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ABSTRACT.

1. INTRODUCTION

Let K be a field, R = K{z1,...,xy] be a polynomial ring over K, and I be an ideal of R

generated by n forms of degrees dy, . .., d,. We will denote the projective dimension of a module
over R by pdgr(M). Stillman (see [21]) conjectured that the projective dimension of I can be
bounded in terms of n and di,...,d, but independent of N. We will refer to such bounds

as Stillman bounds. Ananyan and Hochster were the first to give an affirmative answer to
Stillman’s conjecture in [1], where they showed the existence of Stillman bounds by proving the
existence of small subalgebras and small subalgebra bounds "B (defined in [1, Theorem B] or
Theorem 2.2). Stillman’s conjecture was later reproved in [12] and [17], both using topological
Noetherianity results from [11].

With the existence proven, the next question is to find explicit Stillman bounds. While many
early and recent works [2] [3] [4] [5] [8] [16] [15] [18] [19] [20] have established Stillman bounds
for degree 4 or less, the question for degree 5 and higher remains untouched. We attempt to
give explicit Stillman bounds for all degrees. We notice that if we proves a bound called D(k, d),
which controls the number of generators of a minimal prime over an ideal of a regular sequence
of k or fewer polynomials with degree d, and supplements D(k, d) into Ananyan and Hochster’s
proof in [1], then theoretically we can make their proof into a recursive algorithm to obtain
explicit Stillman bounds for all degrees.

We prove the following lemma which establish an effective value for D(k,d). In [1], Ananyan
and Hochster only showed the existence of D(k,d). Notice that the function "B(k, d) is defined
in Corollary 2.3 of Section 2.

Lemma 3. Let K be an algebraically closed field, P C K|z1,...,xy] be a minimal prime of an
ideal generated by a reqular sequence of k or fewer forms of degree at most d. Then the minimal
number of generators of P is bounded by

D(k,d) = (2d)

ol B(k,d)—1

Notice that in the above lemma, the assumption of the field being algebraically closed is
needed only for existence of 'B(k,d) as in [1, Theorem B], and the proof still works if we drop
this assumption and replace 'B(k,d) by pdg(R/P) or N (see Theorem 3.5).

However, after a closer examination of [2], we realize that the computational complexity of
Ananyan and Hochster’s inductive proof would make the bound too large to be meaningful as d
gets larger. We explain the reason in Subsection 3. Moreover we give an estimate of the bound
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'B (n, d) for degree 2,3 and a general description for degree 4, to give the reader a feeling about
its bad behavior.

This section is organized as follows. In Section 2, we first state the small subalgebra theorems
of [1] after giving their necessary definitions, then set up notations needed for the next section.
In Section 3, we construct the bound D(k,d), discuss how we insert the bound D(k,d) into
Ananyan and Hochster’s proof, and conclude the section with a theorem establishing our bounds
for "B with a recurrence relation.

2. NOTATION

We first recall some definitions in [1, §1] which are needed for stating the theorems in [1]. Let
R = K]xy,...,zy| be a polynomial ring over a field K. Let V' be a finite dimensional graded
vector space of R, then we say V has dimension sequence § = (01,...,04) f V=V -V,
as a direct sum of its graded components with dimg V; = 9;.

A function of several variables is called ascending if it is increasing in any one variable while
the other variables are fixed.

A form F € R has a k-collapse if it can be written as a graded combination of k or fewer
forms of strictly smaller positive degree. We say F' has strength k if it has a k + 1-collapse but
no k-collapse. By convention we set the strength of a linear form to be +oc.

A sequence of elements G, ..., Gy in a Noetherian ring R is a prime sequence (respectively,
an R, -sequence) if for 0 < i < s, R/(Gy,...,G,;) is a domain (respectively, satisfies the Serre
condition R,). When R is a polynomial ring, for any n > 1 an R,-sequence is a prime sequence
and hence a regular sequence.

Our goal is to give explicit bounds to the functions "A and "B for any degree, which are
defined in Theorem A, Theorem B, and Corollary B of [1].

Theorem 2.1 (Ananyan-Hochster [1]). There are ascending functions A = (A, ..., Ag) and,
for every integer n > 1, "A = ("Ay,...,"Aq) from dimension sequences § = (81, ...,0q4) € N? to
N with the following property: For every algebraically closed field K and every positive integer
N, if R = Klz1,...,xN] is a polynomial ring, and V denotes a graded K-vector subspace of
R of vector space dimension n with dimension sequence (d1,...,08q), such that for 1 < i < d,
the strength of every nonzero element of V; is at least A;(8) (respectively, "A;(0)), then every
sequence of K-linearly independent forms in 'V is a reqular sequence (respectively, is an R,-
sequence).

