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Abstract

This paper is concerned with the mathematical analysis of the scattering of a time-
harmonic electromagnetic plane wave by an open and overfilled cavity which is embedded
in a perfect electrically conducting infinite ground plane, where the electromagnetic wave
propagation is governed by the Maxwell equations. Above the flat ground surface and the
open aperture of the cavity, the space is assumed to be filled with a homogeneous medium
with a constant permittivity and permeability; while the interior of the cavity is filled with
some inhomogeneous medium with a variable permittivity and permeability. The scattering
problem is modeled as a boundary value problem over a bounded domain, with transparent
boundary condition proposed on the hemisphere enclosing the inhomogeneity represented by
the cavity. The existence and uniqueness of the weak solution for the model problem are
established by using a variational approach. The perfectly matched layer (PML) method is
investigated to truncate the unbounded electromagnetic cavity scattering problem. It is shown
that the truncated PML problem attains a unique solution. An explicit error estimate is given
between the solution of the original scattering problem and that of the truncated PML prob-
lem. The error estimate implies that the PML solution converges exponentially to the original
cavity scattering problem by increasing either the PML medium parameter or the PML layer
thickness. The convergence result is expected to be useful for determining the PML medium
parameter in the computational electromagnetic scattering problem.
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1 Introduction

This paper is concerned with the mathematical analysis of an overfilled electromagnetic cavity
scattering problem for Maxwell’s equations. Broadly speaking, an overfilled cavity is referred to
as an inhomogeneous medium with compact support whose partial boundary, called as the cavity
wall, is a local perturbation of an infinite plane surface. So the cavity opening may protrude above
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the aperture on the infinite ground plane, which is in contrast with a regular cavity where the
opening coincides with the aperture of the ground plane.

The analysis of the electromagnetic scattering properties of cavities in a conducting ground
plane is of great interest to the engineering community due to its significant industrial and military
applications, which include the design of cavity-backed conformal antennas and the characterization
of radar cross section. The radar cross section is a measure of the detectability of a target by radar
system. Deliberate control in the form of enhancement or reduction of the radar cross section of a
target is of high importance in the aircraft or stealth design.

Time-harmonic analysis of cavity-backed apertures with penetrable material filling the cav-
ity interior has been examined by numerous researchers in the engineering community; see e.g.,
Jin [30, 31], Jin and Volakis [32], Liu and Jin [42], Wood and Wood [50], and references cited
therein. Mathematical treatment of the direct scattering problems involving cavities can be found
in Ammari, Bao, and Wood [5, 6], Bao and Sun [14], Van and Wood [48], where a non-local trans-
parent boundary condition, based on the Fourier transform, is proposed on the open aperture of the
cavity. A closely related inverse cavity scattering problem, which is to determine the shape of the
cavity, has been studied by Bao and Li [11], Feng and Ma [29], and Liu [43] for the two-dimensional
Helmholtz equation, and Li [39] for the three-dimensional Maxwell equation in terms of uniqueness
and stability. It is a common assumption that the cavity opening coincides with the aperture on an
infinite ground plane, and hence simplifying the modeling of the exterior (to the cavity) domain.
This limits the application of these methods since many cavity openings are not planar. Recently,
Wood [49] has developed a technique for the two-dimensional Helmholtz equation that is capable
of characterizing the scattering by over-filled cavities in the frequency domain, where an artificial
boundary condition, based on Fourier series, is introduced on a semicircle enclosing the cavity. The
solution domain is the cavity plus the interior region enclosed by the semicircle.

One of our goals in this paper is to generalize the results in Wood [49] to the three-dimensional
Maxwell equation arising from the overfilled electromagnetic cavity scattering problem. We point
out that the techniques completely differ from Wood [49] due to the more complicated model
problem in the three-dimensional case. Specifically, we consider a time-harmonic electromagnetic
plane wave incident at an open and overfilled cavity embedded in an infinite ground plane. The
ground plane and the cavity wall are perfect electrical conductors. The interior of the cavity
is filled with some inhomogeneous medium characterized by variable dielectric permittivity and
magnetic permeability; while the space above the ground plane and the cavity opening is assumed
to be filled with a homogeneous medium with a constant permittivity and permeability. Based on
a transparent boundary condition proposed on a hemisphere enclosing the cavity, the scattering
problem is modeled as a boundary value problem over a bounded domain. One of our main results
for the overfilled cavity scattering problem indicates that it attains a unique weak solution for a
general cavity medium. An important step of our approach is to introduce a Calderon operator
and reduce the infinite nature of the scattering problem into a bounded domain via a transparent
boundary condition on the hemisphere. The proofs rely on a combination of a variational approach,
a Hodge decomposition, unique continuation, and the Fredholm alternative. Our method enjoys
a great generality in the sense that it allows very general cavity structure and complex medium
inside the cavity, i.e., the dielectric permittivity and magnetic permeability can be general spatially
varying bounded measurable functions. Computationally, the variational approach reported here
leads naturally to a class of finite edge element methods. Analysis and computation of the finite
element methods for the scattering problem will be studied and reported elsewhere.

The PML technique, which was first proposed by Berenger [15,16], is an important and popular
mesh termination technique in computational wave propagation due to its effectiveness, simplicity,
and flexibility; see e.g., Chen and Liu [24], Chen and Wu [25], Collino and Monk [26], Hohage,



Schmidt, and Zschiedrich [33], Lassas and Somersalo [41], Teixera and Chew [46], and Turkel and
Yefet [47]. Under the assumption that the exterior solution is composed of outgoing waves only,
the basic idea of the PML technique is to surround the computational domain by a layer of finite
thickness with specially designed model medium that either slows down or attenuates all the waves
of any frequency propagating into the PML medium from inside the computational domain. In
practice, the PML medium must be truncated and the truncation boundary generates reflective
waves which can pollute the solution in the computational domain. Therefore, it is important
to study the error estimate in the computational domain between the solution of the original
scattering problem and that of the truncated PML problem. We refer to Bao and Wu [13], Bramble
and Pasciak [17,18], and Chen and Chen [23] for convergence analysis of the PML problems for
three-dimensional electromagnetic obstacle scattering involving Maxwell’s equations.

Another goal in this paper is to analyze the convergence of the PML solution for the overfilled
electromagnetic cavity scattering problem. We shall use a PML to truncate the infinite half-space
above the ground plane and the cavity into a bounded domain. Under a proper assumption on the
PML medium parameter, we prove that the truncated PML problem attains a unique solution and
obtain an error estimate between the solution of the scattering problem and the solution of the
truncated PML problem in the computational domain. The error estimate implies particulary that
the PML solution converges exponentially to the scattering problem when either the PML medium
parameter or the thickness of the layer is increased. We refer to Zhang and Ma [52], Zhang, Ma, and
Dong [53] for a finite element method with PML to solve the two-dimensional Helmholtz equation
of the regular cavity scattering problem.

Related work for the scattering of acoustic and electromagnetic waves in a grating (periodic
surface) structure (diffractive optics) and in an unbounded rough surface (with a nonlocal pertur-
bation of a plane surface) have been extensively studied by either variational approaches or integral
equation methods; see e.g., Ammari and Bao [2], Bao [10], Bao, Li, and Wu [12], Chandler-Wilde
and Elschner [19], Chandler-Wilde and Monk [20, 21|, Li, Wu, and Zheng [40], Li and Shen [41],
and Lechleiter and Ritterbusch [38]. Recently, existence of the solution to the acoustic and electro-
magnetic scattering problems in an infinite periodic surface perturbed by a single inhomogeneous
object placed inside the periodic structure is established via the integral equation methods by
Ammari and Bao [3,4]. One may consult Colton and Kress [27], Nédélec [45], and Monk [44] for
extensive accounts of integral equation methods and finite element methods for general acoustic
and electromagnetic scattering problems.

The outline of this paper is as follows. In Section 2, the Maxwell equations are introduced for
the model problem. Section 3 discusses some of the properties of spherical harmonics, Sobolev
spaces, and regularity of the trace operators on the hemisphere. The derivation of the transpar-
ent boundary condition and some estimates of the Calderon operator are presented in Section 4.
Section 5 is devoted to the study of the variational problem over a bounded domain by using the
transparent boundary condition. Based on a Hodge decomposition, compact embedding results,
and the Fredholm alternative, the existence and uniqueness of the weak solution are established.
The PML problem formulation and convergence analysis with an explicit error estimate for the
truncated PML problem are presented in Section 6. The paper is concluded with some general
remarks and directions for future research in Section 7.

