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On rotationally symmetric Kahler-Ricci solitons

Chi Li

ABSTRACT: In this note, using Calabi’s method, we construct rotationally symmetric Kahler-
Ricci solitons on the total space of direct sum of fixed hermitian line bundle and its projective
compactification, where the curvature of hermitian line bundle is K&ahler-Einstein. These
examples generalize the construction of Koiso, Cao and Feldman-Ilmanen-Knopf.

1 A little motivation

In [1], the authors constructed some examples of gradient Kéhler-Ricci soliton. Among them is
the shrinking soliton on the BlyC™. They also glue this to an expanding soliton on C™ to extend
the Ricci flow across singular time.

Recently, La Nave and Tian [7] studied the formation of singularity along K&hler-Ricci flow by
symplectic quotient. The idea is explained by the following example.

Let C* act on C™*" by

t- (Ila"' y Lmy Y1, 00 ;yn) = (txla"' atIﬂht_lylv"' at_ly’n«)
St C C* preserves the standard Kihler structure on C™+":
m n
w= \/—1(2 dz; A dz; + Z dya A dije)
=1 a=1

Let z = (x,y) = (1, ,Tm, Y1, "+ ,Yn). The momentum map of this Hamiltonian action is

m n
m(z) =Y lwil* =3 [yal® = 2 = |y
i=1 a=1

The topology of symplectic quotient X, = m~*(a)/S! changes as a across 0.
Let Opn (—1) be the tautological line bundle on the complex projective space PY. We will use
Yn g to represent the total space of holomorphic vector bundle (Opn (—1)®% — PV).
1. (a>0) Vz = (z,y) € Xo, m(2) = |z> = Jy|> =a >0, s0 x # 0.
Xo >~ Y1, = {C™" — {z = 0}}/C*. The isomorphism is given by

(Ila"' y Lmy Y1, 00 7yn) = ([Ila"' 7$m];y1 Lyt Yn .I)
There is an induced Kahler metric on X,. Choose a coordinate chart u; = ;—f, U1 =
9;—?,51 = 2191, , & = X1Yn. The C* action is then trivialized to: (z1,u,&) — (tz1,u,§).
The Kéhler potential can be obtained by some Legendre transformation (see [2]). Specifically,

the potential for the standard flat Kéhler metric on {C™*" — {z = 0}} is

2
0= o+ P = [P0+ )+ S5 = e (1 ) 4 e P
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Ble—lYm_Ln = Bl]P’nfly’n—l,m

7N

Ym—l,n Yn—l,m

NS

C(Pm=1 x Pr-1)

where r; = log |71]%. ¢ is a convex function of r1. a = gT“b is the momentum map of the S*

action. In the induced coordinate chart (u, &), the Kéhlerlpotential of the induced metric on
the symplectic quotient is the Legendre transform of ¢ with respect to ry:

®, = alog(1+|u®)+1/a? 4+ 4(1 + [ul2)|€]2 —alog(a+v/a? + 4(1 + |ul?])[£]2) + (log2) a (1)

2. (a<0) By symmetry, X, ~ Y,_1,, ~ {C"*t" — {y = 0}}/C*. Choose a coordinate chart

v = Z—f, e Up—1 = 7{/—’1‘,771 = Y171, ,Mm = Y1Tm. The Kahler potential has the same

expression as (1) but replacing a by —a, u by v, and £ by 1.

3. (a=0) X, = affine cone over the Segre embedding of P~ ! x P~ — pmn-1.

(Ila' oy Tmy Y1, 7yn) — {xzya}

Away from the vertex of the affine cone, choose a coordinate chart: u; = ;—f, e Uy =
Z—T,vl = Z—f, e Upl = Z—:‘, ¢ = x1y1. The Kéhler potential is given by

® = 2¢/(1 + [ul?) (1 + [0)2)[¢]?

Note that ®( is obtained from ®, by coordinate change & = (,& = v1(, -+ , & = vp—1(,
and let a tend to 0.

