr component
by Lemma 3.4). Let I = ap,(ordg,) for a sufficiently divisible m depending on k. Let
¢, = let(Iy; V, B) and consider:

f(%) = \jc;l(ordEk) = mult(I) - cf.

Let T = (&, M) = (C*)r+! be the torus generated by & and n*), and N = Hom(C*,T) be

the coweight lattice of T'.
Since (Xél), D(()l),&)) is K-semistable,

VOl(f) = VOI(XSI) ,Dél)) (th)

is a smooth function of ¢ € tf and obtains the minimum at & (see Theorem 2.5). By (9),
this also implies that for any rational vector n; € Ng,

d vol(wte, 1,
dt

By Taylor’s Remainder Theorem there is a neighborhood U of & € Ng and a positive
constant C' > 0 (independent of £) such that, for any & € U, we have the inequality:

vol(£o) < vol(€) < vol(&) + C|¢ — &l

= C-Fut(XY x C, DY x €, &3m) =0 (20)

Note that f(3) = \70\1(%519 - %n(l)) by the rescaling invariance of the normalized volume.
Because %ék — %77(1) —&| < Ok~ for €’ > 0 independent of k, there exists Ky > 1 such
that for any k > Ko, f(1) = f(0) + O().

Then the same argument as in the case of the log Fano varieties using [BCHM10, Corollary
1.4.3], shows that we can find () : y,f) — X®) a morphism over C with a divisor 8,&2) such
that —5,&2) is ample over X'(?) and (y,ﬁ”, 5,&2)) xcC* = (Yg, Ex) x C* where the isomorphism is
equivariant with respect to the C*-action generated by n(®). Moreover, fixed any arbitrarily
small €, we can choose k sufficiently large such that the log discrepancy of Fjy with respect to
(X,D+(1—0)-1I)) is less than € (see (16)). Then it follows from [HMX14] that (y,f), 5,&2) +
(1) 71D?) is locally stable over C.

The relative extended Rees algebra gives a family (X,D) over C2, such that over C x
{t} (resp. {t} x C) (t # 0), it gives a family which is isomorphic to (X, DM) (resp.
(X®@ D)), The family (X,D) admits a (C*)"+2-action.

By Lemma 2.21, we get weakly special test configurations

(Xl(i)a Dl(i)a 507 nl(Z)) of (X(gl)7 D(()Z)a §0) (Z = 17 2)

with an isomorphic central fiber (X{), Dj, &o).
We claim that the generalize Futaki invariants Fut(X’(), D' ¢y:9/()) are 0. Indeed, by
the construction,

X,D, &;n >~ (xM DO g5 nM)y,
(XD, )|y = XD o)

It follows from our assumption that
Fut(X®, DU, g6;7M) = Fut(X", DY, &0;7 ™) = 0.
By the flatness of the weighted piece and (C*)? equivariance, we get for any ¢,
volym (€0 — tn)) = volx; (& — tn"),

which implies that Fut(X}, Dj, &o;n™™) = 0 (see (20)). Similarly, we have Fut(X}, D}, £o;n?) =
0.
O
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By the above result, we obtain two weakly special test configurations (X', D' ¢y: /(@)
with isomorphic central fibres (X6(1)7 Dé(l), &o) = (X(/)(Q)7 D(/)(?), &o) and zero generalized Futaki
invariants. In the next subsection, we are going to show that (X', D'®) ¢y 9/() are indeed
special test configurations.

4.2 Vanishing Futaki invariants and special degenerations

We will prove Proposition 4.3, which says to test K-(semi, poly)stability of a log Fano cone,
although in our definition we only require to test on all special degenerations, it is indeed
the same to test on all weakly special test configurations. A tool we will use is to write the
generalized Futaki invariant of a weakly special configuration as the derivative of the leading
coefficient of the index character (see [MSY08, CS18, CS15]).

