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ABSTRACT. Consider the scattering of the two- or three-dimensional Helmholtz
equation where the source of the electric current density is assumed to be com-
pactly supported in a ball. This paper concerns the stability analysis of the
inverse source scattering problem which is to reconstruct the source function.
Our results show that increasing stability can be obtained for the inverse prob-
lem by using only the Dirichlet boundary data with multi-frequencies.

1. Introduction and problem statement. In this paper, we consider the fol-
lowing Helmholtz equation:

(1) Au(z) + k*u(z) = f(z), = €RY,

where d = 2 or 3, the wavenumber x > 0 is a constant, u is the radiated wave
field, and f is the source of the electric current density which is assumed to have a
compact support contained in B, = {z € R? : |z| < r}, where r > 0 is a constant.
Let R > r be a constant such that suppf C B, C Br. Let dBg be the boundary of
Bpg. The problem geometry is shown in Figure 1. The usual Sommerfeld radiation
condition is imposed to ensure the uniqueness of the wave field:
(2) lim r%(&,u —iku) =0, r=|z,
T—00

uniformly in all directions & = x/|x|.

It is known that the scattering problem (1)—(2) has a unique solution which is
given by

(3) u(z) = » G(z,y)f(y)dy, = €RY,
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where G(z,y) is the Green function of the Helmholtz equation. Explicitly, we have

—SHD (klr—y]),  d=2,
B

T Ar Ja—yl 0

where Hél) is the Hankel function of the first kind with order 0.
For a given function u on OBg in two dimensions, it has the Fourier series
expansion:

1 2T .
m9 ~ _ —in@
E U (R , Un(R) = 727r/0 u(R,8)e""d6.

neZ

We introduce the Dirichlet-to-Neumann (DtN) operator T : H2 (0Bg) — H~2 (0Bg)
given by
HY (kR :
(Tu)(R,0)=r %QH(R)&"O.
nez H" (KJR)
For a given function u on Bg in three dimensions, it has the Fourier series expan-
sion:

(B0 =3 S R (0.g). amm/aBR u(R,0, )Y (6, ).

n=0m=-—n
Similarly, we introduce the DtN operator T : Hz (8BR) — H2(8Bg) as follows:
n h(l

(Tu)(R, 0, ) —&Z Z h(l)

n=0m=—n

Here H,Sl) is the Hankel function of the first kind with order n, h%l) is the spherical
Hankel function of the first kind with order n, Y,’* is the spherical harmonics of
order n, and the bar denotes the complex conjugate. Using the DtN operator, we
can reformulate the Sommerfeld radiation condition into a transparent boundary
condition (TBC):
Jyu=Tu on 0Bg,

where v is the unit outward normal vector on 0Br. Hence the the Neumann data
0,u on OBR can be obtained once the Dirichlet date u is available on 0Bg.

Remark 1. Consider the following well-posed exterior problem:

Au + K?u =0 in R?\ Bg,
u=1u on JBg,
Oru — iku = o(r’%) as r — oo.

The DtN operator is based on solving analytically the above problem in the polar
(d = 2) or spherical (d = 3) coordinates and then taking the normal derivative of
the solution.

Now we are in the position to discuss our inverse source problem:

IP. Let f be a complex function with a compact support contained in Br. The
inverse problem is to determine f by using the boundary data u(x,kK)|op, with
k € (0, K) where K > 1 is a positive constant.

The inverse source problem has significant applications in many aspects of scien-
tific areas, such as antenna synthesis [2], medical and biomedical imaging [11], and
various tomography problems [1, 16]. Another important example of the inverse
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OBgr

FIGURE 1. Problem geometry of the inverse source scattering problem.