This is a simple example of flip when m # n, or flop when m = n, in the setting of symplectic
geometry. X g is obtained from X~ by first blowing up the zero section P!, and then blowing
down the exceptional divisor E = P! x P! to P*~!. Note that when n = 1, this process is
just blow-down of exceptional divisor in BlyC™.

One hopes to have a Kahler metric on a larger manifold M such that induced Kéhler metrics
on symplectic quotient would satisfy the Kéahler-Ricci flow equation as the image of momentum
varies. See [7] for details.

Our goal to construct a Kéhler-Ricci soliton on Y = Y},,_1 ,, and its projective compactification,
and this generalizes constructions of [6], [5] [1]. The construction follows these previous construc-
tions closely, but we need to modify them to fit our setting. The higher dimensional analogs
have the new phenomenon of contracting higher codimension subvariety to highly singular point.
To continue the flow, surgery are needed. The surgeries in these cases should be the naturally
appearing flips.

The organization of this note is as follows. In section 2, we put the construction in a more
general setting where the base manifold is Kéhler-Einstein, and state the main results: Theorem
2.1 and Theorem 2.2. In section 3, by the rotational symmetry, we reduce the Kéahler-Ricci soliton
equation to an ODE. In section 4, we analyze the condition in order for the general solution of
the ODE to give a smooth Kéhler metric near zero section. In section 5.1, we get the condition
for the metric to be complete near infinity. In section 5.2, we prove theorem 2.1, i.e. construct



Kahler-Ricci solitons in the noncompact complete Kéhler manifold and study its behavior as time
approaches the singular time. Finally in section 6, we prove theorem 2.2 by constructing the
compact shrinking soliton on projective compactification.

The author thanks: Professor Gang Tian for constant encouragement; Professor Jian Song and
Yuan Yuan for helpful discussions; Professor Xiaohua Zhu for suggesting the author to study the
compact shrinking case; Zhou Zhang for his interest in these examples. He is particularly grateful
to Professor Jian Song for many insightful suggestions and great encouragement.

2 General setup and the result

Let M be a Kahler manifold of dimension d. Kahler-Ricci soliton on M is a Kéhler metric w
satisfying the equation

Ric(w) = Aw + Lyw (2)
where V is a holomorphic vector field. The Kéhler-Ricci soliton is called gradient if V' = V f for

some potential function f. If o(¢) is the 1-parameter family of automorphisms generated by V,
then

1 *
w(t) =(1-=A)o (—X log(1 — /\t)) w (3)
is a solution of Kahler-Ricci flow equation:

duw(t)

5 = —Ric(w(t))

We will construct gradient Kahler-Ricci solitons on the total space of special vector bundle L®" —
M and its projective compactification P(C & L") = P(L~! & C%"). Here M is a Kihler-Einstein
manifold:

RiC(WA4) = TWpHrs

L has an Hermitian metric h, such that
c1(L,h) = —/—190logh = —ewyy

In the following, we always consider the case € > 0.
We consider the Kéhler metric of the form considered by Calabi [3]:

w =T war + OOP(s) (4)

Here s is the norm square of vectors in L. Under local trivialization of holomorphic local section
€L,
s(er) = a(2)|€]?, €= (¢, ,€")
P is a smooth function of s we are seeking for.
Using the form (4), we can determine A immediately. Let M be the zero section. By adjoint
formula,
—Ky|M =—Ky +/\nNM|M =—Kpy +nL

Note that w|y = war, so by restricting both sides of (2) to M, and then taking cohomology, we
see that

Tlwm] = nelwm] = e1(Y)|m = Aw] (5)

SoA=171—ne.

Remark 1. If we rescale the Kdhler-Einstein metric: wy — kwar, then 7 — T/K, € — €/k,
A= MNE.



The main theorem is

Theorem 2.1. On the total space of L®™, there exist rotationally symmetric solitons of types
depending on the sign of A = 1 —ne. If A > 0, there exists a unique shrinking soliton. If A =0,
there exists a family of steady solitons. If X < 0, there exists a family of expanding solitons. (The
solitons are rotationally symmetric in the sense that it’s of the form of (4))

Remark 2. If we take M = P™1, [ = O(-1), wy = wrs, then 7 = m, € = 1. Then we get
to the situation in section 1. So depending on the sign of A = m — n, there exist either a unique
rotationally symmetric shrinking KR soliton when m > n, or a family of rotationally symmetric
steady KR solitons when m=n, or a family of rotationally symmetric expanding KR solitons when
m < n.

