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1. Introduction
1.1. Log-K-stability

Let (X, J) be a Fano manifold, that is, K;{l is ample. A basic problem in Kéahler
geometry is to determine whether (X, J) has a Kédhler-Einstein metric (see [22]).
The existence problem of Kéhler—Einstein metric is a special case of the existence
problem of constant scalar curvature Kahler (cscK) metric. For the latter, we fix
an ample line bundle L on (X, J). We have the following folklore conjecture. For
the definition of K-stability, (see [22, 5]) or Definition 4.

Conjecture 1 (Yau—Tian—Donaldson conjecture, [22, 5]). There is a smooth
constant scalar curvature Kdhler metric in 2wey (L) on (X, J) if and only if (X, J, L)
is K-polystable.

The first purpose of this note is to introduce and discuss the logarithmic version
of K-stability. Before introducing log-K-stability (Definition 4 in Sec. 4), we will
recall the log-Futaki-invariant introduced by Donaldson [6] and then “integrate”
it to get the log-K-energy. These generalize the important elements in theory of
smooth Kahler—Einstein metrics to the conical setting and will play important roles
n [10].

1450020-1


http://dx.doi.org/10.1142/S0219199714500205

Commun. Contemp. Math. Downloaded from www.worldscientific.com
by PRINCETON UNIVERSITY on 08/24/14. For persona use only.

C. Li

1.2. Calculation of log-Futaki-invariant in the toric case

One way to attack the Kahler—Einstein problem is to use continuity method. Fix
a reference Kéhler metric w € 2mei(X). Its Ricei curvature Ric(w) also lies in
271 (X). Consider the following family of equations:

Ric(wg) = twy + (1 — t)w. (%)

By Yau’s theorem [25], we can always solve (x); for t = 0. If we could solve (x); for
t =1, we would get Kahler-Einstein metric. However, it was first showed by Tian
[19] that it is not possible to solve (x); on certain Fano manifold for ¢ sufficiently
close to 1. Equivalently, for such a Fano manifold, there is some ¢y < 1, such
that there is no Kéhler metric w in 27eq (X) which can have Ric(w) > tow. Let
R(X) = sup{t : (%) is solvable}. Székelyhidi proved the following.

Proposition 1 ([17]). R(X) = sup{t : 3 a Kdahler metric w € 2wc1(X) such that
Ric(w) > tw}.

In particular, R(X) is independent of reference metric w.

There is another continuity method we can use. Let Y € |-Kx| be a general
element; then Y is a smooth Calabi—Yau hypersurface. The Kéhler—Einstein metric
with cone singularity along Y of cone angle 273 is a solution to the following
distributional equation

Ric(w) = fw + 27(1 — B){Y }. (x%)

Conjecture 2 (Donaldson [6]). There is a cone-singularity solution wg to (xx)g
for any parameter 5 € (0, R(X)). If R(X) < 1, there is no solution for parameter

B e (R(X),1).

We will prove the following result.

Theorem 1. Let XA be a toric Fano variety with a (C*)"-action. Let Y be a
general hyperplane section of (Xa,—Kx, ). When B < R(Xa), (Xa,(1—0)Y) is
log-K-stable along any 1-parameter subgroup in (C*)™. When 8 = R(XA), (Xa, (1—
B)Y) is semi-log-K-stable along any 1-parameter subgroup in (C*)" and there is
a 1-parameter subgroup in (C*)™ which has vanishing log-Futaki invariant. When
B> R(Xa),(Xa, (1 —=0)Y) is not log-K-stable.

This explains and generalizes slightly the calculation in [6] and gives some evi-
dence for the Conjecture 2 (combined with Conjecture 3). We will prove the above
result by calculating R(Xa) and log-Futaki invariant explicitly. The main formula
for log-Futaki invariant is (18).