If there are two T-equivariant weakly special test configurations

(X(i) = Spec(R(i))7 DO go; n) of a K-semistable log Fano cone (X, D, &),

with Fut(X@ D@ &y:m) = 0, by Lemma 2.18, we know X is associated to a graded
sequence of ideals asl) which we can assume to be primary (see Remark 2.19) as

Fut(X(i), D(i), £o; m{é +1n)
= Fut(X, DD &o;mg)) + Fut(X®, DD &:m)
pr— 0’

where Fut(X @), DO &5 ¢)) = 0 follows from the K-semistability of (X, D). Moreover, since
the test configuration is weakly special, by Lemma 2.21 there is indeed a birational morphism
pt: Y — X with a reduced exceptional divisor E* such that (Y, E*+ (u*);1D) is log canoni-
cal and ag) = pi(—kE?"). Therefore, we can take a normalized graph p?: Y9 — X of Y! --»
Y2 over X with p;: Y9 — Y. Then for any pair (a,b) such that (—apj(E") — bp3(E?)) is
integral, by Definition 2.20, we can consider the test configuration Y, s of (X, D, &) induced
by (—api(E') — bp3(E?)).

We apply the T-equivariant index character (see [CS18, Section 4] for more details) for
any £ € iﬁ{ C Ng = R™*! where %ﬁf is the Reeb cone of the T' = T x C*-action and t € C
with the real part $(¢) > 0, and define:

Fla,b;&,t) = Y e '*® dim R (v), (21)
aG{E

where R*? is the ring of the special fiber of Vab-
Now if we fix a prime integral vector £ € tﬁ N N such that

(XD D@) /() = (SO, BD £D) (i =1,2)

give test configurations of (X, D)/(¢) = (S, B) with polarizations £°. Then the quotient of
YVap by (£) is given by the normalized graph S, 5, of S ——» S with morphisms ¢;: S, —
S and the polarization is given by a¢iL®) + bps L3,

The following statement essentially follows from [CS18, Theorem 4.10].

Proposition 4.2. For a fized ¢ € t the index character F(a,b;€,t) has a meromorphic
extension to C with poles along the imaginary axis. Near t = 0 it has a Laurent series
exrpansion:

ag(a,b;6)n!  ai(a,b;&)(n—1)! .

Fla,b;6,t) = — 3 m

where ag(a,b; €) is a polynomial of (a,b) whose coefficients depends smoothly on & € .

Proof. Tt follows from [CS18, Proposition 4.3] that when £ is rational, then ag coincides
with the leading term of the total weight on the test configuration S, ; constructed from the
quotient log Fano pair. Since it can be represented by an intersection formula, in particular,
it is a polynomial of a and b by [Wanl12, Odal3].
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Denote by s = r + 1. By the proof of [CS18, Theorem 4.10], we know

e tErentLeas) L N, (e7H e )
Hévzl(l — e t&rwijt o HEawsg)) ’

F(a,b;&,t) =

where £ = (£1,...,&) € Eﬁg, (o1,...,as) € Z° and w;; (1 <i<s,1<j<N)arereal numbers.
The leading term of the Laurent expansion is the same as the leading term of

HNa,b(la ) 1)
(1 _ e—t(§1w1j+"'+£sw5j))

Hj-vzl
Since a, b only appear in the part HNy(1,...,1) which does not depend on ¢, and from the
case that £ is rational, we know that HN,(1,...,1) is a polynomial of (a,b), which implies
agp is a polynomial of (a,b). O

With all these preparations, we can prove Proposition 4.3 which is a generalization of
[LX14, Theorem 4] from the quasi-regular case to the general case of an arbitrary log Fano
cone singularity. Although we expect the full results of special degeneration in [LX14] can
be extended, here we only need the last step of the argument.

Proposition 4.3. Let (X,D,&y;n) be a weakly special test configuration of a log Fano cone
singularity (X, D,&). Then we can find a special test configuration (X',D',&0;n') and a
positive integer m such that

Fut(X', D', &0;1') < m - Fut(X, D, &o; 1),
and the strict inequality holds if (X,D,&;n) is not a special test configuration.

Proof. By Lemma 2.21, the weakly special test configuration is induced by a T-equivariant
morphism p: Y — X, such that the reduced exceptional divisor F is anti-ample over X and
(Y, E4p; 1 D) is log canonical. Suppose (X, D, &;7) is not special, then (Y, E+pu; D) is not
plt. Therefore, by [LX16, Proposition 2.10], we can find a T-equivariant Kolldr component S
over x € (X, D) such that its log discrepancy with respect to (Y, E 4+ u; 1 D) is 0. Denote by
1Y — X the plt blow extracting precisely S. So by Lemma 2.21 again, it gives a special
test configuration (X’, D', &y;n’) and the base change factor m (which we omit from now on)
corresponds to a multiple such that the coefficient of S in the pull back of mFE is integral.

