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AN ADAPTIVE FINITE ELEMENT METHOD
FOR THE DIFFRACTION GRATING PROBLEM WITH
TRANSPARENT BOUNDARY CONDITION*

ZHOUFENG WANGT, GANG BAO?, JIAQING LIf, PELJUN LIY, AND HALJUN WUl

Abstract. The diffraction grating problem is modeled by a boundary value problem governed
by a Helmholtz equation with transparent boundary conditions. An a posteriori error estimate
is derived when the truncation of the nonlocal boundary operators takes place. To overcome the
difficulty caused by the fact that the truncated Dirichlet-to-Neumann (DtN) mapping does not
converge to the original DtN mapping in its operator norm, a duality argument without assuming
more regularity than the weak solution is applied. The a posteriori error estimate consists of two
parts, the finite element discretization error and the truncation error of boundary operators which
decays exponentially with respect to the truncation parameter. Based on the a posteriori error
control, a finite element adaptive strategy is established for the diffraction grating problem, such
that the truncation parameter is determined through the truncation error and the mesh elements for
local refinements are marked through the finite element discretization error. Numerical experiments
are presented to illustrate the competitive behavior of the proposed adaptive algorithm.
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1. Introduction. The diffraction grating problem is referred to as wave scatter-
ing by periodic structures. Scattering theory in periodic structures, which is crucial
in application fields of microoptics (cf. [10]), has been studied extensively in the past
several decades. We can refer to Petit [31], Dobson and Friedman [22], Ammari and
Bao [2], Bao, Dobson, and Cox [11], Bao [6, 7], Bao, Cao, and Yang [8], Abboud [1],
Ammari and Nédélec [3], Berenger [14], Dobson [23], and Yachin and Yasumoto [36]
for both a good introduction and the existence, uniqueness, and numerical approx-
imations of solutions to grating problems. This problem still receives considerable
attention in the applied mathematical community. A broader review on the diffrac-
tive optics technology and Maxwell’s equations can be found in Bao, Cowsar, and
Masters [10] and Ammari and Bao [2]. Especially, Chen and Wu [21] proposed a new
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numerical approach with combinations of the adaptive finite element method and the
perfectly matched layer (PML) technique for the one-dimensional (1D) grating prob-
lem. Based on this numerical tool, there also exist lots of results in the literature
for the diffractive grating problem; we can refer to Bao, Chen, and Wu [9], Bao and
Wu [13], Chen and Liu [20], and Chen and Chen [17]. One of the advantages of this
approach is that PML can be used to deal with the difficulty in truncating the un-
bounded domain. On the other hand, the adaptive finite element method can very
efficiently capture the local singularities.

A posteriori error estimates, which measure the actual discrete errors without
knowledge of the limit solutions, are of crucial importance in designing algorithms
for mesh modifications that equidistribute the computational effort and optimize the
computation. The adaptive finite element methods based on the a posteriori error es-
timates have become a class of important numerical tools for solving differential equa-
tions, especially for those which have the physical feature of multiscale phenomenon.
Ever since the pioneering work of Babuska and Rheinboldt [5], this method has re-
ceived lots of attention and undergone intensive study by many researchers; see, e.g.,
[28, 29, 35, 24, 27, 9, 16, 21, 18, 19, 20]. For the convergence of adaptive finite ele-
ment methods, we refer to Morin, Nochetto, and Siebert [29, 30], Chen and Dai [18],
Dorfler [24], and Mekchay and Nochetto [26]. Studies on the quasi-optimality of adap-
tive finite element methods can be found in Cascon et al. [16], Binev, Dahmen and
DeVore [15], and Stevenson [34]. The adaptive finite element method is very popular
in grating problems (cf. [9, 17, 12, 21, 25]), largely because it greatly improves the
convergence speed of numerical solution for problems with local singularities.

The aim of this paper is to develop an adaptive finite element method with trun-
cated Dirichlet-to-Neumann (DtN) boundary condition for solving the 1D grating
problem. In this approach, no extra artificial domain needs to be imposed to surround
the computational domain, which is totally different from the perfectly matched ab-
sorbing layers technique. It also should be pointed out that the truncated boundary
operators in numerical schemes are determined by taking sufficiently many terms of
the corresponding infinite series expansions. Note that the truncated DtN mapping
does not converge to the original DtN mapping in its operator norm. The a poste-
riori analysis of the adaptive PML method [9, 20, 21] cannot apply directly to our
adaptive DtN case, since the fact was used that the DtN mapping of the truncated
PML problem converges exponentially fast to the original DtN mapping. To over-
come this difficulty, we develop a duality argument similar to that (or the so-called
Schatz argument) for the a priori error estimates for indefinite problems [32, 6], but
without assuming more regularity of the dual problem than H'. Finally we obtain
an a posteriori error estimate between the solution of the scattering problem and the
finite element solution. The a posteriori error estimate, which consists of two parts,
the finite element discretization error and the truncation error of boundary operators,
is used to design the adaptive finite element algorithm to choose elements for refine-
ments and to determine the truncation parameter N. We remark that the truncation
error part decays exponentially with respect to N and as a consequence the choice
of the truncation parameter N is insensitive to the given tolerance. The numerical
experiments demonstrate a comparable behavior to [21] and show much more compet-
itive efficiency by adaptively refining the mesh as compared with uniformly refining
the mesh. Thus, the present work provides a viable alternative to the adaptive finite
element method with PML for solving the same grating problem. The algorithm is
also expected to be used to solve many other scattering problems and even more gen-
eral partial differential equations where transparent boundary conditions are available
but PML may not be implemented or cannot be applied.
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The outline of this paper is as follows. In section 2, we briefly introduce the
weak formulation for the transverse electric (TE) case of the 1D grating problem
with the transparent boundary condition. In section 3 we introduce the finite element
discretization. A crucial a posteriori estimate is also stated. Section 4 is devoted to the
finite element analysis, including proving some important lemmas and the derivation
of an a posteriori error estimate, which lays down the basis of the adaptive algorithm.
In section 5 we discuss the implementation of the adaptive algorithm and present
several numerical examples to illustrate the performance of the proposed method. In
section 6 we summarize our research work in this paper and forecast future research
directions.