2 Maxwell’s equations

We shall introduce a mathematical model problem and define some notation for the electromag-
netic scattering problems by an overfilled cavity. Let D be a cavity in the infinite ground plane



Figure 1: The problem geometry. An open and overfilled cavity D with boundary 9D is placed on
a perfect electrically conducting ground plane I'y. The cavity wall S is referred to as the part of
the cavity boundary that lies below the ground plane.

with boundary 0D, as seen in Figure 1. The cavity is filled with some inhomogeneous material,
characterized by the dielectric permittivity € and magnetic permeability p, which protrudes above
the ground plane. Denote by S the cavity wall, which is the part of the cavity boundary lying
below the infinite ground plane and is assumed to be Lipschitz continuous. The infinite ground
plane excluding the cavity opening is denoted as I';. The infinite region above the cavity is denoted
as R} \ D, where it is filled with some homogeneous material represented by a constant dielectric
permittivity €9 and a constant magnetic permeability pg. Throughout this paper, we assume for
simplicity in exposition that g = 1 and pp = 1. Furthermore, let I'f; be a hemisphere of radius
R large enough to completely enclose the overfilled portion of the cavity. We denote the region
bounded by I'}; and the cavity wall S as Q. Hence this region ) consists of the cavity D and the
homogeneous part between I'L and the opening of the cavity. As we can see, the problem geom-
etry is not only applied to the overfilled cavity scattering problems, but also to a broader class of
scattering problems where the interface or the boundary is modeled as a local perturbation of an
infinite plane.

The electromagnetic wave propagation is governed by the time-harmonic Maxwell equations
(time dependence e™“"):

VX E=iwuH, V xH = —iweE, (2.1)

where w is the angular frequency, E and H are denoted as the electric field and the magnetic field,
respectively. We assume that € € L>°(D) and p € L*(D) with

0<Ree<a, Ime>0, and 0<pu<p,

where a and [ are two positive constants. The condition Ime > 0 corresponds for dispersive
medium accounting for energy absorption. In this paper, we consider a general case with Ime > 0,
which makes the analysis of the problem much more sophisticated. More regularity will be needed
for € and g when proving the uniqueness via the unique continuation.

Due to the perfectly conducting material, the following homogenous Dirichlet boundary condi-
tion is satisfied for the tangential trace of the electric field on the infinite ground plane and the

cavity wall:
nxE=0 onl,US, (2.2)

where n is the unit outward normal vector.
Let (E™¢, H™) be the plane waves that are incident upon the cavity from the above, where
qxt

Einc — telwq‘x7 Hine — Selwqx’ s = , t- q= 0.
w




Here q = (ay, ag, —3) = (sin 6y cos b, sin 0y sin by, — cos 61), and 6q, 0y are incident angles satisfying
0<6, <7/2,0< 0y <2r. Evidently, the incident electric field E" and magnetic field H™ satisfy
the Maxwell equation (2.1) for € = gy and p = y in R3 \ D. The reflected fields (E™ H™") can
be written as . A

Eref — _telwq*x and Href — _t x q*elwq*-x7

where q* = (ay, as, 5). Denote by
Eb — Einc 4+ Eref Hb — Hinc + Href

the background electromagnetic fields from the unperturbed half-space, i.e., no cavity is present,
then it is easy to check that
nxE>=0 on ry.

The total electric and magnetic fields can be decomposed as the summation of the background
fields and the scattered fields:

E=E"+E and H=H"+H, (2.3)

where E*, H® are the scattered electric field and the magnetic field, respectively. In addition, the
scattered fields are required to satisfy the Silver—Miiller radiation condition:
lim p(E° —H® xe,) =0, (2.4)
p—00
where p = |x|,e, = x/|x|. Given the incident electromagnetic waves (E™¢, H™), the scattering
problem is to determine the scattered fields (E*, H®%) or equivalently the total fields (E, H) in the
cavity D and in the homogeneous region above the cavity R \ D.

To analyze the problem, the open domain needs to be truncated into a bounded domain. There-
fore, a suitable boundary condition has to be imposed on the boundary of the bounded domain
so that no artificial wave reflection occurs. We shall present a transparent boundary condition
on a hemisphere enclosing the inhomogeneous cavity. It is necessary to introduce some spherical
harmonics in order to put the boundary operator in a suitable context.

3 Spherical harmonics on hemisphere

To describe the variational formulation of the cavity scattering problem, we introduce some of the
properties of spherical harmonics on a hemisphere, which are relevant in scattering theory, and
some Sobolev spaces for the boundary value problem. We refer to Lebedev [37] for a more detailed
study of spherical harmonics on a whole sphere.

The spherical coordinates (p, 0, ¢) are related to the Cartesian coordinates x = (1, x2,x3) by
x1 = psinfcosp, 9 = psinfsing, r3 = pcosf, with the local orthonormal basis {e,, ey, e, }:

e, = (sinf cos ¢, sinfsin ¢, cosf),
ey = (cosfcosp, cosfsinp, —sinh),

€y = (_Sin@a Cos ¥, 0)7

where 6 and ¢ are the Euler angles. Let ' = {x: p =1}, TT ={x:p=123 >0}, T~ = {x:
p =1, x3 <0} be the unit sphere, upper unit hemisphere, and lower unit hemisphere, respectively.
Denote by Tp = {x : p =R}, TL ={x:p=R, 23 >0}, = {x:p=R, 23 <0} the whole
sphere, upper hemisphere, and lower hemisphere with radius R, respectively.



Following Colton and Kress [27], let {Y™(0,¢), |m| < n,n = 0,1,2,...} be an orthonormal
sequence of spherical harmonics of order n on the unit sphere I' that satisfies

ArY " +n(n+1)Y," =0, (3.1)
where

1 0 /. 0 0 n 1 02

= — [ sinf— —_—

" sin6 oo 00 sin? § Op?
is the Laplace-Beltrami operator on I'. Explicitly, the spherical harmonics of order n is written as
Yy, g) = ) 2L 1Dt pron o gy cime (3.2)

n AN T tar m) ’ '

where the associated Legendre functions are

() = (1 - ey,

m=20,1,...,n. (3.3)
Here P, is the Legendre polynomial of degree n, which is an even function if n is even and an odd
function if n is odd.

Next we shall introduce the spherical harmonics defined on the hemisphere I';;. Define a se-
quence of rescaled spherical harmonics of order n:

X20.0) = 2 (0.0) 3.4

Denote by L*(T'%;) the complex square integrable functions on the hemisphere I'f;. For convenience
of notation, we simply the following double summation

00 n odd %s) n even 0o n
mo.__ m mo.__ m m .__ m
PIRLAED DD DELTID DEIED DD DELEIED DRTAED DD DI
Im|<n n=1 m=—n Im|<n n=1 m=-n Im|<n n=1 m=-n
m+n=odd m-+n=even

Lemma 3.1. The spherical harmonics X! (0, ) for |m| < n, m+n = odd, n € N, form a complete
orthonormal system in L*(T'F).

Proof. First we prove the orthogonality. It can be verified from the definitions of the spherical
harmonics (3.2) and (3.3) that

Y (1 —0,0) = (=1)"" Y™, p). (3.5)

Using (3.4), (3.5), and the change of variables, we have
[ xme %z =2 [ vre.ony 6.0 = [Yreonre.)
rh r r

where the bar is denoted as the complex conjugate. It is proved (cf., Colton and Kress [27],
Theorem 2.7) that the spherical harmonics Y,*(0, ¢) for |m| <n,n =0,1,2,..., form a complete
orthonormal system in L*(T"), which yields the orthogonality of X on I'f, i.e.,

Xﬁ(e’ S0>XZ1Y’LI(97 ()0> = 5nn’5mm’

+
FR



Next is to prove the completeness. For any w € L*(I'%), we define an extended function @ to
the whole sphere I'g by odd reflection:

w(0, ) if 0<0=<3,
w(r—0,p) if T<0< 7

Evidently, the extension w € L?*(T") and thus can be written in a series expansion in terms of the
orthonormal system Y™ in L*(T):

= > wpy(0, ), (3.6)
Iml<n

where the coefficient w)" is given by

wp = [0V 0.0 = [ wo.o; / (7= 0, 9)7"(0,9)

Therefore we have
w,' =0 for m+n=even

and
w = 2/ w(d, )Y, ™0, ) for m+n = odd.
T+

Plugging the coefficient w™ into (3.6) and restricting w to I'f;, we obtain a series expansion of w
in terms of the spherical harmomcs X

odd
= > wpXp(o
[m|<n
where
wp = [ wl6.0X70.0)
Tk
which completes the proof. O

To describe vector wave functions on the hemisphere, we introduce some boundary differential
operators. For a smooth scalar function w defined on T'};, let

ow 1 ow
_ v - 3.7
Vrw a0 < + sinf Jp © (37)
be the tangential gradient on I'f;. The surface vector curl is defined by
curlrw = Viw X e, (3.8)

Denote by divp and curlp the surface divergence and the surface scalar curl, respectively. For a
smooth vector function w tangential to I'};, it can be represented by its coordinates in the local
orthonormal basis:

W = Wy €y + Wy, €y,



where
wg =w-e and w,=W-e,.