problem is the recovery of acoustic sources from boundary measurements of the
pressure. In this paper, we study the stability of the above inverse problem. As
is known, the inverse source problem does not have a unique solution at a single
frequency [8, 10, 12]. Our goal is to establish increasing stability of the inverse
problem with multi-frequencies. We refer to [4, 7, 15] for increasing stability analy-
sis of the inverse source scattering problem. In [7], the authors discussed increasing
stability of the inverse source problem for the three-dimensional Helmholtz equa-
tion in a general domain 2 by using the Huygens principle. The observation data
were u(, k)|sq and Vu(z, k)|aq, k& € (0, K). In [4], the authors studied the stability
of the two- and three-dimensional Helmholtz equations via Green’s functions. We
point out that the stabilities in [4] are different from the stability in this paper where
only the Dirichlet data is required. An initial attempt was made in [15] to study
the stablity of an inverse random source scattering problem for the one-dimensional
Helmholtz equation. Related results can be found in [13, 14] on increasing stability
of determining potentials and in the continuation for the Helmholtz equation. We
refer to [9, 5, 6] for a uniqueness result and numerical study for the inverse source
scattering problem. A topic review can be found in [3] for some general inverse
scattering problems with multi-frequencies.

We point out that the approach can be used to deal with other geometries than
the circular domain. For example, a DtN map can also be obtained via the boundary
integral equation relating the Neumann data to the Dirichlet data on any smooth
curve which encloses the compact support of the source. The rest of the paper is
organized as follows. The main result is presented in section 2. Section 3 is devoted
to the proof of the result. The paper is concluded in section 4 with general remarks
and possible future work.

2. Main result. Define a complex-valued functional space:
Cu ={f € H""Y(Bgr): | fllgn+1(pn) <M, suppf C B, C Bg, f: Br — C},

where n > d is an integer and M > 1 is a constant. For any v € Hz (0BR), we set

(e, )35, = /8 (ITu(, 1) 2 + K2z, 5)[2) d.

Br

Throughout the paper, a < b stands for a < Cb, where C' > 0 is a constant

independent of n, k, K, M. Now we introduce the main stability result of this paper.

Theorem 2.1. Let f € Cyr and u be the solution of the scattering problem (1)—(2)
corresponding to f. Then
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M2

> 1 2n—2d+1"’
K3|lnel4
(R+1)(6n—6d+3)3

K 3
(5) e= ( / ﬁd-luu(x,m%BRdfe)

Remark 2. First, it is clear to note that the stability estimate (4) implies the
uniqueness of the inverse problem, i.e., f = 0 if ¢ = 0. Second, there are two parts
in the stability estimate: the first part is the data discrepancy and the second part
is the high frequency tail of the source function. Obviously, the stability increases as
K increases, i.e., the problem is more stable as the data with more frequencies are
2 1
used. We can also see that when n < [W +d— %] , the stability increases
+1)3

as n increases, i.e., the problem is more stable as the source function has suitably
higher regularity.

(4) 111225 S € +

Remark 3. The idea was firstly proposed in [7] by separating the stability into
the data discrepancy and high frequency tail where the latter was estimated by the
unique continuation for the three-dimensional inverse source scattering problem.
Our stability result in this work is consistent with the one in [7] for both the two-
and three-dimensional inverse scattering problems.

3. Proof of Theorem 2.1. First we present several useful lemmas.

Lemma 3.1. Let f € L?>(Bg),suppf C Br. Then
191 S [ 7 [ (Bt + iule o)) dyd.
0 dBg

Proof. Let ¢ € R? with |¢] = k € (0,00). Multiplying ™% on both sides of (1)
and integrating over Bp, we obtain
/ e T f(z)dx = / e (A u(z, k) +i(v - Eulz, k))dy.
BR aBR
Since suppf C Bg, we have
[ r@an= [ e @,ute +il- ulzn)dr,
R4 8Br
which gives

2
<

2

/ e_ig.xf(iC)dCC / (10vu(z, k)| + Klu(z, K)])dy
Rd 6BR
Hence,

/R d /R e f(a)de e < /R d

When d = 2, we obtain by using the polar coordinates that

2
dé.

/a (ol )]+ rlul, )y
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2

e T f(a)da) de

/ i de/
< / ay . (28|l )t
S /000 fi/aBR (|0vu(z, K)[> + K*u(z, K)[*) dydsk.

It follows from the Plancherel theorem that

1 ~
11 = W ey = e | 1F(EPe
< [T 2, .2 2
N/o /s/aBR (|0u(z, &)|* + £*u(z, k)[*) dyde.

