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A novel approach is presented to solving the inverse diffractive grating problem in near-field optical imaging,
which is to reconstruct perfectly conducting grating surfaces with resolution beyond the diffraction limit. The
grating surface is assumed to be a small and smooth deformation of a plane surface. An analytical solution of
the direct grating problems is derived by using the method of transformed field expansion. Based on the
analytic solution, an explicit reconstruction formula is deduced for the inverse grating problem. The method
requires only a single incident field and is realized efficiently by using the fast Fourier transform. Numerical
results show that the method is simple, stable, and effective in reconstructing grating surfaces with super-

resolved resolution. © 2013 Optical Society of America
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1. INTRODUCTION

We consider the diffraction when a time-harmonic electro-
magnetic plane wave is incident on some periodic structure,
which is referred to as diffractive grating. Scattering theory in
periodic structures has many applications in micro-optics,
including the design and fabrication of optical elements such
as corrective lenses, antireflective interfaces, beam splitters,
and sensors. Depending on the direction and polarization of
the incident plane wave, the governing model for the diffrac-
tion of time-harmonic electromagnetic waves can be simpli-
fied from the full three-dimensional Maxwell equations to
two fundamental polarizations: the transverse electric (TE)
polarization and the transverse magnetic (TM) polarization.
In both polarizations, the scalar components of electromag-
netic waves satisfy the two-dimensional Helmholtz equation.
We refer to the monograph [1] for a good introduction to the
problems of electromagnetic diffraction.

Recently, the scattering problems in periodic structures
have received considerable attention in the applied math-
ematical community, and have been studied extensively on
both mathematical and numerical aspects. We refer to
Bao et al. [2] and the references therein for mathematical
studies of the existence and uniqueness of the diffractive
grating problems. Numerical methods can be found in
[3-5] for either boundary integral equation approaches or
variational approaches. A recent review can be found in
Bao et al. [6] on mathematical modeling and computational
methods.

The purpose of this paper is to develop an efficient numeri-
cal method for solving the inverse diffractive grating problem.
Specifically, the inverse problem is to reconstruct the grating
surface from a measured data field at a constant height above
the grating structure. The mathematical questions on unique-
ness and stability for the inverse problem have been studied
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by many researchers, e.g., Kirsch [7], Bao [8], Ammari [9],
Hettlich and Kirsch [10], Bao and Friedman [11], Bao
and Zhou [12], Bao et al. [13], and Bruckner et al. [14], for
either the two-dimensional Helmholtz equation or the three-
dimensional Maxwell equations. Computationally, a number
of numerical methods have been developed for the
reconstruction of perfectly conducting grating surfaces in
the TE polarization, e.g., Garcia and Nieto-Vesperinas [15],
Ito and Reitich [16], Arens and Kirsch [17], Hettlich [18],
Bruckner and Elschner [19], And Elschner et al. [20].
Recently, Bao et al. [21,22] presented an efficient continuation
method in order to capture fine structures of grating profiles
with multiple frequency data with or without phase informa-
tion. We refer to Dobson [23,24] and Elschner and Schmidt
[25,26] for related optimal design problems in diffractive
optics, which are to design grating structures to obtain
some specified diffraction patterns. Regardless of various
reconstruction methods, the resolution is limited to half the
wavelength, referred to as the Rayleigh criterion or the diffrac-
tion limit. It is a challenging task to achieve a stable
reconstruction with subwavelength resolution due to the non-
linearity and ill-posedness of the problem.

By adopting a technique in near-field imaging [27], we
develop an efficient computational method for solving the in-
verse grating surface problem with a resolution beyond the
diffraction limit. For clarity, we shall concentrate on the
TE polarization since the discussion is analogous for
the TM polarization. The more complicated biperiodic diffrac-
tive grating problem will be considered as future work. The
grating surface is assumed to be a small and smooth deforma-
tion of a plane surface. The method begins with the trans-
formed field expansion to analytically derive the solution
for the direct problem; by neglecting higher-order terms in
power series expansion, the nonlinear inverse problem is
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linearized and an explicit reconstruction formula is deduced.
It requires only a single frequency data field from one incident
plane wave, and is realized by the fast Fourier transform.
Numerical results show that the method is simple, stable,
and effective in reconstructing grating surfaces with subwave-
length resolution. For transformed field expansion or the
related boundary perturbation method, we refer to Nicholls
and Reitich [28,29], Bruno and Reitich [30], Malcolm and Nich-
olls [31], and Li and Shen [32] for solving the direct diffraction
grating problem and the direct unbounded rough surface scat-
tering problem, respectively. A boundary perturbation method
may be found in Malcolm and Nicholls [33] for solving an
inverse scattering problem with a periodic surface. We refer
to Bao and Lin [34] and Bao and Li [35] for related work on
near-field imaging of locally perturbed and infinite rough sur-
faces, respectively.