Theorem 2.2 (Ananyan-Hochster [1]). There is an ascending function B from dimension
sequences 0 = (01,...,0q) to Zy with the following property. If K is an algebraically closed
field and V' is a finite-dimensional Z. -graded K -vector subspace of a polynomial ring R over
K with dimension sequence §, then V' (and, hence, the K-subalgebra of R generated by V') is
contained in a K-subalgebra of R generated by a reqular sequence G, ..., Gy of forms of degree
at most d, where s < B(5). Moreover, for every n > 1 there is such a function "B with the
additional property that every sequence consisting of linearly independent homogeneous linear
combinations of the elements in G, ...,G is an R,-sequence.

The next corollary, as remarked in [1], follows immediately by taking "B(n,d) to be the
maximum of "B(§) over all dimension sequences with at most d entries and sum of entries at
most n.

Corollary 2.3 (Ananyan-Hochster [1]). There is an ascending function "B(n, d), independent of
K and N, such that for all polynomial rings R = K|x1,...,xx]| over an algebraically closed field
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K and all graded vector subspaces V' of R of dimension at most n whose homogeneous elements
have positive degree at most d, the elements of V' are contained in a subring K[Gq,...,Ggl,
where B <"B(n,d) and Gy, ...,Gpg is an R,-sequence of forms of degree at most d.

We next introduce notations that are needed for the proof of Lemma 3.2 and Lemma 3.3.
For a finitely generated graded R-module M, let §;;(M) be the graded Betti numbers of M
and 3;(M) =>_ i Bi; (M) be the i-th Betti number of M. The Castelnuovo-Mumford regularity
of M is defined as reg(M) =max; ;{j —i: B;;(M) # 0}.

Let J be a monomial ideal. We say J is strongly stable if for each monomial u of J, x;|u
implies z;u/xz; € I for each j < i. Let G(J) be the set of minimal monomial generators of J and
D(J) be the largest degree of monomials in G(.J). If v is a monomial, let m(u) := maz{i : x;|u}.
By the Eliahou-Kervaire resolution in [14], if J is strongly stable then ;(J) = 3~ cq(s) (m(“i)_l).

Let I be a monomial ideal in K[zq,...,zy]| where K is an infinite field, we may assume [
is generated by monic monomials, if K’ is any other field then let I be the ideal generated
by the image of these monomials in K'[xy,...,zy]|. Let ging, (1) be the generic initial ideal of
I with respect to the degree reverse lexicographical order. The zero-generic initial ideal of 1
with respect to the degree reverse lexicographical order is defined to be

Ging(1) := (ginex((8inyex (1)) k-

The zero-generic initial ideal is explored in more details in [7]. We need this notion in §3 to
treat the positive characteristic cases. Notice that in characteristic 0, the zero-generic initial
ideal is equal to the usual generic initial ideal.

3. PROCEDURES TO REALIZE THE BOUND VIA A RECURSIVE ALGORITHM

We start this section by constructing a bound, denoted D(k,d) in [1], for the number of
generators of a minimal prime of an ideal generated by a regular sequence of k or fewer forms of
degree d. We note that this bound is independent of the number of variables in the polynomial
ring, which is necessary for our purpose. The following lemma, see [9, Theorem 27], tells us
that the above minimal prime can be written as the ideal of the regular sequence colon by a
form with bounded degree, which is key to the proof of Lemma 3.2.

Lemma 3.1 (Chardin [9]). Let P C K|[x,...,xy] be a minimal prime of an ideal generated by
a homogeneous reqular sequence fi, ..., fr of degrees dy,...,dy. There exists a form f of degree
at most dy + -+ - + d — k such that

P={(fi,....fx) : (f)

The next two lemmas justify the fact that we can choose D(k, d) to be (2d) . Assuming
the number of variables is known, we show in Lemma 3.2 how to bound the minimal number
of generators of a particular kind of colon ideals as in Lemma 3.1. In pursuance of an optimal
bound, we extensively apply results and proofs of [6] and [7]. For an alternate way to obtain
a value for D(k,d), we refer the reader to Remark 3.4, which could still be used to construct
explicit but larger bounds for "B(0).

ol B(k,d)—1

Lemma 3.2. Let I C Klzy,...,xp41] be an ideal generated by a regqular sequence of ¢ forms
of degree at most d, and f be a form of degree at most cd — c. Then the minimal number of
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generators of I : (f) is bounded by

B
Bo(L+ () < B(d+1)(2d) [J((d* +2d — 1)* " + 1) + 1.
=3

If we further assume B,d > 3 or B > 4, then we have the additional inequality

231

Aol = (f)) < (2d)

Proof. If ¢ = 1 then Bo(I : (f)) = 1, so assume ¢ > 2. After a faithfully flat base change,
we may assume K is infinite. Denote R := K[x1,...,zp5.1] and let fi,..., f. be the regular
sequence with deg(f;) < d. Consider the exact sequence

0— R/(I:(f) -1 R/T — R/(I+(f)) — 0.