When d = 3, we obtain by using the spherical coordinates that

/RS /IR e f(x)dx i

2
dk

/ (18, u(z, 1) + sluz, 5)|)dy
OBRr

2
dk

dg

2 ™ 00
§/ d9/ Singodgo/ K>
0 0 0
s [ @|[ autel+ st o)y

0 OBr
,S/ KZZ/ (|0vu(z, K)[> + K*|u(z, £)|?) dydsk.
0 OBr

It follows from the Plancherel theorem again that

1 A
1 = W Baqes) = e [ 1F(€)Pe
< R 2,2 2
S [ (ot g ) dods

which completes the proof.

For d = 2, let

2
/6B (|Opu(z, k)| + klu(z, &)|)dy| ds

2
dk

(6) / </ N /3 H ey | dv@ya
(7) / /8 ) /B 20, H (sl — ) Fw)dy| @
For d = 3, let ’ ’

®) / </ N /| ) m_; Fody| d (o),

9) / /aBR /BR M ()dyzdy(x)dn.

S:{z:x+iy€(C:—%<argz<%}.

749
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The integrands in (6)—(9) are analytic functions of x in S. The integrals with respect
to k can be taken over any path joining points 0 and s in S. Thus I;(s) and I5(s)
are analytic functions of s = s1 +isy € 5, 51,52 € R.

Lemma 3.2. Let f € HY(BRg),suppf C Bgr. For any s = s; +isy € S, we have:
1. ford=2,

(10) 1L (]S 1P ™2 12 5,

(11) [L2()] S [sle ™2 f113
2. ford =3,

(12) 1L ()] S 1P 2 12

(13) 1L2()] S 1P ™2 1 -

Proof. First we consider d = 3. Let x = st, t € (0,1). It follows from the change of

variables that
1st|z y|
5,4
t dy
0= I =reri

|eist\:c—y|| < e2Bls2l for allz € OBR,y € Bg,

2
dy(z)dt.

Noting

we have from the Cauchy—Schwarz inequality that

s [ [ | ] Sl
< e [, (U, rortas) ([, =gt o
[, (vora) ([ =)o

where Bsg(z) is the ball with a radius 2R and center at . Using the spherical
coordinates (p, 8, ¢) with respect to y where p = |z — y|, we get

[11(s)]

< / P ( /| ) |f<y>|2dy) /3 N ( / a0 / " sin(p)de / - e‘*R'Sde) dy(2)dt
< / sl ( / R |f<y>|2dy) /8 N ( / " ewszdp) dy(2)dt

5 4R 2
S IslPe 2N f 12 g,

2
dy(x)dt

which shows (12).
Next we prove (13). Let k = st,t € (0,1). It follows from the change of variables

again that
) /1 5 2/ / 5 1st|1: y| ( )d
s) = s°t e pea—— Y
0 9Br |/ Bgr drlz —y|
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which gives

2

1 ist|lz—y|
s [ e [ | wev (T s s
0 dBr |/ Bgr |z —y|
Noting
ist|z—y| ist|lz—y|
(550 (455,
|z =y [z —y
we have from the integration by parts that
1 3.9 eist\z—y| 2
eI [ st [ [ T Vi)
0 dBr |/ Br |z —yl

bos 2 el
s[owee [ ([ wrea) ([ ) are
0 dBr \JBpg Br 1T — Yl
R|:
S 18P ™ F11 ()
where we have used the Cauchy-Schwarz inequality, the fact that el*!l#—vl < g2Fls2|
for allx € OBR,y € Bg, and the change of the Cartesian coordinates to the spherical
coordinates.

Second we consider d = 2. Letting k = st, t € (0,1), we have from the change of
variables that

1
11(5)2/0 S4t3/83
R

The Hankel function can be expressed by the following integral when Rez > 0
(e.g.,[17], Chapter VI):

. 2

1

T (stle =y f(y)dy| dy(a)dr.
Br

1t
Hél)(z) = —/ €IZT(7'2 — 1)_%d7'.

im

1+o00i
Consequently,
(1) 10 i(Rez+ilmz) (1+ti) \2 -1
|Hy " (2)| = |— e (14t)°—1)"2dt¢
T Jioo
1, 0 , ,
< 761Rez71mz / eftRezfltImz(Qti o tz)zdt'
™ too
+oo —tRez
< leumz{/' Y
™ 0 |t2(20—t7)

