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Abstract. Consider the wave propagation in a two-layered medium consisting of a homogeneous
compressible air or fluid on top of a homogeneous isotropic elastic solid in three dimensions. The
interface between the two layers is assumed to be an unbounded rough surface. This work presents
the first mathematical analysis for the transient acoustic-elastic interaction problem in such an un-
bounded structure. Using an exact transparent boundary condition and suitable interface conditions,
we study an initial boundary value problem for the coupling of the acoustic and elastic wave equa-
tions. The well-posedness and stability are established for the reduced problem. Moreover, a priori
estimates with explicit dependence on the time are obtained for the acoustic pressure and the elastic
displacement. The problem addressed is sufficiently general to have potential use in applications.
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1. Introduction. Consider a two-layered medium which consists of a homoge-
neous compressible air or fluid on top of a homogeneous isotropic elastic solid. The
interface between air/fluid and solid is assumed to be an unbounded rough surface,
which refers to a nonlocal perturbation of an infinite plane surface such that the whole
surface lies within a finite distance of the original plane. As a source located in the
solid layer, the external force generates an elastic wave, which propagates towards the
interface and further excites an acoustic wave in the air/fluid layer. The wave prop-
agation leads to an air/fluid-solid interaction problem with an unbounded interface
separating the acoustic and elastic waves which are coupled on the interface through
two interface conditions. The first kinematic interface condition is imposed to ensure
that the normal velocity of the air/fluid on one side of the boundary matches the
accelerated velocity of the solid on the other side. The second one is the dynamic
condition which results from the balance of forces on two sides of the interface. The
problem addressed above is sufficiently general to have potential use in applications.
For example, the model problem can be used to describe the seismic wave propagation
in the air/fluid-solid medium due to the excitation of an earthquake source which is
located in the crust between the lithosphere and the mantle of the Earth. Mathemati-
cally, there are two major challenges for this acoustic-elastic interaction problem: the
time dependence and the unbounded rough interface.

∗Received by the editors August 16, 2016; accepted for publication (in revised form) July 24,
2017; published electronically October 12, 2017.

http://www.siam.org/journals/sima/49-5/M109032.html
Funding: The first author was supported in part by the NSFC grants 11571065, 11671071,

National Research program of China Grant 2013CB834100, JLSTDP 20160520094JH and
FRFCU2412017FZ005. The second author was supported in part by the NSF grant DMS-1151308.
The third author was partially supported by the NSFC grants 61379093 and 91430102.
†School of Mathematics and Statistics, Center for Mathematics and Interdisciplinary Sciences,

Northeast Normal University, Changchun, Jilin 130024, China (gaoyx643@nenu.edu.cn).
‡Department of Mathematics, Purdue University, West Lafayette, IN 47907 (lipeijun@math.

purdue.edu).
§LSEC and Institute of Applied Mathematics, AMSS, Chinese Academy of Sciences, Beijing

100190, China (b.zhang@amt.ac.cn).

3951

D
ow

nl
oa

de
d 

10
/1

7/
17

 to
 1

28
.2

10
.1

06
.8

1.
 R

ed
is

tr
ib

ut
io

n 
su

bj
ec

t t
o 

SI
A

M
 li

ce
ns

e 
or

 c
op

yr
ig

ht
; s

ee
 h

ttp
://

w
w

w
.s

ia
m

.o
rg

/jo
ur

na
ls

/o
js

a.
ph

p

http://www.siam.org/journals/sima/49-5/M109032.html
mailto:gaoyx643@nenu.edu.cn
mailto:lipeijun@math.purdue.edu
mailto:lipeijun@math.purdue.edu
mailto:b.zhang@amt.ac.cn


 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited. 

3952 YIXIAN GAO, PEIJUN LI, AND BO ZHANG

This problem falls into the class of unbounded rough surface scattering problems,
which have been of great interest to physicists, engineers, and applied mathematicians
for many years. These problems arise from diverse scientific areas such as optics,
acoustics, electromagnetics, and radar techniques [1, 11, 32, 38, 41]. In particular,
the elastic wave scattering by unbounded interfaces has significant applications in
geophysics and seismology. For instance, the problem of elastic pulse transmission
and reflection through the Earth is fundamental to the investigation of earthquakes
and the utility of controlled explosions in search for oil and ore bodies [14, 15, 35]. The
unbounded rough surface scattering problems are quite challenging due to unbounded
structures. The usual Sommerfeld (for acoustic waves), Kupradze-Sommerfeld (for
elastic waves), or Silver–Müller (for electromagnetic waves) radiation condition is no
longer valid [2, 43]. The typical Fredholm alternative argument is not applicable
either, due to the lack of compactness results. For the time-harmonic problems,
we refer to [3, 4, 5, 25, 27] for some mathematical studies on the two-dimensional
Helmholtz equation and [17, 29, 30] for the three-dimensional Maxwell equations.
Despite many studies conducted so far, it is still unclear what the least restrictive
conditions are for those physical parameters to assure the well-posedness of the wave
equations in unbounded structures.

The time-domain scattering problems have recently attracted considerable atten-
tion due to their capability of capturing wideband signals and modeling more general
material and nonlinearity [6, 24, 26, 33, 40]. These attractive features motivate us to
tune our focus from seeking the best possible conditions for those physical parameters
to the time-domain problems. Comparing them with the time-harmonic problems, the
time-domain problems are less studied due to the additional challenge of the temporal
dependence. The analysis can be found in [7, 19, 39] for the time-domain acoustic
and electromagnetic obstacle scattering problems. We refer to [28] and [16] for the
analysis of the time-dependent electromagnetic scattering from an open cavity and a
periodic structure, respectively.

The acoustic-elastic interaction problems have received much attention in both the
mathematical and engineering communities [9, 10, 18, 21, 20, 31]. Many approaches
have been attempted to solve numerically the time-domain problems such as coupling
of the boundary element and finite element with different time quadratures [12, 22, 34,
36, 13]. There are also some numerical studies on the inverse problems arising from
the fluid-solid interaction such as reconstruction of surfaces of periodic structures or
obstacles [23, 42]. However, rigorous mathematical study, especially the stability, is
very rare at present.

This work presents the first mathematical analysis for the time-domain acoustic-
elastic interaction problem in an unbounded structure. The problem is reformulated
as an initial boundary value problem by adopting an exact transparent boundary
condition (TBC). Using the Laplace transform and energy method, we show that the
reduced variational problem has a unique weak solution in the frequency domain.
Meanwhile, we obtain the stability estimate to show the existence of the solution in
the time domain. In addition, we achieve a priori estimates with explicit dependence
on the time for the pressure of the acoustic wave and the displacement of the elastic
wave by considering directly the time-domain variational problem and taking special
test functions.

The paper is organized as follows. In section 2, we introduce the model equations
and interface conditions for the acoustic-elastic interaction problem. The time-domain
TBC is presented and some trace results are proved. Section 3 is devoted to the
analysis of the reduced problem, where the well-posedness and stability are addressed
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Fig. 1. Problem geometry of the acoustic-elastic interaction in an unbounded structure.

in both the frequency and time domains. We conclude the paper with some remarks
in section 4.

2. Problem formulation. In this section, we define some notation, introduce
the model equations, and present an initial boundary value problem for the acoustic-
elastic scattering in an air/fluid-solid medium.

2.1. Problem geometry. As shown in Figure 1, we consider an active source
which is embedded in an elastic solid medium. It models an earthquake focus located
in the crust which lies between the lithosphere and the rigid mantle of the Earth. Due
to the excitation of the source, an elastic wave is generated in the solid and propagates
through to the medium of the air/fluid. Clearly, this process leads to the air/fluid-
solid interaction problem with the scattering interface separating the domains where
the acoustic and elastic waves travel.

