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Abstract. Consider the scattering of a time-harmonic acoustic incident wave by a
bounded, penetrable, and isotropic elastic solid, which is immersed in a homoge-
neous compressible air or fluid. The paper concerns the numerical solution for such an
acoustic-elastic interaction problem in three dimensions. An exact transparent bound-
ary condition (TBC) is developed to reduce the problem equivalently into a boundary
value problem in a bounded domain. The perfectly matched layer (PML) technique
is adopted to truncate the unbounded physical domain into a bounded computational
domain. The well-posedness and exponential convergence of the solution are estab-
lished for the truncated PML problem by using a PML equivalent TBC. An a posteriori
error estimate based adaptive finite element method is developed to solve the scat-
tering problem. Numerical experiments are included to demonstrate the competitive
behavior of the proposed method.
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1 Introduction

Consider the incidence of a time-harmonic acoustic wave onto a bounded, penetrable,
and isotropic elastic solid, which is immersed in a homogeneous and compressible air
or fluid. Due to the interaction between the incident wave and the solid obstacle, an
elastic wave is excited inside the solid region, while the acoustic incident wave is scat-
tered in the air/fluid region. This scattering phenomenon leads to an air/fluid-solid
interaction problem. The surface of the elastic solid divides the whole three-dimensional
space into a bounded interior domain and an open exterior domain where the elastic

*Corresponding author. Email addresses: jxue@lsec.cc.ac.cn (X.Jiang), lipeijun@math.purdue.edu (P. Li)

http:/ /www.global-sci.com/ 1486 (©2017 Global-Science Press



X. Jiang and P. Li / Commun. Comput. Phys., 22 (2017), pp. 1486-1507 1487

wave and the acoustic wave occupies, respectively. The two waves are coupled together
on the surface via the interface conditions: continuity of the normal component of ve-
locity and the continuity of traction. The acoustic-elastic interaction problems have re-
ceived ever-increasing attention due to their significant applications in geophysics and
seismology [22,23]. These problems have been examined mathematically by using either
variational method [18, 19] or boundary integral equation method [24, 28]. Many com-
putational approaches have also been developed to numerically solve these problems
such as boundary element method [17,31] and coupling of finite and boundary element
methods [16].

Since the work by Bérenger [4], the perfectly matched layer (PML) technique has been
extensively studied and widely used to simulate various wave propagation problems,
which include acoustic waves [5,12, 21,27, 32], elastic waves [6,11, 13,20, 26], and elec-
tromagnetic waves [3,15]. The PML is to surround the domain of interest by a layer of
finite thickness fictitious material which absorbs all the waves coming from inside the
computational domain. It has been proven to be an effective approach to truncated open
domains in the wave computation. Combined with the PML technique, the adaptive fi-
nite element method (FEM) has recently been developed to solve the diffraction grating
problems [2,8,25] and the obstacle scattering problems [7,9,10]. Despite the large number
of work done so far, they were concerned with a single wave propagation problem, i.e.,
either an acoustic wave, or an elastic wave, or an electromagnetic wave. It is very rare to
study rigorously the PML problem for the interaction of multiple waves.

This paper aims to investigate the adaptive finite element PML method for solving
the acoustic-elastic interaction problem. An exact transparent boundary condition (TBC)
is developed to reduce the problem equivalently into a boundary value problem in a
bounded domain. The PML technique is adopted to truncate the unbounded physical
domain into a bounded computational domain. The variational approach is taken to
incorporate naturally the interface conditions which couple the two waves. The well-
posedness and exponential convergence of the solution are established for the truncated
PML problem by using a PML equivalent TBC. The proofs rely on the error estimate be-
tween the two transparent boundary operators. To efficiently resolve the solution with
possible singularities, the a posteriori error estimate based adaptive FEM is developed
to solve the truncated PML problem. The error estimate consists of the PML error and
the finite element discretization error, and provides a theoretical basis for the mesh re-
finement. Numerical experiments are reported to show the competitive behavior of the
proposed method.

The paper is organized as follows. In Section 2, we introduce the model equations
for the acoustic-elastic interaction problem. In Section 3, we present the PML formu-
lation and prove the well-posedness and convergence of the solution for the truncated
PML problem. In Section 4, we discuss the numerical implementation and show some
numerical experiments. The paper is concluded with some general remarks in Section 5.
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2 Problem formulation

In this section, we introduce the model equations for acoustic and elastic waves, and
present an interface problem for the acoustic-elastic interaction. In addition, an exact
transparent boundary condition is introduced to reformulate the scattering problem into
an boundary value problem in an bounded domain.