The surface divergence and the surface scalar curl can be defined as

: 1 [0 . ow,,
divpw = g {%(wg sinf) + %1 : (3.9)
1 [0 . ow
curlpw = ey [%(ww sinf) — 8_900} : (3.10)
It is known (cf., Nédélec [45]) that these boundary differential operators satisfy
Ar = divpVr = —curlrcurly  and  curlp Vi = divreurly = 0. (3.11)

Following Colton and Kress [27] (cf., Theorem 6.23), an orthonormal basis for TL?(T'g) = {w €
L?(TR))?: e,-w = 0}, the tangential fields on I'g, consists of functions of the form
P

1
Urd,9) = ——=VrY," (4,
n(0,0) = MESA (6, ¢)
and .
Voo, v) =e, x Ul (¢,v) = ———F——=curlpV,"

for |m| < n, n € N. It follows from (3.11) and (3.1) that

1 1

divp U™ — _% Y el V= _$ ym
and
curlp U} = divp V)" = 0.
Define two sequences of tangential fields
1
n(n+1)
and
Y(0.9) = e, x X1(0,9) = V2V}'(0, 9). (3.13)

Using the definition of the tangential gradient (3.7), and noticing that ey x e, = e,, e, X e, =
€y, €, X €9 = e,, we get

€y xXnm(g,go)zo for |m| <n, m+n=odd, n €N, (3.14)
and -
€y XYZ@(g,go) =0 for |m| <n, m+n=even, n € N. (3.15)

Define a subspace of complex square integrable tangential fields functions on the hemisphere I'};:
TL*T}) ={w e (L*T})*: e, -w=0}.

Lemma 3.2. The vector spherical harmonics X" (m +n = odd) and Y (m + n = even) for
|m| <n, n €N form a complete orthonormal system in TL*(T'F).



Proof. First we prove the orthogonality. Following (3.7), we have

VI‘Yn (6, ) %Y (9 ) €y + S]n@%yﬂ (9,%0) ew.
It can be verified from the spherical harmonics (3.2) and (3.3) that
0 0
—Y™(r — = (—1)mtr —y™m 1
SV T = 0.) = (F1" Y0, (3.16)
and
8 m m+n—+1 a m
Y (m—0,0) = (-1) =Y (0, ). (3.17)

a0 " a6 "
Using (3.16) and (3.17), the change of variables, and the fact that the vector spherical harmonics
U™ and V™ for |m| < n, n € N form a complete orthonormal system in TL?*(T'g), we obtain

XTV?(67 QO) : XZEI(Q, 90) =2 UZL(Qa 90) T z/(67 @) = UZL(07 @) T $,<97 90) = 5nn’5mm’-
Ik g I'r
Similarly, it holds
rh T'r
Besides, it is easy to show that
X7(0,9) - Y (0,0) =2 [ UR(0,0) - Vii'(0,) =0,
Ih iy

which completes the proof of the orthogonality.
Next is to prove the completeness. For any w € T'L?(I'%), it can be represented by its coordi-
nates in the local orthonormal basis

w(f,p) = wy(0,p) eg +wy,(8, ) e,.

We define an extended tangential field to the whole sphere I'y by even reflection for wy and odd
reflection for w,:

wy (0, ) eg +w, (0, ¢) e, if 0<60<7Z,
(0,¢) =
we(m —0,p)eg —wy(mr—0,p)e, if § <0<
Evidently w € TL*(T'g) and thus it has the following series expansion
W= wpUr+uwl V. (3.18)

|m|<n

Here, using (3.16) and (3.17), we can compute the coefficient wy,, by

m S TTm m w%’(e?@)i m
wln/F‘Rw Un - R /—n—i—l / |i 80Y" (6790)+ sin @ 8¢Yn ( 7()0)
0 ym Cwp(mr—0.9) O,
R L [l 0.0~ R T

(1= ] [ weop
Tk



and the coefficient wsy, by

0

m __ ~ Vaud
an—/ w- V7
I'r

=[1+(-D)"™"] [ w-VI
Th

Therefore, we have

wy, =0 for m 4+ n = even,

_R«/ n+ / [ sm9 ago

,w)ﬁymw ) + wy(n —0,@)§0Ym(9 90)}

R\/ (n+1) /[ sin 6 Op

Ym(e 90) - w«p(‘ga

Dt

wyy, =0 for m+n = odd,

and
wyy, =2 w-U" for m+n = odd,
F+
R
Wy, =2 w- V" for m+n = even.
F+
R

Plugging the coefficients w{?, and w3’ into (3.18) and restricting w to I'};, we obtain the expansion
of w under the vector spherical harmonics XJ" and Y

odd

= > wh X0, )

[m|<n

where
v m
w - X7

+
FR

mo__
Wiy =

mo __
and w;, =

even

+ ) wh Y0, )

Im|<n

Ve
+W-Yn,
FR

which completes the proof. ]

To describe the Calderon operator and transparent boundary condition in the formulation of
the boundary value problem, we introduce some trace functional spaces. Denote by Hi(I'L) the
Sobolev space, the completion of C5°(I'L) in the norm || - | () characterized by

odd

> (T+n(n+1)° [wp?,

Im|<n

(3.19)

0 1By =

where
odd

= > Wl X0, 9)

Im|<n

Introduce the following spaces:

TH;(T}) = {w € (H5(T}))%, e,-w =0, e x W(2 p) =0},
THy"?(curl, TT) = {w € TH, (T%), curlpw € H-V2(T})},

THy *(div, ') = {w € THy "*(T'}), divew € H™2(T'})}.

10



Due to Lemma 3.2, for any tangential field w € TH§(I'}), it can be represented in the series

expansion
odd even

W = Z wit X0 Z wyt Y (0

[m|<n Im|<n

Trace spaces of tangential vector fields on I'}; can be characterized by the weighted sums of the
expansion coefficients. Using the series coefficients, the norm on the space THE(T'},) can be char-
acterized by

odd even
I Bopeery= > (Lbnln+ D) [wia+ 3 (Lbnfn+ D) fwga (320
Im|<n |m|<n

the norm on the space TH,, Y 2(curl, ['L) can be characterized by

odd even

1 ) )
wi |+ g V1+nn+1)|ws |5 3.21
% (curl, 1"+) |7§<: /1 T n(n + 1_) | 1 | et ( ) | 2 | ( )

and the norm on the space TH, Y 2(div, ['L) can be characterized by

|| w ||§1H0*1/

odd even 1
) ] 2 m |2 3.22
|| W ||THO*1/2 v, 1“* —|—n n+1 |w1n| + I ( T 1) |w2n| . ( . )
m|<n Im|<n o
Define a dual pairing (-, '>p§ by
odd even
m =m
(u,v r+ = E u, U1y, + E : Uan Vons
Im|<n Im|<n
where
odd even odd even
_ E : m ym § : m ym — E mxXm o Y
u = Uy, Xn + Ugy, Yn and v = Uln Xn + Z Yon Yn '
l<n |m|<n m|<n |m|<n

Denote by TH~'/2(div, I'L) the dual space of TH(]_l/Q(curl, ') and by TH=Y2(curl, T'}) the dual
space of TH(]_l/Q(div, Ik, ie.,

THY?(div, )= <TH 1/2(cur1 F+)> and TH™ 1/2((:url kL) = (TH 1/2(d1V F+)>

The norm on the space TH~'/2(div, I'},) is characterized by

<u, V>F+
| u ||TH*1/2(div rtH= Sup = ) (3.23)
TR —1/2 + || v || —1/2 +
veTH, '~ (curl,T'y) THy '~ (curl,T'y)
and the norm on the space TH~2(curl, I'};) is characterized by
(u, v)p+
|| u ||TH71/2(CUI“1,F§): sup R (324)

veTH; 2 (div,T}) v ”THgl/Q(div,r;)

11



Introduce the following space
Hs(curl, Q) = {u € (L*())?, Vxu € (L*())’>, n x u =0 on S},

which is clearly a Hilbert space for the norm:

1/2
= (I B + 19 X 0 ) (3.25)

Let ', be the sphere of radius p and center the origin and let I} be the hemisphere {x € I',, x3 > 0}.
For any vector field u, denote the tangential component on the sphere F/f by

ups = —e, X (€, X ulp).