Let r= (x, y)> ∈ R2 and x= (x, y, z)> ∈ R3. Denote by Γf = {x ∈ R3 : z= f(r)}
the surface separating the air/fluid and the solid, where f is assumed to be aW 1,∞(R2)
function. Let Γg = {x ∈ R3 : z = g(r)} be the surface separating the crust and the
mantle, where g is an L∞(R2) function satisfying g(r) ≤ f(r), r ∈ R2. We assume
that the open space Ω+

f = {x ∈ R3 : z > f(r)} is filled with a homogeneous com-
pressible air or a compressible inviscid fluid with the constant density ρ1. The space
Ω2 = {x ∈ R3 : g(r) < z < f(r)} is assumed to be occupied by a homogeneous
isotropic linear elastic solid which is characterized by the constant mass density ρ2
and Lamé parameters µ, λ. Define an artificial planar surface Γh = {x ∈ R3 : z = h},
where h > supr∈R2 f(r) is a constant. Let Ω1 = {x ∈ R3 : f(r) < z < h} and
Ω = Ω1 ∪ Ω2.

2.2. Acoustic wave equation. The acoustic wave field in air/fluid is governed
by the conservation and the dynamics equations in the time domain:

∇p(x, t) = −ρ1∂tv(x, t), c2ρ1∇ · v(x, t) = −∂tp(x, t), x ∈ Ω+
f , t > 0,(1)

where p is the pressure, v is the velocity, and the constants ρ1 > 0 and c > 0 are the
density and sound speed, respectively. Eliminating the velocity v from (1), we obtain
the acoustic wave equation for the pressure p:

∆p(x, t)− 1
c2
∂2
t p(x, t) = 0, x ∈ Ω+

f , t > 0.

The homogeneous initial conditions are considered as causality:

p|t=0 = 0, ∂tp|t=0 = 0 in Ω+
f .
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3954 YIXIAN GAO, PEIJUN LI, AND BO ZHANG

2.3. Elastic wave equation. For the solid, the elastic wave field in a homoge-
neous isotropic solid material satisfies the linear time-domain elasticity equation,

∇ · σ(u(x, t))− ρ2∂
2
tu(x, t) = j(x, t), x ∈ Ω2, t > 0,(2)

where u = (u1, u2, u3)> is the displacement vector, ρ2 > 0 is the density of the elastic
solid material, j(x, t) is the source which models the earthquake focus and is assumed
to have a compact support contained in Ω2× (0, T ) for any T > 0, and the symmetric
stress tensor σ(u) is given by the generalized Hooke’s law

(3) σ(u) = 2µE(u) + λtr (E(u)) I, E(u) =
1
2
(
∇u+ (∇u)>

)
.

Here µ, λ are the Lamé parameters satisfying µ > 0, λ+µ > 0, I ∈ R3×3 is the identity
matrix, tr(E(u)) is the trace of the matrix E(u), and ∇u is the displacement gradient
tensor given by

∇u =

∂xu1 ∂yu1 ∂zu1
∂xu2 ∂yu2 ∂zu2
∂xu3 ∂yu3 ∂zu3

 .
Substituting (3) into (2), we obtain the time-domain Navier equation for the displace-
ment u:

(4) µ∆u(x, t) + (λ+ µ)∇∇ · u(x, t)− ρ2∂
2
tu(x, t) = j(x, t), x ∈ Ω2, t > 0.

By assuming that the mantle is rigid, we have

u = 0 on Γg, t > 0.

The homogeneous initial conditions are also imposed for the elastic wave equation:

u|t=0 = 0, ∂tu|t=0 = 0 in Ω2.

2.4. Interface conditions. To couple the acoustic wave equation in the air/fluid
and the elastic wave equation in the solid, the kinematic interface condition is imposed
to ensure the continuity of the normal component of the velocity on Γf :

(5) n · v(x, t) = n · ∂tu(x, t), x ∈ Γf , t > 0,

where n is the unit normal on Γf pointing from Ω2 to Ω1. Noting (1), we have from
(5) that

∂np = n · ∇p = −ρ1n · ∂2
tu on Γf , t > 0.

In addition, the dynamic interface condition is required to ensure the continuity of
traction:

−pn = σ(u) · n on Γf , t > 0,

where σ(u) · n denotes the multiplication of the stress tensor σ(u) with the normal
vector n.
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2.5. Laplace transform and some functional spaces. We first introduce
some properties of the Laplace transform. For any s = s1 + is2 with s1 > 0, s2 ∈ R,
define ŭ(s) to be the Laplace transform of the function u(t), i.e.,

ŭ(s) = L (u)(s) =
∫ ∞

0
e−stu(t)dt.

It follows from the integration by parts that∫ t

0
u(τ)dτ = L −1(s−1ŭ(s)),

where L −1 is the inverse Laplace transform. It is easy to verify from the inverse
Laplace transform that

u(t) = F−1(es1tL (u)(s1 + is2)
)
,

where F−1 denotes the inverse Fourier transform with respect to s2.
Recall the Plancherel or Parseval identity for the Laplace transform (cf. [8,

(2.46)]):

(6)
1

2π

∫ ∞
−∞

ŭ(s) · v̆(s)ds2 =
∫ ∞

0
e−2s1tu(t) · v(t)dt ∀ s1 > σ0,

where ŭ = L (u), v̆ = L (v), and σ0 is the abscissa of convergence for the Laplace
transform of u and v.

Hereafter, the expression a . b or a & b stands for a ≤ Cb or a ≥ Cb, where C
is a positive constant and its specific value is not required but should be always clear
from the context.

The following lemma (cf. [37, Theorem 43.1]) is an analogue of the Paley–Wiener–
Schwarz theorem for the Fourier transform of the distributions with compact supports
in the case of the Laplace transform.

Lemma 2.1. Let h̆(s) be a holomorphic function in the half-plane Re s > σ0 and
be valued in the Banach space E. The following two conditions are equivalent:

1. there is a distribution h ∈ D′+(E) whose Laplace transform is equal to h̆(s);
2. there is a real σ1 with σ0 ≤ σ1 < ∞ and an integer m ≥ 0 such that for all

complex numbers s with Res > σ1, we have ‖h̆(s)‖E . (1 + |s|)m,
where D′+(E) is the space of distributions on the real line which vanish identically in
the open negative half-line.

Next we introduce some Sobolev spaces. For any u ∈ L2(Γh), which is identified
as L2(R2), we denote by û the Fourier transform of u:

û(ξ) =
1

2π

∫
R2
u(r)e−ir·ξdr,

where ξ = (ξ1, ξ2)> ∈ R2. For any α ∈ R, define

Hα(Γh) = Hα(R2) =
{
u ∈ L2(R2) :

∫
R2

(1 + |ξ|2)α|û|2dξ <∞
}
.

It is clear to note that the dual space associated with Hα(Γh) is the space H−α(Γh)
with respect to the scalar product in L2(R2) defined by

〈u, v〉Γh
=
∫

Γh

u(r)v̄(r)dr =
∫

R2
û(ξ)¯̂v(ξ)dξ.
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Define
H1/2(Γf ) = {u : Γf → C : u(·, f(·)) ∈ H1/2(R2)}

with the associated image norm

‖u‖H1/2(Γf ) =
(∫

R2
|u(r, f(r))|2dr +

∫
R2

∫
R2

|u(r1, f(r1))− u(r2, f(r2))|2

|r1 − r2|3
dr1dr2

)1/2

.