2. Problem formulation. In this section, we introduce a mathematical model
for the diffraction grating problem and its weak formulation by using the transparent
boundary condition.

2.1. Model problem. The electromagnetic fields in the whole space are gov-
erned by the following time-harmonic Maxwell equations:

(2.1) VX E —iwpH =0,
V x H + iweE =0,

where w is the angular frequency, € is the dielectric permittivity, p is the magnetic per-
meability and is defined as a positive constant everywhere, i.e., the media is assumed
to be nonmagnetic, and E and H denote the electric field and the magnetic field in
R3, respectively. In this paper, our attention is restricted to the two-dimensional set-
ting, i.e., we only consider a 1D grating problem. The more sophisticated biperiodic
diffraction grating, which belongs to the three-dimensional problem, will be discussed
in a separate work. It can be assumed that the medium parameters and the grat-
ing settings are invariant in the zs direction. In the meantime we assume that the
dielectric coefficient is periodic in the x; direction with period L:

e(x1 +nl,z3) =¢e(x1,23) forall z,z3€R, nelN.

Here we assume that e € L°°(R?) with Ime > 0 and Ree > 0 whenever Ime = 0.
First, the problem geometry is defined as

Qo ={(z1,23) € R?: by < 23 < b1}

for some positive constants by and b .

Figure 1 shows the structure of the problem geometry, where s; and sy are two
simple curves embedded in the region €2y. The medium is described on the whole
as inhomogeneous, so specifically, the medium in the region €2y between s; and s is
inhomogeneous, yet the medium is homogeneous above the curve s; and below the
curve So. Based on the characteristics of the medium, it is assumed that there exist
positive constants d; and dy such that

6($1,$3) =é&1 n Qé = {(331,333) S RQ T X3 > b1 — dl},
E($1,$3) =¢e9 in Qg = {(xl,xg) e R?: x3 < by +d2},

where €; and 5 are constants. In practical applications, we have €1 > 0, but €5 may
be complex, which depends on substrate material used in Q3.
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Fic. 1. Geometry of the grating problem.

The Maxwell equations (2.1) and (2.2) can be simplified by considering two fun-
damental polarizations: the TE polarization and the TM (transverse magnetic) po-
larization. Thus the vector Maxwell equations can be finally reduced to the scalar
Helmholtz equation. In the TE case, E = (0,u,0)" € R? and u = u(wz1, x3) satisfies
the Helmholtz equation

(2.3) Au(z) + k*(2)u(r) =0 in R?

where k?(z) = w?e(x)p is the magnitude of the wave vector. In the TM case, H =
(0,u,0)" € R? and u = u(xy,x3) satisfies the following equation:

(2.4) div(k™2(z)Vu(z)) +u(z) =0 in R2

2.2. The weak formulation. Denote by k; = w,/&;n the wave number in
Qé,j = 1,2. Let u; = €'**17%s he the incident plane wave, where o = k; sin6,
B = kicosf, and —5 < 6 < 7 is the incident angle. In the following, we will seek
quasi-periodic solutions u of (2.3), where quasi-periodic means that u, = ue™"*** is
periodic in the x; direction with period L.

As seen in Figure 2, due to the quasi-periodicity, the problem may be reduced
into the bounded domain

Q:{0<{E1<L, b2<x3<b1}.

Define the boundaries Ty = {0 < 21 < Lyag = b1}, I's = {0 < 21 < L,
23 = ba}. The curves s; and sy divide  into three connected components, De-
note the component which meets I'; by ©!, the component which meets I'y by Q2
and let Q* =Q — 0" — 0°. Introduce the sets

F£:{0<ZIJ1<L, $3=b/1}, F/ZZ{O<ZIJ1<L, $3=b/2},

L !

Fic. 2. Geometry of the grating problem in one period L.
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with by < b}y < bj < by such that Q* C {0 < 21 < L, by < x5 < b}, [b; — b;| < dj,
j=1,2, and

e(x1,x3) =1 for xz3 > b,

e(x1,r3) = eo for z3 < b,

For any quasi-periodic function f which has the expansion f = > _, fén)
ellent )1 we introduce the DtN operator I') as defined in [6, 21):

(2.5) TO f(ay) = iy fimelento)n 0 <oy <L, j=1,2,
nez

where «,, = 2mn/L and
n\2 2 2 n
(2.6) (B7)" =k — (an + @), Im(B}) > 0.

Note that 3) = 3 by definition. It follows from the Rayleigh expansions that we have
the following transparent boundary conditions [6, 7]:

O(u—uy)

(2.7) —

0
—T(l)(U—UI):O on I'y, a—Z—T@)u:O on Iy,

where n denotes the unit outer normal on I';, j =1, 2.
Introduce a subspace X () of H(Q2), which includes all the quasi-periodic func-
tions in H'(Q):

X(Q)={we HYQ) : w(0,23) = e *“Lw(L,x3) for by <3 < b1}

Multiplying the complex conjugate of a test function ¢ in X (£2), integrating over €2,
and using Green formulas for (2.3) with the boundary conditions (2.7), we arrive at
the weak formulation in the TE polarization: Giving an incident plane wave u; =
elor1=ifrs find 4 € X (1) such that

(2.8) arg(u, ) = —/F 2iBuppdr, for all ¥ € X (1),

where a sesquilinear form arg: X (2) x X(2) — C as follows:
29 arsle) = [ (Ve Vi R@eD)a = [ @),
j=171i

