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ABSTRACT. A rigorous mathematical model and an efficient computational
method are proposed to solving the inverse elastic surface scattering problem
which arises from the near-field imaging of periodic structures. We demonstrate
how an enhanced resolution can be achieved by using more easily measurable
far-field data. The surface is assumed to be a small and smooth perturbation
of an elastically rigid plane. By placing a rectangular slab of a homogeneous
and isotropic elastic medium with larger mass density above the surface, more
propagating wave modes can be utilized from the far-field data which con-
tributes to the reconstruction resolution. Requiring only a single illumination,
the method begins with the far-to-near (FtN) field data conversion and utilizes
the transformed field expansion to derive an analytic solution for the direct
problem, which leads to an explicit inversion formula for the inverse problem.
Moreover, a nonlinear correction scheme is developed to improve the accuracy
of the reconstruction. Results show that the proposed method is capable of
stably reconstructing surfaces with resolution controlled by the slab’s density.

1. Introduction. Scattering problems have been studied extensively in the past
decades [16]. They have many significant applications in many science and engineer-
ing areas such as radar and sonar, medical imaging, and remote sensing. Especially,
the elastic wave scattering problems have practical applications in geophysics, seis-
mology, and nondestructive testing [1, 2, 3, 12, 6]. There are two kinds of problems:
the direct scattering problems are to determine the wave field from the differen-
tial equations governing the wave motion; the inverse scattering problems are to
determine the unknown medium, such as the geometry or material, from the mea-
surement of the wave field. In this paper we focus on the inverse elastic scattering
problem in periodic structures. The direct elastic scattering problem has been stud-
ied by many researchers [5, 4, 18, 20]. The uniqueness result of the inverse problem
can be found in [14]. The numerical study can be found in [19] and [21] for the
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inverse problem by using an optimization method and the factorization method,
respectively.

It is known that there is a resolution limit to the sharpness of the details which
can be observed from conventional far-field optical microscopy, one half the wave-
length, referred to as the Rayleigh criterion or the diffraction limit [17]. The loss
of resolution is mainly due to the ignorance of the evanescent wave components.
Near-field optical imaging is an effective approach to obtain images with subwave-
length resolution. The inverse scattering problems via the near-field imaging for
acoustic and electromagnetic waves have been undergoing extensive studies for im-
penetrable infinite rough surfaces [8], penetrable infinite rough surfaces [10], two-
and three-dimensional diffraction gratings [7, 9, 15, 22], bounded obstacles [25],
and interior cavities [24]. The two- and three-dimensional inverse elastic surface
scattering problems have been investigated by using near-field data in [26, 27, 28].
However, there exits some difficulties of near-field optical imaging in practice, for
example, it requires a sophisticated control of the probe when scanning samples
to measure the near-field data. Recently, a rigorous mathematical model and an
efficient numerical method are proposed in [11] to over the aforementioned obstacle
in near-field imaging. The novel idea is to put a rectangular slab of larger index of
refraction above the surfaces and allow more propagating wave modes to be able to
propagate to the far-field regime. This work is devoted to the inverse elastic surface
scattering problem with far-field data. We point out that this is a nontrivial ex-
tension of the method from solving the inverse acoustic surface scattering problem
to solving the inverse elastic surface scattering problem, because the latter involves
the more complicated elastic wave equation due to the coexistence of compressional
and shear waves propagating at different speeds.

In this paper, we develop a rigorous mathematical model and an efficient nu-
merical method for the inverse elastic surface scattering with far-field data. The
scattering surface is assumed to be a small and smooth perturbation of an elasti-
cally rigid plane. A rectangular slab of homogeneous and isotropic elastic medium
is placed above the scattering surface. The slab has a larger mass density than that
of the free space, and has a wavelength comparable thickness. The measurement
can be took on the top face of the slab, which is in the far-field regime. The method
makes use of the Helmholtz decomposition to consider two coupled Helmholtz equa-
tions instead of the elastic wave equation. It consists of two steps. The first step is
to do the far-to-near (FtN) field data conversion, which requires to solve a Cauchy
problem of the Helmholtz equation in the slab. Using the Fourier analysis, we
compute the analytic solution and find a formula connecting the wave fields on the
top and bottom faces of the slab: a larger mass density of the slab allows more
propagating wave modes to be converted stably from the far-field regime to the
near-field regime. The second step is to solve an inverse surface scattering problem
in the near-field zone by using the data obtained from the first step. Combining
the Fourier analysis, we use the transformed field expansions to find an analytic
solution for the direct problem. We refer to [13, 29, 30, 31, 23] for the transformed
field expansion and related boundary perturbation methods for solving direct sur-
face scattering problems. A general account of theory on scattering by random
rough surfaces can be found in [32]. Using the closed form of the analytic solution,
we deduce expressions for the leading and linear terms of the power series solu-
tion. Dropping all higher order terms, we linearize the inverse problem and obtain
explicit reconstruction formulas for the surface function. Moreover, a nonlinear
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F1GURE 1. The problem geometry.

correction scheme is also developed to improve the reconstruction. The method
requires only a single illumination and is implemented efficiently by the fast Fourier
transform (FFT). Numerical examples show it is effective and robust to reconstruct
the scattering surfaces with subwavelength resolution.