Denote by Hk(Ω) = {u ∈ L2(Ω) : Dαu ∈ L2(Ω) for all |α| ≤ k} the standard
Sobolev space of square integrable functions with the order of derivatives up to k ∈ N.
Let H1

Γg
(Ω) = {u ∈ H1(Ω) : u = 0 on Γg}. Let H1

Γg
(Ω)3 and H1/2(Γf )3 be the

Cartesian product spaces equipped with the corresponding 2-norms of H1
Γg

(Ω) and
H1/2(Γf ), respectively. For any u = (u1, u2, u3)> ∈ H1

Γg
(Ω2)3, define

‖∇u‖L2(Ω2)3×3 =

 3∑
j=1

∫
Ω2

|∇uj |2dx

1/2

.

It is easy to verify that

‖∇u‖2L2(Ω2)3×3 + ‖∇ · u‖2L2(Ω2) . ‖u‖2H1(Ω2)3 .

The following trace results can be easily proved by using the definitions. The
proofs are omitted for simplicity.

Lemma 2.2. There exists a positive constant C such that

‖u‖H1/2(Γf ) ≤ C‖u‖H1(Ω1) ∀u ∈ H1(Ω1).

Lemma 2.3. There exists a positive constant C such that

‖u‖H1/2(Γf )3 ≤ C‖u‖H1(Ω2)3 ∀u ∈ H1
Γg

(Ω2)3.

2.6. Transparent boundary condition. In this subsection, we will introduce
an exact time-domain TBC to formulate the acoustic-elastic wave interaction problem
into the following coupled initial boundary value problem:

(7)



∆p− 1
c2 ∂

2
t p = 0 in Ω1, t > 0,

µ∆u+ (λ+ µ)∇∇ · u− ρ2∂
2
tu = j in Ω2, t > 0,

p|t=0 = ∂tp|t=0 = 0, u|t=0 = ∂tu|t=0 = 0 in Ω,
∂np = −ρ1n · ∂2

tu, −pn = σ(u) · n on Γf , t > 0,
∂νp = T p on Γh, t > 0,
u = 0 on Γg, t > 0,

where ν = (0, 0, 1)> is the unit normal vector on Γh pointing from Ω1 to Ω+
h =

{x ∈ R3 : z > h}, and T is the time-domain TBC operator on Γh. In what follows,
we shall derive the formulation of the operator T and show some of its properties.

Let p̆(x, s) = L (p) and ŭ(x, s) = L (u) be the Laplace transform of p(x, t) and
u(x, t) with respect to t, respectively. Recall that

L (∂tp) = sp̆(·, s)− p(·, 0), L (∂2
t p) = s2p̆(·, s)− sp(·, 0)− ∂tp(·, 0),

L (∂tu) = sŭ(·, s)− u(·, 0), L (∂2
tu) = s2ŭ(·, s)− su(·, 0)− ∂tu(·, 0).
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Taking the Laplace transform of (7) and using the initial conditions, we obtain the
acoustic-elastic wave interaction problem in the s-domain:

∆p̆− s2

c2
p̆ = 0 in Ω1,(8a)

µ∆ŭ+ (λ+ µ)∇∇ · ŭ− ρ2s
2ŭ = j̆ in Ω2,(8b)

∂np̆ = −ρ1s
2n · ŭ, −p̆n = σ(ŭ) · n on Γf ,(8c)

∂ν p̆ = Bp̆ on Γh,(8d)
ŭ = 0 on Γg.(8e)

where j̆ = L (j), B is the Dirichlet-to-Neumann (DtN) operator on Γh in the
s-domain and satisfies T = L −1 ◦B ◦L .

In order to deduce the TBC, we consider the Helmholtz equation with a complex
wavenumber,

∆p̆− s2

c2
p̆ = 0 in Ω+

h .(9)

Taking the Fourier transform of (9) with respect to r yields{
d2 ˆ̆p(ξ,z)

dz2 −
(
s2

c2 + |ξ|2
)

ˆ̆p(ξ, z) = 0, z > h,

ˆ̆p(ξ, z) = ˆ̆p(ξ, h), z = h.
(10)

Solving (10) and using the bounded outgoing wave condition, we get

ˆ̆p(ξ, z) = ˆ̆p(ξ, h)e−β(ξ)(z−h), z > h,

where

β2(ξ) =
s2

c2
+ |ξ|2 with Reβ(ξ) > 0.(11)

Thus we obtain the solution of (9),

p̆(r, z) =
∫

R2

ˆ̆p(ξ, h)e−β(ξ)(z−h)eiξ·rdξ.(12)

Taking the normal derivative of (12) on Γh, we have

∂ν p̆(r, h) =
∫

R2
−β(ξ)ˆ̆p(ξ, h)eiξ·rdξ.

For any function u defined on Γh, we defined the DtN operator

(Bu) (r) =
∫

R2
−β(ξ)û(ξ)eiξ·rdξ.(13)

Lemma 2.4. Let s = s1 + is2, s1 ≥ σ0 > 0, s2 ∈ R. The DtN operator B(s) :
H1/2(Γh)→ H−1/2(Γh) is continuous, i.e.,

‖B(s)u‖H−1/2(Γh) ≤ C(σ0)|s|‖u‖H1/2(Γh) ∀u ∈ H1/2(Γh),

where C(σ0) = max{c−1, σ−1
0 }.
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Proof. For any u ∈ H1/2(Γh), it follows from (13) and (11) that

‖Bu‖2H−1/2(Γh) =
∫

R2
(1 + |ξ|2)−1/2| − β(ξ)û(ξ)|2dξ

=
∫

R2
(1 + |ξ|2)1/2(1 + |ξ|2)−1|β(ξ)|2|û(ξ)|2dξ

≤ C(σ0)2|s|2‖u‖2H1/2(Γh),

where we have used (2.11) to derive the explicit bound of |β(ξ)|2:

|β(ξ)|2 =
∣∣∣∣s2

c2
+ |ξ|2

∣∣∣∣ ≤ |s|2c2 + |ξ|2

≤ |s|2
(

1
c2

+
1
σ2

0
|ξ|2
)
≤ C(σ0)2|s|2(1 + |ξ|2),

which completes the proof.

Lemma 2.5. We have

−Re〈s−1B(s)u, u〉Γh
≥ 0 ∀u ∈ H1/2(Γh), s = s1 + is2, s1 > 0, s2 ∈ R.

Proof. A simple calculation yields that

−〈s−1Bu, u〉Γh
=
∫

R2
s−1β(ξ)|û(ξ)|2dξ =

∫
R2

s̄β(ξ)
|s|2

|û(ξ)|2dξ.

Let β(ξ) = a + ib, s = s1 + is2 with a > 0, s1 > 0. Taking the real part of the above
equation gives

−Re〈s−1Bu, u〉Γh
=
∫

R2

(s1a+ s2b)
|s|2

|û(ξ)|2dξ.(14)

Recalling β2(ξ) = s2

c2 + |ξ|2, we have

a2 − b2 =
s2

1 − s2
2

c2
+ |ξ|2, ab =

s1s2

c2
.(15)

Substituting (15) into (14) yields

−Re〈s−1Bu, u〉Γh
=
∫

R2

1
|s|2

(
as1 +

s1

a

s2
2

c2

)
|û(ξ)|2dξ ≥ 0,

which completes the proof.

Using the DtN operator (13), we can get the following TBC for the acoustic
pressure in the s-domain:

∂ν p̆ = Bp̆ on Γh.(16)

Using Lemmas 2.1 and 2.4, we may take the inverse Laplace transform of (16) and
obtain the TBC in the time domain,

∂νp = T p on Γh.
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3. The reduced problem. In this section, we present the main results of this
paper, which include the well-posedness and stability of the scattering problem and
related a priori estimates.