2.1 Problem geometry

Consider an acoustic wave incident on a bounded elastic solid which is immersed in
a homogeneous compressible air/fluid in three dimensions. The problem geometry is
shown in Fig. 1. Due to the wave interaction, an elastic wave is induced inside the solid
region, while the scattered acoustic wave is generated in the open air/fluid region. The
wave propagation described above leads to an air/fluid-solid interaction problem. The
surface of the solid divides the whole three-dimensional space into the interior domain
and the exterior domain, where the elastic wave and the acoustic wave occupies, re-
spectively. Let the solid Qs C R® be a bounded domain with a Lipschitz boundary Ts.
The exterior domain (), = ]R3\Qs is assumed to be connected and filled with a homo-
geneous, compressible, and inviscid air/fluid with a constant density p, > 0. Denote by
B={x=(x1,x2,x3) " €R3: |xj] <Ljj= 1,2,3} the rectangular box with the boundary 9B,
where L; are sufficiently large such that Qs CB. Define ), =B\ ();. Let n1 be the unit nor-
mal vector on I'; directed from (), into (., and let 1, be the unit outward normal vector
on dB.

Ly
Q(l

Figure 1: A two-dimensional schematic of the problem geometry for the acoustic-elastic interaction.

2.2 Wave equations

Let the elastic solid be impinged by a time-harmonic sound wave p™"¢, which satisfies the

three-dimensional Helmholtz equation:

Apinc+K2pinc =0 in Qe/
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where x = w/c is the wavenumber, w > 0 is the angular frequency, and c is the speed
of sound in the air/fluid. The total acoustic wave field p also satisfies the Helmholtz
equation:

Ap+x*p=0 inQ,. 2.1)

The total field p consists of the incident field p™ and the scattered field p*°:
p=p"+p* inQ,
where scattered field p*° is required to satisfy the Sommerfeld radiation condition:
}Lrgor(arpsc —ikp*)=0, r=|x|.
The time-harmonic elastic wave satisfies the three-dimensional Navier equation:
V-o(u)+w?*u=0 inQ, (2.2)

where u= (uq,u,u3) " is the displacement of the elastic wave, and the stress tensor ¢ (u)
is given by the generalized Hook law:

(Vu+Vu'). (2.3)

N —

o(u)=2pue(u)+Atr(e(u))l, e(u)=

Here u(x) € L*(Qs),A(x) € L®(Q)s) are the Lamé parameters satisfying p > 0,A >0, and
Vu is the displacement gradient tensor given by

axlul axzul ax3ul
Vu= |0y Uy Ox,up Oxln|.
8x1u3 axZug, 8x3u3

Substituting (2.3) into (2.2) yields

V-(u(Vu+Vu"))+V(AV-u)+w?u=0 in Q. (2.4)

2.3 Interface conditions

To couple the acoustic wave equation and the elastic wave equation, the kinematic in-
terface condition is imposed to ensure the continuity of the normal component of the
velocity:

anlp:pawznyu onTj, (2.5)

In addition, the dynamic interface condition is required to ensure the continuity of trac-
tion:
—pni=0c(u)-n; onTy, (2.6)

where o (u)-n; denotes the matrix-vector multiplication.
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24 Acoustic-elastic interaction problem

The acoustic-elastic interaction problem can be formulated into the following coupled
boundary value problem: Given p'™, to find (p,u) such that

AP+K2}9:0, P:PinC+PSC in Q,,
) 2, _ .
\Y O'(u)+azJ u=0 in Q, 27)
Oy P = Paw N1 -1, —pni=o(u)-m onlTy,
O, p*—ikp*=o(r 1) as r — 0.

We refer to [28] for the discussion on the well-posedness of the boundary value problem
(2.7). From now on, we assume that the acoustic-elastic interaction problem has a unique
solution.

2.5 Transparent boundary condition

Given v€ H'/2(dB), we define the Dirichlet-to-Neumann (DtN) operator .7 : H/2(dB) —
H~1/2(3B) as follows:

JU=0y,u onodB,

where u is the solution of the exterior Dirichlet problem of the Helmholtz equation:

Au+x*u=0 in R3\ B,
U=0v on dB, (2.8)
dyu—iku=o(r1) as r— oo.