To simply proofs, we shall employ positive constants C' and C; as generalized constants whose
precise values are not required and may change line by line but should always be clear from the
context.

The following trace regularity results in TH, "/*(curl, T'f;) and TH, “/*(T'}) are useful in subse-
quent analysis.

Lemma 3.3. Let 11 = \/2 max{R,1/R}. The following estimate holds
H uFE HTILI(;l/Q((‘,url,F;)S m H u HHS(CUrl,Q)

for any u € Hg(curl, Q).

Proof. Let B}, be the half ball between I';, and the ground. Noting that u = u,e, + ugpeqs + u, e, =
ur, + u,e,, we have the following expansion in B (cf. Lemma 3.1 and Lemma 3.2):

odd even odd
u= Y W)Xy + > ul(p) Y+ > up(p)Xe,. (3.26)
Im|<n |m|<n Im|<n
From (3.21),
odd even

1
2 m 2 m 2
Ur+ _1)2 = uly, (R)|° + E Vv1i+nn+1)|ug, (R) 3.27
|| rt ||TH /2(curl, TF,) = T+ nnt1) n(n 1)| 1 ( )| = ( )| 2 ( )| ( )

Clearly,

X™. X" R2sinfdpdf = | X X" = 6O

+
FR

2
/
w/2 2w _
/ / Y)Y, R%sin 0dpdf = 6, G s
0

w/2 2w _
/ / XY™ R sinfdpdd =0, X" .e,=Y" e, =0.
0 0
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Therefore,

| w? (L2(B5) / / / u - u p? sin Odpdfdp

odd even odd
o [ (X WP X e+ S W)
0
Im|<n Im|<n Im|<n

On the other hand, noting that (cf. (3.12), (3.13), and (3.4))

curlp X' =0, curlhY,)'=—y/n(n+1)X,", and ViX,'xe,=—y/n(n+1)Y
we have
1 J(sinfu,)  Oug 1 Ou, 10(puy)
lu — e) _ p_ * ¢
cutt psin ( 00 8g0) © Tt <psin6 dp p Op ©o
1 (O(pug) Ou,
p dp 00
1 d(pu
:; (curlpu e, +Vru, X e, — %Lp) X e,,)

even odd
:%< Zugn vn(n+1) X" e, — Zu.f,,’;‘l(p)\/n(n—|—1)YZ1

m|<n m|<n
odd even
d(puf;,(p)) d(pus;,(p))
" |m|Z<n dp ' |m|z<n dp '

Therefore,

L[ d(pus,(p)) |2
2 = — m( )2 4 | N2 )
R / (Z (n<n+1>|u2n<p>| [t

m|<n
puln m 2
+ Z Anle) o) e
Im|<n

By combining (3.28) and (3.29) we have

1 R even d m 2
10 B my= 7 [ (20 (07 +nt+ D)lugpiof + |20 )

Im|<n

odd

+ 2 (’“717;3(/))’%24r |uz,, (p)]
[m|<n
* ‘d(p+"i(p)) —vn(n+ 1)U§’1L(p)‘2>>dp
> = / ' ( S (6 +nln+ D) + \—d<p“d32<p>> )

|m|<n
odd 2 m
p d(puty(p)) |2
i |m|z<n (p 3 (p) 2+n(n+1) ‘ dp ) dp

13

(3.28)

(3.29)

(3.30)



We have
u(R)P " plpuln ),

\/1+n(n+1) \/1+nn+1

d(put,(p))
ul’ ()| + 2pRe(pu — B2 )d
T / P + 20Re(put (o) ))p
/ P ‘uln ‘ + maX{ }pluln ‘\/W dp ) P
Thus,
jut, (R)[? 11 /R 2 2 i d(puty,(p)) |
i < Lot [ (20 (o) + SELE Yap. (331
(1) max{ R}R2 ; ( p”luiy (p)] 2 tnn+l) dp ) p- (3.31)
Similarly,
V1 1) 4]
VT nln+ 1) [l (R)[? = +” nr / p“% )dp
1
< <V —i—n n+ / 2lpu ‘dp
maX{R,l} 2 m o2 (pus,(p)) |2
ST ((p +n(n+1))lus,(p)| +) i \ )dp. (3.32)
The proof of the lemma is completed by combining (3.27), (3.30), (3.31), and (3.32). O

Lemma 3.4. For any n > 0 there is a constant C'(n) such that the following estimate holds

s 17 |V x [z qys +C0) [ [[f2 )

TH, 1/2(r+)—
for any u € Hg(curl, Q).
Proof. We have

odd even

1 m
u TL un
I - VR |m|z<n L+n(n+1) it |m|z<n 1+n(n+1)| ’

From (3.28) and (3.29),

(R)%. (3.33)

IV X w[Ea s + C) 1w I
= %/f( > ((C(n)p2+nn(n+1))lu%(p)!2+n‘wu+’j(mr>

jml<n

odd

+ 3 (Conlut (o) + Cnlus () 02

jml<n
- n‘wud;?)(p)) - \/mug’%(p)r))dp

. %/OR < % ((C(n)p2 +nn(n+ 1)) |ug(p)? +n‘_d(pu§;(p)) )2>

Im|<n

= 2 nC(n)p? d(pull(p))
> (C M + (n)p2+nn(n+1)’ dp

Im|<n

2>)dp (3.34)

14



All we need is to choose C(n) properly to bound the right hand side of (3.33) by that of (3.34).
We have

‘uln( )‘2 Rd p|pu1n | )dp

\/1+n(n+1) \/1+nn+
)2 d(put;, (p))
e / (p [l (p)] +2pRe(pu1n(p)—dp ))dp

/ (st 2efute ‘m‘ i )ar
/ ( C(n)p® +nn(n+1) > 214 (p)|2
RnC( Y14 n(n+1)) 1n

RnC(n)p? d(pui,(p)) |2
C(n)p2+nn(n+1)’ dp ‘ )dp'

IN
m|H ba|

Let 1
Cn)=-+—=. (3.35)
Then, for any integer n,

2 1 1

1+ <1 <
BnC(n)(1+n(n+1)) n - RC@)
Thus,
A R( 2 2 nCn)p’ d(puiy(p)) 2)
n C ™ (p)|> + n dp.  (3.36
ﬁrnnﬂ (m)p”|uty,(p)] C(n)pg+nn(n+1)‘ a4 ‘ p- (3.36)
Similarly,
Jug, (R)[? L /R ( 2 2 nC(n)p? d(puz, (p)) 2)
= < — C o + z d
Vitnn+1) — By (e luzale) Cn)p* +nn(n+ 1)’ dp ‘ g
I d(pus (p)) |2
<2 [ (et +nmtn+ D)luga (o) + o[ S2ED N, )
R? J, dp
Now the proof of the lemma is completed by combining (3.33)—(3.37). O

4 Transparent boundary condition on hemisphere

In this section, we introduce a Calderon operator which induces a transparent boundary condition
and maps the tangential component of the electric field to the value of the tangential trace of the
magnetic field on the hemisphere.

Let hgll)(z) be the spherical Hankel function of the first kind of order n. We introduce the vector
wave functions

1
M (p, 0, 0) = V x (xh{I(wp) X0, ), NZ(p,0,p) = —V X M(0,), (4.1)

which are the radiation solutions of the Maxwell equations in R?\ {0}, i.e.,

V x MM (p,0, ) =iwN(p,0,¢), V XN (p,0,¢)=—iwM (p,0,¢). (4.2)

15



It can be verified from (4.1) that the vector wave functions satisfy

M7 (p, 0, ¢) = b (wp) Ve X' (0, ¢) X e, (4.3)
and
N7 (0.0.0) = L (0 ) + 1) (o) X0,
HEE DOy 6. e, (4.4)

Simple calculation yields

egme(p,g,cp):O for [m| <n, m+n =even, n € N,
ey x N (p,2,cp)—0 for [m| <n, m+n=odd, n € N.

Therefore, in the domain R? \ €2, the solution of the scattered field E*(p, 6, ¢), which satisfies the
perfectly electric conducting condition n x E® = 0 on I'y, i.e., ey X E*(p, 5, ) = 0, can be written
in the series expansion

odd even
E*(p,0,0) = > al N2 (p,0,0)+ Y B My (p,0,¢) (4.5)
Im|<n Im|<n

with uniform convergence on compact subsets in R? \ . The corresponding scattered magnetic
field H?® is given by

odd even
1
H = —_V x E = _m m m m ]
— D —an M (p0,0) + D BN (0, ¢). (4.6)
|m|<n |m|<n
To deduce an explicit representation of the Calderon operator, we need to express EFJr = —e, X

(e, x E*) and H*® x e, on I'f; in terms of the coefficients o/ and S
From the definition (4.3), it can be verified that

—e, x (e, x M (p, 0 —v/n(n+1)rM (w 0, ),

n(n+ 1) (

—e, X (e, x N'(p,0,¢)) = ) (wp) + wp(h) (wp)) X370, ),

and

e, x NI"(p,0, ) = n(n - 1) (WP (wp) + wp(hn”)'(wp)) Y (0, ).