Since ¢ < Bo(I + (f)) < ¢+ 1, using the long exact sequence of Tor?(—, K) induced from the
above short exact sequence, we get So(I : (f)) < B1(I + (f)) + 1.

With the notations of Section 2, let J := Ging(/ + (f)). Denote Ry = Klx1,..., ;).
Let (I 4 (f))q) denote the image of I + (f) in R/(Ip41,-.-,liy1) = Ry where lpyq, ..., liy1 are
general linear forms, and let my; denotes the homogeneous maximal ideal of R;. Let Jj; denote
J N Ry. By [2, Proposition 2.2], J is strongly stable with 31(I + (f)) < £1(J). So by [14] and
[6, Proposition 1.6], 81(J) = X ,cq(m(u) — 1) < B-|G(J)| < BITZ,(D(J;) + 1). Using [7,
Theorem 2.20], we can get D(Jy)) < reg((I + (f))w) for all 7. Notice that reg(( + (f))w) <
id — i+ 1 for all i < ¢, because mﬁ LTI+ ().

To bound reg((I + (f))y) for i > ¢+ 1, we follow the proof of [6, Theorem 2.4 and Corollary
2.6]. Let A\(M) denote the length of an Artinian module M. Using the same proof of [6,
Theorem 2.4, we can get

reg((I + (f))w) < max{d,cd — c,reg((I + (f))u-1))}

(i) TL s+ (o)

T+ (M) AL, (3.1)
< max{d, od — c,reg((1 + ()} + &[] weal(Z +(£))en):

The last inequality holds since Ry/(I + (f))( is a quotient ring of Rjq/(g1,-..,9.), where
G1s- -, ge is the image of fi,..., f. in Rjg and is a regular sequence with deg(g;) < d.

Now we use (3.1) recursively to bound reg((I + (f))u) for i > ¢+ 1. Set By :=cd — c + 1,
recall that By bounds reg((I + (f))()). Apply 3.1 to (I + (f))(c+1> to get reg(({ + (f))<6+1>) <
cd—c+1+d°=:B;. For j > 2 weset B, :== Bj_1 +d° Bk (Bj_1)? < (B1)¥ . Hence
for all i > c+1, reg((I + (f)) ) < Bie < (cd—c+ 1+ dc)Zz o < (d®+2d—1)*"", where the
last inequality holds since the second last bound is decreasing as a function of ¢ and ¢ > 2.
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If B >4, then B < 2872, Combining all the previous inequalities, we get
B
Bo(I+ (f)) < B(d+1)(2d) [J((d* +2d — 1)*° +1) +1

1=3

< 257%(d + 1)(2d) [ J(@* +2d)*° < (2d)(2d) [ [ (2d* + 4d)*

=3 =

< d)? [Jd)* " = (2"

If B =3 and d > 3, one easily checks that 3o(1 : (f)) < 3(d+ 1)(2d)(d*> +2d) + 1 < (2d)*. O

ol B(k,d)—1

Lemma 3.3 constructs our value (2d) for the bound D(k, d) by passing to a polynomial
subring with at most 'B (k,d) + 1 many variables first, using Corollary 2.3, then combining the
result of Lemma 3.1 and Lemma 3.2.

Lemma 3.3. Let K be an algebraically closed field, P C K[xq,...,xy] be a minimal prime
of an ideal generated by a regular sequence of k or fewer forms of degree at most d. Then the
minimal number of generators of P is bounded by

Po(P) < (2d)

Proof. Let f1,..., f. be the regular sequence with ¢ < k and deg(f;) < d, let I be the ideal it
generates. By Corollary 2.3, there exists a prime sequence Gy, ..., G with s < 1l’)’(k, d) such
that fi,...,f. € K[Gy,...,G,]. Denote R = Klz1,...,zx] and S = K|[Gy,...,G,]. Then
pdr(R/I) = ¢ < s and pdg(S/P NS) < s. Notice that R is a free and thus faithfully flat
module over S since we can extend (G, ..., G, to a maximal regular sequence Gy,...,Gy in R
to get free extensions K[Gy,...,Gs] — K[Gy,...,Gy] and K[Gy,...,GNn] — K[zy,...,zN].
Consequently we get pdr(R/P) < s once we have shown P = (P N S)R. By faithfully flatness
fi,.-., fe € PNS remains a regular sequence in S and so ¢ = ht P > ht (PNS)R = ht PNS > c.
Now by [1, Corollary 2.9], (P N S)R is a prime ideal, therefore P = (P N S)R.