The outline of this paper is as follows. The mathematical
model problem of the diffractive grating is introduced in
Section 2. Sections 3 and 4 present the transformed field
expansion and Fourier series expansion to deduce an analytic
solution for the direct problem. Section 5 is devoted to the
derivation of an explicit reconstruction formula for the in-
verse problem. Numerical examples are reported in Section 6.
The paper is concluded with some remarks and direction for
future work in Section 7.

2. MODEL PROBLEM

Let us first specify the problem geometry. As seen in Fig. 1, the
problem may be restricted to a single period of A in x due to
the periodicity of the grating surface. Let the grating surface in
one period be described by the curve

S={xy eR:y=,f(x),0<x <A},

where f is a periodic function with period A and is assumed to
take the form

f@) =eg@). geCR).

Here ¢ is a sufficiently small positive constant. Let the space
above S be filled with a homogeneous medium with a positive
constant wavenumber .

Denote by

Q={x.y) eR®:f(x) <y <h,0<x <A}

the domain bounded below by S and bounded above by

IF={(.y) eR*:y=n0<x <A},

A

Fig. 1. Problem geometry.
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where h > 0 is a constant satisfying 2 > maxy_,.,f(x) and is
denoted as the measurement distance.

Let an incoming plane wave u™® = (@) be incident
on the grating surface from above, where a =« sin 6,
p=rxcos@, and 6 € (-n/2,x/2) is the incident angle. For
normal incidence, i.e., § = 0, we have a = 0 and f = x. The
incident field reduces to u™® = ¥, For simplicity, we shall
focus on the normal incidence from now on since our method
requires only a single incident wave.

The diffraction of a time-harmonic electromagnetic wave in
the TE polarization can be modeled by the two-dimensional
Helmholtz equation:

Au+x*u=0 inQ. €))

For a perfectly conducting grating, the total field u vanishes
on the grating surface:

u=0 onsS. )

Motivated by uniqueness, we shall seek the periodic
solution of u. Moreover, the diffracted field u9 is required
to be a bounded outgoing wave in Q. It follows from
Rayleigh’s expansion that « can be written as a sum of plane
waves:

w=un® 4 yd =gy 4 Z A, @Y 3)

neL

for y > maxy_, . f(x), where A, is a complex number,

2r (2 —a2)?  for k > |y,
=n{—]. =13.
n (A) Pu {1(0:%—13)1/2 for k < |ay,|.

For any given periodic function q(x) with period A, it has a
Fourier series expansion

q@) =Y _g,é,

neZ

1 [A .
I =7 A q(x)e" v dx.

We define a boundary operator

(Tq)(@) =Y ifuq,e™”.

nez

Using Eq. (3), we may derive a transparent boundary condi-
tion for the total field:

ou=Tu+p onT, €))

where p = —2ike ",

This paper aims to study the inverse diffractive grating
problem, which is to reconstruct the grating surface function
f from the measurement of the total field » on I', given the
incident field %™°. In particular, we are interested in the
inverse problem in the near-field regime where the measure-
ment distance / is much smaller than the wavelength 1 = 27 /x
of the incident wave.
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3. TRANSFORMED FIELD EXPANSION

The transformed field expansion method begins with the
changes of variables:

F=ux, y:h(z:j:)

which maps the domain Q to the rectangle
D={@,9) eR>:0<y<h0<x <A

Introduce a new function w(¥, y) = u(x, y) under the transfor-
mation. It can be verified, after tedious but straightforward
calculations from Eq. (1), that w, upon dropping the tilde,
satisfies the equation in D:

Pw Pw Pw ow
Y 6l 6t e =0, (5
cla + Co 2+C30xay+c4ay+cl w 6))

where
¢y = (h-f)?,
¢ =[f'(h-yF + 1,
c3 = =2f'(h-y)(h-f).
¢y = ~(h=yLf" (h=f) +2()].