We end this introduction by stating the result in [9] where R(Xa) was cal-
culated. A toric Fano manifold XA is determined by a reflexive lattice polytope
A. (For details on toric manifolds, see [15].) Any such polytope A contains the
origin O € R"™. We denote the barycenter of A by P.. If P, # O, the ray
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Fig. 1. BI,P2.

P.+R>p - m intersects the boundary 9/ at point ). Then we have the fol-
lowing formula for R(Xa).

Theorem 2 ([9]). If P. # O, then

_joq
|P.Q)
Here |0Q)|, |P.Q| are lengths of line segments OQ, P.Q. In other words, Q =

R(XA)

Figure 1 is the example Bl,P?, which is P? blown up one point. R(Bl,P?) = 6/7
(see [17, 9]). Note that if P. = O, Wang-Zhu [24] already proved that there is
Kéahler-Einstein metric on Xa and so R(Xa) = 1.

R(XA)

2. Log-Futaki Invariant

In this section, we recall Donaldson’s definition of log-Futaki invariant (4). Let
(X, L) be a polarized projective variety and D be a normal crossing divisor:

D= i OéiDi
i=1

with a; € (0,1). Here D; are different smooth irreducible divisors. From now on,
we fix a Hermitian metric ||-||; = h; and defining holomorphic section s; of the line
bundle [D;].
Assume w € 27cy (L) is a smooth Kéhler form. We define
P(w) = {wy = w +V—100¢; ¢ € L*°(X) N C*>°(X\D) such that
w+V—=109¢ > 0}.
Around any point p € X, we can find local coordinate chart {Up,{z;}1<j<n},
such that D is locally defined by

Tp

DU, = Jai{z =0},

i=1
where r, = #{i;p € D;}.
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Definition 1. We say that @ € P(w) is a conical Kihler metric on (X, D), if
around p, w is quasi-isometric to the model metric

V-1 Z dzi \ dzl Z dzj N dz;

20
=1 |z|0‘ j=rp+1

_ V=100 z'zz PO e 1)

j=rp+1
We will simply say that @ is a conical metric if it is clear what D is.

Geometrically, this means that the Riemannian metric determined by w has
conical singularity along each D; of cone angle 27(1 — o).

Remark 1. Construction of Kéhler—Einstein metrics with conical singularities was
proposed long time ago by Tian, see [21] in which he used such metrics to prove
inequalities of Chern numbers in algebraic geometry.

One consequence of this definition is that globally the volume form has the form
Q

K
[T Uitz
i=1

where 2 is a bounded volume form, which is smooth away from D. Note that any
volume form 2 determines a Hermitian metric on K ;{1 in the following way. Choose
any local holomorphic coordinates z = {z*} and denote dz = dz! A--- Adz"™. Then
the Hermitian metric on K)_(1 is

10:116 =

o = :

Q)
V=1dz NdZ’

Let Ric(2) denote the curvature of the L*>°-Hermitian metric on K y' determined
by €. Then, by abuse of notation,

Ric(&) = Ric(&") = Ric(Q) + V=1 Y _ ;00 log |sil|?
i=1

= RIC(Q) — 27TZ aicl([Di], hl) + QWZ Oéi{Di}
i=1 =1

= Ric(Q?) — 2mei([D], h) + 2n{D}, (2)

where h = @;_, hi" and s = Q)._, 57" are Hermitian metric and defining holomor-

phic section of the R-line bundle [D] = @);_,[D;]*. Here we used the Poincdre—
Lelong identity:
-1 _
VLo u1? = ~ex((Di), he) + (D),

where {D;} is the current of integration along the divisor D;.
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The scalar curvature of @ on its smooth locus X\ D is
nRic(@) A o™ n(Ric(Q) —2mei([D], b)) Aomt

wn wn

S(@) =g Ry =

So if S(w) is constant, then the constant only depends on cohomological classes
by the identity:

n(c1(X) — er([D]) Aler (L))"

S (L)
n—1
S e
Here
~nei(X)-e(L)" —nKx - L'
e (L)n L»
is the average scalar curvature for smooth Kéhler form in 27¢q (L), and

wn—l Ln—l . D
VolD) = | ——=(02mn)" '———, Vol(X)= [ = =(2m)"—.
ol(D) /D(n—l)! (2m) (n—1)" oI(X) /Xn! (2m) n!
Now assume C* acts on (X, L) and v is the generating holomorphic vector field.
Recall that the ordinary Futaki-Calabi invariant (see [7, 2]) is defined as

Fut(2meq (L / 0, ( - n,u)

where 0, satisfies tyw = v/—190,.