The remaining part of the paper is organized as follows. The mathematical model
problem is formulated in Section 2. Sections 3 and 4 introduce the Helmholtz de-
composition and the transparent boundary condition, respectively. In Section 5,
we show how to convert the measured elastic wave data into the scattering data
of the scalar potentials introduced from the Helmholtz decomposition. In Section
6, a reduced problem is modeled in the slab and the analytic solution is obtained
to accomplish the FtN field data conversion. In Section 7, the transformed field
expansion and corresponding recursive boundary value problems are presented. We
give the reconstruction formulas for the inverse problem in Section 8. Numerical
experiments are presented in Section 9 to demonstrate the effectiveness of the pro-
posed method. Finally, we conclude some general remarks and directions for future
research in Section 10.

2. Model problem. Let us first introduce the problem geometry, which is shown
in Figure 1. Consider an elastically rigid surface I'y = {& = (v,y) € R? : y =
f(x), 0 < 2 < A}, where f is a periodic Lipschitz continuous function with period
A. The scattering surface function f is assumed to have the form

(1) f(x) :Eg($)7

where € > 0 is a sufficiently small constant and is called the surface deformation
parameter, g is the surface profile function which is also periodic with the period
A. Hence the surface I'y is a small perturbation of the planar surface I'y = {x €
R? :y = 0,0 < o < A}. Let a rectangular slab of homogeneous and isotropic
elastic medium be placed above the scattering surface. The bottom face of the slab
isTy ={x € R? : y = b,0 < z < A}, where b > max,¢(o,a) f(2) is a constant
and stands for the separation distance between the scattering surface and the slab.
The top face of the slab is Ty, = {x € R? : y = 4,0 < 2 < A}, where a > b
is a positive constant and stands for the measurement distance. Denote by 2 the
bounded domain between I'y and 'y, e, Q ={x € R? : f <y < b, 0 <z < A}
Let R be the domain of the slab, i.e., R={z € R?2: b <y < a, 0 <z < A}. Finally,
denote by U the open domain above ', i.e., U={x € R*:y >a, 0 <z < A}.
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In this paper, we assume for simplicity that the Lamé parameters u, A are con-
stants satisfying g > 0,\ + p > 0; the mass density p is a piecewise constant,

i.e.,
Po, XE QuU,
p(x) =
P, xTE R7

where pg and p; are the density of the free space and the elastic slab, respectively,
and they satisfy p; > pg > 0. Define

Po 12 Po 1/2
Kl =W , kKe=w|— ,
! <A+2u> ? <u>

which are known as the compressional wavenumber and the shear wavenumber
in the free space, respectively. We comment that the method also works for the
case where u, A take different values in the free space and the elastic slab. Let
Aj = 27/kj,j = 1,2 be the corresponding wavelength of the compressional and
shear waves.

Let ©'™ be a time-harmonic plane wave which is incident on the slab from
above. The incident plane wave can be taken as either the compressional wave
u™(x) = de"1*? or the shear wave u'™® = del"2®4 where d = (sin6, — cosf) "
is the unit incident direction vector, § € (—m/2,7/2) is the incident angle, and
d*- = (cosf,sin#) " is an orthonormal vector to d. In this work, we use the com-
pressional incident plane wave as an example to present the results, which are similar
and can be obtained with obvious modifications for the shear incident plane wave.
Practically, the simplest configuration is the normal incidence for experiments, i.e.,
0 = 0. Hence we focus on the normal incidence since our method requires only a
single illumination. Under the normal incidence, the incident field reduces to

(2) u™(z) = (0,—1)Te 1Y,
It can be verified that the incident field u!"¢ satisfies the elastic wave equation:
(3) pAU" + (A 4 p)VV - 4™ + w?pou™ =0 in U.

A transmission problem can be formulated due to the interaction between the
elastic wave and the interfaces I'; and I'y. Let u,v,w be the displacements of
the total field in the domains U, R, €}, respectively. They satisfy the elastic wave
equations:

(4) pAu 4+ (A + p)VV-u + w?pou =0 in U,
(5) pAv + A+ p)VV v +w?pjv =0 in R,
(6) pAw + (XA + p)VV - w + w?pow =0 in Q.