The perfectly conducting condition (2) becomes
wx,y) =0 ony=0. (6)

The transparent boundary condition (4) reduces to
_ (1L _
d,w = l_ﬁ (Tw+p) ony=nh. )

Due to the small perturbation assumption, we may consider
a formal expansion of w in a power series of &:

w(@,y;e) = Y w, y)e". ®
k=0

Substituting f = eg into ¢; and inserting the power series
expansion (8) into Egs. (56)-(7), we may derive the recursion
equation for wy:

62wk ()2wk 9
- w, =v, inD, 9
axz + ayz + KWy, k ( )
where
y = 29w 20 (h-y) Pwpy | g'(h—y) dwyy
T ho oa? h oxoy h oy
n 2ngw P Pws (9)(h-y)? Pw s
RN TR 12 0y
299/ (h—y) Pwip  [2(9)° - 99"k — y) dwy 5
n? Xy h? a9y
K292
T Wi-2, (10)

together with boundary conditions
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wi(x,y) =0 ony=0 1n
and

oywy, — Tw,, = p;, ony=h, (12)

where
Po = ps 13)

_ (9

L= _(ﬁ) (Twy + p), (14)
Py = —(%) Twyy. (15)

In Egs. (9)—(15), the recursion equation of wj, involves vy
and p,. They only depend on the previous two terms wj_;
and wy,_s, where w_; = w_s = 0. Thus, the scattering problem
(9)—(15) can indeed be solved in a recursive manner starting
from k = 0.

4. FOURIER SERIES EXPANSION

Since wy, vy, p;, are periodic functions in x with period A, they
have the following Fourier series expansions:

w(@.y) =Y wy” @)ee,

neL

ve@.y) = Y v @)ene,

ne”L

(@) =) pile.

nez

Substituting these expansions into Egs. (9)-(15), we obtain a

. NOR
two-point boundary value problem for wk" :

™
dy‘lzc + 20" =", 0<y<h, (16)
w" =0 aty=0, amn

d (n)
S _ig0™ =p aty =h. (18)

Using Theorem B.1, we may obtain an explicit solution of
Eqgs. (16)-(18).

Theorem 4.1. The two-point boundary value problem
(16)—(18) has a unique solution, which is given by

) oy @ [ em )
w, (y) =K, (yp;, - A K" (y.2)v, (2)dz, 19
where

il
KW = @ - ) @0)

n
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and

ezwi—;:(ewnz -y, z<y,

oz i r
m(elﬂny —e 1/’7&/)7 2> .

K (y,2) = @1

It follows from Theorem 4.1 that the power series (8) along
with the solution representation (19) gives an analytic solu-
tion of the direct grating problem (5)—(7).

5. RECONSTRUCTION FORMULA
Assume that the noisy data take the form

Uus(x, h) = u(x, h) + O(5), (22)

where u(x,h) is the noise-free data and & represents the
noise level.
Using Eq. (8), we have
w(x,y) = wo(w, y) + ew; (,y) + O(e?). 23
Evaluating Eq. (23) at y = h, and noting w(x, k) = u(x, k) and
ws(x, h) = us(x, h), we have

ws(x, h) = wy(x, k) + ew; (x, h) + O(?) + O(5). (24)
Rearranging Eq. (24) yields

ew (x,h) = (ws(x, k) —wy(x, k) + O(?) + O(5), (25)
which is the basis of our inversion formula. Here the two
parameters ¢ and 6 indicate the ill-posed nature of the inverse
problem; the larger the two parameters ¢ and 6 are, the severer
the ill-posedness of the inverse problem is. Neglecting the
terms of &2 and § in Eq. (25) yields

ew(x,h) = ws(x, h) —wy(x, k), (26)

which actually linearizes the inverse problem and may lead
to an explicit inversion formula for the linearized inverse
problem.