From now on, assume @, € P(w) is a conical metric and satisfies S(Ws) =
npp. Also assume D is preserved by the C*-action. Let us calculate the ordi-
nary Futaki invariant using the conical metric &so. Let 6, = é(@m,v). Then
near p € D, v ~ Y17 ;0. + with & = o(|z1] + -+ + |2,|) holomorphic;
év ~ O(Z:il |Zi|2(1_ai)) + g(erJ,_l, ceey Zn)

We then make use of the distributional identity (2) to get

~n—1

Fut(2mes (1)) (v) = — /X B (nRic(Gnc) — npn) A 225

- /X By [(nRic(Q) — 1 - 2me1 (D], h) — npions) + 1 - 20{D}

~n—1
Woo

= (= npu o] A =2

_/Xév(s@m)—nm 2#/{13}9 = 1).

~T
wOO

+ (np — nul)/ 0,22
X

n!

— _or </D 0, (:%_11)! - 538 /Xev%>
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Remark 2. For technical reasons, in the above calculation, we can assume @ is
the C277 conical metric as defined in [6] (it is straightforward to generalize the
definition in [6] to the case of several components), where § = {3; =1 — a; }i<i<»r
and v = {yi;% < B; ' — Lhi<icr

So we get

~oont Vol(D) P

0 = Fut(2rer (L)) (v) + 27 (/D D5~ V) /XH”W)
The two integrals in the above formula are integrations of singular equivariant
forms. They are independent of the chosen Kihler metric in P(w) with at worst
conical singularities. To see this, we can approximate @w by a sequence of smooth
Kaéhler forms w; and reduce the invariance to the case of smooth equivariant Kéahler
forms. Or we can use the theory of equivariant forms in its distributional version.
The point is that, if we write & = w + v/—100¢, then

O+0=w+0—(0—1,)00

in the sense of distributions and the integration by parts work in the setting of
distributions.

Remark 3. If we assume the metric to be polyhomogeneous in the sense as in [§],
then we can even get rid of the tools of approximation or distribution.

In particular, we can choose the smooth Kéahler metric w, then we just discover
the log-Futaki invariant defined by Donaldson.

Definition 2 ([6]).

Fut(27¢1 (L), D)(v) = Fut(2mer (L)) (v) + 27 < /D 0, (;’:)! - X:ﬁgé)) /X 9‘;—7>
(4)

Remark 4. This differs from the formula in [6] by a sign. Here we think of D as an
analytic cycle with real coefficients and we extend the integral and volume function
linearly under linear combination of cycles. So if we replace D by (1—3)A, we have
the same formula as that in [6].

3. Log-K-Energy and Berman’s Formulation

Similar to the smooth case in [13], we can integrate along paths of Kéhler potentials
to get log-K-energy

venté) == [ L [ (8t ~9)6%E +2n [ Lt / as(jjfll),

Vol(D) [* L WP
_2”\/01()()/0 dt | O
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' 5 2 L wy '
:W(¢)+/O /X(\/—_wamgnsn + 2w (D, WO
Vol(D)
+ 2 (o)
= 1(0) + 2y B0 + 00+ [ togllsnlP )

where xp = 2mci1([D],h) is a Chern curvature form. The functionals F2(¢) and
JX(¢p) are defined as:

_Aldt/){aﬁ‘ﬁ*, Jg(eﬁ):/oldt/j“(:%

Let us now focus on the Fano case as in the beginning of this paper. Equation
(#%)g is equivalent to the following singular complex Monge-Ampeére equation:

= Q
n _ ,—B¢ 1
(w+V=1009)" =€ TS (6)

with Q) = efvwn satisfying Ric(€2;) = w. Here s is a defining holomorphic section
of [Y]. Also we have chosen the Hermitian metric ||-|| on the line bundle [Y] = K3!
whose Chern curvature is w. We have D = (1 — 3)Y. Since [Y] = Ky', we can
assume xp = (1 — f)w, 27Vol(D) = n(1 — B)Vol(X). Then (5) becomes

Yu,p(wp) :Vw(w¢)+(1_5)(71FB(¢)+J5(¢))—I—(l—ﬂ)/xlogHsH?L‘L;w

n

= l0) + (1= B0 = ) + (1= ) [ tog P2

n n

— 1082298 ar, — g+ (- 8) [ (ogls|? — b)Y
_/XOgFW_ w — Ju - /Xogs—WT.

Here we have used the well-known formula for K-energy (see [20]):

v(@) = [ 1082228 — (1= 1))+ [ hofer —up)/nl
where
o) = [ ot~y T(0) = Foe)+ [ o5

Also it is easy to verify that

W)+ I36) = (- 1)(0) =~ [ 622+ Rl ).

From above formula, we see that, in Fano case, the log-K-energy coincides with
Berman’s free energy associated with (6) (see [1]) up to a constant depending on
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the reference metric w:

Vo, p(we) = /XlogWTMﬁ + </X ¢7q; + FB(¢))

wn

+1=) [ (h—1og 5|2 (")
X n:
From the above calculations, we immediately get the following.

Lemma 1. If o(t) is a 1-parameter group of holomorphic transformations gener-
ated by holomorphic vector field v, then for any Kdhler metric wy,ws € 2mer (L),
we have

d
Euwhp(o(t)*wg) = Fut(2me1 (L), D) (v).
Remark 5. Note that the formula (7) also appears in the recent work of [8] and

is studied in more detail in [10] of its relation with log-K-stability defined below.

4. Log-K-Stability

We imitate the definition of K-stability to define log-K-stability. First we recall
the definition of test configuration [5] or special degeneration [22] of a polarized
projective variety (X, L).

Definition 3 ([22, 5]). A test configuration of (X, L), consists of

(1) a scheme X with a C*-action;

(2) a C*-equivariant line bundle £ — X’;

(3) a flat C*-equivariant map 7 : X — C, where C* acts on C by multiplication in
the standard way;

such that any fiber X; = 7~1(¢) for ¢ # 0 is isomorphic to X and (X, L) is isomor-
phic to (X, L]x,)-

Any test configuration can be equivariantly embedded into PV x C where the
C*-action on PV is given by a 1-parameter subgroup of SL(N + 1,C). If Y is any
subvariety of X, the 1-parameter subgroup of SL(N + 1, C) associated to any test
configuration of (X, L) also induces a test configuration (), L]y) of (Y, L|y).

Let dy, dy be the dimensions of H(X,L*), H(Y, L|{¥), and wy, . be the
weights of C*-action on HY(Xo, £|§), H(Jo, L|3; ), respectively. Then by equiv-
ariant Riemann—Roch we have expansions:

wy, = aok™ + ark™ + O™ 1Y), di = bok™ + biE" "+ O(k"72),

)
W = aok™ + O(k™ 1),  dj = bok™ 1t + O(k"~2).