3.1. Well-posedness in the s-domain. Consider the reduced problem (8a)–
(8d) in the s-domain. Multiplying (8a) and (8b) by the complex conjugate of a
test function q ∈ H1(Ω1) and a test function v ∈ H1

Γg
(Ω2)3, respectively, using the

integration by parts and boundary conditions, which include the TBC condition (8d),
the kinematic and dynamic interface conditions (8c), and the rigid boundary condition
(8e), we arrive at the variational problem: to find (p̆, ŭ) ∈ H1(Ω1) ×H1

Γg
(Ω2)3 such

that ∫
Ω1

(
1
s
∇p̆ · ∇q̄ +

s

c2
p̆q̄

)
dx− 〈s−1Bp̆, q〉Γh

− ρ1s

∫
Γf

(n · ŭ)q̄dγ = 0 ∀q ∈ H1(Ω1)(17)

and ∫
Ω2

(
1
s

(µ(∇ŭ : ∇v̄) + (λ+ µ)(∇ · ŭ)(∇ · v̄)) + ρ2sŭ · v̄
)

dx

+
1
s

∫
Γf

p̆(n · v̄)dγ = −
∫

Ω2

1
s
j̆ · v̄dx ∀v ∈ H1

Γg
(Ω2),(18)

where A : B = tr
(
AB>

)
is the Frobenius inner product of square matrices A and B.

We multiply (18) by ρ1|s|2 and add the obtained result to (17) to obtain an
equivalent variational problem: to find (p̆, ŭ) ∈ H1(Ω1)×H1

Γg
(Ω2)3 such that

a (p̆, ŭ; q,v) = −
∫

Ω2

ρ1s̄j̆ · v̄dx ∀(q,v) ∈ H1(Ω1)×H1
Γg

(Ω2)3,(19)

where the sesquilinear form

a (p̆, ŭ; q,v) =
∫

Ω1

(
1
s
∇p̆ · ∇q̄ +

s

c2
p̆q̄

)
dx+

∫
Ω2

(
ρ1s̄
(
µ(∇ŭ : ∇v̄)

+ (λ+ µ)(∇ · ŭ)(∇ · v̄)
)

+ ρ1ρ2s|s|2ŭ · v̄
)

dx− 〈s−1Bp̆, q〉Γh

+ ρ1

∫
Γf

(s̄p̆(n · v̄)− sq̄(n · ŭ)) dγ.(20)

Theorem 3.1. The variational problem (19) has a unique weak solution (p̆, ŭ) ∈
H1(Ω1)×H1

Γg
(Ω2)3, which satisfies

‖∇p̆‖L2(Ω1)3 + ‖sp̆‖L2(Ω1) . ‖j̆‖L2(Ω2)3 ,(21)

‖∇ŭ‖L2(Ω2)3×3 + ‖∇ · ŭ‖L2(Ω2) + ‖sŭ‖L2(Ω2)3 .
1
|s|
‖j̆‖L2(Ω2)3 .(22)
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Proof. We have from the Cauchy–Schwarz inequality and Lemmas 2.2, 2.3, and
2.4 that

|a (p̆, ŭ; q,v) | ≤ 1
|s|
‖∇p̆‖L2(Ω1)3‖∇q‖L2(Ω1)3 +

|s|
c2
‖p̆‖L2(Ω1)‖q‖L2(Ω1)

+ ρ1|s|
(
µ‖∇ŭ‖L2(Ω2)3×3‖∇v‖L2(Ω2)3×3

+ (λ+ µ)‖∇ · ŭ‖L2(Ω2)‖∇ · v‖L2(Ω2)
)

+ ρ1ρ2|s|3‖ŭ‖L2(Ω2)3‖v‖L2(Ω2)3 +
1
|s|
‖Bp̆‖H−1/2(Γh)‖q‖H1/2(Γh)

+ ρ1|s|
(
‖p‖L2(Γf )‖n · v‖L2(Γf ) + ‖q‖L2(Γf )‖n · ŭ‖L2(Γf )

)
.‖p̆‖H1(Ω1)‖q‖H1(Ω1) + ‖ŭ‖H1(Ω2)3‖v‖H1(Ω2)3 + ‖p̆‖H1/2(Γh)‖q‖H1/2(Γh)

+ ‖p̆‖H1/2(Γf )‖v‖H1/2(Γf )3 + ‖q‖H1/2(Γf )‖ŭ‖H1/2(Γf )3

.‖p̆‖H1(Ω1)‖q‖H1(Ω1) + ‖ŭ‖H1(Ω2)3‖v‖H1(Ω2)3 + ‖p̆‖H1(Ω1)‖q‖H1(Ω1)

+ ‖p̆‖H1(Ω1)‖v‖H1(Ω2)3 + ‖q‖H1(Ω1)‖ŭ‖H1(Ω2)3 ,

which shows that the sesquilinear form is bounded.
Letting (q,v) = (p̆, ŭ) in (20) yields

a(p̆, ŭ; p̆, ŭ) =
∫

Ω1

(
1
s
|∇p̆|2 +

s

c2
|p̆|2
)

dx+
∫

Ω2

(
ρ1s̄

(
µ(∇ŭ : ∇¯̆u) + (λ+ µ)|∇ · ŭ|2

)
+ ρ1ρ2s|s|2|ŭ|2

)
dx− 〈s−1Bp̆, p̆〉Γh

+ ρ1

∫
Γf

(
s̄p̆(n · ¯̆u)− s ¯̆p(n · ŭ)

)
dγ.(23)

Taking the real part of (23) and using Lemma 2.5, we obtain

Re(a(p̆, ŭ; p̆, ŭ)) =
∫

Ω1

(
s1

|s|2
|∇p̆|2 +

s1

c2
|p̆|2
)

dx+ ρ1s1

(
µ‖∇ŭ‖2L2(Ω2)3×3

+ (λ+ µ)‖∇ · ŭ‖2L2(Ω2)

)
+ρ1ρ2s1|s|2|ŭ|2L2(Ω2)3 − Re〈s−1Bp̆, p̆〉Γh

&
s1

|s|2
(
‖∇p̆‖2L2(Ω1)3 + ‖sp̆‖2L2(Ω1)

)
+ s1

(
‖∇ŭ‖2L2(Ω2)3×3 + ‖∇ · ŭ‖2L2(Ω2) + ‖sŭ‖2L2(Ω2)3

)
.(24)

It follows from the Lax–Milgram theorem that the variational problem (19) has a
unique weak solution (p̆, ŭ) ∈ H1(Ω1)×H1

Γg
(Ω2)3. Moreover, we have from (19) that

|a(p̆, ŭ; p̆, ŭ)| . s1

|s|
‖j̆‖L2(Ω2)3‖sŭ‖L2(Ω2)3 .(25)

Combing (24) and (25) completes the proof.