Based on Eq. (26), we next shall derive the analytical sol-
ution for the leading term w,, deduce an equation relating w,
and the scattering surface function f, and obtain an explicit
inversion formula.

Recalling Egs. (10) and (13), we have
—iKh,

Vy = 0, Po = —2ike

whose Fourier coefficients are

n) _ n) _ —ZiKeiiKh, n = 0,
v =0 g { 0,  m#0.
Using Eq. (19) and noting §, = f, we get
w(()") (y) = K(’l) (y)p(ﬂ) (em —ixy)pg")
e _ ei"y, n=0,
- 0, n#0,
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Sul e = e e (20)

NneEZ

wo(x,y) =

Recalling Eqgs. (14) and (12), we obtain

(@) = - (%) 0w, h) = 2ikh! cos(xh)g().
whose Fourier coefficients are given by

" = 2ikh! cos(kh)g,.

where g,, is the Fourier coefficient of g(x).
It follows from Eq. (10) that we have

29 0wy | 24 (h - y) &*wy
@y =5 5 h ooy
g'(h-y)ow, | 26°g

Substituting w, into the above equation yields

v; = -2ikh 1 (h - y) cos(xy)g” (x) — 4ix>h! sin(ky)g(x),
whose Fourier coefficient is

v\ = [-4ix2h! sin(ky) + 2ikh ! (h - y)o2 cos(ky)]g,.

Following Eq. (19), we get

w”(y) = K ()p” - fK("Ry,z)v("’(z)dz. (28)

Since the data are measured at I', we evaluate Eq. (28) at
y = h and obtain

h
w () = K" (n)p” - A K (h, 20" (2)dz. (29)

Using the expressions of p{" and v\, and substituting
Egs. (19)-(21) into Eq. (29), yields

i () = ﬂ N K @0 ) cos(ehg,

Ke‘ﬂ"
/ (elﬂ w2 _ —1/3 z)

X [2K sin(kz) — a2 (h — 2) cos(x2)]g,dz. (30)

Using integration by parts and the identity o2 + g2 = 2,
we have

/n

o .
/ (ePn* — eP?) sin(kz)dz = (e‘/’"h + e~ #uh) sin(xh)
0

- (ei/fnh — e ) cos(kh)

n

and
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f " (éP* — e n?)(h - 2) cos(kz)dz
0

2 2y i 2
= &P (g gininy cos(eir) + 2P
. a,
i n
A ) 2ip,h
X (el/jnh + e_lﬁ"h) Sln(Kh) - lﬂ; ’
[e7

n

Substituting the above two identities into Eq. (30), we
obtain

w” (k) = 2ixeP'g,. 3D

Note f = eg and thus f, = €g,, where f, is the Fourier
coefficient of f. Combining Egs. (26) and (31), we deduce

S = =g 0 )~ e, 32)

where w{"” (k) is the Fourier coefficient of the noise data
ws(2, k) and

—ikh _ eiK'h

e , n=0,
wpm ={

n #0.

It follows from the definition of f, and Eq. (32) that it is well-
posed to reconstruct those Fourier coefficients f, with
|a,,| < k, since the small variations of the measured data will
not be amplified and lead to large errors in the reconstruction,
but the resolution of the reconstructed function f is restricted
by the given wavenumber «. In contrast, it is severely ill-posed
to reconstruct those Fourier coefficients f, with |a,| > k,
since the small variations in the data will be exponentially
enlarged and lead to huge errors in the reconstruction, but
they contribute to the super resolution of the reconstructed
function f.

To obtain a stable and super-resolved reconstruction,
we may adopt a regularization to suppress the exponential
growth of the reconstruction errors. Besides, we may use
as small an & as possible, i.e., measure the data at the distance
that is as close as possible to the grating surface, which is
exactly the idea of near-field optics.

Following [34], we consider the spectral cut-off regulariza-
tion. Define the signal-to-noise ratio (SNR) by

SNR = min{e2,51}.