In addition, the total fields are connected by the continuity conditions:

(1) u=wv, pdyu+A\+up)(0,1)'V-u=pdv+A+p)(0,1)"V-v onT,,
(8) v=w, pdyv+A+p)0,1)"V v =pdyw+ A+ pux)0,1)"V-w on Ty
Since I'y is elastically rigid, we have the homogeneous Dirichlet boundary condition:
(9) w=0 onlYy.

In the open domain U, the total field u consists of the incident field u'™® and the
diffracted field u<:

(10) u=u" +ul
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where ud is required to satisfy the bounded outgoing wave condition.

Throughout, we assume that the measurement distance a = O();) and the sep-
aration distance b < A;, i.e., a is comparable with the wavelength and I', is put
in the far-field region; b is much smaller than the wavelength and T’y is put in the
near-field region. Now we are ready to formulate the inverse problem: Given the
incident field ©!"°, the inverse problem is to determine the scattering surface f from
the far-field measurement of the total field w on I',.

3. The Helmholtz decomposition. In this section, we introduce the Helmholtz

decomposition for the total fields by using scalar potential functions, and deduce

the continuity conditions for these scalar fields. Let u = (u1,u2) " and u be a vector

and a scalar function, respectively. Introduce the scalar and vector curl operators:
curlu = Oyus — Oyuq, curlu = (Jyu, —0u) "

For any solution u = (uj,uz2) " of (4), the Helmholtz decomposition reads

(11) u = V¢, + curlgs,
where ¢;,j = 1,2 are two scalar potential functions. Explicitly, we have
(12) up = 001 + 8y¢27 Uz = ay¢1 — Oz 2.

Substituting (11) into (4) yields
V (A +20)A¢y 4+ w?popr) + curl (uAgs + w’podz) =0,
which is fulfilled if ¢; satisfies
(13) A¢j +rjd; =0 inU.
Combining (13) and (11), we obtain

1 1
¢p1=——=V-u, ¢2=—curlu,
k1 k3
which give
(14) Ozu1 + 8yuQ = —H%gbl, Opug — ayul = K%gﬁg.
For any solution v = (vy,vs) " of (5), we introduce the Helmholtz decomposition
by using scalar functions 1;:

(15) v = Vi1 + curlys,

which gives explicitly that

(16) vy = 01 + Oytha, V2 = Oythy — Oz1ha.
Plugging (15) into (5), we may have

(17) AYj+ni; =0 inR,

where 7, and 7y are the compressional and shear wavenumbers in the elastic slab,
respectively, and are given by

P1 12 P1 1/2
18 = , = .
(18) " W<A+2u> G w(u)

Combing (17) and (15), we get

1
Y1 =—-—=5V- v, Y= —curly,
2
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which give
(19) 8$v1 =+ 8y112 = —’Iﬁwl, 6IU2 — 6yv1 = ’I]S’lﬁg.

Since T',, is a horizontal line, it is easy to verify from the continuity condition (7)
that

(20) u; = vy, 8yuj = 8yvj.

Using (14), (19)—(20), we deduce the first continuity condition for the scalar poten-
tials on I'y:

(21) Kih; =1

It follows from (12), (16), and (20) that we deduce the second continuity condition
for the scalar potentials on I',:

(22) Oyp1 — Opp2 = Oyth1 — Opth2, Oy + 01 = Oytha + 01
Similarly, for any solution w = (wy,wz)" of (6), the Helmholtz decomposition is
(23) w = Vi + curlyp;.
Substituting (23) into (6), we may get
Ap; + /@'?goj =0 in Q.

Noting (8), we may repeat the same steps and obtain the continuity conditions on
Fbi

(24) nj; = K3,
and
(25) Oyth1 — Oxhy = Oyp1 — Opp2,  Oytha + Ox901 = Oyipa + Opp1.

Finally, it follows from the boundary condition (9) and the Helmholtz decomposition
(23) that

(26) 001+ 0ypa =0, Oyp1 —Opp2 =0 only.

4. Transparent boundary condition. It follows from (3), (4), and (10) that the
diffracted field w9 also satisfies the elastic wave equation:

(27) pAut + (A + 1) VV - ud + w?poul =0 in U.
Introduce the Helmholtz decomposition for the diffracted field ud:
(28) ud = Vi + curlgg,

Substituting (28) into (27) may yield

(29) A¢S + K305 =0 inU.

It follows from the uniqueness of the solution for the direct problem that qﬁ? is a
periodic function with period A and admits the Fourier series expansion:

(30) o (x,y) = Y 5 (y)e?,
nez
where «,, = 2n7w/A. Plugging (30) into (29) yields
(31) 0y 05 (U) + B1n 050 (y) =0,y >a,
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where
8, = (k3 —a2)/?, an| < Ky,
n — .
! i(af — w2, anl > k.