3.2. Well-posedness in the time domain. We now consider the reduced prob-
lem in the time-domain:

∆p− 1
c2
∂2
t p = 0 in Ω1, t > 0,(26a)

µ∆u+ (λ+ µ)∇∇ · u− ρ2∂
2
tu = j in Ω2, t > 0,(26b)

p|t=0 = ∂tp|t=0 = 0, u|t=0 = ∂tu|t=0 = 0 in Ω,(26c)
∂np = −ρ1n · ∂2

tu, −pn = σ(u) · n on Γf , t > 0,(26d)
∂νp = T p on Γh, t > 0,(26e)
u = 0 on Γg, t > 0.(26f)
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To show the well-posedness of the reduced problem (26), we assume

j ∈ H1(0, T ;L2(Ω2)3).(27)

Theorem 3.2. The initial boundary value problem (26) has a unique solution
(p,u) which satisfies

p(x, t) ∈ L2 (0, T ; H1(Ω1)
)
∩H1 (0, T ; L2(Ω1)

)
,

u(x, t) ∈ L2(0, T ; H1
Γg

(Ω2)3) ∩H1(0, T ; L2(Ω2)3)
and the stability estimates

max
t∈[0,T ]

(
‖∂tp‖L2(Ω1) + ‖∇p‖L2(Ω1)3

)
. ‖∂tj‖L1(0,T ; L2(Ω2)3),(28)

max
t∈[0,T ]

(
‖∂tu‖L2(Ω2)3 + ‖∇ · u‖L2(Ω2) + ‖∇u‖L2(Ω2)3×3

)
. ‖∂tj‖L1(0,T ; L2(Ω2)3).(29)

Proof. For the air/fluid pressure p, we have∫ T

0

(
‖∇p‖2L2(Ω1)3 + ‖∂tp‖2L2(Ω1)

)
dt

≤
∫ T

0
e−2s1(t−T )

(
‖∇p‖2L2(Ω1)3 + ‖∂tp‖2L2(Ω1)

)
dt

= e2s1T
∫ T

0
e−2s1t

(
‖∇p‖2L2(Ω1)3 + ‖∂tp‖2L2(Ω1)

)
dt

.
∫ ∞

0
e−2s1t

(
‖∇p‖2L2(Ω1)2 + ‖∂tp‖2L2(Ω1)

)
dt.

Similarly, we have for the elastic displacement u that∫ T

0

(
‖∂tu‖2L2(Ω2)3 + ‖∇u‖2L2(Ω2)3×3 + ‖∇ · u‖2L2(Ω2)

)
dt

.
∫ ∞

0
e−2s1t

(
‖∂tu‖2L2(Ω2)3 + ‖∇u‖2L2(Ω2)3×3 + ‖∇ · u‖2L2(Ω2)

)
dt.

Hence it suffices to estimate the integrals∫ ∞
0

e−2s1t
(
‖∇p‖2L2(Ω1)3 + ‖∂tp‖2L2(Ω1)

)
dt

and ∫ ∞
0

e−2s1t
(
‖∂tu‖2L2(Ω2)3 + ‖∇u‖2L2(Ω2)3×3 + ‖∇ · u‖2L2(Ω2)

)
dt.

Taking the Laplace transform of (26), we obtain the reduced acoustic-elastic
interaction problem in the s-domain (8). It follows from Theorem 3.1 that p̆ and ŭ
satisfy the stability estimates (21) and (22), respectively. It follows from [37, Lemma
44.1] that p̆ and ŭ are holomorphic functions of s on the half-plane Res > σ0. Hence
we have from Lemma 2.1 that the inverse Laplace transform of p̆ and ŭ exists and is
supported in [0,∞).
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Using the Parseval identity (6), the assumptions (27), and the stability estimate
(21), we have∫ ∞

0
e−2s1t

(
‖∇p‖2L2(Ω1)3 + ‖∂tp‖2L2(Ω1)

)
dt =

1
2π

∫ ∞
−∞

(
‖∇p̆‖2L2(Ω1)3 + ‖sp̆‖2L2(Ω1)

)
ds2

. s−2
1

∫ ∞
−∞
‖|s|j̆‖2L2(Ω2)3ds2 = s−2

1

∫ ∞
−∞
‖L (∂tj)‖2L2(Ω2)3ds2

. s−2
1

∫ T

0
e−2s1t‖∂tj‖2L2(Ω2)3dt,

which shows that

p(x, t) ∈ L2 (0, T ;H1(Ω1)
)
∩H1(0, T ;L2(Ω1)

)
.

Since ŭ = L (u) = F (e−s1tu), where F is the Fourier transform in s2, we have
similarly from the Parseval identity (6) and the stability estimate (22) that∫ ∞

0
e−2s1t

(
‖∂tu‖2L2(Ω2)3 + ‖∇u‖2L2(Ω2)3×3 + ‖∇ · u‖2L2(Ω2)

)
dt

. s−2
1

∫ T

0
e−2s1t‖j‖2L2(Ω2)3dt,

which shows that

u ∈ L2(0, T ;H1
Γg

(Ω2)3) ∩H1(0, T ;L2(Ω2)3).
Next we show the stability estimates. Let p̃ be the extension of p with respect

to t in R such that p̃ = 0 outside the interval [0, t]. By the Parseval identity (6) and
Lemma 2.5, we get

Re
∫ t

0
e−2s1t〈T p, ∂tp〉Γh

dt = Re
∫ t

0
e−2s1t

∫
Γh

(T p)∂tp̄drdt

= Re
∫

Γh

∫ ∞
0

e−2s1t(T p̃)∂t ¯̃pdtdr =
1

2π

∫ ∞
−∞

Re〈B ˘̃p, s ˘̃p〉Γh
ds2

=
1

2π

∫ ∞
−∞
|s|2Re〈s−1B ˘̃p, ˘̃p〉Γh

ds2 ≤ 0,

which yields after taking s1 → 0 that

Re
∫ t

0

∫
Γh

(T p)∂tp̄drdt ≤ 0.(30)

Taking the partial derivative of (26b)–(26d) and (26f) with respect to t, we get

µ∆(∂tu) + (λ+ µ)∇∇ · (∂tu)− ρ2∂
2
t (∂tu) = ∂tj in Ω2, t > 0,

∂tu|t=0 = 0 in Ω2,

∂2
tu|t=0 = ρ−1

2 (µ∆u+ (λ+ µ)∇∇ · u− j) |t=0 = 0 in Ω2,

−∂tpn = ∂t(σ(u)) · n = σ(∂tu) · n on Γf , t > 0,
∂tu = 0 on Γg, t > 0.

(31)
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For any 0 < t < T , consider the energy function

E (t) = e1(t) + e2(t),

where
e1(t) = ‖1

c
∂tp‖2L2(Ω1) + ‖∇p‖2L2(Ω1)3

and

e2(t) = ‖(ρ1ρ2)1/2∂2
tu‖2L2(Ω2)3 + ‖(ρ1(λ+ µ))1/2∇ · (∂tu)‖2L2(Ω2)

+ ‖(ρ1µ)1/2∇(∂tu)‖2L2(Ω2)3×3 .

It is easy to note that

E (t)− E (0) =
∫ t

0
E ′(τ)dτ =

∫ t

0
(e′1(τ) + e′2(τ)) dτ.(32)

It follows from (26a), (26c)–(26e), and the integration by parts that∫ t

0
e′1(τ)dτ = 2Re

∫ t

0

∫
Ω1

(
1
c2
∂2
t p ∂tp̄+ ∂t(∇p) · ∇p̄

)
dxdτ

= 2Re
∫ t

0

∫
Ω1

(∆p∂tp̄+ ∂t(∇p) · ∇p̄) dxdτ

=
∫ t

0

∫
Ω1

2Re (−∇p · ∂t(∇p̄) + ∂t(∇p) · ∇p̄) dxdτ

+ 2Re
∫ t

0

∫
Γh

(T p)∂tp̄drdτ − 2Re
∫ t

0

∫
Γf

∂np∂tp̄dγdτ

= 2Re
∫ t

0

∫
Γh

(T p)∂tp̄drdτ + 2Re
∫ t

0

∫
Γf

ρ1n · ∂2
tu∂tp̄dγdτ.(33)