For fixed h, the cut-off frequency w is chosen in such a way
that

e@ " = SNR,

which implies that the spatial frequency will be cut-off for
those below the noise level. More explicitly, we have

271/2
o _ |:1 + (log SNR) ] , 33)
K kh

which indicates @ > « as long as SNR > 0 and super resolu-
tion may be achieved.
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Taking into account the frequency cut-off, we may have a
regularized inversion formulation for Eq. (32):

i )
fo =5 @)~ W)y (B3Y)
where the characteristic function

{1 for |ay| < o,
Z[—m,w](an) - {O for |an| > w.
Once f,, are computed, the grating surface function can be
approximated by

S@ Y faeor (35)

|an| <o

Hence, only two fast Fourier transforms are needed to recon-
struct the grating surface function: one is done for the data to
obtain wfsn) (h), and another is done to obtain the approxi-

mated function f.

6. NUMERICAL EXPERIMENTS

Here we present two numerical examples to illustrate the
effectiveness of our method. As a constant height configu-
ration, the near-field data u(x,h) are simulated by solving
the direct grating problem using the finite element method
with a perfectly matched layer. The wavenumber is taken as
k = 2z, which corresponds to the wavelength A = 1. The
grating period is A =1, i.e, A =41. In all the figures, the
plots are rescaled with respect to the wavelength 1. Due
to the unstructured triangular meshes, the wave field data
u(x,h) are not equally spaced with respect to . We con-
struct a curve u(x,h) by using the natural cubic spline
interpolation formula based on the computed discrete data
u(x,h). The curve u(x,h) is evaluated at equally spaced
points x;, j = 0,1, ...,512, in the interval [0,1], and is used
as our synthetic scattering data. For the stability test, some
relative random noise is added to the data; i.e., the near-
field measurement is updated with

us(x,h) = u(x,h)(1 + drand),

where rand represents a normally distributed random num-
ber in [-1,1].

Example 1. The exact grating surface is given by
f(x) = eg(x), where

g(x) = 0.5 sin(2zx) + 0.5 sin(6zx).

This is a simple example since the grating profile function
g only contains a couple of low Fourier modes. We examine
the dependence of reconstruction results on the parameters
h and e. Figure 2 plots the reconstructed surfaces (dashed
lines) against the exact surfaces (solid lines). First we fix
e =0.01, 6 =0.01 and consider the reconstructions using
two different measurement distances h. Figures 2(a) and
2(b) plot the reconstructed surfaces by using 2 = 0.14 and
h = 0.21, respectively. It is clear that smaller % in Fig. 2(a)
gives better reconstruction than larger » in Fig. 2(b) does.
In particular, the fine features of the grating surface are
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0.02

(a)

y/A

-0.01

0 0.2 0.4 0.6 0.8 1
X/\

(b)

y/A

-0.01

-0.02

0.02

-0.01 : - o

-0.02
0.0 0 0.2 0.4 0.6 0.8 1
X/A

Fig. 2. Example 1: finite Fourier grating; the exact surface (solid
line) is plotted against the reconstructed surface (dashed line) using
different h, ¢, 5. (a) h = 0.14, ¢ = 0.01, 5 = 0.01; (b) b = 0.24, ¢ = 0.01,
§=0.01; (c) h=0.12, e = 0.1, § = 0.01; and (d) = = 0.14, ¢ = 0.01,
5§ = 0.05.

completely recovered and the subwavelength resolution is
achieved when using k = 0.1 in Fig. 2(a). This is attributed
to the fact that larger cut-off frequency @ may be used in
the reconstruction when the measurement distance & is
smaller. Next we fix &~ = 0.14, § = 0.01 and consider recon-
structions for two different . Figures 2(a) and 2(c) show
the reconstruction surfaces by using ¢ = 0.01 and ¢ = 0.1, re-
spectively. Evidently, smaller ¢ in Fig. 2(a) yields a better
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-0.01

-0.02
0.0 0 0.2 0.4 0.6 0.8 1

X/A

-0.01

-0.02
0.0 0 0.2 0.4 0.6 0.8 1

X/

0.2 7

0.1

0.01

y/A
o

-0.01

-0.02
00 0 0.2 0.4 0.6 0.8 1
x/h

Fig. 3. Example 2: infinite Fourier grating; the exact surface (solid
line) is plotted against the reconstructed surface (dashed line)
using different k, ¢, 5. (a) h = 0.024, e = 0.01, § = 0.01; (b) = = 0.14,
e =0.01,6 =0.01; (c) h =0.114, ¢ = 0.1, 6 = 0.01; and (d) » = 0.024,
e =0.01, 56 = 0.05.