We also have the compact shrinking soliton:

Theorem 2.2. Using the above notation, assume X = 7 —ne > 0, then on the space P(C® LE") =
P(L~' @ C®"), there exists a unique shrinking Kdhler-Ricci soliton.

3 Reduction to ODE

The construction of solitons is straightforward by reducing the soliton equation to an ODE.
First, in local coordinates, (4) is expressed as

w = (14 €Pys)wns + a(Pibas + PssafeP)VEX AVER (6)

Here
VEY = dE* + a1 0a

Note that {dz?, V&*} are dual to the basis consisting of horizontal and vertical vectors:

9 L da~., 0 0
(e =R =D D

w is positive if and only if

1+ePss >0, Ps >0, and Ps + P,ss >0 (7)

wh™ = (14 ePos) wil;a" PP (Ps + Pags) [ d&™ A dg®

a=1

Since we assume Ric(wyr) = Twpyr = (A + ne)wa,
d0log det w™ + Awps + OOP) = DD [d - log(1 4 €Pys) + (n — 1) log P, + log((Pyss)s) + (7 — ne) P]
Let r =log s, then 0, = sds. Define

Q := d-log(l+ePss)+ (n—1)log Py + log((Pss)s) + (1 — ne)P
d-log(l+¢€P.) + (n—1)log P, + log P, — nr + (1 — ne)P (8)

To construct a gradient Kahler-Riccei soliton (2), it is sufficient to require that Q(¢) is a potential
function for the holomorphic vector field —V. Notice that, for the radial holomorphic vector field:

- 0
Viad = Zl ga@ (9)



1V qW = (Ps + Psss)azgﬁv—gﬁ = (Pss)sgs
B

Now

Qs

—iyw = JdQ(s) = Qs0s = (Pss)slv”“iw

which means V = %de, 0 % is a holomorphic function. Since s = a(z)|¢[? is not

holomorphic, has to be a constant p. We assume p # 0, since V' # 0. So we get the

(P )
equation: Qs = p(Pss)s. Multiplying by s on both sides, this is equivalent to

Qr = MPrr (10)

Remark 3. Note that, if © = 0, then we go back to Calabi’s construction of Kdahler-Einstein
metrics in [3].

Define ¢(r) = P,(r) and substitute (8) into (10), then we get

€r ér <brr
m + (n — 1)— +

d
¢ o

+ (1 —ne)p —n = pd, (11)

Since ¢, = PTT (Pss)ss = (Ps + Psgs)s > 0 by (7), we can solve r as a function of ¢: r = r(¢).
Define F(¢) = ¢, (r(¢)), then F'(¢) = ¢rrr’(¢) = ¢”" . So the above equation change into an ODE

eF (o F(o
()—l—(n—l)ﬁ—,uF(gb):n—(T—ne)¢:n(1+e¢)—T¢ (%)

1+ep o)

Remark 4. We will explain how this equation is related to the ODE in [1],(25). In our notation,

in [1), M = P4, L = Opa(—k), n = 1. For the shrinking soliton case, d + 1 —k > 0, wy =

(d+1-hwps, 7= 394 e= %2 A=r—e=1. Letr =k7, P(r) = P(7) — (d+ 1 — k)i =

F'(¢)+d

Py) - =, ¢<T> Pi(r) = Pr(F) — P57E = L(6(F) — (d +1 = k), F(9) = r(r(9)) =
,%2¢ (7(¢)) = ((b) F¢(¢) = 1F’( ). Substitute these expressions into (x), then we get the
ODE

d p\ = ~
F' =——|F—-((d+1)—¢)=0
+(S-%)F-t@sn-d)
So we see this is exactly the ODE in [1], (25). The expanding soliton case is the similar.

