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4.3 Weak solution of Maxwell’s equations

In this section, we consider the existence and uniqueness of the weak solution for the
time-harmonic Maxwell equations. Let @ C R3 be a Lipschitz continuous bounded
domain with boundary I' = 0f€). Consider the boundary value problem for the
electric field:

(4.7) Vx(u'VxE)—k’*E=F inQ,
(4.8) Exn=0 onT,

where F € (L*(Q))3, 4 > 1, and Ree > 1. In addition, we assume that
1. Q=UL,Q;, Q is a connected Lipschitz domain and Q; N §Q; = () for i # j.
2. €, are constants in €2; and there exists a constant C. > 0 such that

Ime >C.inC, orlme=0in,;, 1 <i<]I.

The weak formulation of (4.7)—(4.8)) is to find E € Hy(curl, Q) such that
(4.9) a(E,v) = (F,v) forall ve Hy(curl, ),

where the inner product (-, -) and the bilinear form a : Hy(curl, ) x Hy(curl, Q) — C
are defined:

(u,v) = / u-v forall u,v € (L*(Q2))?,
Q
a(u,v) = / (W'V xv-Vxv—r’u-v) forallu,ve Hycurl, Q).
Q
Lemma 4.3.1. The space Hy(curl, Q) has the following decomposition
Ho(curl, Q) = VH;(Q) @ H, (curl, Q),
where
H, (curl,Q) = {v € Hy(curl, Q) : (ev,Vp) =0 for allp € Hy()}.
Proof. First consider the boundary value problem: Find p € Hj () such that
(eVp, Vo) = (ev,Vv) for all v € Hy(Q).

Since Ree > 1, it follows from the Lax-Milgram lemma that the above problem has
a unique weak solution. It can be verified that u;, = u — Vp € H, (curl, Q). ]
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Lemma 4.3.2. H, (curl,Q) is compactly imbedded into (L*(S2))3.

Proof. Let {v,};2, C H, (curl,2) be a bounded sequence in || - || g (curt,0), it suffices
to prove that {v,}°, has a convergent subsequence in (L?(Q))3. For any v,, let
¥, € H}(Q) be the unique solution of the following problem

(Vn, Vo) = (v, Vo) for all v € Hy(Q).

Clearly, w,, = v, — Vib,, € Xn(Q2) and satisfies

Vow,=0inQ, [|w,|x=| Wn ||#Eu,o)< Vo ||H(cuo)
where
Xn = Hy(curl, Q) N H(div, ),
T % =l w ity + 11V < [fraqpys + 1 V- wlEa s -
Hence {w,}>°, is a bounded sequence in || - ||x. Since Xy(€2) is compactly imbedded

into (L%(€2))?, there exists w € Xn(Q) such that w,, — w in (L*(Q))3. It follows
from the Helmholtz decomposition that

w=v+Ve, veH, (urlQ), ¢ Hi ).
Therefore

(e(vp—v), vy —v) = (e(v, = V), W, + V), —w — V)
=(e(vpy,—V),w, — W) =0 asn X oc.

Since Ree > 1, we have || v, — v ||(z2(q)3— 0 as n — oo.

[]

Lemma 4.3.3. Let D C R?, uy,...,u; € H*(D) be real functions and there erists
a constant C' > 0 such that

J
Aw| <CY (lugl + V) in'D, j=1,....J.
j=1
If uy, ..., uy is zero in a neighborhood of xo € D, then

uj=0 D, 1<75<J

Theorem 4.3.4. If Ime > 0 in some ;, then the variational problem (4.9) has at
most one solution.
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Proof. 1t suffices to prove that E = 0 if F = 0. Without the loss of generality, we
assume that

e Ime > 0 in ; and Ime = 0 in €y;

e O, N, is a Lipschitz surface with positive measurement.

Taking v = E in (4.9)) yields
| 171V X E [tz —#*(¢E,E) = 0.

Noticing Ime > 0 in €2;. Taking the imaginary part of above equation gives E = 0
in Ql.

Since €|g, is a constant, we define
E=cq,, [i=lg, inUQy.
It follows from E = 0 in €2 that E satisfies
Vx (iV XE)—k*E =0 in Q; UQ,.
Taking the divergence on both sides gives V - E = 0. Therefore
~AE=V x(VXE)-V(V-E)=Vx (VxE)=r’ifE inQ UQ,.

Using Lemma [4.3.3 and E = 0 in §2;, we have E = 0 in €y U €25. The proof is
completed by repeating the process for €);.

]

By Lemma we have
E=E, +Vy, E, € H (cwrl,Q), v € Hy(Q).
Here 1 is the unique solution of the following problem:
eV, Vo) = (eE,Vv) = =k 2(F,Vv) for all v € Hy ().
Since Ree > 1, taking v = 1) gives
Wlhe <& F g -
Thus we have an equivalent formulation to (4.9): Find E; € H | (curl, Q) such that

(4.10) a(Ey,v) = (F,v) +k*(eVy,v) forall ve H, (curl, Q).
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Define a bilinear form: a, : H, (curl,Q) x H, (curl, Q) — C as follows
(411)  ai(u,v)=(p 'V xu,V x v) + *(cu,v) for all u,v € H, (curl, Q).
Let w be the unique weak solution of the problem
(4.12) a; (w,v) = (F,v) + k*(Vy,v) forall v.e H(curl, Q).

Define an operator K : (L*(Q))® — H (curl, Q) as follows: For any f € (L*(Q))?,
Kf satisfies

Kf € Hi(curl,Q), ay(Kf,v)=2x*f,v) forall ve H (curl,Q).
Thus can be written as
a,(E;,v)—a (KEL,v)=ay(w,v) forall ve H, (curl, ),
which is equivalent to the operator equation
(4.13) (Z-K)E, =w in H,(curl,Q).

Theorem 4.3.5. Suppose Ime > 0 in some Q, then (Z — K)~' is a bounded linear
operator. Given F € (L*())3, the variational problem (4.9) has a unique weak
solution E € Hy(curl, Q) which satisfies

I E ||y < C || F o -

Proof. The existence and uniqueness for the solution ¢ € H} () is obvious from the
above discussion. The uniqueness of the weak solution E is proved. We only need
to prove the existence of the weak solution E | .

Clearly a, is coercive in Hy(curl, §2). It follows from the Lax-Milgram lemma
that there exist unique w, Kf € H (curl,Q2), and satisfy

H Kf HH(curl,Q)S C H f HO,Q)
| W o)< C (| F lloe +¢loe) < CF og -

The operator K : (L2(2))® — H, (curl, ) is a bounded operator. By Lemma [4.3.2]
H | (curl, Q) is compactly imbedded into (L?(92))?. So K : H, (curl, Q) — H, (curl, Q)
is a compact operator. It follows from the Fredholm alternative that Z — K is
invertible and we have

|| EJ_ ||H(curl,Q)§H (I_ IC>_1W HH(curl,Q)S C || w HH(curl,Q)S C H F ||O,Q .

Therefore we obtain the existence of the weak solution and the estimate

| Elaeu,o) <[ EL [[Hew,o) Yo < C | Flloo Yo <C Floa -