result than larger ¢ in Fig. 2(c) does. The reason is that smaller
€ gives more accurate approxiation of the linearized model to
the original nonlinear model problem. Finally we consider a
higher level of noise §. Figure 1(d) plots the reconstructed gra-
ting surface by using 2 = 0.14, ¢ = 0.01, 6 = 0.05. Comparing
Figs. 1(a) and 1(d), we can still stably reconstruct the shape of
the exact surface with 5% noise, though the result is not as
good as that with 1% noise.
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Example 2. The exact grating surface is given by
f(x) = eg(x), where

g(x) — 0.5ecos(4zrx) + 0.4ecos(ﬁnx) —15.

This is a harder example as the grating profile function g has
infinite Fourier modes. It is expected that higher cut-off fre-
quency o is desirable and thus even smaller £ is necessary in
order to capture all the surface features. Similarly, we inves-
tigate the effects of & and ¢ on the reconstructions. For fixed
e = 0.01, Figs. 3(a) and 3(b) show the reconstructed surfaces
by using 2 = 0.021 and i = 0.1/, respectively. In Fig. 3(b), the
reconstruction is unable to capture the oscillatory middle part
of the exact grating surface by using 2 = 0.14, which is enough
for the grating surface in Example 1. In contrast, all the
detailed features are reconstructed in Fig. 3(a) when using
h = 0.024, because larger o is indeed allowed to be taken.
Next we compare the results by using different e. In Fig. 3(a),
the measurement distance 2 = 0.024, and the maximum value
of the grating surface is approximately 0.011. So the measure-
ment is taken at the place that is roughly 0.011 away from the
grating structure. In Fig. 3(c), the deformation parameter
& = 0.1, and the maximum value of the grating surface is about
0.1. Thus the data are measured at = 0.114 in order to have
the same measurement distance to the grating structure as
that in Fig. 3(a). Again, it can be seen from Figs. 3(a) and 3(c)
that smaller ¢ yields better reconstruction than larger ¢ due
to the approximation error in the linearization procedure.
Figure 1(d) plots the reconstructed result by using a higher
level of noise § = 0.05 and shows that the method is stable
and can yield good results even for data with a higher level
of noise.

7. CONCLUSION

We have presented a simple, stable, and effective computa-
tional method for solving the inverse diffractive grating sur-
face problem and achieved subwavelength resolution. Using
the transformed field expansion, we deduced an analytic sol-
ution for the direct problem. By dropping higher-order terms
in power series, we linearized the nonlinear inverse problem
and obtained an explicit reconstruction formula, which was
implemented by using the fast Fourier transform. We consid-
ered two examples—one of which has finite Fourier modes,
and the other has infinite Fourier modes—and investigated
how the parameters influence the reconstructions. The results
show that super resolution may be achieved by using a small
measurement distance. The method works very well for the
model problems arising from the near-field optical imaging
where the structures are in the size of the subwavelength
region. As for future work, we are to extend the proposed
method to biperiodic structures, where the full three-
dimensional Maxwell equations should be considered, and
will report the results elsewhere.

APPENDIX A: INTEGRATION SOLUTION
METHOD

For self-containedness, the integrated solution method is
briefly introduced to solve a two-point boundary value prob-
lem. We refer to Zhang [36] for details of the integrated
solutions of the ordinary differential equation system and
two-point boundary value problems.
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Consider the two-point boundary value problem

u'(y) + M(y)u(y) = £(y), (A1)
Ao“(y)|y:0 = Iy, (A2)
Biu@)ly=n = s1. (A.3)

where f(y) € C"™ are m-dimensional vector fields, r, € C™
and s; € C™ are given m;- and ms-dimensional vector fields,
respectively, M(y) € C™™ is an m xm matrix, and A, €
Cmxm  and B; € C"™™  are full rank matrices with
my +my = m, ie., rank Ay, = m; and rankB; = m..