Let Y9 be the normalized graph Y --» Y’ and p: Y9 — Y, p’: Y9 — Y’ the natural
morphisms. Then for any pair of positive integers (a,b), the divisor bp*E + ap™ S are anti-
ample, and therefore induces a test configuration X, ; by Lemma 2.21. We take ag(a, b, §)
as in Proposition 4.2.

Now we claim that

DngonaO(lvong) = FU't(XaD7§O;77) > FUt(X/aD/,fO;U/) = D*Tgona0(07 1750)‘
To see this we write:
P (Ky + E+p'D) =p™(Ky' + S+ (1) "' D) + G,

and since the log discrepancy AY, Bur! p(S) =0, the negativity lemma implies that G > 0.
For any irreducible component F; in Supp(G), denote by ¢; its coefficient in G. In par-
ticular, from our assumption that A" is not a special test configuration, for some component
Ey contained in Supp(FE), its coefficient ¢ is positive. Let F; be divisor on X, given by the
orbifold cone C(E;, —E|g,).
We take the previous construction for the two test configurations X and X’. By Propo-
sition 4.2, for a fixed &y, if we define

f(t;:60) = D1 nao(1 — t,;&o),

then the difference of the generalized Futaki invariant is of the form

1
d
FUt(X/7DI7€O; 77/) - FUt(X7D7§O§ 77) = / af(téb) dt.
0
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The integrand is smooth in [0, 1], and the proof of [LX14, Proposition 5] shows that it is
non-positive when & is rational. Thus it is non-positive. We claim its value at 0 is

1

d
%f(t, £o) o 2 volx(wie) z;ci -volp, (wtg,) < 0. (23)

In fact to see (23), when & is rational, we can compute on the quotient log Fano pair, and
this is given in [LX14, Page 217]. Since both sides are smooth functions on &, we know that
they must be equal to each other. O

An immediate consequence is the following.

Corollary 4.4. For a K-semistable log Fano cone singularity (X, D,£), if it has a weakly
special test configuration (X, D,&y;n) with the generalized Futaki invariant being 0, then it
is a special test configuration, i.e., the central fiber is kit.

4.3 Completion of proof of main theorems for log Fano cones

Proof of Theorem 1.2. The proof follows the same structure as the proof of Theorem 1.3.

We first prove the existence of K-polystable degenerations. In the proof of Theorem
4.1 we have shown that for any special test configuration (X, D, &y;n) of (X, DO &) :=
(X, D, &) with Fut(X,D,&;1) = 0, the special fiber (XM, DM &) is K-semistable. Fur-
thermore, any special degeneration of (X, DM ¢3) can be indeed written as a special
degeneration of (X(O),D(O),fo). Similar to the proof of Theorem 1.3, if the K-semistable
degeneration (XM, DM &) is not isomorphic to (X, D, &;n), then (XM, DM &) admits
an effective action by a torus T one dimensional larger than dim(7"). Therefore such step
has to terminate, namely when we have the central fiber being K-polystable.

By Corollary 4.4, we can replace the words “weakly special” by “special” in the statement
of Theorem 4.1. Recall that by definition special degenerations of K-polystable log Fano cone
with zero generalized Futaki invariants must be product. So the uniqueness of K-polystable
degeneration follows. O

Proof of Theorem 1.1. Tt is shown in [DS17] that there is a special test configuration (W, &y; 1)
of of the intermediate cone (W, &y) with the central fiber (C,&p). Because C' admits a Ricci-
flat Kéhler cone metric, we know C' is K-polystable (see [CS15, Theorem 1.1]). In particular,
Fut(W, &o; ) = 0. Moreover by [LX17, Theorem 1.4], we know that W is K-semistable and
is uniquely determined by the algebraic germ (M, 0).

Assume W specially degenerates to another K-polystable Fano cone C’ by a special test
configuration (W', &;n’) with Fut(W’,&p;n') = 0. Then Theorem 4.1 implies that C' and
C’ degenerates to a Fano cone C” by special test configurations with generalized Futaki
invariants 0. This implies C = C” = C’ by the polystability of C and C’.