By Lemma 3.1, there exists a form f € R of degree at most cd — ¢ such that P = I : (f).
Consider the exact sequence

ol B(k,d)—1

0— R/P-Ls R/T — R/(I+ (f)) = 0. (3.2)

It follows that pdr(R/(I + (f))) < s+ 1. Then depth R/(I + (f)) > N — (s + 1) by the
Auslander-Buchsbaum formula. Let lg1o,...,lxy € R be a sequence of linear forms regular
on R/P, R/(I + (f)), and R/(f1,...,f.). Fix a graded isomorphism from R/(lsi9,...,IN)
to K[r1,...,7s11], let R denote K[zy,...,2.1] and “—" denote the image of polynomials or
ideals of R in R. Notice that By(P) = So(P). Since lyio,...,lx is a regular sequence on
R/(I + (f)), the short exact sequence in (3.2) remains exact after tensoring with R. It follows
that P =1 : (7) Notice that fi,..., f. is a regular sequence in R, so we can apply Lemma 3.2
to get Bo(P) < (2(1!)218(}6’01)_1 for 'B(k,d) > 4, or 'B(k,d) = 3 and d > 3.

If 'B(k,d) = 2, it is clear that Bo(P) = So(PNS) < 2. If 'B(k,d) = 3 and d = 2, then P is a
minimal prime of an ideal generated by two quadrics. Let e(R/P) denote the Hilbert-Samuel
multiplicity of R/P with respect to the maximal ideal (z1,...,2y), we have e(R/P) < 4.
If either P contains a linear form or e(R/P) = 4, then P is a complete intersection and so
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Bo(P) = 2. Otherwise P contains no linear forms and e(R/P) = 3 = 1+ht(P), so we can apply
[13, Theorem 4.2] to see that R/P is Cohen-Macaulay and hence §y(P) < e(R/P) = 3. O

Remark 3.4. By using known results, there is a quick and simple way to obtain a worse upper
bound than the one derived from Lemma 3.3. The outline is the following. First one uses the
bound on the degrees of the generators of initial ideals given in [10, Corollary 3.6] and the proof
of [10, Corollary 3.7] to bound the degrees of the generators of P = I : (f). When d > 2, the
bound one gets is (d°(cd—c¢))2" < (d2(20l—2))218(k’d)71 =: D. Hence, by linear independency,
B kgl)JrD).

the number of minimal homogeneous generators of P is at most ( (

In the proof of Lemma 3.3, notice that we could replace 'B (k,d) by the projective dimension
of R modulo the minimal prime P. The same proof will give us the bound:

Theorem 3.5. Let K be an algebraically closed field, P C K[xq,...,xy] be a minimal prime
of an ideal generated by a reqular sequence of k or fewer forms of degree at most d. Then the
minimal number of generators of P is bounded by

2N71

Bo(P) < (2a)™" 7 < (2a)"

Theorem 3.6. Let S be a standarad graded polynomial ring over a field K, and P C S a
homogeneous prime ideal of height h. For every j > 0 we have that

Boj(P) < p2" 3,

n n—1

Z h2j+1—3 _ Z h2j+1—3 + h2"+1—3

j=1 j=1
<(n—1)h¥3 4 p¥" 3 (3.3)
< h2"h2"—3 + h2”+1—3
= 2(p%"" ).

D(k,d) = 2(k*""'3).

Let P be a minimal prime of an ideal generated by a regular sequence of k or fewer forms of
degree at most d. For the purpose of bounding the projective dimension via AH’s proof, notice
that we may take D(k,d) to be an upper bound of Z;.lzl Boj(P). To see why this is true, we
shall briefly explain the proof in the second paragraph of section 4 AH. The goal is to show that
ht(DF)R > n+2 provided that the strength of a d-form F is at least *B(D(n+1,d —1),d — 1)+
1. Assume for contradiction that ht(DF)R < n+1, then DF can be contained in a prime ideal
P where P is a minimal prime of an ideal generated by a regular sequence of n 4+ 1 or fewer
forms of degree d. Then let J C P be the ideal generated by generators of P with degree at
most d — 1. Since DF is generated by polynomials of degree d — 1, we get that DF C J.
This is a contradiction to theorem F in AH since the number of generators of J is bounded by
D(n+1,d—1). Also if characteristic of the field is 0 or p > d, we can assume strength of a
d-form F'is at least D(n+ 1,d — 1) for the proof.