Existence and uniqueness of the solution to (2.8) is strictly proved in Dobson [23],
and the corresponding results of the TM case may be found in [7]. Throughout this
paper, we assume that the variational problem (2.8) has a unique solution for any
frequency w. The general theory in Babuska and Aziz [4] implies that there exists a
constant v > 0 such that the following inf-sup condition holds:

(2.10) sup lare(e, ¥)] > lella o) forall ¢ € X(9).

ozpex @) 1Yl (@)

3. The discrete approximation and the main result. First, we do a trunca-
tion approximation to the nonlocal boundary operator from the corresponding infinite
series expansion; then the finite element formulation of (2.8) is presented by using the
proposed approximation of boundary operators. Based on the introduced notation,
we will finally give the main result on the a posteriori error estimate for the case of
the TE polarization.
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3.1. The discrete problem. Let M), be a regular triangulation of the domain
Q. Every triangle T' € My, is considered as closed. To define a finite element space
whose functions are quasic-periodic in the z7 direction, we require that if (0,z) is a
node on the left boundary, then (L, z) also is a node on the right boundary, and vice
versa. Let Vj, C X () denote a conforming finite element space, that is,

Vi i={v, € C(Q) 1vp|k € Pp(K) for all K € My,
v (0,23) = e Loy, (L, x3) for by < x3 < b1},

where p is a positive integer and P,(K) is the set of polynomials of degrees < p. The
finite element approximation to problem (2.8) reads as follows: Find w; € Vj such
that

(3.1) aTE(uh,wh) = —/ ZiﬁUIEhda:l for all oy € V.
Iy

In the above formulation, the DtN operators T') given by (2.5) are defined by an
infinite series which is unrealistic in actual calculations; thus it is necessary to truncate
the nonlocal operator by taking sufficiently many terms of the expansions so as to
attain our feasible algorithm. Note from (2.6) that if k; is real, then the n’s satisfying
2T’T(n + %) < k; correspond to outgoing modes which should be contained in the
truncated DtN mappings. Denote by n, := % We truncate the DtN mappings 7'
as follows:

(3.2) TOND f(a) = > appfMetentom 0<a <L, j=1,2.
In+na|<N;
Here Nj is usually an integer greater than kg: if k; is real. We are now ready to

define the truncated finite element formulation which leads to the discrete schemes to
(2.8): Find u}) € V}, such that

(33) app(up , Pn) = —/ 2ifurpdry for all ¢y, € Vi,
Iy

where the sesquilinear form af',, : X () x X(Q) — C is defined as follows:

B4 afled) = [ (Ve VT B@el)a =Y [ (@0 ).

For sufficiently large IN; and sufficiently small h, the discrete inf-sup condition
of (3.4) may be established by a general argument of Schatz [32]. Based on the
important condition and the general theory in [4], the existence and uniqueness of the
solution of problem (3.3) may be obtained. In fact, one can also see Bao [6] for the
well-posedness of the problem (3.3). In this paper, our research interest is focused on
a posteriori error estimates and the associated adaptive algorithm. Thus we assume
that the discrete problem (3.3) has a unique solution u? € V.

3.2. The main result. For any 7' € My, denote by hrp its diameter. Let Bi
denote the set of all the sides that lie on I';, 7 = 1,2, and let B;, denote the set of

all the sides except Bi in Q. For any e € By, or e € B}, h, stands for its length. For
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any interior side e € B, which is the common side of 77 and T» € My, we define the
jump residual across e as

(3.5) Je = =(Vup |7, - n1 + Vui|z, -n2),

where n; is the unit outward normal vector to the boundary of 7}, j = 1, 2.

Define Fleft = {(El =0,by < 23 < bl} and Fright = {$1 =L, by < x3 < bl} If
e = Tt (N OT for some element T € M, and e’ be a corresponding side on I'yjgne
which also belongs to some element 7”7, then we define the jump residual as

_ 9 N __—iaL 9 N
(3.6) Jo = Fon (up|7) —e e (up'|77)
(3.7) Jo = et 2 (w1r) = 2 Wl )
' ¢ 8$1 hIT 8331 h 1T

For any e € B} and ¢’ € B3, define the jump residual as follows:

N
(3.8) Je = Q(T(l’Nl)uhN(xl bi) — —8uh (x1,b1) — Ziﬁei‘ml*wbl)
’ Oxs ’ ’
oulY
: o= 2(TEN)y N Il .
(3.9) Jor = 2T (w,bo) + o, b))

For any T' € My,, denote by nr the local error estimator, which is defined by

1 2
(3.10) nr = bl Lup|| L2 ) + (5 > hG||JG|%2(e)> ;

eCOT

where the residual operator L=A + k?(x).

We now state the main conclusion, which will be importantly the theoretical basis
of numerical calculation listed in section 5.

THEOREM 3.1. Let u and u)) denote the solutions of (2.8) and (3.3), respec-
tively. Then there exist two integers Njo,j = 1,2, independent of h and satisfying
(2mNjo/L)* > Re kf such that for Nj > Njo the following a posteriori error estimate
holds:

1

2 2

|lu — U}]:[HHI(Q) < C ( Z 77%) + Ze*lbjfb;\ (2mN;/L)?~Rek?
TeMy J=1

where the constant C is independent of h, Ny, and Ny (cf. (4.14)).

We remark that the first term on the right-hand side of the above estimate indi-
cates the finite element discretization error, while the second term demonstrates the
truncation error of the transparent boundary operators. Clearly the second term is
exponentially decaying with respect to /V; and the distances from I';,j = 1,2, to the
grating.

4. The a posteriori error analysis. In this section we prove the a posteriori
error estimate for the case of TE polarization in Theorem 3.1 by a duality argument
similar to that (or the so-called Schatz argument) for the a priori error estimates for
indefinite problems [32, 6]. Since the analysis on the TM polarization is similar, the
corresponding results are directly stated without the relevant proof. In the end of this
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section, we will give the parallel results in the Imey > 0 case for the sake of general
consideration.