It is well-known that the exterior problem (2.8) has a unique solution u € H}, (R®\B) (cf.,
e.g., [14]). Thus the DtN operator .7 : H/2(dB) — H~'/2(9B) is well-defined and is a
bounded linear operator.

Using the DtN operator .7, we reformulate the boundary value problem (2.7) from
the open domain into the bounded domain: Given p™<, to find (p,u) such that

Ap+x*p=0 in Q,,

V.o(u)+w?u=0 in Qs, 29)
O P=paw?ni-u, —pni=0(u)-n onT,, '
O, p=Tp+f on 0B,

where f =9, p"¢— 7 pe.
To study the well-posedness of (2.9), we define

X:=H"(Q,) x H{(Qs)}={® = (p,u):pc H'(Q,),uc H ()},
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which is endowed with the inner product:
(<I>,‘I’)X::/Q (Vp-V17+p(7)dx+/Q (Vu:Vo+u-o)dx

for any ® = (p,u) and ¥ = (q,v), where A:B=tr(AB") is the Frobenius inner product of
square matrices A and B. Clearly, ||-||x =/ (,-)x is a norm on X.
Let a: X x X — C be the sesquilinear form:

a(p,u;q,v)—/ (Vp Vi— 2 pq dx—i—/ Qaw n1 u)qu—/aB(ﬁp)qu
+/ ):Vo—w?u-o dx+/ pn1)-ods. (2.10)

The acoustic-elastic interaction problem (2.9) is equivalent to the following weak formu-
lation: Find ® = (p,u) € X such that

a(p,u;q,v):/anqu, V¥=(g,0)eX. (2.11)

Since we assume that the variational problem (2.11) has a unique weak solution (p,u) €
X, the generalized Lax-Milgram theorem implies that there exists a constant g such that
the following coercivity condition is satisfied
la(p,u;q,0)]

sup H( )H >’)’0||(p/u)HX/ V(p,u)GX. (212)
0#(q,v)eX 9,0

3 The PML problem

In this section, we introduce the PML formulation for the acoustic-elastic interaction
problem and establish its well-posedness. An error estimate will be shown for the so-
lutions between the original scattering problem and the PML problem.

3.1 PML formulation

Now we turn to the introduction of an absorbing PML layer. As is shown in Fig. 2, the
domain (), is surrounded by a PML layer of thickness d]- which is denoted as Qpp.
Define ():=0,UdBUQppr. Let aj(t) =1+i0;(t) be the PML function which is continuous
and satisfies

{—L

dj

m
oi(t)=0 for |t|<L; and 0j(t)=0p < ]> otherwise.

Here 0p > 0 is a constant and m is an integer. Following [15], we introduce the PML by
the complex coordinate stretching:

y
az]-:/O 'wj(r)dr, 1<j<5. (3.1)
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r )

r.s‘
Q,

Qpr,

Figure 2: A two-dimensional schematic of the geometry for the PML problem.

Let ¥ = (%1,%,,%3). Introduce the new function:

i(x)= pe(x)+(p(%)—p™ (%)),  x€Qpmr,
P {p(fc), e,

(3.2)

It is clear to note that j(x) =p(x) in Q), since ¥ =x in ),. It can be verified from (2.1) and

(3.1) that p satisfies .
L(p—p™)=0 inQ,

where the PML differential operator is defined by
ZLp=V-(AVp)+Kbp,

where

Koz K103 10D

A:diag< , , >, b=wqara3.
X1 X2 X3

It can be verified from (2.1) and (3.2) that the outgoing wave f(x) — p™¢(x) in Qpmr.
decays exponentially. Therefore, the homogeneous Dirichlet boundary condition can be
imposed on I :=dQppmy. \ 0B to truncate the PML problem. We arrive at the following

truncated PML problem: Find (p,#t) such that

ZLp=g in O,
V.o(it)+w?it=0 in Q,,
anlﬁzpawznl‘ﬁ/ —pny=o(it)-m onTy,
p=p" onT,
where .
_JZp™ in Qpw,
&= {0 in Q,
Define