We conclude this section by explaining how to compute "B(§) algorithmically, where § =
(01,...,04) is a dimension sequence (see Theorem ?7). The theoretical proof of [1, §4], which
contains an inductive argument on the degree d, can be made into a recursive algorithm with
the bound obtained in Lemma 3.3. However due to the computational complexity of AH proof,
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the bound for large degree (4 or greater) turns out to be too large to be expressed in any
meaningful function, as we will estimate the bound for d = 2,3 at the end of this section to
give the reader a feeling about its bad behavior.

Denote "A(i) = *B(D(n+1,i — 1),i — 1) + 1. Then by [1, Proposition 2.6 and Theorem A],
we have "A;(6) = "A(i) + 3(30_, 6 — 1).

Section 4 of [1] explains how to obtain "B from 7A, which we will describe briefly as follows.
Let V be any vector space with dimension sequence 9, if for all such V, the strength of every
nonzero element of V; is at least "A(0), then let "B(d) = Z?Zl ;. Otherwise there exists a
V and a degree i for which an element of V; has an "A;(d)-collapse. In this case set "B(d) =
maxy{"B(0")}, where §' run through all dimension sequences derived from § by keeping ¢,
unchanged for j > 7, decreasing ¢; by 1, and increasing the §;’s for j < i by a total of 2-"A4(4).
Notice that if d = 1, "B((d,)) = 0, trivially satisfies Theorem 2.2.

Originally when we try to comprehend the above process algorithmically, we made a mistake
thinking that the worst case scenario would be 04 decrease by 1 and d,_1 increase by 2-7A4,(0).
However after a closer examination, we figured that the worse case scenario turns out to be
much worse. In fact we need to decrease 9; by 1 for the smallest 2 < ¢ < d such that 9; # 0,
and increase d;_1 by 2-"7A4(9).

One shall see that this recursive formula does not generate a meaningful bound as d gets
larger. The bound for degree 4 is already an incomputable bound which looks like a nested
power tower. Roughly speaking "B(0,0,0,n) behaves like a recursive formula ¢, where ¢y = 0
and ¢; is a power tower of base 7 and height ¢; ;.

Let us estimate the bound for d = 2,3 to get a closer look at the recursive formula. With
this recursive formula we have "B(n,d) = "B(d) where 6 = (0,---,0,n) has d entries. For
simplicity we will estimate 'B(n,d) for d = 2,3. Notice that this also estimates the bound
'B(6) in Theorem 2.2 since if § is a dimension sequence with d entries whose sum equals to n,
then 'B(0) < 'B(n, d).

Assume d = 2, then

"B(n,2) ="B(0,n) ="B(2-"A5(0),n — 1) = "B(a;,n — i) = "B(a,,0) = a,.
where a; satisfies the recurrence relation ag = 0 and
a; = a;_1 + 2(7714(2) -+ 3(&1',1 +n — (Z — 1) — 1))
= Ta;_1 +2"A(2) + 6n — 6i.

Notice that a; = 7' (n 4+ +"A(2) — ) +i—n — "A(2) + I is a solution of the recurrence
relation. Therefore setting i = n and using the value "A(2) = *B(D(n+1,1),1)+1 = n+2 we
get

1 7 1 7
<7 (n+n).

In particular

'B(n,2) < 7.
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Now assume d = 3, then

'B(n,3) = 'B(0,0,n) < 'B(0,2-"A(3) + 3n,n — 1)

(
< B( B(2-'A(3) +4n,2),0,n — 1)
= 'B(by,0, n—l)
< B(b YA(3) + 3by +4n,n — 2)
< 'B(by,0,n —2)
< 'B(b,,0,0),

= bn7

where b,, satisfies the recurrence relation by = 0 and
1

b = B(2-'A(3) 4 4(biy +n),2)
74 A +8( i— 1+n)

By pushing up all the exponents to the very top, we get a rough estimate as follows:

b, < 74 LA(B)+8(bp_14n)

< expl(5-"A(3) 4 9n),
ke
where exp?(z) =77  with n 7’s.
Now we insert the bound D(2,2) = 2(22°-3) into 'A(3) = *B(D(2,2),2) + 1 to see that

'B B(n,3) < exph(5- 1A(3) + 9n)

3
< exp?(7¥ +9n)
< expi3(n +3).
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