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4.3 Weak solution of Maxwell’s equations

In this section, we consider the existence and uniqueness of the weak solution for the
time-harmonic Maxwell equations. Let Ω ⊂ R3 be a Lipschitz continuous bounded
domain with boundary Γ = ∂Ω. Consider the boundary value problem for the
electric field:

∇× (µ−1∇× E)− κ2εE = F in Ω,(4.7)

E× n = 0 on Γ,(4.8)

where F ∈ (L2(Ω))3, µ ≥ 1, and Reε ≥ 1. In addition, we assume that

1. Ω̄ = ∪Ii=1Ω̄i, Ωi is a connected Lipschitz domain and Ωi ∩ Ωj = ∅ for i 6= j.

2. ε, µ are constants in Ωi and there exists a constant Cε > 0 such that

Imε ≥ Cε in Cε or Imε = 0 in Ωi, 1 ≤ i ≤ I.

The weak formulation of (4.7)–(4.8) is to find E ∈ H0(curl,Ω) such that

(4.9) a(E,v) = (F,v) for all v ∈ H0(curl,Ω),

where the inner product (·, ·) and the bilinear form a : H0(curl,Ω)×H0(curl,Ω)→ C
are defined:

(u,v) =

∫
Ω

u · v̄ for all u,v ∈ (L2(Ω))3,

a(u,v) =

∫
Ω

(
µ−1∇× v · ∇ × v̄ − κ2εu · v̄

)
for all u,v ∈ H0(curl,Ω).

Lemma 4.3.1. The space H0(curl,Ω) has the following decomposition

H0(curl,Ω) = ∇H1
0 (Ω)⊕H⊥(curl,Ω),

where

H⊥(curl,Ω) = {v ∈ H0(curl,Ω) : (εv,∇p) = 0 for all p ∈ H1
0 (Ω)}.

Proof. First consider the boundary value problem: Find p ∈ H1
0 (Ω) such that

(ε∇p,∇v) = (εv,∇v) for all v ∈ H1
0 (Ω).

Since Reε ≥ 1, it follows from the Lax-Milgram lemma that the above problem has
a unique weak solution. It can be verified that u⊥ = u−∇p ∈ H⊥(curl,Ω).
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Lemma 4.3.2. H⊥(curl,Ω) is compactly imbedded into (L2(Ω))3.

Proof. Let {vn}∞n=0 ⊂ H⊥(curl,Ω) be a bounded sequence in ‖ · ‖H(curl,Ω), it suffices
to prove that {vn}∞n=0 has a convergent subsequence in (L2(Ω))3. For any vn, let
ψn ∈ H1

0 (Ω) be the unique solution of the following problem

(∇ψn,∇v) = (vn,∇v) for all v ∈ H1
0 (Ω).

Clearly, wn = vn −∇ψn ∈ XN(Ω) and satisfies

∇ ·wn = 0 in Ω, ‖ wn ‖X=‖ wn ‖H(curl,Ω)≤ vn ‖H(curl,Ω),

where

XN = H0(curl,Ω) ∩H(div,Ω),

‖ u ‖2
X =‖ u ‖2

(L2(Ω))3 + ‖ ∇ × u ‖2
(L2(Ω))3 + ‖ ∇ · u ‖2

(L2(Ω))3 .

Hence {wn}∞n=0 is a bounded sequence in ‖ · ‖X . SinceXN(Ω) is compactly imbedded
into (L2(Ω))3, there exists w ∈ XN(Ω) such that wn → w in (L2(Ω))3. It follows
from the Helmholtz decomposition that

w = v +∇φ, v ∈ H⊥(curl,Ω), φ ∈ H1
0 (Ω).

Therefore

(ε(vn − v),vn − v) = (ε(vn − v),wn +∇ψn −w −∇φ)

= (ε(vn − v),wn −w)→ 0 as n×∞.

Since Reε ≥ 1, we have ‖ vn − v ‖(L2(Ω))3→ 0 as n→∞.

Lemma 4.3.3. Let D ⊂ R3, u1, . . . , uJ ∈ H2(D) be real functions and there exists
a constant C > 0 such that

|∆ui| ≤ C
J∑
j=1

(|uj|+ |∇uj|) in‘D, j = 1, . . . , J.

If u1, . . . , uJ is zero in a neighborhood of x0 ∈ D, then

uj = 0 in D, 1 ≤ j ≤ J.

Theorem 4.3.4. If Imε > 0 in some Ωi, then the variational problem (4.9) has at
most one solution.
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Proof. It suffices to prove that E = 0 if F = 0. Without the loss of generality, we
assume that

• Imε > 0 in Ω1 and Imε = 0 in Ω2;

• Ω̄1 ∩ Ω̄2 is a Lipschitz surface with positive measurement.