O

A Ding-polystability of Ricci-flat Kahler cones

In the proof of Theorem 1.1 above, we rely on the result proved in [CS15] which says that that
for a log Fano cone singularity with a Ricci-flat Kahler cone metric, the generalized Futaki
invariant Fut(X', D, &p;n) > 0 for any non-product special test configuration. However, as
we have seen, in our argument (see e.g. the proof of Theorem 4.1), more general test
configuration will show up. Therefore in this appendix, we want to discuss the proof of a
more general statement, namely for any non-product Q-Gorenstein test configuration, the
corresponding Ding invariant is positive (see Theorem A.2). This can be used to slightly
modify the proof of Theorem 1.1 (see Remark A.4). We point out that our proof of Theorem
A.2 follows the general strategy in [Berl5] and is slightly different from [CS15].

Definition A.1 (Ding-stability). We say that (X, D, &) is Ding-semistable, if for any Q-
Gorenstein test configuration (X, D, &;n) of (X, D, &) with the central fiber (Xo, Do, &), its
Berman-Ding invariant, denoted by DN*(X, D, &y;n) is nonnegative, where

D*Téo (n)VOIXo (fo)
vol(&o)

DNMX, D, &m) = — (1 —let(X, D; Ap)).

24



We say that (X, D, &) is Ding-polystable, if it is Ding-semistable, and any Q-Gorenstein test
configuration (X, D, &y;n) with DNA(X, D, &y;n) = 0 is a product test configuration.

We immediately see that DNA(X, D, &;n) = Fut(X, D, &o;n) if and only if the test con-
figuration is weakly special, and Ding-semistability (resp. Ding-polystability) implies K-
semistability (resp. K-polystability). It is proved that in the log Fano pair case, they are
equivalent [BHJ17, Fujl16]. Following [Ber15], it will become clear that the notions of Ding-
stability fit better into our calculation.

Theorem A.2. Assume (X,&) admits a Ricci-flat Kdiler cone metric. Then (X,&) is
Ding-polystable among Q-Gorenstein test configurations.

Corollary A.3. Assume (X,&) admits a Ricci-flat Kihler cone metric. Then (X, &) is
K-polystable among all weakly special test configurations.

Remark A.4. Corollary A.3 could yield an alternative argument in one step of the proof of
Theorem 1.1. More precisely, with notations in the proof of Theorem 1.1, let C and C’ be
two K-polystable degenerations of W. Then the degenerations of C and C' to C" obtained
via Theorem /.1 are weakly special with zero Futaki invariant. We can skip Proposition
4.3 but replace [CS15, Theorem 1.1] by the stronger statement Corollary A.3, which directly
implies there is no non-product weakly special test configurations of C and C' with zero Futaki
invariant. Then we conclude immediately that C = C" = (',

Let (X, &) be a Fano cone singularity with the vertex point o. Recall that this implies
that X is a normal affine variety with at worst klt singularities. Moreover there is a good T'
action where T2 (C*)" and &y € tﬁ . On X there exists a T-equivariant nowhere-vanishing
holomorphic m-pluricanonical form s € | — mKx|. Such holomorphic form can be solved
uniquely up to a constant as in [MSYO08, 2.7]. In the following, we will use the following
volume form on X associated to s:

2 1/m
dVx = (\/—1’”” s A s) . (24)

Assume that (X, &) is equivariantly embedded into (CV, &) with & = >, aizi% with
a; € Ryg. Fix a reference smooth Kihler cone metric on CV whose associated Reeb vector
field rd, —iJ(r0,) = 2&. By its rescaling property such a radius function is C°-comparable
to Zfil |2;]?/%. The restriction wx := wen|x is a Kéhler cone metric on X. Moreover
2Im(&y) = J(rd,) is the Reeb vector field of wenr and wx. Since T' acts on X, T also acts on
the set of functions on X by 7o f(z) = f(r7'z) for any 7 € T and x € X. For convenience,
we denote X° = X \ {o} where o is the vertex of X and define:

Definition A.5. Denote by PSH(X,&y) the set of bounded real functions ¢ on X° that
satisfies:
(1) Top = for any T € (o);
(2) Ti = r2e? is a proper plurisubharmonic function on X.
We can think of functions in PSH(X, &) as transversal Kahler potentials as in [DS17].

More precisely, because 0, generates a R-action (R = {a € R;a > 0}) on X° without fixed
points, if the link of X is defined as Y := {r =1} N X, then Y = X°/R; and X° =2 Y x R,.