Denote the error by & := u — u,JLV . Introduce the following dual problem to the
original scattering problem: Find w € X (£2) such that

(4.1) arg(v,w) = (v,€) for all ve X(Q).

Some simple calculations yield that w is the weak solution of the problem
(4.2) Aw+Fw= —¢ in Q,

(4.3) g—: — Ty =0 on Ly,

where 7 = 1,2, Eisa conjugate complex number of k?(x), and the dual operators
take the following form:

T(j,*),U - _ Z i@U&n)ei(anJﬂx)wl ]
neL

We remark that the existence of solutions for (4.1) can be obtained from the Fredholm
theory and the related proof of [7]. Here we shall not elaborate on this issue, and we
assume this problem has a unique (weak) solution. Then we have

(4.4) [l 10y < Co ll€ll 2o -

Note that, unlike the duality argument for a priori error estimates, we do not assume
the H? regularity of the dual problem.

4.1. Error representation formulae. The following lemma gives some rela-
tions on the error & = u — ulY, which is the start point for the a posteriori error
analysis.

LEMMA 4.1. Let u,ul), and w be the solutions to problems (2.8), (3.3), and (4.1),
respectively. Then

2
(4.5) 16021 ) = Re | azs(€,€) + Z/F (T — TUN)
=171
2
+ ;Re/rj TN € day +/QRe (K*(z) + 1) ¢ da,
2 . .
@6) el = ars€u) + 3 [ @9 - 10N ey
, J
_ (T(J') _ T(j’Nj))fmdx ’
2
@n  ers€w)+ Y [ (10 - 10N Gda,
j=1"Ti
—— [ 2B =i = e v~ )

2
+ Z/ (T — TUNDYipdey  for all 4y, € Vi, ¥ € X().
j=1"Ti
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Proof. Equation (4.5) follows from the definition of arg in (2.9) and (4.6) follows
by taking v = ¢ in (4.1). It remains to prove (4.7). From (2.8) and (3.3),

are(&,v)

=arp(u—up Y —Pn) + arp(u —up) )
= /F 0B (F =) — a0~ )
+(agp(uy's ¥ = n) —arp(uy ¥ — ¥n)) + arp(u — g, ¥n)
= /F 2ifu (5= ), — a0~ )
+(af ¥ — ) — arp(up ¥ — vn) + (afp(up, ¥n) — arp(uf, ¥n))
— 2B Ty — ap(ul v ) + (st v) —ars(u)

:—/F 2iBur(Y — ¥n)dar — allg(up v — ¥p)

2
_Z/ (T — TGN Vepday _|_Z/ TN Vuapday
j=171

which implies (4.7). This completes the proof of the lemma. O

In order to prove Theorem 3.1, we need to estimate (4.7) and the last term in
(4.6).

4.2. Estimation of (4.7). We first state two simple lemmas. The following
trace property, found in Chen and Wu [21], will be useful.
LEMMA 4.2. For any ¢ € X (), we have

I 2,y < CllYl e o)

with C = \/T+ (b1 —bs) ' and j = 1,2. Here if Y(z1,b5) = En€Z¢ ( j)etlantaley

on I';,

1/2
/2 (n
1Ol /2y = <LZ (1+ [an +a?) " |0 )(bj)|2> :

neZ

The following lemma is crucial in deriving the truncation error (cf. [6]).

LEMMA 4.3. Let u be the solution to (2.8) and ull! )( 3) = %fOL u(zy,x3)
e~ Henta)Tige, - Suppose that (o, + ) > Re kj2 Then

[l (b)] < [ul (B |e 71—tV @nte) =RekE 5 — 1 9,

Proof. Clearly, the Rayleigh expansions (see, e.g., [21, (2.4) and (2.5)]) hold for
x3 > b} and x3 < bly, so we have

[l (b)) = [l (B 71705 for = 1,2,
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where Im ' can be bounded by using (2.6) and the fact that Im ((67)?) = Imk? > 0
as follows:

[N

tm 3= (i (G2 + e (507 — Re ((5°))
s e = P T

This completes the proof of the lemma. O

Next we estimate (4.7).

LEMMA 4.4. There exist integers N;1 independent of h and satisfying (2w N1/
L)? > Re k?, Jj =1,2, such that for any N; > Nj1 and ¢ € X () we have

2
ars(@0)+ Y [ (10 - 70N G,
j=1"Ti

/2
—|b;—b" /(27N _Re k2
<Ch (Z 77%) +Z€ 10 =051/ BN [ L) =Re k) 19021 () »

TeMy, Jj=1

where Cy is a constant independent of h and N;.
Proof. Denote by

I= _/ 2iBur (v — n)der — afp(up ¥ — ),
Iy
2
P=) / (1D — TN )uipday .
j=1 Ly
Then from (4.7),
2
arp(§¥)+) / (1D — TGND)eday = T' + J2.
j=17T1

By using the definition of the sesquilinear form (3.4), J! can be rewritten as follows:

= <—/T(VUhN'V(1/)—¢h)—kz(af)uiv(w—wh))da:

TeEMp
2
P S [0 )
j=lecoTNI; "¢
+ Z — Z 2iBetor =80 (4 Y day
TEMy, eCOT T V€

Integration by parts yields

I'= > (/T (Aup + K (2)up ) (@ = dp)de — > [ Vuy - n(ih = dn)ds

TeMy, ecoT V€

b [ et G

eCOT Ty €

b [T ).

eCOT T2 €
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Combining with (3.5)—(3.9) implies

v= 5 ([ed@=as Y 5 [a@=wmas)

TeMy, eCOT €

Now we take ¥ = Il € V. Here 11 is the Scott—Zhang interpolation operator
adopted in Chen and Wu [21] first introduced in Scott-Zhang [33], which has the
following interpolation estimates:

lo = ol 2y < Chrl| Vol gz o — vl zege) < CRY2 (o]l 2o,

where T and € are the union of all the elements in M, having nonempty intersection
with the element T and the side e, respectively. It follows from the Cauchy—Schwarz
inequality and the interpolation estimates that