(3.3)
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which is endowed with the inner product
(d),‘f)y::/ (Vp-V17+p(7)dx+/ (Vu:Vo+u-0)dx
Q O

for any ® = (p,u) and ¥ =(g,v). Obviously, |||y =+/(-,-)y isanormon Y.
The weak formulation of the truncated PML problem (3.3) reads as follows: Find
(p, i) €Y such that p=p™ on T and

b(p,i;q,v) / ggdx, 7,v) €Yo, (3.4)

where Yo={® = (p,u) €Y:p=0onT}, and the sesquilinear form b:Y x Y — C is defined
by

b(p,u;q,v):/o(AV;?-V{?—KZZQW)d:H—/r Paw?(ny-u)gds

+ | (o(u):Vo—w?u-9) dx+/ (pny)-ods.
o) T,

We will reformulate the variational problem (3.4) imposed in the domain QUQ); into
an equivalent variational formulation in the domain B=0,U();, and discuss the existence
and uniqueness of the weak solution to the equivalent weak formulation. To do so, we
need to introduce the transparent boundary condition for the truncated PML problem.

3.2 Transparent boundary condition of the PML problem

We start by introducing the approximate DtN operator 7ML : H/2(9B) — H~1/2(9B)
associated with the PML problem.

Given ¢ € H/2(aB), let 7"MLy=09,,¢ on 9B, where ¢ € H' (Qppr) is the solution of
the following boundary value problem in the PML layer:

V- (AV(P) —l—bi(P:O in Opmr,
o= ondB,
$=0 onl.

The PML problem (3.3) can be reduced to the following boundary value problem: Find
(p"™F, 4PML) such that

ApPML 4 2 PML — nQ,
Vo (ML) 4 wZuPML -0 in Q. -
Ay PPME = pco?ny -uP™ML,  —pPMLy — ("ML onTy, :

an2 pPML — gPML pPML 4 fPML ond B,
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where fPML = anz pinc — g PML pinc'
The weak formulation of (3.5) is to find (p"™",u"™") € X such that

gPML (pPML PML. g ) /anPMquS, V(g,0)€X, (3.6)
where the sesquilinear form a"™L: X x X — C is defined by

M (pag,0)= [ (VpVa-pg)drt | pu(mowpgds— | (7™p)gds

+ [ (o(u) :Vz‘)—wzu-@)dx+/ (pny)-ods. (3.7)
Qs Ts
The following lemma establishes the relationship between the variational problem
(3.6) and the weak formulation (3.4). The proof is straightforward based on our construc-
tions of the transparent boundary conditions for the PML problem. The details of the
proof is omitted for simplicity.

Lemma 3.1. Any solution p of the variational problem (3.4) restricted to (), is a solution of the
variational (3.6); conversely, any solution p"™U of the variational problem (3.6) can be uniquely
extended to the whole domain to be a solution p of the variational problem (3.4) in Q).

3.3 Convergence of the PML solution

Now we turn to estimating the error between (p"ML,u™L)

mate the error of the boundary operators 7™l and 7.

and (p,u). The key is to esti-

Lemma 3.2. For any p,q€ H'(Q),), there exists a constant C >0 which depends on x and o at
most polynomially such that

(7™M = T)p.g)as| < Cag (1+xL)°e ™| pll 2 om) 191l 2 a8),

where ag = maxyer {|a1 (1)), a2 (x2)], a3 (x3)]}, 71 = (2 (2L;+4;)2) "2

L=maxy<j<3L;j, and 0 >0 is a sufficiently large constant such that 10 > 1.

xminlgjggd-,

Proof. The proof can follow similar arguments in [5, Theorem 3.8]. For the sake of sim-
plicity, we do not elaborate on the details here. O

Theorem 3.1. Let g be the constant in the inf-sup condition (2.12) and let v, := Cad(1+
kL)3e=*17 be the constant in Lemma 3.2. If 7y, < yo, then the PML variational problem (3.6)
has a unique weak solution (p"™&,u"™L) which satisfies the error estimate

1(p—p™ ™) Ix <72llp—P™ Nl 208), (38)

where (p,u) is the unique weak solution of the variational problem (2.11).
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Proof. It suffices to show the coercivity of the sesquilinear form ™! defined in (3.7) in
order to prove the unique solvability of the weak problem (3.6). Using Lemma 3.2, and
the assumption 7, < yg, we get for any (p,u),(g,v) in X that

a"™MY(p,u;q,0)| > |a(p,u;9,0)| — (7™M = T)p,q)as)