We denote:
X:7”2_1(5—5)10gr2:—%<fd10g7"2» (25)

and define:
Definition A.6. Denote by PSH(Y, &) the set of bounded real function p on'Y that satisfies:
(1) Top =0 for T € exp(R-Im(&)).

(2) @ is upper semicontinuous on'Y and (dx + \/—13590)|Y > 0, where the positivity is in
the sense of currents.

Here we identify the function on Y with its pull back to X° =Y x R, via the projection
to the first factor. There is an isomorphism PSH (X, &) = PSH(Y, &) by sending ¢ — ¢y
We will use these two equivalent descriptions in the following discussion.
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Definition A.7. We say that ri = r2e¥ where ¢ € PSH(X, &) is a radius function of a
Ricci-flat Kdhler cone metric on (X, &) if ¢ is smooth on X8 and there exists a constant
C > 0 such that

(V=100r2)" = C - dVy. (26)

If we take L,5, on both sides, we get: L,5.dVx = 2ndVx, which is also equivalent to
Leys = mns. If we write

dVyx = 2r""Ydr AQy, or equivalently Qy := 271172, dVy, (27)

then L5, 0y = 0. On the other hand, a direct computation shows that:
= = 1
V=100r? = 12 (dx + V=180¢) + dr? A (x - 2Jdgp) : (28)

Then it is easy to verify that the equation (26) is equivalent to:

= C
(dx ++/—100p)" L A x = o e " Qy. (29)

The equation (26) is the Euler-Lagrange equation for the following Ding-type functional:
Definition A.8 (see [CS15, LX17]). For any function ¢ € PSH(X, &), define:

D(p) = B(p) — log ( / e-fi‘édv> — B(¢) + G(9) (30)

where E(p) is defined by its variations:

1
(n — 1)!(2m)"volx (&)

Using the identity (28), one can verify that:

SE(p) - 6p = — /X (6ip)e™"t (v=100r2)".

(2m)"vol(&o)

As in the standard Ké&hler case, a consequence of this description is the following explicit
expression of E(p) (see [DS17]):

SE(p) - 8ip = — [ G+ v=1000 1 A (31)

1 = 5 N n—1—i
E(p) = T 2ryvol(@y) ; /Y @(dx +V/=190¢)" A (dx) NX- (32)

(

In the similar vein, using (27) we have the identity:

G(p) = —log (/Y e_"“’Qy> —log(n — 1)L (33)

We will study the asymptotic of E(¢;). In the following we will denote D := {z € Z;|z| < 1},
D* =D\ {0} and S* = {2 € D;|z| = 1}. We will always identify the functions on X with
functions on X x D or X x D* by pulling back via the projection to the first factor.

Proposition A.9 (see [LX17, Lemma 5.10]). Let o(x,t) = o(x, |t]) : X xD* — R be a upper

semicontinuous function such that ¢y = (-, |t|) € PSH(X,&) for each t € D*. Assume
V—=100(r%e®) > 0 over X x D* in the sense of currents. Then the following identity holds:

782 t = 1 (12 n+1_—r2
e B MG
1 )
= dx + V=1080)" A x.
(2m)"vol(&o) /Y><]D)*/]D)*( X I AX

In particular, E(p;) is concave in — log [t|?.
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Proof. The proof of the first identity is the same as the proof as in [LX17, Lemma 5.10].
The second identity follows from the first one and using the following identity on X x D* to
calculate:

_ - 1
\/—1867“?0 = ri(dx +V—190¢) + dri A(x — §Jd<p).
O

Now assume that (X,&o;n) is a Q-Gorenstein test configuration of X. Because n com-
mutes with & and generates a C*-action, we can assume that X is embedded into CV x C
and the embedding is equivariant with respect to the 7' x C*-action generated by {&g,n}. If
we write n = ), bizia%i with b; € Z and let o(t) : C* — GL(N,C) be the one-parameter
subgroup generated by the vector field 1. Then o (t)(z;) = t* z; and we let

r(t)? = o(t)*(r?) =: r2e?®.
The asymptotic of E(@;) can be easily calculated:

Proposition A.10 (see [LX17, Proposition 5.13]). We have the following identity:

E(r)  D_yvol(§o)
50 —log [t]2 Vgl(fo) ' (34)