Similarly, we have from (31) and the integration by parts that∫ t

0
e′2(τ)dτ = ρ12Re

∫ t

0

∫
Ω2

(
ρ2∂t(∂2

tu) · ∂2
t ū+ (λ+ µ)∇ · (∂2

tu)∇ · (∂tū)

+ µ∇(∂2
tu) : ∇(∂tū)

)
dxdτ

= ρ12Re
∫ t

0

∫
Ω2

(
(µ∆(∂tu) + (λ+ µ)∇∇ · (∂tu)− ∂tj) · ∂2

t ū

+ (λ+ µ)∇ · (∂2
tu)∇ · (∂tū) + µ∇(∂2

tu) : ∇(∂tū)
)
dxdτ

= ρ1

∫ t

0

∫
Ω2

Re
(
− µ∇(∂tu) : ∇(∂2

t ū)− (λ+ µ)∇ · (∂tu)∇ · (∂2
t ū)

+ (λ+ µ)∇ · (∂2
tu)∇ · (∂tū) + µ∇(∂2

tu) : ∇(∂tū)
)
dxdτ

− 2Reρ1

∫ t

0

∫
Ω2

∂tj · ∂2
t ūdxdτ + 2Reρ1

∫ t

0

∫
Γf

(σ(∂tu) · n) · ∂2
t ūdγdτ

= − 2Reρ1

∫ t

0

∫
Ω2

∂tj · ∂2
t ūdxdτ − 2Reρ1

∫ t

0

∫
Γf

∂tpn · ∂2
t ūdγdτ.(34)
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3964 YIXIAN GAO, PEIJUN LI, AND BO ZHANG

Since E (0) = 0, combining (32)–(34) and (30) gives

E (t) = 2Re
∫ t

0

∫
Γh

(T p)∂tp̄drdτ − 2Reρ1

∫ t

0

∫
Ω2

∂tj · ∂2
t ūdxdτ

≤ −2Reρ1

∫ t

0

∫
Ω2

∂tj · ∂2
t ūdxdτ

≤ 2ρ1 max
t∈[0,T ]

‖∂2
tu‖L2(Ω2)3‖∂tj‖L1(0,T ;L2(Ω2)3).

It follows from Young’s inequality that

max
t∈[0,T ]

(
‖∂tp‖L2(Ω1) + ‖∇p‖L2(Ω1)3 + ‖∂2

tu‖L2(Ω)3

+ ‖∇ · (∂tu)‖L2(Ω2) + ‖∇(∂tu)‖L2(Ω2)3×3

)
. ‖∂tj‖L1(0,T ;L2(Ω2)3),

which shows the stability estimate (28).
For the elastic displacement u, we can also obtain

max
t∈[0,T ]

(
‖∂2
tu‖2L2(Ω2)3 + ‖∇ · (∂tu)‖2L2(Ω2) + ‖∇(∂tu)‖2L2(Ω2)3×3

)
. ‖∂tj‖2L1(0,T ;L2(Ω2)3).(35)

For any function v with v(·, 0) = 0, we have

(36) ‖v(·, t)‖ ≤
∫ t

0
‖∂tv(·, τ)‖dτ ≤ T max

t∈[0,T ]
‖∂tv‖,

which holds for any norm. Combining (35)–(36) gives

max
t∈[0,T ]

(
‖∂tu‖2L2(Ω2)3 + ‖∇ · u‖2L2(Ω2) + ‖∇u‖2L2(Ω2)3×3

)
. ‖∂tj‖2L1(0,T ;L2(Ω2)3),

which shows the estimate (29).

3.3. A priori estimates. In what follows, we derive a priori stability estimates
for the air/fluid pressure p and the displacement u with a minimum regularity re-
quirement for the data and an explicit dependence on the time.

We shall consider the elastic wave equation for ∂tu in order to match the interface
conditions when deducing the stability estimates. Taking the partial derivative of
(26b)–(26e) and (26f) with respect to t, we obtain a new reduced problem:

∆p− 1
c2 ∂

2
t p = 0 in Ω1, t > 0,

∂νp = T p on Γh, t > 0,
∂np = −ρ1n · ∂2

tu on Γf , t > 0,
p|t=0 = ∂tp|t=0 = 0 in Ω1

µ∆(∂tu) + (λ+ µ)∇∇ · (∂tu)− ρ2∂
2
t (∂tu) = ∂tj in Ω2, t > 0,

∂tu|t=0 = 0 in Ω2,

∂2
tu|t=0 = ρ−1

2 (µ∆u+ (λ+ µ)∇∇ · u− j) |t=0 = 0 in Ω2,

−∂tpn = ∂t(σ(u)) · n = σ(∂tu) · n on Γf , t > 0,
∂tu = 0 on Γg, t > 0.

(37)
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The variational problems of (37) are to find (p,u) ∈ H1(Ω1)× ∈ H1
Γg

(Ω2)3 for all
t > 0 such that∫

Ω1

1
c2
∂2
t pq̄dx =−

∫
Ω1

∇p · ∇q̄dx+
∫

Γh

(T p)q̄dr −
∫

Γf

∂np q̄dγ

=−
∫

Ω1

∇p · ∇q̄dx+
∫

Γh

(T p)q̄dr +
∫

Γf

ρ1(n · ∂2
tu)q̄dγ, ∀q ∈ H1(Ω1)(38)

and∫
Ω2

ρ2∂
2
t (∂tu) · v̄dx =−

∫
Ω2

(µ∇(∂tu) : ∇v̄ + (λ+ µ)(∇ · (∂tu))(∇ · v̄)) dx

−
∫

Ω2

∂tj · v̄dx+
∫

Γf

(
σ(∂tu) · n

)
· v̄dγ

=−
∫

Ω2

(µ∇(∂tu) : ∇v̄ + (λ+ µ)(∇ · (∂tu))(∇ · v̄) + (∂tj) · v̄) dx

−
∫

Γf

(∂tp)(n · v̄)dγ, ∀v ∈ H1
Γg

(Ω2)3.(39)

To show the stability of the solution, we follow the argument in [37] but with a
careful study of the TBC. The following lemma is useful for the subsequent analysis.

Lemma 3.3. Given ξ ≥ 0 and p ∈ H1(Ω1), we have

Re
∫

Γh

∫ ξ

0

(∫ t

0
T p(·, τ)dτ

)
p̄(·, t)dtdr ≤ 0.

Proof. Let p̃ be the extension of p with respect to t in R such that p̃ = 0 outside
the interval [0, ξ]. We obtain from the Parseval identity (6) and Lemma 2.5 that

Re
∫

Γh

∫ ξ

0
e−2s1t

(∫ τ

0
T p(·, τ)dτ

)
p̄(·, t)dtdr

= Re
∫

Γh

∫ ∞
0

e−2s1t
(∫ t

0
T p̃(·, τ)dτ

)
¯̃p(·, t)dtdr

= Re
∫

Γh

∫ ∞
0

e−2s1t
(∫ t

0
L −1 ◦B ◦L p̃(·, τ)dτ

)
¯̃p(·, t)dtdr

= Re
∫

Γh

∫ ∞
0

e−2s1t
(
L −1 ◦ (s−1B) ◦L p̃(·, t) ¯̃p(·, t)

)
dtdr

=
1

2π

∫ ∞
−∞

Re
∫

Γh

s−1B ˘̃p(·, s) ¯̃̆
p(·, s)drds2

=
1

2π

∫ ∞
−∞

Re〈s−1B ˘̃p, ˘̃p〉Γh
ds2 ≤ 0,

where we have used the fact that∫ t

0
p(·, τ)dτ = L −1 (s−1p̆(·, s)

)
.