Therefore the tangential component of the scattered electric field is

odd
1
=y VR ”+ (hD (WR) + wR(HDY (WR)) o X7(0, )
m|<n
= Val+ AP WR)B Y0, ),

Im|<n



and the tangential trace of the scattered magnetic field is

odd
H° xe, = Z Vo +1) A (WR)a™ X™(6, )
m|<n
=Y VD (0wR) R (R) 7 Y0, ).
Im|<n

Therefore we have the following explicit representation of the Calderon operator T for any tan-
gential component of the electric field

odd even
_ m~Nm m~N\Sm
u= E a, X'+ E By,
Im|<n [m|<n

the tangential trace of the magnetic field is

odd even (1)
Tu = Z 1w](%oz e Z 1+z wR)) 2y, (47)
m|<n L+ zn ( |m|<n
where @
(1) t(hn)' (1)
Zn (t> - (1)
nD (1)

Lemma 4.1. The Calderon operator T : THO_UZ(CUI'I, I'L) — THY2(div, T'L) is continuous, i.e.,
there exists a positive constant C' such that

|| Tu ”TH*l/Z(div,FE) <C ” u ||TH0_1/2(curl,F§)

for any u € THO_I/Q(curl, L.

Proof. For any u,v e TH, Y 2(curl, I'}), they have the following expansion

odd even odd even
_ m m m m _ m
u= 5 ufy X0+ g ug, Y and v = g vy Xt 4 E vy Y
jml<n ] <n jml<n jml<n

Following the definition of the Calderon operator (4.7), we have

odd . m even m
14 24 (wR) iwR
It follows from definition (3.23) that
(Tu, v)p+
H Tu HTH—l/Q(di\“p;): sup R

VETH(J71/2(0u1vl7 FE) H v HTH(;l/Q(Curl, FE)

To prove the lemma, it is required to estimate

odd even

iwR 1+ 2" (wR)) " —m
(T, v)ps = Z mum Ul + Z R Usy Uy

Im|<n Im|<n
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It follows from the Cauchy-Schwarz inequality that

1/2
odd \/— even 21 m 2
1 1 T+ 2z
<Tu v F+ < Z +n n —+ | | 1n|2+ Z | +Z )| |u2n|2
‘m‘<n|1+ )|2 e V1 0( n+1 wR|
1/2

odd even

1 2 2
E (A E V1+n(n+1)vy,
= /—1+n(n+1>‘ inl P ( )[v3,]

It is proved in Kirsch and Monk [34] (cf., Lemma 3.1) that there exist positive constants C; and
(5 such that

Cin <1+ 2N (wR)| < Cyn  for all n.

Thus, we have

1—|—n(n—|—1)| R jum |? = 1 1+n(n+1)| RPJun 2
|1+z,(11)(wR)|2 i \/1+nn+1|1+z fn
SC |1n|2
1—|—n(n—|—1)

and

D O3] Y O oy o e A ) W LA
V1+nn+1) wR/? l+n(n+1) [wR[?

< Oyp/1+n(n+1)|ug |2

Combining above estimates yields

<TU,V>FE S C “ u HTH(;1/2(Cur1F;) H v HTH(;l/Q(curlF;)

where the constant C' depends on wR, C1, Csy, C5, and C}y. O
Lemma 4.2. Let u be in THJI/Q(curl,FE). It holds Re <Tu,u>r§ > 0. If Re (T, u>1“§ =0, then
u=0onT}.

Proof. Be definitions, we obtain

odd . even

(1)
iwR m 12 1420 (WR) | 1o
<Tu,u>r; = Z m\uﬂ + Z T|u2n’ :

Im|<n

Taking the real part of the above identity gives

odd (1) even (1)
wRIm z,’ (wR) Imz, (wR), ,,
Re <Tua u)l"; = (1) ‘ 1n|2 |u2n’2'
2 e " 2 TR

lm[<n lm[<n

It is known (cf., Nédélec [45], Lemma 2.6.1) that
0 < Imz(wR) <wR.

Thus
Re (Tu,u)rg > 0.

If Re (Tu, u>rjg = 0 implies that uf?, = u5. = 0, which yields u =0 on T'},. [

18



Lemma 4.3. There exist a positive constant C' such that

Im(Tu, u>r+ > —C||u ||TH 12(pty;

for any u in THo_l/Q(curl, rr).

Proof. For any u € TH, Y *(curl, ['L), it has the following expansion

odd even
u= Z uyy, X'+ Z uhy, Y
Im|<n Im|<n
Be definitions, we obtain
odd even (1)
L+ 2z (wR) 9
(Twu)py = Y ——5— |u1n|2vL y, — = | ol -
" men L o ( m|<n - WwR

Taking the imaginary part of the above identity gives

odd

wR (1 + Re zg)(wR)) 5>  w~= l+Re z,(ll)(wR)
Im (Tu,u)p+ = ul > —
< >FR Z ‘1—|—Z7(11)(WR)‘2 ‘ 1 | Z wR

[ .

Im|<n lm|<n
It is known (cf., Nédélec [45], Lemma 2.6.1) that
—(n+1) <RezP(wR) < —
Thus
Im (T, u)p+ > wR Ozd% a —|—Re(lz)7(f)(wR)) lut P > —wR Ozd% (g i, |?
il <n 1+ 2z, (wR)|? ml<n 11+ 2z (wWR)|?

odd

1
—-C u* > ~C[u |, - :
|m|z<n 1+n(n+1) i | HTHo V2 rh)

which completes the proof.

Lemma 4.4. There exists a positive constant C' such that

[(TVru, Vevyps | < C |l wflmve) | o o),

for any Vru and Vv in € THO_I/2(curl, k).

Proof. Following the expansion

odd odd
U= Z uX™ and v = Z v X
Im|<n m|<n
we have
odd odd
Viu = Z von+1D)u X" and Viv = Z vn(n+ 1) v X3
im|<n m|<n
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and

odd /—
TVru =iwR Z n(n + uyt X0

By definition, we have
odd
1
(TVru, Viv)ps = iwR Y & un g,
" 1+ 2 (wR)
[m|<n
It follows from the Cauchy—Schwarz inequality that
odd
n(n+ 1)
{TVru, Vrvyp+| < wR —|unm| lon|
|m|z<n 1+ 20 (wR)|
odd
<C DY (L+n(n+ 1)) o]
Im|<n

<Ol ullgeen v lmees< Cllullme Lo lme

where the last inequality follows from the trace theorem of standard elliptic boundary value prob-
lems.

O
Lemma 4.5. There exists a positive constant C such that
(T, Vev) | < C v ey Il o,

for any u in Hg(curl, Q) and Vv in € THO_I/Q(curl, I'r).
Proof. Tt follows from the expansions that

odd even odd

u= > W Xr+ Y up,YP and Vio= > /n(n+ H)up Xy

Im|<n |m|<n Im|<n

By definition
odd
. Vnn+1) (n+1)
(Tup+, Vrv)p+ = iwR Z uyy o,
" n 1+ 24 (wR)
Im|<n
which gives
odd
(Tups, Veo)ps| < C Y fuis| o]
Im|<n
odd 1 1/2 odd 1/2
<C ul |? 1+n(n+1)v"P?
PO s Ll B PR el
< Ol ups lp ety 10 lipvaces -
The proof is completed by applying the trace property and Lemma 3.3.
O
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Lemma 4.6. For any Vru in THo_l/z(curl, ['L), it holds that
Im <TVFU, VFU>F§ S 0.

Proof. By definition, we have

odd .
iwR
(T, Veu)rg = >l +1)— a2
Vi |mz|<:n 1+ z,(f)(wR)

Taking the imaginary part gives and using —(n + 1) < Rez! < —1 (cf. Nédélec [45], Lemma
2.6.1), we obtain

odd (1)
R(1+ Rez, ' (wR
I (79, Vi) = 3 o ) 22RO R
: |m|<n |1 + Zn (WR)P
which completes the proof. O]

Using the Calderon operator, the following transparent boundary condition may be proposed
on the hemisphere T'%:
T<Er; — ;}g) = (H-H") x e,
which maps the tangential component of the scattered electric field to the tangential trace of the
scattered magnetic field. Equivalently, it can be written as

(VXE)xe,=iwlBEps +f, (4.8)

where

f = iw(H"™ x e, — TH™).