> la(p,u;q, Yollpll e o191l 1 )
> (vo—72) l(pw)lIxIl(9,0) ] x-

)| -
)| -

It remains to show the error estimate (3.8). It follows from (3.6)-(3.7) that

aPML(p— pPML 3y PML. o )
—aPML (p,1;,0) — ™ML (pPML yPML. g )
:aPML(p,u;q,v) —a(p,w;9,9)+(f,9)a5— <fPML'q>aB

=—((T™ ) p,)ap+((T™M— T)p™, )5
=((7 = 7™ (p—p™),q9)a8,

which completes the proof upon using Lemma 3.2 and the trace theorem. O

4 Finite element approximation

In this section we introduce the finite element approximations of the PML problem (3.4).

4.1 Error representation formula

Let M), be a regular tetrahedral partition of the domain D =QUI,UQs = {xeR?: |xj| <
L;+d;,1<j<3} such that M|q and Mj|q, are also regular tetrahedral partitions of Q)
and Q, respectively. Let V;, C H'(Q) and U}, C H'(Q)? be the conforming linear finite
element space over () and (), respectively, and

Vr’h:{r)hevh:ph :OOI’IF}.

The finite element approximation to the PML problem (3.4) reads as follows: Find (py,,uy,) €
Vi, x U}, such that p, = Ihpir‘C on I and

b(Ph,uh;%,vh)Z—/ng?hdx, Y (qn,vn) € Vi x Uy, (4.1)

For any ¢ € H'(Q),), let ¢ be its extension in Qpyy. such that

V-(AV@)+x*bp=0 in Qppyr, (4.2)
p=¢ onodB, ¢=0 onl. (4.3)
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Introduce the sesquilinear form c: H* (Qppr ) X H!(Qpmr) — C as follows:
cloy)= [ (AVg-Vi—rbey)dx
Opv

The weak formulation for (4.2)-(4.3) is: Given ¢ € H/2(3B), find ¢ € H'(Qpyyr ) such that
¢=0onT, p=¢ ondB, and
c(¢,9)=0, Vi€ Hg(Qpmr). (4.4)

In this paper we will not elaborate on the well-posedness of (4.4) and simply make the
following assumption: There exists a unique solution to the boundary value problem
(4.4) in the PML layer.

In order to obtain a constant independent of PML parameter ¢ in the inf-sup condi-
tion, we define

3
1

By using the general theory in [1, Chap. 5], we know that there exists a constant C >0

such that
wp (o)
o#ngl Qpmr) |||1PW QpmL

1/2
+(1+<71<7203)K2|§0!2> :

>Clllelllon., YoEH (QpmL). (4.5)

The constant C depends on the domain Qpyp, and the wave number «.

Lemma 4.1 (Estimates for the extension). For any ¢ € H'(Q),), which is extended to be a
function ¢ € HY(Q) according to (4.2)-(4.3). Then there exists a constant C >0 independent of x
and o such that

IVl 2y ) <CCA*lao(HKL)!I(P!IHm(aB)/ (4.6)
AV §-13]| 1720y < CC Mg (14HKL)? || @ 11235 (4.7)
where nz is the unit outward normal vector on T'.

Proof. For any {€ H'(Qppy) such that {=¢ on 9B and {=0 on . By the inf-sup condition
in (4.5) and using (4.4), we know that

- le(@-2,)| e@y)]
Cll1¢—Clllapy < su su
PS e Moo ozperimg) M9 ome

By Cauchy-Schwarz inequality

(&)1 < Cag2 (L+.L) 12| 11 (cxp) |1 ] apu -
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Noting
12 < Cog(T+KLIIE 1 (c2py )
using the triangle inequality and the trace inequality, we conclude that

H’(PH’QPML<CC ! 3/2(1+KL)H(PHH1(BB)/ (4.8)

which shows the first estimate in the theorem by using the definition of |||- |||, -
Next, for any ¢ € H'(Qpmr) such that ¢ =0 on 9B, using (4.2) and the integration by
parts, we obtain

/F(AV(/%'?IS)II_JCBZ/ (AV @-n3)pds

aQpyL

— (Av(f)-v¢+v-(Avg7))lp)dx:/Q (AV§-V§—r2bF) dx

QpmL

It follows from the Cauchy-Schwarz inequality and (4.8) that

< Cag2 (LKL 19] |l 9]l 1

(Qpm)