The proof is completed after taking the limit s1 → 0.
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3966 YIXIAN GAO, PEIJUN LI, AND BO ZHANG

Theorem 3.4. Let (p,u) ∈ H1(Ω1) × H1
Γg

(Ω2)3 be the solution of (38)–(39).
Given ∂tj ∈ L1

(
0, T ; L2(Ω2)3

)
for any T > 0, we have

‖p‖L∞(0,T ; L2(Ω1)) . T‖∂tj‖L1(0,T ; L2(Ω2)3),(40)

‖u‖L∞(0,T ;L2(Ω2)3) . T 2‖∂tj‖L1(0,T ; L2(Ω2)3)(41)

‖p‖L2(0,T ; L2(Ω1)) . T 3/2‖∂tj‖L1(0,T ; L2(Ω2)3),(42)

‖u‖L2(0,T ;L2(Ω2)3) . T 5/2‖∂tj‖L1(0,T ; L2(Ω2)3).(43)

Proof. Let 0 < θ < T and define an auxiliary function

ψ1(x, t) =
∫ θ

t

p(x, τ)dτ, x ∈ Ω1, 0 ≤ t ≤ θ.

It is clear to note that

ψ1(x, θ) = 0, ∂tψ1(x, t) = −p(x, t).(44)

For any φ(x, t) ∈ L2
(
0, θ; L2(Ω1)

)
, we have∫ θ

0
φ(x, t)ψ̄1(x, t)dt =

∫ θ

0

(∫ t

0
φ(x, τ)dτ

)
p̄(x, t)dt.(45)

Indeed, we have from the integration by parts and (44) that∫ θ

0
φ(x, t)ψ̄1(x, t)dt =

∫ θ

0

(
φ(x, t)

∫ θ

t

p̄(x, τ)dτ

)
dt

=
∫ θ

0

∫ θ

t

p̄(x, τ)dτd
(∫ t

0
φ(x, ς)dς

)
=
∫ θ

t

p̄(x, τ)dτ
∫ t

0
φ(x, ς)dς

∣∣θ
0 +

∫ θ

0

(∫ t

0
φ(x, ς)dς

)
p̄(x, t)dt

=
∫ θ

0

(∫ t

0
φ(x, τ)dτ

)
p̄(x, t)dt.

Next, we take the test function q = ψ1 in (38) and get∫
Ω1

1
c2
∂2
t p ψ̄1dx =−

∫
Ω1

∇p · ∇ψ̄1dx+
∫

Γh

(T p)ψ̄1dr

+
∫

Γf

ρ1(n · ∂2
tu)ψ̄1dγ.(46)

It follows from (44) and the initial conditions (26c) that

Re
∫ θ

0

∫
Ω1

1
c2
∂2
t p ψ̄1dxdt = Re

∫
Ω1

∫ θ

0

1
c2
(
∂t
(
∂tp ψ̄1

)
+ ∂tp p̄

)
dtdx

= Re
∫

Ω1

1
c2

(
∂tp ψ̄1

∣∣θ
0 +

1
2
|p|2
∣∣θ
0

)
dx

=
1
2
‖1
c
p(·, θ)‖2L2(Ω1).
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It is easy to verify that

Re
∫ θ

0

∫
Γf

ρ1(n · ∂2
tu)ψ̄1dγdt = Re

∫
Γf

∫ θ

0
ρ1
(
∂t(n · ∂tu ψ̄1) + (n · ∂tu)p̄

)
dtdγ

= Re
∫

Γf

ρ1

(
n · ∂tu ψ̄1

∣∣θ
0

)
dγ + Re

∫ θ

0

∫
Γf

ρ1(n · ∂tu)p̄dγdt

= Re
∫ θ

0

∫
Γf

ρ1(n · ∂tu)p̄dγdt.

Integrating (46) from t = 0 to t = θ and taking the real parts yield

1
2

∥∥∥∥1
c
p(·, θ)

∥∥∥∥2

L2(Ω1)
+ Re

∫ θ

0

∫
Ω1

∇p · ∇ψ̄1dxdt

=
1
2

∥∥∥∥1
c
p(·, θ)

∥∥∥∥2

L2(Ω1)
+

1
2

∫
Ω1

∣∣∣∣∣
∫ θ

0
∇p(·, t)dt

∣∣∣∣∣
2

dx

= Re
∫ θ

0
〈T p, ψ1〉Γh

dt+ Re
∫ θ

0

∫
Γf

ρ1(n · ∂2
tu)ψ̄1dγdt

= Re
∫ θ

0
〈T p, ψ1〉Γh

dt+ Re
∫ θ

0

∫
Γf

ρ1(n · ∂tu)p̄dγdt.(47)

We define another auxiliary function

ψ2(x, t) =
∫ θ

t

∂τu(x, τ)dτ, x ∈ Ω2, 0 ≤ t ≤ θ < T.

Clearly, we have

ψ2(x, θ) = 0, ∂tψ2(x, t) = −∂tu(x, t).(48)

Using a similar proof as that for (45), for any φ(x, t) ∈ L2
(
0, θ; L2(Ω2)2

)
, we may

show that ∫ θ

0
φ(x, t) · ψ̄2(x, t)dt =

∫ θ

0

(∫ t

0
φ(x, τ)dτ

)
· ∂tū(x, t)dt.(49)

Taking the test function v = ψ2 in (39), we can get∫
Ω2

ρ2∂
2
t (∂tu) · ψ̄2dx =−

∫
Ω2

(
µ∇(∂tu) : ∇ψ̄2 + (λ+ µ)(∇ · (∂tu))(∇ · ψ̄2)

+ ∂tj · ψ̄2
)
dx−

∫
Γf

(∂tp)(n · ψ̄2)dγ.(50)

It follows from (48) and the initial condition in (37) that

Re
∫ θ

0

∫
Ω2

ρ2∂
2
t (∂tu) · ψ̄2dxdt = Re

∫
Ω2

∫ θ

0
ρ2
(
∂t(∂2

tu · ψ̄2) + ∂2
tu · ∂tū

)
dtdx

= Re
∫

Ω2

ρ2

(
(∂2
tu · ψ̄2)

∣∣θ
0 +

1
2
|∂tu|2

∣∣θ
0

)
dx

=
ρ2

2
‖∂tu(·, θ)‖2L2(Ω2)3
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and

Re
∫ θ

0

∫
Γf

(∂tp)(n · ψ̄2)dγdt = Re
∫

Γf

∫ θ

0

(
∂t
(
pn · ψ̄2

)
+ p(n · ∂tū)

)
dtdγ

= Re
∫

Γf

(
pn · ψ̄2

) ∣∣θ
0dγ + Re

∫ θ

0

∫
Γf

p(n · ∂tū)dγdt

= Re
∫ θ

0

∫
Γf

p(n · ∂tū)dγdt.

Integrating (50) from t = 0 to t = θ and taking the real parts yields

ρ2

2
‖∂tu(·, θ)‖2L2(Ω2)3 + Re

∫ θ

0

∫
Ω2

(
µ∇(∂tu(·, t)) : ∇ψ̄2(·, t)

+ (λ+ µ)
(
∇ · (∂tu(·, t)))(∇ · ψ̄2(·, t)

) )
dxdt

=
ρ2

2
‖∂tu(·, θ)‖2L2(Ω2)2 +

1
2

∫
Ω2

(
µ

∣∣∣∣∣
∫ θ

0
∇(∂tu(·, t))dt

∣∣∣∣∣
2

F

+ (λ+ µ)

∣∣∣∣∣
∫ θ

0
∇ · (∂tu(·, t))dt

∣∣∣∣∣
2)

dx

=− Re
∫ θ

0

∫
Ω2

∂tj · ψ̄2dxdt− Re
∫ θ

0

∫
Γf

p(n · ∂tū)dγdt,(51)

where ∣∣∣∣∣
∫ θ

0
∇(∂tu(·, t))dt

∣∣∣∣∣
2

F

:=
∫ θ

0
∇(∂tu(·, t))dt :

∫ θ

0
∇(∂tū(·, t))dt.