If the central fiber X is smooth, we can use equivariant differential forms to cal-
culate the coefficients by [5]. Let w be a smooth Kéahler form in 27e;(L), and
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0, =2mw(L, — V,); then

1 w™ 1 1 w™
ag = _—(271')” /XO evm, a; = — (271')” 5 . HUS(W)Hu (8)
1 W 1 L1 w"
b= G /X = G s b= s | S (9)

Similarly, for central fiber ), we have

- 1 wn—1 i 1 wn—1 _ 1 .
RNCOE /y P T e /yo =D~ @m0
(10)

Remark 6. Note that the above formula can be naturally generalized to the case

when Y is a cycle of varieties. If Y = Z? «;Y; for different irreducible subvari-

eties Y;, then formally HO(Y, L|%) = @;_, H°(Y:, L|§“/1,)€BO”7 and the C*-weight of

H°(Yo, L]5,) is define to be the sum of the a; - C*-weight of H°((J);, £|’(‘“yo)i).

Remark 7. To see our convention for signs of coeflicients and give an example,
consider the case where X = P!, L = Opi(k). C* acts on P! by multiplication:
t-z=tz. A general D € |L| consists of k points. As t —0, t- D — k{0}. D is the
zero set of a general degree k& homogeneous polynomial Py (2o, 2z1) and k{0} is the

zero set of zF. C* acts on HO(PY,O(k)) by t-ziz] = t9zi2] so that lim,_olt -
Py(z0,21)] = [2¥], where [P.] € P(H°(P*,O(k))). Take the Fubini-Study metric

wrs = v/—100log(1 + |z|?) = \/—_17( dzAdz - Then 6, = Qloa(i4lz1*) _ Iz g,

T+H[z2)7 dlog|2[? TH[2[

1 L 1
—ag === [ Oywps = 2rdr = =,
G0 = o [ TvES /0 T = R

11 1 1
—ay=—= [ S Opwrs = — | Oywrs = =.
@ =gr5 [, Swrs)fwrs = 52 | Guwes =3

On the other hand,
1 1
wy = —(1+ --+k):——k2—§k,

which gives exactly ap = a1 = —%.

Comparing (4), (8)—(10), we can define the algebraic log-Futaki invariant of the
given test configuration to be

mue,3.0) - 2] ()
0 0

_ (2(11 — do)bob— a0(2b1 — i)o) (11)
0

Note that here we use the convention of notation in Remark 6.
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Definition 4. e (X,Y, L) is log-K-polystable along the test configuration (X, £) if
Fut(X,), £) <0, and equality holds if and only if the normalization (X", )", L")
is a product configuration.

e (XY, L) is semi-log-K-stable along (X, L) if Fut(X,), L) < 0. Otherwise, it is
unstable.

e (X,Y,L) is log-K-polystable (semi-log-K-stable) if, for any integer r > 0,
(X,Y, L") is log-K-stable (semi-log-K-stable) along any normal test configura-
tion of (X,Y,L").

Remark 8. When Y is empty, then definition of log-K-stability becomes the def-
inition of K-stability [22, 5]. For the assumption of being normal in the definition
see [11].

Remark 9. In applications, we sometimes meet the following situation. Let A(¢) :
C* — SL(N +1,C) be a 1-parameter subgroup. As t — oo, A(t) will move X,Y C
PY to the limit scheme Xy, Vo. Then stability condition is equivalent to the other
opposite sign condition Fut(Xy, Yy, v) > 0. This is of course related to the above
definition by transformation t — ¢~1.

Example 1 (Orbifold in codimension one). Assume X is smooth and D =
S (11— %)Di is a normal crossing divisor, where n; > 0 are integers. The orb-

ifold Kéhler metric on the orbifold (X, D) is also a conical Kahler metric. Orbifold
behaves similarly as smooth variety, but in the calculation, we need to use orbifold
canonical bundle K1, = Kx + D. For example, thinking L as an orbifold line
bundle on X, then the orbifold Riemann—Roch gives that

, L~ . 1—-(Kx+D)-L" ,_ .
dlmngb((X7D),L):Hk +§ﬁk L+ O(k"?)