I <cC Z (hT||‘Cu;zv|L2(T)|V"/}|L2(7~“)

TeMy,

+ ) hi/QIJellm(e)IViﬁle(a)

eCOT

1/2
<C Z hTH‘C“hN||L2(T) + <Z he|Je||2L2(e)> 1| ()5

TeEMp eCOT

which leads to

1/2
(4.8) '] < C( Z 77%) 19 5 ()

TeMy,

It remains to estimate J2. By noting that N i1 is a sufficiently large integer, such that
(2mN;1/L)* > Rekj, combining with Lemmas 4.3 and 4.2, then for N; > Nj; we can
get

2= 3L > il (b))l (b))

[n+nq|>N;

LY (e btV e =Re ki, (n) (40 () (b))

1 |ntna|>N;

E

—

IA
M 5

J

1/2
2
< D WTHVERRIERE AL Y I8 e @)
J=1 [n+na|>N;
1/2
< (L > 18IS (b))
[n+na|>N;

2
b, —p" R _ 2
< Cze b= |/ (27N, JL)2 = RckJHuHHW(F;) . ||¢|‘H1/2(Fj)

Jj=1
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2
—|b; —b, TN 2_Rek?
< 0N et IV@TN R RSy o) - [l
j=1

Further, using (2.8) and (2.10), we can obtain

1 2|8|C
Lo lars(u, ¥ < 18]
Y ozpex@) IVla )

llull 510y < llurllz2ry)-

Therefore,

2
(4.9) 172 < Cze_lbj_bjl \ (QﬂNj/L)Z_RCk’zHUIHLz(rl) Al (@)

j=1
This proof follows from (4.8) and (4.9). O

4.3. Approximation property of the truncated DtN operator. In this
subsection we estimate the last term in (4.6).

LEMMA 4.5. For the solution w of (4.1), there exists an integer Nz independent
of h and satisfying (2rNj2/L)? > Re kf—, j = 1,2, such that for N; > Njo, we have
the following estimate:

/ (T(j) _ T(j’Nj))fmdxl
r

J

< CoaN; €017 oy

where Co is a constant independent of h and N; (cf. (4.13)).

Proof. Since the parallel result for the case in which j = 2 can be derived similarly,
we can only prove the inequality for the case in which j = 1. From the Cauchy-
Schwarz inequality and Lemma 4.2 we easily deduce that

/F (T - TN emdey | < LS |BRIE (o)l [l (b))

[n4ne|>Ny

(4.10)

=L > (an+allB7) P lan + o 2IE (bo)l187 1 1w (b1))

[n+nq|>N1
1/2
< max (an+ao||gPP) V2| L Z |l + af|€0) (b))
[n+na|>N1 ] Ny
1/2
< (L >0 18P (b))
[n+nq|>Ny

1/2

IN

CININD) 2 €l ooy | L0 D 18T Pl (b))
[n4ne|>N1
1/2

SONT €y | L D2 1BFPIwEY (b0)]
[n+nq|>Ny

Next, in order to estimate w(” (b1) we consider the dual problem (4.2)-(4.3) in the
following domain near I'y:
§1={0<$1<L, b/1<$3<b1}.

Substituting the series expansion of w into the dual value problem, we can find the
boundary value problem of the ordinary differential equation as follows:
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(W) (5) — w M (ws) = =€ (x3) i (b, b1),
(4.11) (WY (1) + By |wS (br) =
ws¥ (b

§ () = wi (0),

where the absolute value of n + n,, is required to be greater than Nj.

According to the general theory of ordinary differential equations, the solution to
(4.11) can be expressed as

xr3 3
< / l9T1ea=9) £(0) (5) s + / 1871 (5=22) ) (5 s
2(B7| by b,

bl , n /
_ / ol |(2b17w373)§&n)(8)d8 + 2|B?|e‘61 |(b1*w3)wgn)( ’1)) ,
1

0,

w(n) (z3) =

which leads to

i (b1)] <

b
L (/ (BRIt _ IBRICH —ab)y |§g”>(s)|ds)
21871\ Jy,

+ e~ U8 (1))
S(l d|:81 )
2|67

1 B o
<o €5 oo (g 0y + € P (P (85)]
2|87

IS oo (o 07y + € WP W ()]

where d := by —b}. For any s € (b}, b1), without loss of generality, it is assumed that s
is closer to the left endpoint by; than the right endpoint by; then we have by —s > d/2.
Thus

|€&n) (S)|2 - ]__ - ‘/bs ((bl _ t)|§én) (t)|2)ldt
T b 1_ . /b [— €5 ()7 + 2(by — ) Re ((£5 (t))’gé”—)(t))}dt
< 1

by b1
() (£)2 (n) () (4!
s [ e [ iR oEr oy

1

which implies that

n 2 n
3 )||2Loo([b;,b1]) < EH&(} )||%2([b bt 2015 2oy a1 ES) N2 1)) -

Therefore from the Young inequality,

Loy 1B Pl (b))

[n4na|>N1

8l ) )
S (| 12 e 00 + 2187 P s ><b’)l>

[n+neq|>N1

<cr 3 (@B + IS PIE By ) + IEDY 1o 00y )

[n4na|>N1
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+2L max n4,—2d|Ay'] 2w ™ (1)) 2
s (S Y Bl ()
[n4na|>Ny

=141
Note that

811 < lom + o < (Lt |an + o)/, Ny < CIBY|, - for [n+nal > Ny
and that
‘i

dzs & () ‘2) dxs.