5 Variational problem

In this section, we shall introduce the variational formulation for the overfilled cavity scattering
problem using the transparent boundary condition. Based on a Hodge decomposition, compact
embedding results, and the Fredholm alternative, the existence and uniqueness of the solution for
the model problem are established by a variational approach.

5.1 Uniqueness

We present a variational formulation of the Maxwell equations in the space Hg(curl, Q) and give a
proof of the uniqueness for the boundary value problem.
By eliminating the magnetic field from (2.1), we obtain the equation for the electric field:

Vx(u'VXxE)—w?E=0 inQ. (5.1)

Multiplying the complex conjugate of a test function w in Hg(curl, ), integrating over 2, and
using integration by parts, we arrive at the variational form for the scattering problem: find
E € Hg(curl, ) such that

a(E,w) = (f,w)p for all w € Hg(curl, ), (5.2)
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where the sesquilinear form

a(E,w) = / pwH(VXE)-(Vxw) —wQ/sE CW — iw/ TEp+ - Wp+, (5.3)
Q Q r " "

R

and .
f = iw (H"™ x e, ~ TEry ) .

The following uniqueness proof is based on a unique continuation result to Maxwell’s equations.
We refer to Eller, Isakov, Nakamura, and Tataru [28] for a proof of the unique continuation result.

Theorem 5.1. Assume that €, € C*(Q2). Then the variational problem (5.2) has at most one
solution.

Proof. Tt suffices to show that E = 0 in Q if E" = H" = (. If E satisfies the homogeneous
variational problem in 2, then

/,u_1|V x B — cu2/5|E|2 — iw/ TEp+ - Ep+ = 0.
Q Q rt, f "

R

Taking the imaginary part yields
w? / Im(e)|E|? —|—wRe/ TEp+ - Eps = 0. (5.4)
Q rf; R "

It follows from Ime > 0 and Lemma 4.2 that E x e, = 0 on I'};, i.e., H x e, = 0 on I'f;. Noting
the transparent boundary condition (4.8), we have (V x E) x e, = 0 on I'5. An application of
Holmgrens uniqueness theorem in Abbound and Nédélec [8] yields E = 0 in R? \ Q. By unique
continuation in [28], we get E = 0 in (. O

Remark 5.1. From [28], the unique continuation holds for H' () solution of the Mazwell equa-
tions, which requires the regularity of the permittivity € and permeability . When € has a positive
imaginary part, i.e., Ime > 0, the uniqueness result is obvious from (5.4) even for e, u € L>(Q2).

5.2 Hodge decomposition

We present a version of Hodge decomposition and a compactness lemma. The results are crucial
in the proof of our theorem on the existence. Let us begin with a technical lemma.

Lemma 5.1. Given h € L*(Q) and g € H-Y/*(I'}), the boundary value problem
V- (eVu)=h 1inQ, (5.5)
Opu = ~diviTVru+g on L}, (5.6)
has a unique solution in HL(Q) = {w € H(Q) :w =0 on S}.

Proof. We examine the weak form of the boundary value problem. Multiplying the complex con-
jugate of the test function v on both sides of (5.5) and integrating over €2, we have

/V'(SVU)-U:/hU for allv € Hg ().
Q Q
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Integration by parts gives after using the boundary condition (5.6) that

/zSVu-VT)—i/ (dinTVpu)z_J:/ gﬂ—/h@.
Q W Jrk ry Q

It follows from the divergence theorem on the boundary that

/gvu-w+i/ Tvpu-vpﬁ—/ g@—/h@.
Q w Jrf r Q

Denote a sesquilinear form

W

b(u, v) = / eV - Vi + i/ TVru - Vro.
Q s
The variational problem takes the form: find u € H(Q), such that

b(u,v) = / gv — / ho for allv € HY(Q).
rt Q
From the Cauchy—Schwarz inequality and Lemma 4.4 we have

[b(u, v)| <C1 | Vu [[2@s | Vo llzz@ys +Co | wllm) | v i@
<O ullpe v llme) -

Next is to prove the coercivity. Using Lemma 4.6 gives
1
Reb(u,u) = / Re(e)|Vul* — — Im/ TVru- Vi > / Re(e)|Vul?.
Q w r} Q

By Poincaré’s inequality, we obtain
|b(u,u)| > Reb(u,u) > C || u ||?{1(Q) for allu € H§(Q).
The proof is completed by a direct application of the Lax—Milgram lemma. O

Before giving a compact imbedding result, we introduce a Hodge decomposition of Hg(curl, Q)
by using the spaces

H={ue Hg(cur,2): V-(cu) =0inQ, u-e, = ldivFTuFE on I'}}
w

and
H' = {u: u=Vu, ue HyQ)}.

Lemma 5.2. The spaces H and H* are closed subspaces of Hg(curl, ), which is the direct sum
of the spaces H and H*, i.e.,
Hg(curl, Q) = H o H*.

Proof. Take u,, = Vu, € H*, and it follows from u,, — u in Hg(curl, Q) that

|u, —u ||§{(curl,Q) =[u,—u ||%L2(Q))3 +[|Vxu, =V xu ||%L2(Q))3

:H Vun —u ||?L2(Q))3 + || V X u ||?L2(Q))3_> 0 as n — 0.
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The closedness of H* follows from || V x u ||(z2(a))= 0.
Equivalently, the subspace H can be represented as

H = {ue Hg(cur, ) : / eu- Vo — i/ diviTup+ o =0 for all v € H§(Q)}.
Q w Jrt n

For fixed v € HL(R), define the linear functional:
f(u) = /qu-VE— i/r; dinTuF+R6

:/5u-V@—l—i/ Tupt - Vro.
Q w Jrf r

Applying the Cauchy—Schwarz inequality and Lemma 4.5 yield

|f(11)| <C || v ||H1(Q)|| u ||H(curl,§2)a

which gives
|f(u)| < C || u ”H(curl,ﬂ) .
Let u, € H, and u,, — u in Hg(curl, ). We have

|f(ll)‘ = |f<u_un) +f<un)’ = |f(u—un)| <(C ” u—u, HH(CurLQ)—) 0 asn— 00,

which implies u € H, and thus the closedness of the space H.
For any u € Hg(curl, ), define u € HL(Q2) by the solution of

a(Vu, Vo) = a(u, Vv) for all v € H(Q),
which gives in differential form
V- (eVu)=V-(cu) inQ
Opu = édinTVpu +g onT},
where ;
g=u-e,— ;diVFTVFuFE.

Following Lemma 5.1, there exists a unique solution u in H é(Q)
Denote
v:=u— Vu.

Then
a(v,Vv) =0 forall v € Hy(Q).

By noting the sesquilinear form of a, integration by parts yields
/ V- (ev)v — / (V e, — ldinTVF+> v=0 forallve HQ),
Q It w n

which gives that v € H. Finally, we show that H N H" consists of the trivial function only. Indeed,
if u = Vu € HNH*, then

V- (eVu)=0 1in Q,
dpu = idinTVpu on I'f,
w

which implies that u = Vu = 0 from Lemma 5.1. O]

24



Lemma 5.3. The space H is compactly embedded into the space (L*(Q))3.

Proof. Consider a bounded set of function {u,}:>, C H. Each function u, € H can be extended
to all of R? U Q by solving the exterior Maxwell equation
Vx(Vxv,)—wv,=0 inR3\Q,
e,Xv,=¢e,xu, onlf

nxv,=0 only,

together with the Silver—Miiller radiation condition at infinity. The function w,, defined by

w _{ u, in €2,
" v, nR3\Q,

is in Hyee(curl, R \ Q) since the tangential components are continuous across I'f;. Furthermore,
since u,, € H, we have the constraint that

1,
u, e, = aleFTunr; on FE.
It follows from the continuity of the tangential components that
i
Tunrg = TVnF;% = ;(V X Vn) X €p.
Using the identity
divp((V x vy,) xe,) = (VX (Vxv,)) e,

and Maxwell’s equations, we obtain

1.

;leFTVnr; =V, €,

which yields
u,-e,=v, e, onl}.

Therefore, the normal component of w,, is also continuous and this extended function has a well-
defined divergence. The divergence free conditions inside  and in the complement of R? \  show
that V- (ew,,) =0 in R} U Q.

Now we choose a cutoff function y € C5°(R3 U Q) such that x = 1 in Q. We can apply the
general compactness result (cf., Theorem 4.7 in Monk [44]) to the sequence {xw,} and extract a
subsequence converging strongly in (L*(£2))3, which completes the proof.