1 +oo eftRez
< *ellmzl/ T dt
U 0 tz2(t?2 +4)2

+oo ,—tRez
< l€|hnz|/ € dt
0

s t%2%

1
1 Rez ¢ tRez +o0 e~ tRez
= —eltl </ —dt +/ ——dt
T 0 t2232 L t222

R.
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1 1
1 Rex | Rez)z [T
= olimz| (/ —dt + ( ef)2 / etRezdt>
™ ot 2 g
3 e\Imz\
T (Rez)2

Hence we have from the Cauchy—Schwarz inequality that

neI5 | g /. (f ) |f<y>|2dy) < / » ﬂj"_'y' ) do (@)dt.

Using the polar coordinates (p, ) with respect to y with p = |« — y| and the fact
that

IA

M < 22 for alls € S,
1

we obtain

nels [ e ( /| R |f<y>|2dy) / N ( / a0 / QRe‘*Rsz'dp) doy ()t

S IslPe 2 f T2 g,

which shows (10).

Noting that 8,,ZH(§1)(I<;|96 —yl) =vy - Vg H(l)(H|.%‘ —y|) and VIHél)(/ﬂx —yl) =
—VyHél)(/dx —yl), we can prove (11) in a similar way by taking the integration by
parts, which completes the proof. O

Lemma 3.3. Let f € Cpy. For any s > 1, we have

“+o0
/ / L0y, 1) + 52z, m)|?)dydis S s~ @2 £12 L o
aBR

Proof. Tt is easy to note that

+oo
/ / Y10 u(z, 8)|? + K2 |u(z, &)|*)dyds
OBRr

+oo
:/ / kT u(z, /<;)|2d’yd/<;+/ / kYo, u(z, k)| Pdydr
S OBRr S OBRr

=L; + L.

We estimate L; and Lo, respectively.
First we consider d = 3. Using (3) yields

+oo
Ly :/ / & u(z, k) 2dyds
s OBR
+oo 1l~e|z y|
4
= K o Wdy
L o=

Using the spherical coordinates p = |x — y| originated at x with respect to y, we

have
1 +o0 27 s +oo .
Ly=— / k d9/ sin cpdgo/ e fpdp
dm Js 9Bn 0 0

INVERSE PROBLEMS AND IMAGING VoLUME 11, No. 4 (2017), 745-759
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Using the integration by parts and noting suppf C B, C Bg, we obtain

2
+o00 2w g 2R ikp An
— / kt d9/ singodgo/ (_a 9 (fp)dp
s 9Br 0 (

R—r) (15)71 apn
Consequently,
2 T 2R 1
/ de / sin pdg / —
0 0 (R—r) K"

—+oo
L1 5/ / KZ4
S GBR
2

ST ogfle 4n| > ogf||dp| dy(z)ds

|a]=n |a]=n—-1

+oo 2 T 2R 1
:/ / K4 / d9/ singodcp/ —
s 8Br 0 0 (R—r) K

2

1 n
> oof i oot 7 pdp| dy(z)ds

|al=n |a]=n—1

+oo 2 2R 1
S/ / Kt / d9/ smgadgo/ —
s dBR (R—r) K"

2

Z@a 77&) + Z oy f 7)2 p*dp| dy(z)ds

lel= loe|=n—1

“+o0 27 ™ “+o00 1
S/ / K dﬂ/ sin gadgo/ —
s OBR 0 0 0 K

2

Z@a 77’) + Z oy f 7)2 p2dp| dydk.

o= loe|=n—1

dvy(z)dx.

Changing back to the Cartesian coordinates with respect to y, we have

+oo
DAL L
BBR
2

Z o, f R— . + laz o, f )2 dy| dvy(x)dk

loe|=n

R3 I{n

+oo

Sl [ an

S

n 1

1
(15) S By

where we have used the fact that n > d = 3.
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Next we estimate L for d = 3. It follows from (3) again that

“+oo
Lo :/ / K20, u(z, k) |2dydr
S (‘)BR

[ s
= K Vﬂf' T
s OBR R3 47T|5U—y| vy

Noting that V, (em‘%y‘) = -V, (emlmfm) and suppf C Bpg, we have

|z—y| lz—yl

2
dvy(z)dk.