Proof. We refer to [LX17] for details. Here we just sketch the key ingredients. Let & =
E—en=>,(a; — ebi)zia%i and 7. be a radius function for £&. Then we have:

1 2 -
(&) = —— e (V=100r2)". 35
vol(6) = ey [ eV To0r) (3)
Taking derivative with respect to € in the above volume formula, we can derive:
1 2 _
D_,vol = — B~ (vV—100r2)"
avol(§o) G = 1)) /Xo e (vV—190r*)",

where we have denoted 0 := n(logr?). We can then calculate (see [MSY08, Appendix C] or
[LX17, Lemma 5.11]):

# > _ 1 Le—r(t)2 —109r(£)2)™
g P = G J 5 100
— 1 o(t)* 670*7‘20'* — _T2 n
- e O (v=100r%)
— 1 677‘2 — _7”2 n
= o DiEn)vol(@) /th (V=100r7)".

As explained in [LX17, Proof of Proposition 5.12], the last expression converges as t — 0 to

D_yvol(£o)/vol(&o)-
By Proposition A.9 E(@;) is concave in —log [t|>. So the statement follows from the
above discussion and the following identity for concave functions:
d Sy B

lim ——F =1
150 d(—log [t]2) (1) tgr(l)—log|t\2

O

We need the following basic result from [DS17] which generalizes Berndtsson’s result to
the Kahler cone setting.

Theorem A.11 ([DS17], see also [BBEGZ11, Berl5]). Let o(z,t) = o(x,[t]) : X xD* - R
be an upper semicontinuous function such that o := p(-,t) € PSH(X,&y) for each t € D*.
Assume /—100(r%e?) > 0 over X x D* in the sense of currents. Then G(yp;) is convex in
—log [t|2. Moreover, if G(p;) is affine in —log|t|?, then there exists a holomorphic vector
field no on X commuting with & such that r,, = ofry, where oy = exp(log|t] - no).
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Let (X,&;n) be a Q-Gorenstein test configuration of X with the projection map = :

X — C. Let X; := m () be the fiber over {t} and o; the vertex point of X;. Denote
X° =X\ {os;t € C}. In the following discussion, we denote by R? the function obtained by
restricting 72, considered as a function on CV x C, to X via a fixed the equivariant embedding
X —CNxC: R?=r?,.
Definition A.12. Denote by PSH(X|y,&) the set of bounded real functions ® on X°|y
that satisfies:

(1) To® = foranyTeT;

(2) R% := R%? is a proper plurisubharmonic function on X|p.

As before, we can treat functions in PSH(X|p,&p) as transversal Kéhler potentials on
X|p. If we also denote by x the restriction of x = ‘/T_il(g — 9)log R? = —$Jdlog R? to
Y:={R=1}NX, then we can similarly define PSH (), &) as Definition A.6.

Moreover, using the equivariant isomorphism ¢ : X|p- = X x D*, we can associate to any
® € PSH(X|p) plurisubharmonic function ¢ on X x D* and hence a path ¢ € PSH(X, &)
such that R% = .* (7“?0). As an example, the path asssociated to ® = 0 and is given by @;.

Proposition A.13. Assume ® € PSH(X,&)) and let p; € PSH(X,&) be the associated
path. Then G(p;) is subharmonic in t and its Lelong number at t = 0 is given by 1 —
ICt(X,Xo).

Proof. Since R2, = (*(r?e®) is plurisubharmonic over X|p- & X x D*. Applying Theorem
A.11, we get G(ip4) is subharmonic in ¢. To see that it’s subharmonic over D, we just need
to show that G(p;) is uniformly bounded from above. Because ® bounded, we know that

|G () — G(gr)| < C.

So we just need to show that G(¢@;) is uniformly bounded from above.
Because 7 preserves the global section s € |mKxy|: £,s = 0. As a consequence, dVx, =

mn? 1/m
(\/71 sA 5)

satisfies 07dVy, = dVx, = dVx. So we have:

Xt

Gl = —tog [ e (oav) ) = —tog [ eav,).