= bok™ + %(2191 — Do)k 4+ O(k"2).
For the C*-weight of H?, ((X, D), L), we have the expansion:
wy® = ag Pk T R + O(R" ).
By orbifold equivariant Riemann—-Roch, we have the formula:

1 P 1 w" 1 s wm
orb __ had— e orb _ ) —
f = (2m)™ /X b nl  (2m)" /X o nl 00 A (2m)n /X 65(@) n!’

To calculate the second coefficient a$™, we choose an orbifold metric & € 2mey (X).

Then by (8):

1 1 ~ L ~n—1
ap = — @2 ), O,nRic(w) A —
1 1 A ~n—1

1450020-10
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So we have
1 _
ag™ = 5(2a1 — Qo). (12)

Comparing (11), we see that the log-Futaki invariant recovers the orbifold Futaki
invariant, and similarly log-K-stability recovers orbifold K-stability. Orbifold Futaki
and orbifold K-stability were studied in detail by Ross-Thomas [16].

Example 2. X = P!, L = K;;' = Opi(2), Y = 31 aup;. Fix i € {1,...,r}
and we choose the coordinate z on P!, such that z(p;) = 0. Then consider the
holomorphic vector field v = 29,. v generates the 1-parameter subgroup A(¢) : A(t)-
z=t-2. Ast — oo, A\(t) degenerates (X,Y) into the pair (P!, ai{0}+37 4 aj{oc}).

—2 2
We take 0, = % Then it is easy to get the log-Futaki invariant of the

degeneration determined by A:

Fut <]P’1, Zaipi,(’)w (2)) \) = Zaj — ;.

I
If (P, Y"1, ayp;) is log-K-stable, by Remark 9, we have

> aj—a;>0. (13)

J#i
Equivalently, if we let t — 0, we get a; — > i@ <0 from log-K-stability. On the
other hand, one considers the problem of constructing singular Riemannian metric
g of constant scalar curvature on P! which has conical angle 27 (1 — ;) at p; and is
smooth elsewhere. Assume p; # oo for any ¢ = 1, ..., 7. Under conformal coordinate
z of C C P, g = €?%|dz|?. u is a smooth function in the punctured complex plane
C — {p1,...,pr} such that near each p;, u(z) = —2«;log|z — p;| + a continuous
function, where «; € (0,1) and u = —2log|z| + a continuous function near infinity.
We call such function is of conical type. The condition of constant scalar curvature
corresponds to the following Liouville equations: (1) Au = —e?%; (2) Au = 0; (3)
Au = e?*; which correspond to scalar curvature equals 1,0, —1 case respectively.
For such equations, we have the following theorem due to many people’s work.

Theorem 3 ([23, 14, 4, 3, 12]). We have the following existence and uniqueness
results.

(i) For Eq. (1), it has a solution of conical type if and only if (a) Y., c; < 2,
and (b) >, ;a5 —a; >0, foralli=1,....,n.

1450020-11



Commun. Contemp. Math. Downloaded from www.worldscientific.com
by PRINCETON UNIVERSITY on 08/24/14. For persona use only.

C. Li

(ii) For Eq. (2), it has a solution of conical type if and only if (a) > i, a; = 2.
In this case, (a) implies the condition (b) 32, aj—a; >0, foralli=1,...,7.

(iii) For Eq. (3), it has a solution of conical type if and only if (a) Y _._, a; > 2.
Again in this case, (a) implies the condition (b) >, ;a5 — a; > 0, for all
1=1,...,7r.

Moreover, the above solutions are all unique (up to biholomorphism).

Note that deg(—(Kp1 + >, a;pi)) =2 —>.i_, a;, so by (3), conditions (a) in
above theorem correspond to the cohomological conditions for the scalar curvature
to be positive, zero, negative respectively, while the condition (b) is the same as
(13). So by the above theorem, if (P*,Y"_ a;p;) is log-K-polystable, then there is
a conical metric on (]P’l, 22:1 ;pi) with constant curvature whose sign is the same
as that of 2 — 3", ;.

This example clearly suggests the following.