—+oo
Lo :/ / w20, u(z, k)2dy(z)dk
S 8BR

2

/+00/ ) / < - ein|zfy| ) f( )d q ( )d
= K Vg * P e e— y)ay X K
s OBR R3 J47T\l‘ - y| 7
[T el e e v "y
= K — (Vg - y))dy| dvy(x)dk.
s OBR R3 47T|9C - y| Y

Following a similar argument as that for the proof of (15), we obtain

+oo
Ly 5 anIIHn+1<BR)/ R = <2n— 3) 1 ety o=

1
(16) < WHfH%{nH(BR)-

Combining (15)—(16) and noting s > 1, we obtain (14) for d = 3.
Second we consider d = 2. Similarly we have

+oo
L, :/ / w3 u(x, k)|*dydk
s OBRr
i s| [ 10 ’
=[] e[ 3 e = ) )| dr(aan
S 8BR R2

The Hankel function can also be expressed by the following integral when ¢ > 0
(e.g., [17], Chapter VI):

2 [t |
Hél)(t) = —/ e‘tT(T2 —1)"2dr.
1

im

Using the polar coordinates p = |y — x| originated at x with respect to y, we have

+oo
L1 = / / :‘ig
S 8BR

9 +oo 6itT
17 Hi(t) = — ——————d k=1,2,---
( ) k( ) /1 (iT)k(T2 _ 1)1/2 T »

27 +c>01 (1) 2
[0 [ LH ) sods] d(oy
0 0

Let

It is clear to note that

Ho(t) = HV(t) and dHi(®) _ Hy_1(t), t >0, k€ N.
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Using the integration by parts and noting suppf C B, C Bg, we obtain

2
+oo 2 2R
Hy(rp) 0(fp)
———=dp| dy(x)dx
/ /(;BR —T’ HQ a ( )
2
“+oo 27 2R
Hy(kp) 0" (fp)
de dp| d dk.
Consequently, we have
2
e o 0" (1)
L1 < 3 0
1N/s /BBRK: d ,in—s-l ‘ o ‘dp dy(z)dk
“+00 2R
[T e Hmlp)‘
s OBr (R—r) | KT

|a]=n |a|=n—1

+oo
A
S 8BR
2

Soacr | S o ﬁ pdp| dy(z)ds.

|al=n |a]=n—1

STogt | D, ogf )pdp dy(z
H,, (kp

27
de

Hn+1 ‘

Noting (17), we see that there exists a constant C' > 0 such that |H,, (kp)| < C for
n > 1. Hence,

+oo
L1§5/f u/ f&
s OBRr
2

Z@;‘f + Z o, f —r) pdp| dy(z)dk.

|a]=n la|=n—1

2R 1

Kn+1

R—r

Changing back to the Cartesian coordinates with respect to y, we have

+o0 3 1
Ll 5/ / " /
S aBR BR "in-‘rl
2

Z@;f + Z oy f 7") dz| dvdk

|a]=n |a|=n—1

+oo
Solflanmy [ K
S

n 1 1
(18) ~ (5m=5) sl ooy S s 1 B

INVERSE PROBLEMS AND IMAGING VoLUME 11, No. 4 (2017), 745-759



756 PEIJUN L1 AND GANGHUA YUAN

Next we estimate Lo for d = 2. A simple calculation yields

1 [t
Loy :f/ / w20, u(z, k)[2dydk
4 s OBRr

-/ - Lt L (v wem e =) swpay

Noting that VyHél)(/ﬂxfy\) = fvaél)(k|zfy|) and suppf C B, C Bpg, we have
from the integration by parts that

+o0o
Lo :/ / w20, u(z, k) |[2dydk
S OBR

Lyt e

2
dvy(z)dk.

2
dy(z)dk

2

1 [tee
[ [ R e ) v Vs @) ] d(e)d.
4 S GBR R2
Following a similar argument as the proof of (18), we can obtain
oo n 1
Ly S n”f”%[”*l(BR)/s K2R = (2n — 1) |\f||%1n+1(33)82n7_1
1
(19 S s o
Combining (18) and (19) completes the proof of (14) for d = 2. O

The following lemma is proved in [7].