Taking v = E in (4.9) yields

‖ µ−1∇× E ‖2
(L2(Ω))3 −κ2(εE,E) = 0.

Noticing Imε > 0 in Ω1. Taking the imaginary part of above equation gives E = 0
in Ω1.

Since ε|Ω2 is a constant, we define

ε̃ = εΩ2 , µ̃ = µ|Ω2 in Ω̄1 ∪ Ω̄2.

It follows from E = 0 in Ω1 that E satisfies

∇× (µ̃∇× E)− κ2ṽE = 0 in Ω̄1 ∪ Ω̄2.

Taking the divergence on both sides gives ∇ · E = 0. Therefore

−∆E = ∇× (∇× E)−∇(∇ · E) = ∇× (∇× E) = κ2µ̃ε̃E in Ω̄1 ∪ Ω̄2.

Using Lemma 4.3.3 and E = 0 in Ω1, we have E = 0 in Ω1 ∪ Ω2. The proof is
completed by repeating the process for Ωi.

By Lemma 4.3.1, we have

E = E⊥ +∇ψ, E⊥ ∈ H⊥(curl,Ω), ψ ∈ H1
0 (Ω).

Here ψ is the unique solution of the following problem:

(ε∇ψ,∇v) = (εE,∇v) = −κ−2(F,∇v) for all v ∈ H1
0 (Ω).

Since Reε ≥ 1, taking v = ψ gives

|ψ|1,Ω ≤ κ−2 ‖ F ‖0,Ω .

Thus we have an equivalent formulation to (4.9): Find E⊥ ∈ H⊥(curl,Ω) such that

(4.10) a(E⊥,v) = (F,v) + κ2(ε∇ψ,v) for all v ∈ H⊥(curl,Ω).
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Define a bilinear form: a⊥ : H⊥(curl,Ω)×H⊥(curl,Ω)→ C as follows

(4.11) a⊥(u,v) = (µ−1∇× u,∇× v) + κ2(εu,v) for all u,v ∈ H⊥(curl,Ω).

Let w be the unique weak solution of the problem

(4.12) a⊥(w,v) = (F,v) + κ2(ε∇ψ,v) for all v ∈ H⊥(curl,Ω).

Define an operator K : (L2(Ω))3 → H⊥(curl,Ω) as follows: For any f ∈ (L2(Ω))3,
Kf satisfies

Kf ∈ H⊥(curl,Ω), a⊥(Kf ,v) = 2κ2(εf ,v) for all v ∈ H⊥(curl,Ω).

Thus (4.10) can be written as

a⊥(E⊥,v)− a⊥(KE⊥,v) = a⊥(w,v) for all v ∈ H⊥(curl,Ω),

which is equivalent to the operator equation

(4.13) (I − K)E⊥ = w in H⊥(curl,Ω).

Theorem 4.3.5. Suppose Imε > 0 in some Ω0, then (I −K)−1 is a bounded linear
operator. Given F ∈ (L2(Ω))3, the variational problem (4.9) has a unique weak
solution E ∈ H0(curl,Ω) which satisfies

‖ E ‖H(curl,Ω)≤ C ‖ F ‖0,Ω .

Proof. The existence and uniqueness for the solution ψ ∈ H1
0 (Ω) is obvious from the

above discussion. The uniqueness of the weak solution E is proved. We only need
to prove the existence of the weak solution E⊥.

Clearly a⊥ is coercive in H0(curl,Ω). It follows from the Lax-Milgram lemma
that there exist unique w,Kf ∈ H⊥(curl,Ω), and satisfy

‖ Kf ‖H(curl,Ω)≤ C ‖ f ‖0,Ω,

‖ w ‖H(curl,Ω)≤ C (‖ F ‖0,Ω +|ψ|0,Ω) ≤ C ‖ F ‖0,Ω .

The operator K : (L2(Ω))3 → H⊥(curl,Ω) is a bounded operator. By Lemma 4.3.2,
H⊥(curl,Ω) is compactly imbedded into (L2(Ω))3. SoK : H⊥(curl,Ω)→ H⊥(curl,Ω)
is a compact operator. It follows from the Fredholm alternative that I − K is
invertible and we have

‖ E⊥ ‖H(curl,Ω)≤‖ (I − K)−1w ‖H(curl,Ω)≤ C ‖ w ‖H(curl,Ω)≤ C ‖ F ‖0,Ω .

Therefore we obtain the existence of the weak solution and the estimate

‖ E ‖H(curl,Ω)≤‖ E⊥ ‖H(curl,Ω) +|ψ|1,Ω ≤ C ‖ F ‖0,Ω +|ψ|1,Ω ≤ C ‖ F ‖0,Ω .