We can solve () by multiplying the integral factor: (1 + eg)?¢mte=#¢:

60 = F(6) =11+ €6) 9 "er = (1+-co) Ut mer [ nig)e s (12
where
h(¢) = T(1+€d) 9" —n(l +ep) 1" (13)
is a polynomial of ¢ with degree d + n. Note the identity:
+00 1
[ 1@ reds = =3 —on®@)er
k=0 "

Since h(¢) is a polynomial of degree d+n, the above sum is a finite sum. So

d+n

F(¢) = (1+ep) %' ™" (ve“d’ +y u,fﬂ h<’“><¢>)> (14)

k=0




4 Boundary condition at zero section

Since lim,—, o, ¢(r) = limg_,g Pss = 0, we have the boundary condition

lim F(9) = lim_g, = lim(P.s).s =0 (15)

So ¢" (1 + €p)?F () = O(¢™). Now the I-th term of Taylor expansion of ¢" (1 + €p)?F(¢) at
¢=01is

d+n

(6" (1 + ) F@) | =wn +Z e T0(0) = l<v+Z uklﬂh““’(m) (16)

k=l

Note that by (13) h®)(¢) = 0 for k > d +n, and h*)(0) = 0 for k < n — 1. The vanishing of the
0-th(constant) term in expansion gives the equation:

d+n

v+ Z k+1 )=0 (17)

knl

Using relation (17) we see that, when I < n, (¢" "1 (1 + e¢)?F(¢)) =0, and

g ‘qb:O

d+n
_— =—h"D0)=n! >0
o u (U—I—Z ) (0)=n

So we see that (15) and (17) are equivalent, and if they are satisfied,
¢" 1+ €ed) F(9) = ¢" + O(¢""), or F(9) = ¢+ 0(¢”)

So F(¢) > 0 for ¢ near 0.
We can rewrite the relation (17) more explicitly:

("1 + ed) F ()™

-i-oo1

vo= D [0+ @) T (14 09 )]

k=0

¢=0
d+n

k=n—1
d+n

- Z Cr it P (18)

k=n—1

Here
k!d!

(k—n+D(d+n—k)!
Cpno1=nle, Cyin=—(d+n)!/(r —ne)

Cr = (ne(d+1) —71(k —n+1)) (19)

So, when k starts from n — 1 to d + n, Cy change signs from positive to negative if and only if
A =7 —ne > 0. We need the following simple lemma later.

Lemma 1. Let P(z) = Zli:o a;zt — Z;V:zﬂ ajz? be a polynomial function. Assume a; > 0 for
0 < a; < N. Then there exists a unique root for P(z) on [0, 00).

Proof. First P(0) = ag > 0. Since ay < 0, when z is large enough P(z) < 0. So there exists at
least one root on [0,00). Assume there are more than one root, than it’s easy to see that P’(z)
has at least two roots on [0, 00). Note that P’(z) has the same form as P(z), so P”(z) has at least
two roots on [0,00). By induction, P (x) has at least two roots on [0, 00), but P®(x) has only
negative coefficients, so it has no root at all. This contradiction proves the lemma. |



5 Complete noncompact case

We prove theorem 2.1 in this section.

5.1 Condition at infinity
As ¢ = +o0,

F(¢) = v(1 +eg) Mot mer® + T 5% 4 01) (20)

Let ¢ = by > 0 be the first positive root for F'(¢) = 0, then F'(b1) < 0. By (x), F'(b1) =
n— (1 —ne)br. Soif A =7 —ne <0, there exits no such b1. If A = 7 — ne > 0, we integrate (12)
to get

[
r=r0)= [t rioo) (21)

then the metric is defined for —oo < r < r(by).
We can also calculate the length of radial curve extending to infinity. In a fixed fibre, the radial

vector
a 1 & ) 1
|€| 8|§| 5 ; 8— 2 rad

o> 1
‘E = Zgw(vrad; ‘/rad) = O(PSS + P5552) = O(br

The completeness implies that the length of the radial curve extending to infinity is infinity:

bl)

b1 b1 1 b1 .
e = [ tao = | ¢T2d¢—/0 F(6) ¥dé = +oo (22)

If 0 < by < 400,(22) means F(¢) = c(¢ — b1)? + O((¢p — b1)?), i.e. F'(by) = F(by) = 0.
But this can’t happen: by = ——, and ¢ = —(7 — ne). First we have b; > 0. Second, ¢ > 0

since F(¢) > 0 when ¢ < by. But they contradict with each other.
In conclusion, there can’t be any finite value positive root for F'(¢).