<CCag(1+xL)Y 1@l ko) 19| 1 (opg )

which completes the proof after using the trace inequality. O

/F(AV(f)-ng)I/_st

Lemma 4.2 (Error representation formula). For any ¢ € H'(Q),), which is extended to be a
function ¢ € H'(Q) according to (4.2)-(4.3), v e H(Qs)3, ¢y € Vi, and vy, € U, we have

a(p—puu—up;,0) Z/Qg(ql:’h—é)dx—b(Ph/um(P—(Ph/v—vh)
— [ (7 =T (=) pds— [ (AVGena) (p" — 1) .
4.9)
Proof. First by (2.10), (2.11), (3.6), and (3.7), we have

o(p—pu—ipo)= [ fods— [ M pdsta™ (p,ig0)—a(p,iig,0)

[ (7= 7™ (p—p™) g,

which yields
a(p—pp,u—uy;@,0)=a(p—p,u—ie,0)+a(p—pyi—uy;e,0)
(7 =™ (p—p™) @ds+b(p— py, it —uy; §,0)

oB
T(p—p)pds— [ (AV(p=p1)-VG—r2b(p—p;)§)dx.
PML
(4.10)

0B
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Recalling that n; is the unit outer normal to dB which points outside B and n3 is the unit
outer normal vector on I' directed outside Qppp, we deduce that

| (AV(p=p)-Vo—b(p—p)§)d
Qpmr
= [(AVG-ns)(p—pi)ds— [ 0uf(p—pi)ds

= [ (AVGn3) (p=pi)ds— [ (T (p—py))gds, @.11)
T 0B

where we have used (4.2)-(4.3), the definition of 7ML, and the identity (c.f., [9, Lemma
5.1])

| (T™p)pds= [ (7™P)gds, Yoy (Qpr).
oB 0B
By (3.4), (4.1), and (4.10)-(4.11),

a(p—pn,u—uy;,0)

=b(p—pn,f—uy;$,v) —/

[ (7= ™) (™) s — [ (AV§m3) (p—py)dis

= [ 8(@1=§)dx—b(pnm;o—pro—v1)
— [ (T TP (py=p) s — [ (AVG-ma) (p— Lp™)dlx,

which completes the proof. O

4.2 A posteriori error analysis

For any K € M}, we denote by hy its diameter. Let ), denote the set of all sides that do
not lie on I'. For any e € By, h, stands for its length. For any K € M}, we introduce the
residual:

. 2 —
R ::{V (AVpy)+x“bpy,—g for Ke My|q, 412)

V-(T(uh)+w2uh fOI'KGMh’QS.

For any interior side e € Bj, not lying on the interface I's which is the common side of
K1,K; € My, we define the jump residual across e:

]e::{(AVph)]Kl-v—(AVthKz-v for e€ By, (4.13)

U‘(uh)-V’Kl—U'(uh)-ﬂKz fOreeBh|Qs,

where we have used the notation that the unit normal vector v on e points from K> to Kj.
If e lies on the interface I's, then we define the jump residual as

d - 2y. f K
Ie::{ Vph’K1 pﬂwvuh|1<2 oreC 1€Mh|Q, (4.14)

_PhV’Kl_‘T(uh)'V’Kz fOI‘€CK2€Mh|QS.
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For any K € M}, we define the local error estimator 7k as

1/2
hewen%z@) .

Theorem 4.1. There exists a constant C >0 depending only on vy and the minimum angle of the
mesh My, such that the following a posterior error estimate holds

1
,7K;2<HhKRK||g2(K)+§ Y el X
¢COK\T, eCIKN;

P =Pl 00 =10l g0y

1/2
SCClag(H—KL)( ) 1712<>

KeM,,
+CC a3 (14«L)3e™ 1" || pj, — p™™© HHI/Z(aB) +CC a3 (14+xL)?| p™ — I p™¢ HH1/2(r)-

Proof. Let I, : HE(Q) — Vi and I, : HY(Qs)® — U), be Scott-Zhang [30] interpolation
operators satisfying the following interpolation estimates: For any ¢ € H!(Q) and v €
Hl ( 05)3/

— < _
{qu gl SOKIVOliwr  gor e pgy @15)
=TTl 2e) < Ch “ [V @ll 1206

and

{Hv—HhvﬂLz(K)SChK||VUHL2(K)3X3 for K e My|a,, (4.16)

lo =100 12(0) < Ch? [ Vol 25050

where K and ¢ are the union of all elements in M, having a non-empty intersection with
K e M), and the side e, respectively.