Multiplying (51) by ρ1 and adding it to (47) give

1
2

∥∥∥∥1
c
p(·, θ)

∥∥∥∥2

L2(Ω1)
+

1
2

∫
Ω1

∣∣∣∣∣
∫ θ

0
∇p(·, t)dt

∣∣∣∣∣
2

dx+
ρ1ρ2

2
‖∂tu(·, θ)‖2L2(Ω2)3

+
ρ1

2

∫
Ω2

µ ∣∣∣∣∣
∫ θ

0
∇(∂tu(·, t))dt

∣∣∣∣∣
2

F

+ (λ+ µ)

∣∣∣∣∣
∫ θ

0
∇ · (∂tu(·, t))dt

∣∣∣∣∣
2
 dx

= Re
∫ θ

0
〈T p, ψ1〉Γh

dt+ Re
∫ θ

0

∫
Γf

ρ1(n · ∂tu)p̄dγdt

− Re
∫ θ

0

∫
Ω2

ρ1(∂tj · ψ̄2)dxdt− Re
∫ θ

0

∫
Γf

ρ1p(n · ∂tū)dγdt

= Re
∫ θ

0
〈T p, ψ1〉Γh

dt− Re
∫ θ

0

∫
Ω2

ρ1(∂tj · ψ̄2)dxdt.(52)

In what follows, we estimate the two terms on the right-hand side of (52) sepa-
rately. Using Lemma 3.3 and (45), we obtain

Re
∫ θ

0
〈T p, ψ1〉Γh

dt = Re
∫ θ

0

∫
Γh

(T p)ψ̄1drdt

= Re
∫

Γh

∫ θ

0

(∫ t

0
T p(·, τ)dτ

)
p̄(·, t)dtdr ≤ 0.(53)
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For 0 ≤ t ≤ θ ≤ T , we have from (49) that

Re
∫ θ

0

∫
Ω2

− ρ1(∂tj · ψ̄2)dxdt = ρ1Re
∫

Ω2

∫ θ

0

(∫ t

0
−∂tj(·, τ)dτ

)
· ∂tū(·, t)dtdx

= ρ1Re
∫ θ

0

∫ t

0

∫
Ω2

−∂tj(·, τ) · ∂tū(·, t)dxdτdt

≤ ρ1

∫ θ

0

(∫ t

0
‖∂tj(·, τ)‖L2(Ω2)3dτ

)
‖∂tu(·, t)‖L2(Ω2)2dt

≤ ρ1

∫ θ

0

(∫ θ

0
‖∂tj(·, t)‖L2(Ω2)3dt

)
‖∂tu(·, t)‖L2(Ω2)3dt

≤ ρ1

(∫ θ

0
‖∂tj(·, t)‖L2(Ω2)3dt

)(∫ θ

0
‖∂tu(·, t)‖L2(Ω2)3dt

)
.(54)

Substituting (53) and (54) into (52), we have for any θ ∈ [0, T ] that

1
2

∥∥∥∥1
c
p(·, θ)

∥∥∥∥2

L2(Ω1)
+
ρ1ρ2

2
‖∂tu(·, θ)‖2L2(Ω2)3

≤ 1
2

∥∥∥∥1
c
p(·, θ)

∥∥∥∥2

L2(Ω1)
+

1
2

∫
Ω1

∣∣∣∣∣
∫ θ

0
∇p(·, t)dt

∣∣∣∣∣
2

dx+
ρ1ρ2

2
‖∂tu(·, θ)‖2L2(Ω2)3

+
ρ1

2

∫
Ω2

µ ∣∣∣∣∣
∫ θ

0
∇(∂tu(·, t))dt

∣∣∣∣∣
2

F

+ (λ+ µ)

∣∣∣∣∣
∫ θ

0
∇ · (∂tu(·, t))dt

∣∣∣∣∣
2
 dx

≤ ρ1

(∫ θ

0
‖∂tj(·, t)‖L2(Ω2)3dt

)(∫ θ

0
‖∂tu(·, t)‖L2(Ω2)2dt

)
.(55)

Taking the L∞ norm with respect to θ on both sides of (55) yields

‖p‖2L∞(0,T ; L2(Ω1)) + ‖∂tu‖2L∞(0,T ; L2(Ω2)3)

. T
(
‖∂tj‖L1(0,T ; L2(Ω2)3)‖∂tu‖L∞(0,T ; L2(Ω2)3)

)
.

Applying the Young inequality to the above inequality, we get

‖p‖2L∞(0,T ; L2(Ω1)) + ‖∂tu‖2L∞(0,T ; L2(Ω2)3) . T 2‖∂tj‖2L1(0,T ; L2(Ω2)3).(56)

It follows from the Cauchy–Schwarz inequality that

‖p‖L∞(0,T ;L2(Ω1)) ≤ ‖p‖L∞(0,T ; L2(Ω1)) + ‖∂tu‖L∞(0,T ; L2(Ω2)3)

. T‖∂tj‖L1(0,T ; L2(Ω2)3),

which gives the estimate (40).
For the elastic displacement u, using Young’s inequality again gives

‖u(·, t)‖2L2(Ω2)3 =
∫ t

0
∂τ‖u(·, τ)‖2L2(Ω2)3dτ ≤ εT‖u(·, t)‖2L2(Ω2)3 +

T

ε
‖∂tu(·, t)‖2L2(Ω2)3

≤ εT‖u‖2L∞(0,T ;L2(Ω2)3) +
T

ε
‖∂tu‖2L∞(0,T ; L2(Ω2)3),
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which gives

‖u‖2L∞(0,T ;L2(Ω2)3) ≤ εT‖u‖
2
L∞(0,T ;L2(Ω2)3) +

T

ε
‖∂tu‖2L∞(0,T ; L2(Ω2)3).

Choosing ε = 1
2T , we have from (56) that

‖u‖2L∞(0,T ;L2(Ω2)3) . T 2‖∂tu‖2L∞(0,T ; L2(Ω2)3)

. T 2
(
‖p‖2L∞(0,T ; L2(Ω1)) + ‖∂tu‖2L∞(0,T ; L2(Ω2)3)

)
. T 4‖∂tj‖2L1(0,T ; L2(Ω2)3),

which implies the estimate (41).
The estimates (42) and (43) are simply the straightforward consequences of (40)

and (41), respectively. The details are omitted and the proof is completed.

4. Conclusion. In this paper we have studied the time-domain acoustic-elastic
interaction problem in an unbounded structure in three dimensions. The problem
models the wave propagation in a two-layered medium consisting of the air/fluid and
the solid due to an active source located in the solid. We reduce the scattering problem
into an initial boundary value problem by using the exact TBC. We establish the well-
posedness and the stability for the variational problem in the s-domain. In the time
domain, we show that the reduced problem has a unique weak solution by using
the energy method. The main ingredients of the proofs are the Laplace transform,
the Lax–Milgram theorem, and the Parseval identity. Moreover, we obtain a priori
estimates with explicit time dependence for the quantities of acoustic wave pressure
and elastic wave displacement by taking special test functions to the time-domain
variational problem.

Acknowledgment. The authors wish to thank the anonymous reviewers for
their constructive suggestions and comments on improving the presentation of the
paper.
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