||§||%{1 Q) = LZ /bl ((1 + |au, + a|2)|§(n)(x3)|2 +
(2) y @

nez” 2

We have
L<C((Nd) ™ + D)€l 7 -

On the other hand, from Lemma 4.2, (4.4), and the fact that the function te~? is
bounded on (0, +00),

—4 n|4,—2d|A7| 2 —4 12
n<cdL \n+17111i};N1 (12dB7 e i) w2y < CA™ 1€l L2 -

Therefore,

(4.12) LY 1B P (00 < C((Nid) ™ + 14+ d ) €]l 0y-
[n+nq|>N1

Then the proof of Lemma 4.5 follows by combining (4.10) and (4.12) and setting
(4.13) Co=C(1+ (Nid)™** +d7?). 0
4.4. Proof of Theorem 3.1. Next we prove Theorem 3.1. Let N; > max(N;1, Nj2),
j = 1,2. First, from the definitions of TU-:) and B} in (3.2) and (2.6),
Re / TONIEEdey = ~L Y Im(B])[EM]? <.
L In+nal<N;

Therefore, from (4.5) and Lemma 4.4, we have

1/2 2
—|b;—b", N 2_Rek?
Hf”?{l(ﬂ) SOl ( Z T]r%) +Z€ ‘bJ b]‘ (2 NJ/L) R k] Hf”Hl(Q)

TeEM), j=1

+Cs H§H2Lz(§z) :
To estimate [/ 2(q), we use (4.6), Lemma 4.4, (4.4), and Lemma 4.5 to obtain

172
—|b;—b" TN, —Re k2
”6”%2(9) <Ci ( Z T]%) —I—Ze |bj—bj|\/(2mN; /L)?~Re k3 Co Hf”[ﬁ(ﬂ)

TeEMp
+Co (N7 2 + Ny ) 1€ll 31 o -

j=1
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By combining the above two estimates we have

/2
Hg”iﬂ(ﬂ) < 01(1 + O()Cg) < Z 77%) + Zef|bjfb;‘ (2mN;/L)2~Re k3 ”gHHl(Q)
TeMy,

+ CoC3(NT2 + Ny )€l 3 -

j=1

Choose integer N,z such that

. 1 .
CaCsN 57 < T I= 1,2.
Then the proof of Theorem 3.1 follows by taking

(414) Njo = max(le,Njg, Njg), C= 201(1 + 0003).

4.5. TM polarization. In this subsection, we present the parallel result for the
grating problem (2.4) without providing detailed discussion.

The variational form in the TM polarization is as follows: Given incoming plane
wave uy = %1% seek u € X () such that

(4.15) arar(u, ) = —ky? / 2iBurpdry  for all Y € X(9),
I

where the sesquilinear form apps : X(2) x X(2) — C' is defined as

@16)  arulev) = [ (4@ Vi - ghie =3 k2 [ (0.
j=1 i

The truncated finite element formulation for (4.16) is as follows: Find ul) € V,
such that

(4.17) ar oy (ud ) = —ki? / 2iBurip,dry  for all ¢y, € Vi,
Iy

where the sesquilinear form a¥,, : X () x X(Q) — C is defined as

(418)  ay (o 1) = /Q () Vo V0 = o — Iy / (TUN) )

=1 j

For any interior side e € By, which is the common side of T} and T € My, we
define the jump residual across e as

Je = =k72(@)(Vuy |7, - n1 + Vuy'|r, - n2),

where n; is the unit outward normal vector to the boundary of 7}, j = 1,2. If
e = Tt (N OT for some element T € M, and e’ be a corresponding side on I'yjgne
which also belongs to some element 7”7, then we define the jump residual as

g = (k22

B) N
oxy i)

(9951

UN
- (k_Q(x)%T’:)

., — e lal (k72(x)

)
T

Jo = el (k‘%x)%)

T
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For any e € B} and ¢’ € B, define the jump residual as follows:

N

0 . _
Je = 2k1° (T(l’Nl)uﬁ[(ﬂ?l, by) — %(%1, b1) — Ziﬁe“"rl_lﬁbl),

N

_ ou
Jeor = 2k, Z(T(27N2)“f]¥(x1,b2) + 8—33};(961’ bz))~

For any T' € My, denote by np the local error estimator, which is defined as follows:

1 2
(4.19) nr = hT||£UiV||L2(T) + <§ Z h€||J€|%2(e)> )

eCOT

where the element residual LulY = div(k=2(z)Vul ) + ul.

THEOREM 4.6. Let u and ulY denote the solutions of (4.15) and (4.17), respec-
tively. Then there exist two integers Njo,j = 1,2, independent of h and satisfying
(2mNjo/L)* > Re k?, such that for Nj > Njo the following a posteriori error estimate
holds:

/2
”u_uhNHHl(Q)S5 <Z 77%) +Ze’|bﬂ"b3“ (2mN;/L)?—Re k3

TEM), j=1

where the constant C is independent of h, N1, and Ns.

5. Implementation and numerical examples. In this section, we discuss the
implementation of the adaptive finite element algorithm and present several numerical
examples to demonstrate the competitive behavior of the proposed algorithm.

5.1. Adaptive algorithm. Based on the a posteriori error estimate from The-
orem 3.1 in the TE case and from Theorem 4.6 in the TM case, we use the PDE
toolbox of MATLAB to implement the adaptive algorithm of the linear finite element
formulation (p = 1). Theorem 3.1 shows us that the a posteriori error estimate con-
sists of two parts: the finite element discretization error €, and the truncation error
en; which depends on N;, where

1/2
(5.1) € = < > 77%) ;

TeMy,

(5.2) en, = e—\bj—b;-h/(QﬂNj/L)Q—RokJ27 j=1,2.