Let ®(y) be the fundamental matrix of the system:

' (y) + M(y)o(y) =0, (A9

®(0) =1, (A5)

where I, is the m x m identity matrix.
Theorem A.l. The two-point boundary value problem
(A.1)—(A.3) has a unique solution if and only if

det[ Bléo(h) ] #0. (A.6)

Let the pair of functions {A(y),r(y)} and {B(y),s(y)} be
the integrated solutions of the problems (A.1)-(A.2) and
(A.1)—-(A.3), respectively; then there exist Dy(4,y) € C"*™
and D (B,y) € C™*™ such that

A =AM + DyA, A0) = Ay, AN
r = Af + Dyr, r(0) =ry, (A.8)
and
B = BM + DB, B(h) = By, A9
s' = Bf + Dis, s(h) = s;. (A.10)

Theorem A.2. If the two-point boundary value problem
(A.D—(A.3) has a unique solution, then the matrix

A(y) mxm
[B(y) ] €C

is nonsingular.
Theorem A.3. The two-point boundary value problem
(A.1)—(A.3) is equivalent to the linear system

A®Y) _ |
[B(y)]u(y) = [S(y)}. (A11)
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APPENDIX B: TWO-POINT BOUNDARY
VALUE PROBLEM

In this section, we discuss the integration method for solving a
two-point boundary value problem in detail. Consider the
second-order boundary value problem

w' + Pu =f, 0<y<h, (B.1)
u=0 aty=0, (B.2)
uw-iqu=g aty=h. (B.3)

Let v; = u and v, = %'. The second-order boundary value
problem (B.1)-(B.3) can be equivalently formulated into a
first-order two-point boundary value problem:

vV +Mv =f, (B.4)
Ayv(0) =0, (B.5)
Byv(h) =g, (B.6)
where
(%1 0 0 -1
L0 el
U S " 0
Ay = [10], By = [-in1].

Theorem B.1. The two-point boundary value problem
(B.1)—(B.3) has a unique solution given by

u(y) = K,(y)g - /0 h Ky (y,2)f (2)dz, (B.7)
where
Ki(y) = 62%}; (e — e7inv)
and
G (@ -y, 2>y

Proof. Since M is a nonsingular matrix, there exists a non-
singular matrix ¢ such that

Q'MQ =N,

where
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_[-ip 0 11

N_[O ifv]’ Q_[iﬂ —iﬂ]’
1[ip 1

I

© _2177[1'1 -1]'

A simple calculation yields that the fundamental matrix of
(AD-(A5) is

ei'ﬂ/

<I>(y) = Q|: e_i”y]Q%’

which gives

det[ A ]:’ 1 0

— pinh
B,®(h) —ige i gk | T e #0.

It follows from Theorem A.l1 that the two-point boundary
value problem (B.4)-(B.6) and thus (B.1)—(B.3) has a unique
solution.

Let {A(y),r(y)} and {B(y), s(y)} be the integrated solutions
of problems (B.4), (B.5) and (B.4), (B.6), respectively. Taking
DO = 17’], Dl = —ii’],
we obtain from Egs. (A.7)—-(A.10) that the integrated solutions

satisfy

A =AM + inA, A(0) = A,, (B.8)
v = Af + inr, r(0) =0, (B.9)
and
B = BM - inB, B(h) = By, (B.10)
s' = Bf —izs, sth) =g. (B.11)

Upon solving the above initial value problem, we obtain the
integrated solutions

A=[4,4] = 2—;[1:7(1 + eBm) 1 - g2, (B.12)
B = [By.By] = [-in, 11, (B.13)

r= A Y w2 A, (2)f (2)dz, (B.14)

s = enh-vg /y " enEYf (2)dz. (B.15)

It follows from Theorem A.3 that the two-point boundary
value problem (B.4)—(B.6) is equivalent to the linear system

5 w)le] =[]
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An application of Gram’s rule yields

_ ’I"BZ - SA2
Y= B (B.16)

A simple calculation yields

AIBZ _BlAZ = 1

Substituting Egs. (B.12)-(B.15) into Eq. (B.16), we de-
duce Eq. (B.7).
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