Taking ¢, =I1;,¢ € Vt , and v;, =IIj,v € U, in the error representation formula (4.9), we
get

a(p—pn,u—up;¢,0)
Z/Qg(ﬂh(i)—qb)dx—b(ph,uh;ga—nhgb,v—nhv)

_/aB(g—ﬂPML)(ph_pinc)q')ds—/r(Ang).nS)(pinc_Ihpinc)ds
=L+hL+L+1. (4.17)
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It follows from the integration by parts and (4.12)-(4.14) that
L+DL= (/RK P— tho dx+— Z I1,p)ds
KeMyla

ecaK\r e
/ Je(¢—TT;,¢)ds )

(/RK v—1II,v)dx

+— ) (v—II,v)ds+ /]e v— Hhv)d>

eCBK\F e eCoKNT

ecaKmr KeMylas

By (4.15)-(4.16) and the estimate (4.6), we have

1/2
’11+12|§C< ) 7712<> IV@lli2(0)

KeM,,

1/2
gCC‘1a8(1+KL)< ) 1712<> 9l r172am)-

KeM,,
By Lemma 3.2, we have
|| <CC'ag(1+xL)%e ™ 17| py— p™|| 2(8) |9 /2 o) -
It follows from (4.7) that
|Ls| <CCTlag(L+KL)? @l 172y 1P = b ™ 12 -

The proof is completed by using the above estimates in (4.17) and the inf-sup condition
(2.12). O

5 Numerical experiments

According to the discussion in Section 4, we choose the PML medium property as the
power function and need to specify the thickness d; of the layers and the medium param-
eter 0. It is clear to note from Theorem 4.1 that the a posteriori error estimate consists of
two parts: the PML error eppp, and the finite element discretization error epgy, where

1/2
GFEM:< Y ’712<> + ™ = 1™ g2y, (5.1)
KeM,,

epmr = & (1-+xL)%e ™" || py — p™| /2 ). (5.2)
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In our implementation, we first choose d; and ¢ such that ag (1+xL)3e~ 1% <108, which
makes the PML error (5.2) negligible compared with the finite element discretization er-
ror (5.1). Once the PML region and the medium property are fixed, we use the standard
finite element adaptive strategy to modify the mesh according to the a posteriori error
estimate. For any K € M}, we define the local a posteriori error estimator

inc

Ak =1+ P = L™ |2 (o)

The adaptive FEM algorithm is summarized in Table 1.

Table 1: The adaptive FEM algorithm.

1 Given a tolerance € >0 and mesh refinement threshold 7 € (0,1);

2 Choose d; and o such that aj(1+xL)% 1% <1078;

3 Construct an initial tetrahedral partition M}, over D and compute error estimators;
4 While e, >edo

5 choose M), C M, according to the strategy 7 N, > TIM,:

6 refine all the elements in M), and obtain a new mesh denoted still by My,;

7 solve the discrete problem (4.1) on the new mesh My;

8

9

compute the corresponding error estimators;
End while.

In the following, we present two examples to demonstrate the competitive numerical
performance of the proposed algorithm. The first-order linear element is used for solv-
ing the problem. Our implementation is based on parallel hierarchical grid (PHG) [29],
which is a toolbox for developing parallel adaptive finite element programs on unstruc-
tured tetrahedral meshes. The linear system resulted from finite element discretization is
solved by the PCG solver.

Example 5.1. We consider a problem with an exact solution. We set the elastic region
Qs:=B(0,0.2) and the acoustic region (),:=B(0,0.5)\ Qs, where B(0,R):={x€R>:|x| <R}
denotes the ball with radius R >0 and centering at the origin. Let

eiK|x—xo\

p(x) and u(x)=w?*Vp(x), (5.3)

e —xo

where xp= (1,O,O)T. The parameters are chosenas k=1, w=1,A=0.5, 4=0.25, and p, =1
such that

K2 (A4-2u) = w?. (5.4)

First it is easy to verify that

Ap+rx*p=0 in Q.
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When y and A are constants, the Navier equation (2.4) reduces to
pAu+A+pu)VV-u+w?u=0 in Q. (5.5)
Using (5.3) and (5.4), we have from a straightforward calculation that

yAu+(A+y)VV-u+w2u:w2(yV-V(Vp) (A+u)V(Ap)+w?Vp)
2(W V(Vp) =i (A+p)Vp+w’Vp)
=@ (= u(Vp) = k> (A+4) Vp+w*Vp)
w? (=1 (A+2u) +w?) Vp=0.

which shows that u = w?Vp satisfies (5.5) in ();. It can be verified that the interface
conditions (2.5)-(2.6) are also satisfied by letting p, =1.