N
AN

Lemma 3.4. Let J(z) be an analytic function in S = {z =z +iy € C: —
argz < 7} and continuous in S satisfying

|[J(z)| <€, z€(0, L],
|J(z)| <V, z€S,
[J(0)] = 0.

Then there exits a function u(z) satisfying
w(z) =
n(z) =

|J(2)| S Vet Vze (L, o).

ze (L, 2iL),
($)*-1)77, z€(27L, )

3 = ol

such that

Lemma 3.5. Let f € Cpr. Then there exists a function u(z) satisfying

(20) {u(z)

>
>

i se (K, 2iK),
u(s) > =

((%)4 - 1)_%7 s € (2%[(’ OO),

such that
|11 (s) 4 Ix(s)| S M2eUR+HDs2(s) - ys e (K, 00).

Proof. 1t follows from Lemma 3.2 that
| (I1(s) + In(s)) e” WD < M2 Vs e S.

INVERSE PROBLEMS AND IMAGING VoLUME 11, No. 4 (2017), 745-759
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Recalling (5), (6)—(9), we have
| (I(s) + Io(s)) e DS < 2 5 €0, K].

A direct application of Lemma 3.5 shows that there exists a function p(s) satisfying
(20) such that

| (11(s) + Ia(s)) e WFHDs| S M2, Vs € (K, o0),
which completes the proof. O

Now we show the proof of Theorem 2.1.

Proof. We can assume that ¢ < e~!, otherwise the estimate is obvious. Let

((4R+3)m )

— 1 Ki|lnei if25((4R+3)7)3 K3 < |Ine€|3,
s —
K if [Ine| <23 ((4R+3)m)3 K 5.

If 23 (4R + 3)m)3 K3 < |Ine€|7, then we have

|11 (s) + Io(s)| < M2t —2eel((g)to1)73

(4R+3) K3\1n6|4 2|1n<\(5)2
2 K s
< M e((4R+3)rr)3

1
2\3 2 1 1
_9 M) K3|lnel2(1=L1|lnel~ 2
gMge(ﬂ |\(2\|).

Noting that

1
1 1 4 2\ 3
§|1n6‘7% < 57 <(-R;:j3)> > 1’
we have

2 1
|Il(8) + IQ(S)| SJ M2e—K3|lne|2 -

Using the elementary inequality

_» _ (6n—6d+ 3)!
€ =" B@n-zasn 0 7 0,
we get
M2
(21) I (s) + I2(s)| <

s N\ 2n—2d+1°
K?2|lne|2
(6n—6d+3)3

If |Ine| < 25 (((4R + 3)7)3 K5, then s = K. We have from (5), (6)-(9) that
|11(s) + Ia(s)| < €,

Here we have noted that

Li(s) + Ix(s / / 10wz, K)? + K |u(z, K)|*)dydk, s> 0.
&Br
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Hence we obtain from Lemma 3.3 and (21) that

/ / 0wz, K))? + KA u(z, K)[*)dydk
o JoBg

< I(s) + Ia(s / / Y10yu(z, &))* + K2 |u(z, k)[*)dyds
dBR
< 2 ||fH%[n+1(BR)
S+ 2 e 2n—2d+1 ] L e? o] TGP
K?|lne|2 -1 —3K3 i
™ e o)

By Lemma 3.1, we have
M? M?

K2‘ . |% 2n—2d+1 + K% | | ‘% 2n—2d+1"
ne ne
((6n—6d+3)3> <(R+1)(6n—6d+3)3>

Since K3|Ine|i < K2|Ine|? when K > 1 and |Ine| > 1, we obtain the stability
estimate. O

1112255y S € +

4. Conclusion. In this work, we have shown that the increasing stability can be
achieved for the inverse source scattering problem by using multi-frequency Dirichlet
data on a sphere which encloses the compact support of the source. The stability
estimate consists of the data discrepancy and the high frequency tail of the source
function. Future work are to investigate the stability with partial data, and to
extend the method for solving the inverse source scattering problems for elastic and
electromagnetic waves.
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