Conjecture 3 (Logarithmic version of Yau—Tian—Donaldson conjecture).
There is a constant scalar curvature conical Kdahler metric on (X,Y) in 2mwey (L) if
and only if (X,Y; L) is log-K-stable.

5. Toric Fano Case

5.1. Log-Futaki invariant for 1-parameter subgroup
on toric Fano variety

For a reflexive lattice polytope A in R™ = A ®z R, we have a Fano toric manifold
(C*)™ C X with a (C*)™-action. In the following, we will sometimes just write X
for X for simplicity. Let (S*)™ C (C*)™ be the standard real maximal torus. Let
{z;} be the standard coordinate of the dense orbit (C*)", and z; = log|z;|?. We
have the following lemma.

Lemma 2. Any (SYH)™ invariant Kdihler metric w on X has a potential u = u(z)
on (C)", di.e. w =+/—100u. u is a proper convex function on R™, and satisfies the
momentum map condition:

Du(R"™) = A.
Note that
/— )" /1) 2
dz( dgaau) /n.dz &, ~at (38,; > (14)
(VD) E A A AT AT Ti0
21 Z1 Zn Zn

Let {pa;a=1,..., N} be all the lattice points of A. Each p, corresponds to a
holomorphic section s, € H%(Xa, K)_(i) We can embed X into PV using {s,}.
Define u to be the potential on (C*)™ for the pull back of Fubini-Study metric (i.e.

V—100u = wrs):
N
u = log <Z e<pa’””>> +C. (15)
a=1
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C' is some constant determined by normalization condition:

[ = o) = gy [ =R

By the above normalization of u, it is easy to see that the Ricci potential h,, satisfies:

e — [Es _ e
[[2n w”
d dz dz, dz,
(( rl)nﬁAﬁA...ALAL>
zZ1 z1 Zn Zn
So we have
hy, = —log det(u;;) — u. (16)

Now let us calculate the log-Futaki invariant for any 1-parameter subgroup in (C*)™.
Each 1-parameter subgroup in (C*)" is determined by some A € R™ such that the
generating holomorphic vector field is

Uy = Zl )\izi%

A general Calabi-Yau hypersurface Y € |—Kx| is a hyperplane section given
by an equation:

N
Zb )zPe = 0.

a=1

By abuse of notation, we denote A(t) to be the 1-parameter subgroup generated by
vy. Then

N
Z A zPa, (17)
Let W(A) = maxpen (p, A). Then Hy = {p € R", (p, \) = W(A)} is a supporting
plane of A, and
Fr={pel;p,\)=WAN)}=HnA

is a face of A. We have lim;_o[s] = [so := >
C*-weight of sg is =W (A).

b(pa)zP=], and by (17), the

Pa€EFA

Proposition 2. Let Fut(X, (1 — )Y, Kx')(\) denote the log-Futaki invariant of
the test configuration associated with the 1-parameter subgroup generated by vy. We
have

Fut(X, (1 = B)Y, Kx")(A) = —(B(P:, X) + (1 = B)W (X)) Vol(L). (18)

Proof. We will use the algebraic definition of log-Futaki invariant (11) to do the
calculation. Note that (X,Y, Kx') degenerates to (X, Yo, Kx') under . Yy = {so}

1450020-13
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is a hyperplane section of X. Then

HY(X,Ky")
(s0 ® HO(X, K"V

HO(Yo, Ki') =

So we get Wy, = wy, — (wi—1 — W(N\)dg—1). Plugging the expansions, we get
ag = (n + 1)a0 + W(/\)bo

Note that by = nby = nVol(A), we have

b
—ag + b—oao = —ag — W(/\)bo,
0

where

1 w"
—a0 == [ Op— = Aiug det(ugg)dr = Aiyidy = Vol(A) (P, A).
0= g 0o = fL, Attt = [ 5 iy = Vol(2)(P. )

By (16), the ordinary Futaki invariant is given by
Fut(c1 (X)) (vy) = L/ o(ho) ——/ Z)\ OU et (us; ) da
! M mm Jy Y nl n = O K

. / > Ny = —Vol(A)(Pe, ).
A

Substituting these equations into (11), we get
Fut(X, (1 - §)Y), Kx')(N)
= —VOI(A)(Pe, A) + (1 = B)(Vol(A)(Pe, A) = W(A)Vol(A))
= —(B{Pe; A) + (1 = B)W (X)) Vol(A).