Let 9= pl3p(0,0.5) and consider the following acoustic-elastic interaction problem with
the Dirichlet boundary condition:

Ap+x2p=0 in B(0,0.5)\ B(0,0.2),
uhu+(A+u)VV-u+w?u=0  in B(0,0.2),
p=q on 0B(0,0.5).

We may test the adaptive FEM algorithm by solving the above boundary value problem.

Fig. 3 displays the errors of p and u against the number of nodal points N;, in B(0,0.5)\
B(0,0.2) and N, in B(0,0.2), respectively. It clearly shows that the adaptive FEM yields
quasi-optimal convergence rates, i.e.,

1p—pillimy =ON,3), 5,,=0(N,/?)

and
[ —un|[ g1 () =O(N,'?), up=ON, ),

where 17, , and 17, ;, are the a posterior error estimators for p and u, respectively. Fig. 4
plots the adaptive mesh of (), for solving p;, and Fig. 5 plots the mesh on a cross section
of the domain (), on the xz-plane. Fig. 6 plots the adaptive mesh of (), for solving u;, and
Fig. 7 plot the mesh on the cross section of the domain (); on the xz-plane.

Example 5.2. This example concerns the scattering of the incident plane wave
pinc (x) — e—in3

The Dirichlet boundary condition on the PML layer outer boundary T is set by p=p'"°. We
choose k=2, w=2m, A=1, y=2, and p,=1. Let the elastic region and the acoustic region
be (s=B1\ By and Q),=B,\ ), respectively. Here By=(—0.1,0.1) x (—0.1,0.1) x (—0.2,0.0),
B1=(-0.2,0.2) x (—0.2,0.2) x (—0.2,0.2), and B, =[—0.6,0.6] x [—0.6,0.6] x [—0.6,0.6]. The
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Figure 4. Example 5.1: An adaptive mesh with 20390 elements of ;.
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Figure 5: Example 5.1: The cross section of the mesh in Fig. 4 on the xz-plane.
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Figure 6: Example 5.1: An adaptive mesh with 7655 elements of ().
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Figure 7: Example 5.1: The cross section of the mesh in Fig. 6 on xz-plane.

PML domain is Qppp = (0,1) x (0,1) x (0,1)\ By, i.e., the thickness of the PML layer is
0.4 in each direction. In this example, the elastic solid is a rectangular box with a small
rectangular dent on the surface. We choose =16 and m =2 for the medium property to
ensure the PML error is negligible compared to the finite element error.

For this example, we set the numerical solution on the very fine mesh to be a reference
solution since there is no analytic solution. Fig. 8 shows the errors of p and u against the
number of nodal points N, and N,,. It is clear to note that the FEM algorithm yields
a quasi-optimal convergence rate. The surface plots of the amplitude of the fields are
shown as follows: Fig. 9 shows the real part of pj, for the cross section in (), on the yz-
plane and Fig. 10 shows the real part of u;, for the cross section in ()5 on the yz-plane.

6 Concluding remarks

We have studied a variational formulation for the acoustic-elastic interaction problem in
R3 and adopted the PML to truncate the unbounded physical domain. The scattering
problem is reduced to a boundary value problem by using transparent boundary con-
ditions. We prove that the truncated PML problem has a unique weak solution which
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Figure 9: Example 5.2: The amplitude of the real part of pj, for the cross section of (), on the yz-plane.
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Figure 10: Example 5.2: The amplitude of the real part of uy, for the cross section of )5 on the yz-plane.
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converges exponentially to the solution of the original problem by increasing the PML
parameters. We incorporate the adaptive mesh refinement with a posteriori error esti-
mate for the finite element method to handle the problem where the solution may have
singularities. Numerical results show that the proposed method is effective to solve the
acoustic-elastic interaction problem.
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