Because L., dVx, = 2ndVx,, we can write dVx, = 2r?"~1dr A Qy, and calculate:

/ e_rdeXt = (n — ].)' Qy
Xt

Yi

= C,- €7T2dVXt <G, dVx,, (36)
{r<1}nx, {r<iinx,

(n—1)!
fol e—r2p2n—lgr2’

Now the upper boundedness of G(¢;) can be seen in two ways. For one way, one can
resolve the singularity of {r < 1} N (X|p) and estimate the integral using the method as in
[Lil7a, Proof of Lemma 3.7] or [BJ17]. The other approximation approach is the following.
Recall that r2 is the radius function associated to the vector field & = Zl aizia%i' Now

we choose a sequence of vector fields &%) = > az(k)zi% with aEk

where C,, =

) ¢ Q and agk) — a; as
k — +00. Choose a sequence of new radius function (%) = Tecr) such that ) is uniformly

CP-comparable to the functions Zfil |zi|2/(aik)). Then there exist C7,Cy > 0 such that, for

any € > 0, we have: C (7‘(’“))1_6 <r< C’g(r(k))l‘*‘e for k> 1. So we get:

/ AVy, < / o avx,.
{r<1¥nX, {Mk)gc{l‘er }me,

(k) i rational, we can taking quotient of X by the C*-action generated by &) =

i

Because a

Do agk)azi and reduces to the log Fano case considered in [Berl5] in which case the upper
boundedness of G(¢;) was shown.
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Finally we need to calculate the Lelong number of G(¢;) with respect to ¢. According to
[Ber15], the Lelong number of G(t) is equal to the infimum of ¢ such that

/ e G-(=c)logltl g7 A g7 — / e~ m-algli gy« 4o,
U

XlD

We have the following identity:

/ e —(=aloglr? gy o e~ m=otog Tl gy, (37)
X‘D X|]Dﬁ{7"§1}

Because e~ ! < e’ < 1 is a bounded function, the right-hand-side of (37) is integrable if
and only if 1 — ¢ < let(X N{r <1}, X N{r < 1}). Using the rescaling symmetry as used in
(36), we see that let(X N {r <1}, X N {r <1}) =lct(X, Ap). So we are done.

O

Assume r2e?¥E with pxg € PSH(X, &) is a radius function of a Ricci-flat Kéhler cone
metric on (X,&). Let (X,&;n) be a test configuration of (X,&y). We construct geodesic
ray associated to (X, &p;n) by solving the homogeneous Monge-Ampere equation:

(V=100(R?e®))"™ =0 on X|p, ®|xxs = ¢KE- (38)
Using transversal point of view, this equation is equivalent to the following equation:
(dx +V-190®)" Ax =0o0n Vlp, Ply, 5 = pxuly - (39)
By considering the envelope (or its equivalent formulation on X|p)
® :=sup{¥ € PSH(Y|p,%) : ¥ < ¢kely on 0(Vp) =Y x S'},

then the following result can be proved in exactly the same way as in [Berl5, Proposition
2.7] by using the transversal Kéhler structures of (),&p). Note that this kind of extension
has also been used in [DS17] (see also [CS15, HL18]).

Proposition A.14 (see [Berl5, Proposition 2.7]). @ is locally bounded such that R*e® has
positive curvature current and satisfies (v/—100(R%e®))" Tt =0 on X|p.

Finally we can give the proof of Theorem A.2.

Proof of Theorem A.2. Let ® be the geodesic ray emanating from kg that is determined by
(X,&). Let ¢; be the associated path in PSH(X,&y). Then because (v/—199(R%e®))"+! =
0, E(y:) is affine in ¢ by Proposition A.9. G(y;) is subharmonic in ¢ by Proposition A.13.
So D(t) := D(y¢) is subharmonic over D. Because D(t) depends only |t|, D(t) is convex in
—log [t|*. Because D(¢;) > D(pxg) for any t € D, we see that D(t) is a non-decreasing
function in — log |t|2.

By Proposition A.10 and Proposition A.13, we have:

D(t) o D_ VOI(&))
150 —log [t]2 Vgl(fo)

- (1 - ICt(XMXO)) = DNA(Xzfo;n)'

If DNA(X,&;m) = 0, then because D(t) is convex and non-decreasing in — log |t|?, we see
that D(t) is affine and hence G(¢;) is affine. So by Theorem A.11, there exists holomorphic
vector field 7y such that ¢, = (04)*@pkr where ¢ = exp(log |t|no). The rest of the argument
is the same as [Ber15, Proposition 3.3] as extended to the Ricci-flat cone setting in [CS15].

O
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