MA 266 Lecture 33

7.6 Complex Eigenvalues

In this section, we consider the system of linear homogeneous equations with constant coeflicients.
We focus on the case that the coefficient matrix has complex eigenvalues.

Example 1. Find the general solution

-3 g i | - <0
A- ( A= ( W@E- ¢
R A (U o\'e,'%(wm)

il )
V) Tal+ (. rr+$ - e«
O‘d(a 1) r* *q*( = "'-—;-/‘D {('\,641 Mh)
S e - TEN $)- -
P&(V’ = - /r
5> )

o > -1

)G -
2 - ; - 1S
=i ‘i)(‘f\/ ) Q‘\“(U""u')l

i~y 6. G w0 Sa (b)) -V pmli
= (1. =Sl [ 1), 30t ' -t
£ (— l) XU = (_()Q = (',i) e t'(u%(b i:‘Hh) )\
(:-\-)\l‘ F',-, .-J;-l' (‘

- W | 4R _ | -
g (1) RO (5) X ey
e/.u— (VMV)'&C«(A:) |

n

-
= . B W,
Kik) = (R0 + (20w LR S el
J X

-

R T YL s At ( AN
- k -



In general, we consider the system
x = Ax.

where A has a pair of complex conjugate eigenvalues 719 = A £ ipu.
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If Ais a2 x 2 matrix, we can visualize the solutlon is z1z9-plane, called phase plane, by
evaluating Ax at a large number of points. More precisely, we can include some solution
curves, and a plot shows sample solution curves for a given system is called a phase portrait.

e If ry, 7o are real and have same sign
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Example 2. Consider the system

,_a2X
x={ _5 )%

Describe how the solution depends qualitatively on «. In particular, find the critical values
of a at which the qualitative behavior of the trajectory in the phase plane changes markedly.
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