5.2 Existence and asymptotics

1. (A = 7 — ne > 0) The solution is a shrinking K&hler-Ricci soliton. If ;1 < 0, then when ¢
becomes large, the dominant term in F(¢)(20) is —¢ < 0, so there exists 0 < b < +o00 such
that F(b) = 0. But this is excluded by former dlscuswns. So we must have p > 0.

If v < 0 the dominant term is v¢'~"(1 + e¢)"™e!? < 0, so there is 0 < b < 400, such that
F(b) = 0. Again, this is impossible. If v > 0, when ¢ becomes large, the dominant term is

I/(bl—d—nemb7
oo 1 T 1 dime1
/ F(s)fﬁdsgc/ Iz e 2%dg < +oo
0

0

This contradicts (22). So we must have v = 0. This gives us an equation for p via (18).
Since when A = 7 — ne > 0, C) change signs exactly once, by lemma 1, there exists a unique
w such that v(p) =0 in (18).

We now verify this 1 guarantees the positivity of ¢,. Since the dominant term in (20) is

%(b >0, F(¢) 92420 | 5. We have also F(¢) > 0 for ¢ near 0. If ¢ = by > 0 is the first root
and ¢ = by > 0 is the last root of F(¢), then by < b, and

F/(bl):—Abl —I—TLSO, F(bQ):—/\bQ—i-nZO



So by > % > by, this implies by = by and F'(b1) = 0. We have ruled out this possibility
before. In conclusion, F'(¢) > 0 for all ¢ > 0, or equivalently ¢, > 0 for all r.

Now in (20), ¢ = =4 + O(1) as ¢ — +00, so by (21), the maximum value of r defined for
the solution is

+oo 1
Tmax = du = +00 23
o 29

So we already get the soliton on the whole manifold. In the following, we study the limit of
flow as time approaches singularity time.

T—_Nne

Deﬁnep:ﬁ: o

¢ U ¢ U 'LL—
T(¢)—T(¢o):/ %—/ du /p W s =1 (10g¢—10g¢0)+G(¢0,¢)

., bu qu
o(r) = ¢06*PT(¢0)6*G(¢01¢)6W — ¢06*PT(¢0)6*G(¢07¢(T))5P (24)
The holomorphic vector field —% = 53" cr 2 pew generates the 1-parameter family of auto-

morphisms: o(t) - (u, &) = (u,e z 5). Let

t(t) = —% log(1 — At) (25)

lim (1= A)o(f)*¢ = goe Pr(P0)em Momioe GLO09) Tim (1 = A)((1 = At) ™3 s)?

1
t— t—

_ ¢0€_pT(¢O)€_G(¢O7+OO)Sp = Dys”

So
lim (1 — At)o(t D) ¢, = lim (1 — M\t)o(£)*F(¢) = pDos?

1
t—+ t— %

(6) can be rewritten as

= (L+ ed)m wps + (Dl€]26as + (r — ¢)[¢|*E0EP)VEX ANVER (26)

lim (1= M)o(D)*'w = Do [s"ewns + 5"(I¢] 0ap + (0 — 1)I¢| *E77) Ve A VEP

— 0009 (1)
p

Remark 5. One sees that as t — %, the flow shrinks the base (zero section of the vector

bundle). In the model case, M = P™~1 L = O(—1), the flow contracts the manifold to the
affine cone of the Segre embedding P™~—1 x Pn=1 — Pmn=1 " This is the same phenomenon
as that appears for the symplectic quotients at the beginning of this note.

. (A=7 —ne =0) the solution is a steady K&hler-Ricci soliton.

d+n—1

F(8) = (1 + ) 461 e — n(1 4+ eg) 461 3 #,Ll (14 eg)tgr—1)®

k=0

If u > 0, then v(u) > 0 by (18). So the dominant term in (20) is v(1 + ep) ¢! e ?, again
this would contradict (22).