O

The compact embedding results are similar in spirit to the one used for solving the grating
problem by Ammari and Bao [2] and the cavity problem by Ammari, Bao, and Wood [7]. We refer
to Weber [51] for a compact embedding result on bounded domain. The next result verifies that we
have indeed removed the null-space of the curl from H and is referred to as Friedriches inequality,
showing that the curl-curl sesquilinear form is coercive on H.

Lemma 5.4. There exists a positive constant C' such that
[ ([z2@p< C |V xu (2@
for all u € H.
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Proof. Suppose that u € H and V x u = 0. Since u is curl free, there is a function u € HL(Q)
such that u = Vu. Hence u € H*. It follows from Lemma 5.2 that u = 0.

Assume that the estimate is false. For any n, there exists u,, € H with || u, || g(cu1, )= 1 such
that

1
|V xu, [[(r2@)ps< " | un 2 -

We have V x u,, — 0 as n — oo. Since u,, — u € H, we have
/Vxun-VX\_/+/un~\_/—>/qu-VX\7+/u-\7 for all v € H. (5.7)
Q Q Q Q

Using Lemma 5.3, there is a subsequence u,,, such that u,; — uin (L*(Q2))? as n; — oo. It follows
from (5.7) by noting V x u,, = 0 in (L*(Q))? as n; — oo that

/VXu-VX\‘/zO for all v € H,
Q

which implies V x u = 0. Hence u = 0, which is a contradiction. [l

5.3 Existence

We investigate the well-posedness of the variational problem by examining the sesquilinear form.
It is clear that the sesquilinear form a is not coercive in Hg(curl, 2). We will use the argument of
Fredholm alternative since the Lax-Milgram lemma does not apply.

Theorem 5.2. The variational problem (5.2) has a unique weak solution in Hg(curl, 2) given by
E =u+ Vu, where u € H, u € HL(Q).

Proof. Using the Hodge decomposition, we take E =u+ Vu and F = v + Vo for any v € H,v €
H{(2). Observe that for u € H and v € H{(Q), we have

a(u, Vo) = —w? / eu- Vo — iw/ Tur - Vo
Q rh
:wQ/vV - (eu) —w2/ v(u-e,) +iw/ vdivpTup+
Q rt; rt; i

:wQ/QvV-(eu)—w2/r+v(u-ep—idinTuFE) =0.

R

The variational equation (5.2) can be decomposed into the form
a(u,v) +a(Vu,v) +a(Vu, Vo) = (£, v)p+ + (£, Vo)ps forallv e H, v e H(Q). (5.8)
First, we determine u € H§(Q2) by the solution of
a(Vu, Vo) = (f, VU>F£ for all v € H3(Q),

which gives explicitly

—w2/€Vu-Vv—iw/ TVpu-va:/f-VrH) for allvEHé(Q).
Q ry r "
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Integration by parts yields
w? / oV - (eVu) — w2/ v (Vru-e,) + iw/ vdivpTVru
Q rh rf

= —/ vdivef  for all v € He (),
Tk

which is equivalent to the boundary value problem: find u € Hg(£2) such that
V- (eVu)=0 1in Q,
i 1
dpu = — diveTVru + —divef  on T
w w

By Lemma 5.1, it has a unique solution in H§(12).
The variational problem (5.8) can be formulated: find u € H such that

a(u,v) = (f, V>FJ§ —a(Vu,v) forall ve H. (5.9)

The continuity of the sesquilinear form a follows from the Cauchy—-Schwarz inequality, Lemma 4.1,
and Lemma 3.3:
la(u,v)| < Cy || u laea, ol V [[Hew, ) +C2 | Tt [lrg-12@0,r0)ll Vg HTH(;”?(cuﬂ,r;)
S Cl || u HH(curl,Q)H v HH(curl,Q) +CZ || uFE ||THO_1/2(Curl,FE)|| VF; HTHO_I/Q(curl,FJIg)

S C || u HH(curl,Q)” v ||H(cur1,Q) .

Taking the real part of the sesquilinear form a yields
Rea(u,u) = / p IV ox u? — w? / Re(e)|ul? + wIm(Tup+, ups )+ -
Q Q R R R

It follows from Lemma 3.4 for sufficiently small n and Lemma 4.3 that

2

Rea(u,u) > C || u ||§{(curl,ﬂ) —Cy [ u ||%L2(Q))3 —Cs || Ur+ ”THO_I/Q(FE)

>Ciu H?{(curl,ﬂ) —Co | u ||%L2(Q))3 .

Noting the compact imbedding of H into (L*(2))? from Lemma 5.3, the proof is complete by a
direct application of the Fredholm alternative.
The existence of the solution follows from the Fredholm alternative and uniqueness result The-

orem 5.1, which completes the prove of the well-posedness of the variational problem (5.2).
m

Since the variational problem (5.2) attains a unique weak solution in H (curl, €2), then the general
theory in Babuska and Aziz [9] implies that there exists a constant v such that the following inf-sup
condition holds:

ja(u, v)|

sup > % || u |lgew,o) for allu € Hg(curl, Q). (5.10)

0# vEH (curl,Q) || v ”H(curl,Q)
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Figure 2: The PML problem geometry

6 The PML problem

In this section, we introduce the variational formulation for the cavity scattering using the PML
technique. The goal is to prove the existence and uniqueness of the solution to the PML problem,
and derive an error estimate between the solution to the PML problem and the solution to the
original scattering problem.

6.1 PML formulation

Now we turn to the introduction of absorbing PML layer. The domain 2 is surrounded with a
PML layer in R? \ Q. Figure 2 shows the geometry of the PML problem. The specially designed
model medium in the PML layer should basically be chosen so that either the wave never reaches
its external boundary or the amplitude of the reflected wave is so small that it does not essentially
contaminate the solution in 2. Following the general idea in designing PML absorbing layer in
Teixeira and Chew [46], we introduce the PML by a change of variables

b
p— ,5—1—1/ s(t)dr, (6.1)
0

where s(7) is a continuous function satisfying s(7) > 0 and s(7) = 0 for 0 < 7 < R. In the
Cartesian coordinates, the change of variables is equivalent to

x — X = (psinf cos p, psinfsinp, pcosf).

It is clear that s(7) =0, p=p, and x =x for 0 < p < R.
Let Q = (e,, ey, e,) be a 3 x 3 matrix composed of e,, ey, and e,. The Maxwell equations for
the PML medium in the Cartesian coordinates can be written as

Vi x EPMY =i p HPME D vy x HPMY = —jweEPME) (6.2)

Y

where

é=Qe, p=Qu, Q=Qdiag[(p/p)’/(L+1is(p)), (1 +1is(p)), (1 +1is(p))] Q. (6.3)

In practical computation, the PML medium is truncated by a perfect conductor boundary
condition on FJ}% = {p = R} for some R > R. Denote the region bounded by FE and the cavity
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wall S as €. The scattering problem with a truncated PML takes the form: Find (EPML HPML)

such that
Vi x EPME — 0y HPME v, x HPME — _jepPME iy O

with boundary conditions
CPML _ b +
e, x E =e; x E onFR,

nxEML — 0 on S

The goal of this section is to estimate the error between (EFML HPML) and (E, H).

6.2 Transparent boundary condition for the PML problem

(6.4)

Note that the expressions (4.5) and (4.6) form a class of solutions for the Maxwell equations, and
if we replace the first kind of spherical Hankel functions in (4.5) and (4.6) with the second kind of
spherical Hankel functions, then we get another class of solutions for the Maxwell equations. Let

R
R= R+i/ s(T)dr.
0

By choosing properly a linear combination of the two classes of solutions, we get the following

solution for the electric field

v s ol (B wp) 1+ 2 wp) D (wp) (1 + 2P (wp) m
B =D g p <h;>( R(1+ 2" (WR) Y (wR)(1+ 2 (wR)) Vi

ap (a4 Ddwp)  nn+ DP(@p) Y\ g
+ 2 iwp (h”(wfz)(uzg”(wé)) W2 (wR)(1 + 2P (wR)) .

Im[<n

n =p
Im[<n

ezve“ h(wp)  hi ><wp>
m — _ v Xm
" o (hg)(wR) W2 (WR) rn G

and the magnetic field

s,PML __ odd o h(l)(wp) B® (wp) )
H - Z Qp <h(1)(wé)(1 + zn (WR)) h(2) (OJR)(l o+ 2(2)( R)) VXM x e,

Im|<n

2 g (wp)(1+ 28 (wp)) A (wp) (1 + 2 (wp)) .