€p and ey, should be changed respectively in the TM case according to Theorem 4.6.
In our implementation, we can choose b;, b;-, and N; based on the restriction of N;
and (5.2) such that the finite element discretization error is not contaminated by our
truncation error, or more specifically, ey, is required to be very small compared with
€n, say, €N; < 1078. Once b; and N; are fixed, we will use the adaptive strategy with
Dorfler marking [24] to modify the grid according to the a posteriori error estimate
(5.1). A good choice of bj, b;, and Nj in ey; can greatly reduce the calculation
amount. However, it is not clear to us how to determine the most optimal IV, b;, and
b; to improve the computational efficiency. For simplicity, in the following numerical
experiments, b;- is chosen such that the grating structure lies exactly between x3 =
b,7 = 1,2, and b; is determined through the relation that [b; — b}| = min{L/2, A/2},
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Give « € (0,1] and tolerance TOL > 0.
Choose bj, b; and Nj such that ex; <107%, j = 1,2;
Generate an initial mesh My, over 2 and compute error estimators;
While ¢, > TOL do
choose /\//\lh C My, according to the strategy n i, > Kk

refine all the elements in /\//T » and denote the obtained mesh still by My,
solve the discrete problem (3.3) or (4.17) on the new My,
compute the corresponding error estimators,

End while.

© 00~ U = W N

F1G. 3. The adaptive algorithm.

where L is the period of the grating and A is the wavelength of the incident wave,
and then NV is taken to be the smallest positive integer satisfying ey, < 1078, Recall
that in section 3, we define, for any T" € My, the local a posteriori error estimator as
follows:

1/2
1
nr = hrl|Luy || L2y + (5 > hG||JG|%2(e)> :

eCOT

For any subset M, of M, denote by 7]3\7 =Y re, M and let 7y, denote g, In
h

our algorithm, a factor of 0.15 is set on the error estimator as in the PDE toolbox of
MATLAB. Now we briefly describe the adaptive algorithm in Figure 3.

5.2. Numerical examples. The following two examples are chosen to demon-
strate the effectiveness of our algorithm. We also note that our adaptive algorithm
with truncated DtN boundary condition is almost comparable in robustness to the
adaptive PML algorithm [21, 9]. We set k = 0.5 in the adaptive algorithm of Figure
3 and normalize the space variables so that p = 1.

Example 5.1. Consider the simplest grating structure, a straight line. Assume that
a plane wave uy = e**¥1~%%3 ig incident on the straight line {3 = 0}, which separates
two homogeneous media whose dielectric coefficients are €; and e, respectively. The
exact solution is known in [8]:

{ up + refoTitibrs g a0 S ()
u =

tetow1—ifrs if x3 <0,

where B = (k3 — a2)1/2,t = 28/(8 + B), and r = (8 — B)/(B+ B).

The parameters are chosen as 1 = 1, g2 = (0.22 + 6.717)2, § = 7/6 and w = T.
The domain is defined as Q = [0,2] x [—1,1]. For our adaptive DtN algorithm, we
choose by =1, by = —1, b, =0, b, =0, N; =6 and Ny = 4.

Table 1 clearly shows the advantage of using adaptive mesh refinements. More-
over, it is shown that the a posteriori error estimate €;, provides a rather good estimate
for the priori error e, = || V(u—up)||2(0)- Figure 4 displays the curves of log ey, and
log €}, versus log DoF, for our adaptive DtN method and the adaptive PML method,
where DoF}, denotes the number of nodal points of the mesh Mj in domain 2 for
our DtN method or in domain D composed of 2 and the PML layers for the PML
method. Figure 5 shows the error of the zero-order reflection efficiencies as a function
of DoFy,, respectively, for our adaptive DtN method and the adaptive PML method
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TABLE 1

Comparison of numerical results using adaptive (DtN) and uniform mesh refinements
or BExample 5.1. DoFy, is the number of nodal points of mesh My,
P p

Adaptive mesh Uniform mesh
DoFy, en €n en/en DoF}y, en €n en/en
15 4.6817 3.85909 0.8243 15 4.6817 3.85909 0.8243
39 2.7703 2.79589 1.0092 49 2.6218 2.45519 0.9365
134 1.2586 1.31922 1.0481 177 1.3064 1.38364 1.0592
381 0.6480 0.724811 1.1186 673 0.6556 0.732994 1.1181
1505 0.3245 0.361331 1.1133 2625 0.3285 0.378147 1.1510
6257 0.1614 0.178102 1.1035 10369 | 0.1644 0.192346 1.1703
23500 | 0.0817 | 0.0901649 | 1.1040 41217 | 0.0822 | 0.0970503 1.1812
10° 10°
—s—e, —s—e,
slhope—1 2 srcpe—1 2
10— 10' ®
\\\ |
8 Ce, ™ g R
L T~ m&;&&x\
10° Sy, S~ 10° % - \\
Q\\\H;S\@\ R \\\ B gﬁ\g@ ~__
tj‘fﬂ%@\%\ "‘\%q\ .
B *oSsna
107 . . ‘ 107 .
10" 10° 10° 10° 10' 10° o 10

Number of nodal points

1
(b) Number of nodal points

Fic. 4. Quasi-optimality of the a priori and a posteriori error estimates for Ezample 5.1. (a)

the

adaptive DtN method; (b) the adaptive PML method.

Error of zero-order reflection efficiency
5

Slope:-1

Error of zero-order reflection efficiency
5

10
(a)

10° 10° 10
Number of nodal points

10° 10° 10
(b) Number of nodal points

F1G. 5. The error of the zero-order reflection efficiencies versus the number of nodal points for
Ezample 5.1. (a) the adaptive DtN method; (b) the adaptive PML method.

[21, 9], where the exact zero-order reflection efficiency is 0.9836391. It indicates that
for the proposed two methods, the meshes and the associated numerical complexity

are quasi-optimal: ||V (u—up) )| 12(0) = (’)(DoF,:l/g) is valid asymptotically, while the

convergence rate of the zero-order reflection efficiencies is about O(DoF; ).