So 1 < 0 and the dominant term in (14) is the constant term —5>0. As ¢ — +0o0,
n nd+n-1)1 (1) 1 (1)
Flg)=———————+4+0|—=|=c1—c2—+0 | —
=" R 62) e ¢?
So by (21), maz = +00 and the soliton is defined on the whole manifold.

For the asymptotic behavior, let

du 1 Co
/ P = au + o log(ciu — ¢2) = R(u)

N Sy ———
= R(¢) — R(do) + G(¢o, 9)

Since ¢; > 0 and ¢z > 0 (1 <0, d >0, n > 1), R(u) is an increasing function for u > 0, and
has an inverse function denoted by R™1. Let G(r) = —G(¢o, (1)) + R(¢o) — r(¢o), then G
is a bounded smooth function of . We have

o(r) = R~ (r + G(r))

The condition (22) is always satisfied. There is a family of steady K&hler-Ricci solitons.

Remark 6. If we let d = 0, then we get expanding solitons on C™. (17) becomes vu™ = nl.
The equation becomes

_ n 1-n,—|ulé S (1"
(Iuld)r = (=1)"nk(lulg)! ™M 4!y P

k=0

In particular, if n =1, the equation becomes

1
. = F(¢) = vet® — =
¢ (¢) =ve .

(1) =~ g + 07) = ~S1og(1 4 12), 0= -
[t [t ’ n(1+ Clzl?)
w:ﬂdz/\d,?:— Cdz Ndz w:gﬁzidw/\dw
EE W CER P

This is cigar steady soliton.

3. (A =7 —ne < 0) the solution is an expanding Kahler-Ricci soliton. By similar argument, we
see that p < 0. The situation is similar to the shrinking soliton case. Now t — % < 0, or

equivalently  — —oo (25),
o(r) = ¢O€fpr(¢o)€*9(¢o,¢(r))sp
lim (1 — At)o(£)* ¢, = lim (1 — \t)o(2)*F(¢) = pDos?

1 1
t—=5 t—5

- (1
lim (1 — At)o(t)*w = Dgdd (—sp>
t—+ P
The condition (22) is always satisfied. So there is a family of expanding Kéhler-Ricci solitons.

Remark 7. One can apply the same argument in [1] to get the Gromov-Hausdorff convergence
and continuation of flow through singularity time.



6 Compact shrinking soliton

We prove theorem 2.2 in this section. First we show the considered manifold is Fano. For some
results on Fano manifolds with a structure of projective space bundle, see [9].

Lemma 2. If A\ =7 —ne > 0, then P(C & L®™) is Fano.
Proof. Let E =C @ L®™ and X = P(E). We have the formula for anti-canonical bundle:
Kyt =(n+1)01) + (K + L%
O(1) is the relative hyperplane bundle. Since c¢1(L™!) = €[was] > 0, one can prove O(1) is nef
on X [8]. (K, + L®") = (1 — ne)|wn] > 0, so Ky + L®" is an ample line bundle on M.

So O(1) and 7*(K;;' + L®") are different rays of the cone of numerically effective divisors in
Pic(P(E)) = ZPic(M) + ZO(1). So Ky is ample, i.e. X is Fano. O

The construction of shrinking soliton was developed for the n=1 case, see [4], [6], [5], [1]. We
will give a simple direct argument under our setting. Note here we will use Tian-Zhu’s theory [11]
to get the uniqueness of Kéahler-Ricci soliton.