Proof of Theorem 1. Note that for any Py € Fy C 04, W(A) = (P, ). By
Theorem 2, we have

O

5 1-R(X)
1-8 R(X)

(
<Qﬁ - PA? >a
where Q3 = iﬁ 1-R( X)Q Note that A is an outward normal vector of Hy. By

convexity of A, it is easy to see that (see the picture after Example 5.2)

Fut(X, (1 - A)Y, Kx')() = ( QN - (A)) (1 B)Vol(2)

o < R(X): Qpe A° Forany A € R, (Qg — Px,\) <0.

e f=R(X): Qp=Q € 0A. For any A € R", (Q3 — Px,\) < 0. Equality holds if
and only if (Q, ) = W ()), i.e. Hy is a supporting plane of A at point Q.

e 3> R(X): Qs ¢ A. There exists A € R" such that (Qg — Py, \) > 0. |
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5.2. Example

(1) XA = BI,P? (see Fig. 1 in Sec. 1), P, =

,Q=—6P. € 9N, s0 R(X) = 2.
If we take A = (—1,—1), then W(\) = (1

Fut(X, (1~ )Y, Kz )() = 26~ 4(1 - ).

So Fut(X, (1-8)Y, Kx")(\) < 0ifand only if 3 < £, and equality holds exactly
when § = %

(2) Xa = Bl, ,P?, P. = %(—%, —3), @ =—3P. € 0/, s0 R(Xp) = 2. If we take
A1 = (1, 1), then W(\;) =

Rut(X, (1~ 9)Y, K )(h) = 56— 2 (1- ).

Fut(X, (1-B)Y, Kx")(\) < 0if and only if 8 < 2L This recovers Donaldson’s
calculation in [6]. If we take A3 = (—1,2), then W(A3) = (—1,2) - (—1,1) = 3.
By (18)

Rut(X, (1 = 5)Y, K5 () = 58— (1= ).

So Fut(X, (1 — )Y, Kx")(\3) < 0 if and only if 8 < 2—5 which means that
(X, (1 — B)Y) is log-K-stable along A3 when # < 2L < 83, See Fig. 2(a) for

25
picture.

(The following paragraph is added in December 2013 to the original version
arXiv: 1104.0428.) From the above discussion, we see that the maximum value of
0 for which the torus action is log-K-stable can also be determined using two poly-
topes. One polytope is the polytope A x corresponding to the toric Fano manifold.

A H; 20f '

Y 0p v
Rz H
Q.2 05
P, 0.0
P, 05

I)\Q Lo )

T 05 00 05 10 15 20
(a) (Blp, ,poP2,Y) (b) (BI,P?,Y)

Fig. 2. Determine critical angles.
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The other polytope Ay is the weight polytope of the divisor Y. Define
t

Then the pair (X, (1 — 3)Y) is log-K-stable with respect to the given torus action
—
if and only if 8 € I(Ax,Ay). As before, let P.O be the ray connecting P. to O
—_—
and assume 0Ay N P.O = Qy. Then

sup{f; B € I(Dx, Ay)} = === < == =
|PCQY| |PCQ|
Very recently Székelyhidi [18] disproved Donaldson’s expectation in Conjecture 2.
For example, for Blp]P’Q, he observed that for any smooth divisor D € |—Kx]|,
one can always choose a torus action such that Ay ; Ax and so I[(Ax,Ay) ;
(0, R(X)) (see Fig. 2(b)).

R(X,).
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