Next we give further comparisons of the adaptive DtN method and the adaptive
PML method in terms of accuracy and CPU time. For the adaptive PML method,
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10 - ; ; : , : :
b | —S— DN —=—DIN
B, —#— PML( DoF?) —— PML( DoF?) ’
N ~ — - PML(DoF,) — — -PML(DoF ) 4
7 4
10° b p
- P
@ p i
- 5
o 4
107 |
107 L L L L L L L
10’ 10° 10° 10* 10° 10° 7 8 9 10
(a) Number of nodal points (b) Number of nodal points x10°

Fic. 6. (a) The priori error versus the number of nodal points for Example 5.1. (b) CPU time
versus the number of nodal points for Example 5.1.

05 . . . . . . . . .
0 1 2 3 4 5 6 7 8 9 10
Number of nodal points

Fic. 7. Ratio of DoF%/Dth versus DoFy, for Example 5.1.

| i
08| 1 0.8 1

total efficiency 1 N
1 1 total efficiency
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Efficiency
o
o
/

)
=
o
IS

efficiency of 0% order reflected mode

‘ “ efficiency of 0! order reflected mode ‘,‘ '

N —— _— R — - _—
02 é& i . 02 ~ —
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| %ﬁwp B o e . st
efficiency of -1 order reflected mode 5 efficiency of 1> order reflected mode
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Fi1G. 8. The zero-order reflection efficiency, the negative first-order reflection efficiency, and
the total efficiency versus the number of nodal points for Example 5.2. (a) the adaptive DtN method;
(b) the adaptive PML method.

we denote by DoF}, the number of all nodal points in the mesh Mj and by DoF%
the number of nodal points restricted to the computational domain 2. Clearly, the
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Fic. 9. An adaptively refined mesh (a) with 4024 elements using the DtN method and (b) with
6320 elements using the PML method, for Example 5.2.

accuracy of the adaptive PML solution is determined by DoF%, the degrees of freedom
in the computational domain . Figure 6(a) shows the curves of the priori error ey,
versus the number of nodal points for our adaptive DtN method and the adaptive
PML method. Figure 6(b) shows the CPU time as a function of the number of nodal
points for our adaptive DtN method and the adaptive PML method. From Figure 6,
we observe that the error e; for the two methods is almost the same when DoF}, of
our DtN method is equal to DoF$! of the PML method, while the CPU time of the
DtN method is a little shorter. The CPU time for the two methods is almost the same
when the number of all nodal points DoF}, of both methods are equal, while accuracy
of the DtN method is a little better. This inferiority of the adaptive PML method
for Example 1 is due to a relatively large portion of degrees of Freedom being placed
in the PML layers to approximate the solution there (see Figure 7). We remark that
for higher-frequency problems, the ratio of degrees of freedom in the PML layers to
those in the computational domain would be smaller (cf. [20]), while the number the
truncation terms in our adaptive DtN method would be larger, and as a consequence
the performances of the two methods should be similar. We would like to point
out that most grating problems are essentially low-frequency problems (meaning that
kE x diam(Q) = O(1)).

This example clearly shows that our adaptive DtN method is effective and feasible,
like the adaptive PML method.

Ezample 5.2. This example is a practical problem from [9] and is concerned with
a cylindrical, metallic rod grating in TM polarization. The groove spacing is 1 pum,
the radius of the rods is 0.5 pm, and their refractive index (,/g2) is 1.347.6i. They
are placed in a vacuum of €1 = 1 and illuminated under § = 7/6 incidence angle by a
0.6328 pm-wavelength laser(w = 27/0.6328). Note that the parameters are taken as
follows: by = 0.8164, by = —0.8164, b} = 0.5, b, = —0.5, N1 = 10, and Ny = 10.
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Fi1G. 10. The surface plot of the amplitude of the associated numerical solution restricted in
Q on the mesh of Figure 9 for Ezample 5.2: (a) the adaptive DtN method; (b): the adaptive PML
method.

— — —¢,ON)
—o— & (PML)
slope-1/2

A posterior error estimates

. . .
10° 10° 10 10
Number of nodal points

Fia. 11. Quasi-optimality of the a posteriori error estimates for the adaptive DtN method and
the adaptive PML method in Example 5.2.

Figure 8 shows the zero-order reflection efficiency, the negative first-order re-
flection efficiency, and the total efficiency, as a function of the number of nodal
points(DoFy,). It is clear that the efficiencies are convergent for both our adaptive
DtN method and the adaptive PML method. The mesh plot and the amplitude of
the associated numerical solution restricted in the domain Q = [0, 1] x [—0.6, 0.6] are
shown for the two methods in Figures 9 and 10. It is easily seen that although there
is a considerable difference in the meshes, the surface plots of the amplitude of the
numerical solutions are pretty much the same for the two methods. It is also ob-
served that both the adaptive DtN method and the adaptive PML method generate
locally refined meshes in 2, which shows the ability of the two algorithms to capture
the singularities of the problem. Figure 11 shows the curve of loge;, versus logDoF},.
It implies that decay of the a posteriori error estimates is O(DOF;U %) for the two
algorithms.

Finally we conclude that our method is comparable to the adaptive PML method
in the performance of approximation errors.

6. Conclusion. Based on the a posteriori error estimate, we presented an adap-
tive finite element method with DtN boundary condition for the diffraction grating
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problem. Numerical experiments included in this paper clearly demonstrate the com-
petitive behavior of our proposed algorithm. Our point of view is that the adaptive
DtN finite element method enriches the range of choices available for the numerical
computation of wave propagation problems. The present work provides a viable alter-
native to the adaptive finite element method with PML for solving the same grating
problem. We further hope the algorithm can be used to solve other scientific problems
defined on an unbounded physical domain, especially when the PML techniques might
not be applicable in those cases. Future work will be devoted to the extension of our
analysis to the adaptive DtN finite element approximation of the two-dimensional
diffraction grating problem governed by the Maxwell equations.
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