First we need to know the expression for the metric near infinity. By change of coordinate

[17517527 e 7577,] = [777 17“’27 e 7un]
So the coordinate change is given by

1 U U 1
51:—752:—2,-~-,€n:—n P n:—,uzzg—z,-..,un—g_n
n n n

Since

R S R R
g T oy T & " 0u. 06 " Oua

So the radial vector > SQ% = —776% is a holomorphic vector field on P(C @& L®™). The dual
1-forms transform into

1 1 du U du U
Vel = ——(dn —nat0a) = ——wy, VE = —2 — —(dn —na"'da) = —= — —wp
n? n? nooon nooon
Note that the dual basis for the basis {dz;,wo, dus} is
0 da 0O 0 0
VZ' = a5 - a a a
Y0z ta 8zin8n on Oug
So making coordinate change,
L& UqUg 1 Uq 1 ug__
w = (14ePss)wa + a (Pséa + Pssa—) (—dua — —w0> A <jdu — _—wo)
;;2 ? > /) \n s 7l
- ug wo 1 ug__ 2 9 Ua (1 Ugy wo
— PSSaQ—’B— A (jdu — _—wo) — Pisa”— (—dua — —wo | AN —=
ﬂz_:z e "\ P o; > \n n? Uk
1 wog Awg
+a(Ps + Pssa—s ) —————
?" [nl*
. UqUg S _
= 1 PS Ps(sa Pss d @ A d
(1+e€ s)wM—I—aZ:w;( 3+ Sl+|u|2)1—|—|u|2 u g

n

N T , e o
— — = PS + Pss d [e% A\ — S S — Ps + Pss A d 27
O;Q a(l+ |u|2)2( $)s“duq N\ Wo [;2 a(l+ |u|2)2( s)s“wo Adug  (27)

1

——— (P + Psgs s2wo Ao
a(l ¥ |u|2)( ) 0 0

+

10



a(l+]ul?)

In the above calculation, we used many times the relation s = al¢|? = BB

Lemma 3. The closing condition for compact shrinking soliton is: there exists a by > 0, such that
F(b)=0,F'(b) = -1 (28)

Proof. Define § = s7! = a(l|+|\1|2) Under the condition (28), then near by, ¢, = F(¢) = —(¢ —
b1) + O((¢ — b1)?). So up to the main term, ¢ — by ~ —Coe™" = —Cy1 = —C}5 for some Cy > 0,
(Pys)s8% = ¢ps5% ~ Co, Psgs® = (Pys)ss — Pss = ¢pgs — ¢ ~ —by + % = —by; +2C)35, . So we first
see that the coefficients in (27) are smooth near infinity divisor defined by n = 0 (or equivalently
5 =10). We only need to show w is positive definite everywhere. In fact, we only need to check

when § = 0. When s = 0, we have

UqUg ) 1
L+ u?" 14 |uf?

wo N\ Wo (29)

w = (1 + ebl)wM + Z Z(bléaﬁ — b

a=2B=2

due N du
U uﬂ+a

Co
(1+ |uf?)

So w is positive definite. So it defines a smooth Kéahler metric on the projective compactification.

O
By (), this condition determines
n+1 n+1
L T he A (30)
In fact, by is a cohomological constant. Indeed.
1 n+1
W= se(X) = lwa] + Ox (1)
Note that Do, = M x P", and
n+1
wllpe = war] + —— (=L + Opx(1))
On the otherhand, by (29), we see that
[WDo = (1 + €b1)wnm] + Co[Opr (1)]
Comparing the above expression and using ¢1(L) = —€fwas], we get (30).
Since F(0) = 0, this condition is equivalent to
by
0=F(b) = FO) = [ h(o)e #do = T(n) (31)
0

S~
—~
(e
=

Il

bl bl
/ h(d)dé = / (1+ ) 6" (7 — ne)p— 1)
0 0

by d d
A Z (k) Gk(AQSkJ’_n o ¢k+n_1)d¢

k=0
d
k ! E4+n+1 k+n
k=0
d
A\ ket k
= by >0
k_()(k:)e U etn+ Dk +n)
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On

the other hand,

1 d+n

T(p) = T > p R R B (0) — B (by e )
k=0

Since AV (0) =0 for 0 <i <n —2 and h("=Y(0) = —n! < 0, and lim,,_, 1o e 7#** = 0. It’s easy to

see

that T'(p) < 0 for p sufficiently large. So there is a zero point for T'(11) on (0, 00). The uniqueness

is difficult to see directly, but because different solutions of (31) would give proportional vector
fields and hence proportional potential functions, by using Tian-Zhu’s invariant [11], we indeed
have the uniqueness.
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