~ — —~ VX

|m|z<n ( P (WR) h (WR) o
NS A (A DD (wp) <n+1>h< (@o)\ yme
et AN () hi?) (wR) n

where b (t) is the spherical Hankel function of the second kind of order n and

Furthermore, it can be verified that
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Simple calculation yields the tangential component of the electric field is

odd

oL = o (WP WR)(1+ 2V (WR) A (w RX1+zé% R)) .
Bl = 2 R (h“)( R)(1+ 2 (wR)) AP (wR)(1+ 2P (WR)) Vit

Im|<n

- i (wp)  hiP (wp)
+ Br = — | VX" x e
2 <h£3>(w3) 2wk ) ’

and the tangential trace of the magnetic field is

odd (1) (2)
WD (wR W2 (wR
HPM xe, = 3 o | Wh) - b ()2) | vex
WD WR)(1+ 2P wR) AP (WR)(1 + 2 (wR))

lm[<n

= g (WP (WR) 1+ 2P wR) WP (wR)(1+ 2P (wR
+Z.<(}Z( (wR)) (2( (wh))

) VFXZLn X €ep.
n (WR) n (LUR)

Thus we obtain an explicit representation for the PML Calderon operator TPML: for any tangential
component of the electric field

odd even

u= > arXr+ > pryy

lm|<n Im[<n

the tangential trace of the magnetic field is

odd even m
PML.. Z . m [ Tin m Z n Ton m

Im|<n in Im|<n t2n
where
rin =hD (WR)W (WR) (1 + 27 (wR)) — P (wR)WD (WR) (1 + 2N (wR)),
tin :hg)(wR)(l + zT(Ll)(wR))hHQ) (wR)(l + 27(L2) (wf%)
— h(l)(wR)(l + z,gl)(wR))hg) (w 2 (1+ zﬁf) (wR)),

Using the Calderon operator for the PML problem, we may propose the following transparent
boundary condition:

TPML(EPML E?; )= H™L _H") xe, onlF, (6.6)
which maps the tangential components of the scattered electric fields to the tangential trace of the

scattered magnetic field.

6.3 Convergence of the PML solution

We shall prove the existence and uniqueness of the solution of the PML problem and derive an
error estimate between EPML and E, the solution of the original cavity scattering problem in €.
To achieve this goal, we first find an equivalent formulation in the domain 2.
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We obtain the equation for the electric field after eliminating the magnetic field
V x (p7'V x EPMY) — G2BPME — 0 in Q. (6.7)

Multiplying the complex conjugate of a test function F in Hg(curl, Q2), integrating over (2, and
using integration by parts, we arrive at the variational form for the PML problem: Find EPML ¢
Hy(curl, Q) such that

dMHEMEF) = (87 ) for all F e Hy(curl, Q), (6.8)

where the sesquilinear form

aPML(u,V):/,u_1V><u-V><\_f—w2/
Q

eu-v—iw [ T"Mupy - oy (6.9)
g Tg
Q rt
R

the linear functional
(EM V) = w /F +(Hb X e, — TPMLEEE) S Tps (6.10)

and
MY =i (H x e, — TPMLE?; ).

By using the representation of 7' and TPML, we have
odd even
(T™M = Thu= " &al X+ > GBI Yy (6.11)
Im|<n Im|<n
where
- iwR(22 (WR) — 2 (wR))(l + Zv(zl)(wR))’zh(z) (WR)(h(l)(WR))fl (6.12)
" W (WR)(1 + zn 'WwR)) AP WR)(1 + 2P (WR)) ‘
M (wWR) 1+ 2P wR)) MY (wR)(1 + 2V (wR))
and
¢ _ R AN WR) — A @RDID @R) () (wR) ! (6.13)

B (@R) (i) (WR)) ™ — ) (WR) (b (wR)) !
Therefore it is essential to derive upper bounds for &, and (, in order to estimate the error between
T and TPME,

Let .
B 1
7]:/ s(t)dr and a:min{—,@}. (6.14)
R 2" 5
Suppose
A1
anaX{E’ 2, _7}_ (6.15)
) w

The following lemma plays a key role in the subsequent analysis and the proof can be found in Bao
and Wu [13] for solving an obstacle scattering problem.

Lemma 6.1. Under the assumption (6.15), the following estimates holds for all n € N:

M
wl|&n| < and w|G,| < M+/1+n(n+1), (6.16)

l+nn+1)

where
4wa! max{(wR)*(3wR + 3/2)%, 1}

M= cen[2—(an/R)~2+(an/R)~4/19] _ 1()
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Lemma 6.2. For any u and v in Hg(curl,Q?), it holds

PML —
‘w /FE (T - T)“F; Vit

<M || Up+ ||TH0_1/2

(curl,FE)” VFE ||TH0_1/2(Curl7 I‘E) ’

Proof. For any u,v € Hg(curl, Q), it follows from Lemma 3.3 that Up+, Vit € TH=Y?(curl, T'}),
which have the expansion

odd even odd even

m m m m

Up+ = E u Xy + E Uz, Yy and Vri = § : v X, + § : v2n Yo'
iml<n iml<n iml<n iml<n

It follows from the definition of 7" and TPM, the orthogonality of the basis functions, and the
estimates for £, and (, in (6.16) that

odd even
PML =
‘w /+ (T - 1) Upt - Vpd | = W‘ E En i, U1, + E Gty Uay,
Tr |m|<n |m|<n

odd even

1
<M 14+nn4+ 1)|u,| |vin| + Uan| |Vay,
> VIR Dl lonl + 3 b

The proof is completed by the Cauchy-Schwarz inequality and the definition of the norm for
THO_l/Q(curl, k). O

Theorem 6.1. Let 1 and o be the costants in Lemma 3.3 and inf-sup condition (5.10), respec-
tively. Suppose M~? < ~y,. Then the PML problem (6.8) has a unique solution E¥™MY. Moreover,
it has the error estimate

. a(EPML — E F
H EPML —E HQ:: sup | ( >|

<mM EPML E} vzt - (617
0£F€Hg(curl,Q) H F HH(curl,Q) ! H F; HTH i LFR) ( )

Proof. To prove the existence of a unique solution of the PML problem, it suffices to show the
coercivity for the sesquilinear form a”™U : Hg(curl, ) x Hg(curl, Q) — C defined in (6.9). Due
to Lemma 3.3 and Lemma 6.2 and the assumption M4? < 7o, it is clear that for any u and v in
Hg(curl, §2)

|aPML(u7 V)| > \a(u, V)| — ‘w/ (TPML o T) uF; ) Vr;
Ih

(w,v)| = M7 || u e, o)l V e, o)

> |a
> (y2 = M) || u [|aewt, )| V [l zeun, o) -

It remains to prove the estimate (6.17). By (5.2)—(5.3) and (6.8)—(6.9), we conclude that

CL(EPML = —iw TPML Ellzg 'FF; + aPML(EPML’ F) o a(EPML, F)
= iw / (TPML—T)(EPML Egg).}?};
ry

for any F € Hg(curl, ). The proof is complete after using Lemmas 6.2 and 3.3.
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The constant n is known as the PML parameter. Here, we examine the structure of the constant
M which controls the modeling error between the solution of the PML problem and that of the
original scattering problem. Obviously, the constant M approaches zero exponentially as the PML
parameter 1 goes to infinity. From the definition (6.14), n may be calculated by the medium
property s(7), which is usually taken as a power function

3(7):5(6A_R> for>R, m>1.
R—R

Thus we have A
n=0(R—R)/(m+1).

It is evident that the PML approximation error is reduced by either enlarging the medium parameter
0 or increasing the layer thickness R — R.

7 Concluding remarks

In this paper we have proposed a variational formulation for the overfilled electromagnetic scattering
problem for Maxwell’s equations and studied the use of the PML to truncate the scattering problem
into a bounded domain. The scattering problem is reduced to a boundary value problem by using
a transparent boundary condition on a hemisphere enclosing the inhomogeneous cavity. We have
shown the uniqueness and existence of the weak solution for the variational problem. Under some
proper assumptions on the PML medium parameter, it is shown that the truncated PML problem
attains a unique solution in Hg(curl,2). An explicit error estimate between the solution of the
original scattering problem and that of the truncated PML problem in the computational domain
is obtained. The error estimate implies particularly that the PML solution converges exponentially
to the original scattering solution by increasing either the PML medium parameter or the PML
layer thickness. Computationally, the variational approach reported here leads naturally to a class
of finite element methods. Analysis and computation of an adaptive finite edge element method
with a posterior error estimate for the scattering problem will be studied and reported elsewhere.
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