Here we assume that 3, # 0 to exclude possible resonance.
Using the bounded outgoing wave condition, we may solve (31) analytically and
obtain the solution of (29) explicitly:

(32) ¢§1($a y) = Z (b%(a)ei(“n’“"*‘ﬁjn(y—a))7
nez

which is called the Rayleigh expansion for the scalar potential function gi)‘}. Taking
the normal derivative of (32) on I, gives

(33) 0,69 (x,a) =Y iBjndS, (a)e .
nez

For a given periodic function u(z) with period A, it has the Fourier series expan-
sion:

. 1 A .
u(z) = Zune“""x, Uy = K/o u(z)e " dax.

nez
We define the boundary operator:

(Fju)(z) = Z 18nune ™.
nez
It is easy to verify from (33) that
(34) 0y05 = 76§ onT,.

Recalling the incident field (2), we may also consider the Helmholtz decomposi-
tion for the incident field:

(35) u™ = Vo™ + curlgh,
which gives

inc _ —%V it — _ée—imy, pine = %gcurluinc —0.
A simple calculation yields

D,pinc = —eTima g gine — p—ima

which gives
(36) Qydi' = AN + g1, 0,05 = Tl + ga.
Here g; = —2e~%1% and g, = 0.

Letting ¢; = (bijnc + (b? and recalling u = u™® + u?, we get (11) by adding (35)
and (28). Moreover, we obtain the transparent boundary condition for the total
scalar potentials by combing (34) and (36):

(37) Oydj = T50; +g; onl,.
It follows from (21)—(22) that
OyP1 = Oyth1 — OpP2 + Opp = Oyth1 — Optpo + (Z%) Optha

2
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2 _ 2
= ywl + (772 2 2) 8m¢2,

2

=

8y¢2 = 3y¢2 + 8m¢1 - aw¢1 = 81;% + a:v'(/)l - <

2 .2
(38) = ywz—-(”jg“l)éawL

=N

K

) (9x¢1
1

Combining (37)—(38) and (21) yields the boundary condition for ¥; on I',:
2 _ 2 2
o+ (5" ) orn = (1) An +an

2 1

2 .2 2
(39) ote— (5 ) orun = (2) e + a2

1 2

Let u be a periodic function of x with period A. It admits the Fourier series
expansion:

. 1A .
u(r) = upe' "t w, = — u(z)e " du.
(1) =3 un =y
neE”Z
Define the boundary operator on I',:

w?B1n w

—_in o, — ————n
. a2 +B1inBan HOn a2 +B1nB2n ianz
(9’“)(1‘) = E 1 w2242 wQ;Q unc "
n — n___
n€l | G4 Prnfan  HOn aZ +B1nBan

It is shown in [26] that a2 + 31,82, # 0 for n € Z and the diffracted field u? satisfies
the transparent boundary condition:

pdyut + A+ p)(0,1)'V-u? = Fu? onT,.
A simple calculation yields that
10y u™C 4+ (A 4 p)(0,1) TV - 4™ = irg (A + 2u)(0,1) Te im0
and
Tu = —irg (A +2u)(0,1) Te F1a,
Hence we obtain the boundary condition for the total displacement field u:
pdyu+ A+ p)(0,1)'V-u=FTu+h onT,,
where h = 2ir; (A +2)(0,1) "e~"19, Noting the continuity condition (7), we have
10w+ A+ 1)(0,1)'V-v=Fv+h onT,.

5. Scattering data. We assume that the total field w is measured on Iy, i.e.,

u(z,a) = (uy(r,a),uz(r,a))’ is available for = € (0,A). In this section, we show

how to convert u(z,a) into the scattering data of the scalar potentials ¢,(x,a).
Evaluating (12) on I';, we have

(40)  Oppi(m,a) + Oyda(z,a) = ui(x,a), Oypi(x,a) — Opp2(x,a) = uz(z,a).

Let ¢;(z,a) admit the Fourier series expansion

(41) qu ({177 (l) = Z ¢jneianx~

nez

It suffices to find all the Fourier coefficients of ¢;,, in order to determine ¢;(x,a).
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Taking the derivative of (41) with respect to x yields
(42) Op9j(z,a) = Z i, pjne'n®.
neZ
It follows from the transparent boundary condition (37) that
(43) ay(bj (.Z’, a) = Z iﬁjn(bjneia"m + g;.
neL

Substituting (42) and (43) into (40), we obtain a linear system of equations for the
Fourier coefficients ¢;y,:

e ﬁ2n ¢1n Pin
44 il " = ,
(44) |:/81n _an:| |:¢2n:| |:p2n:|
where pi1, = Uin — G2n, D2n = U2n — g1n and uj, are the Fourier coefficients of u;,
i.e.,
1A ,
Ujn = —/ Uj (.’L‘, a)e_la":”dx
A Jo
and

—2¢~ k10 forn=0
n = ’ n=0forneZ.
n {0 for n # 0, 92

Using Cramer’s rule, we obtain the unique solution of (44):
. [ @nPin + 62np2n QnPon — 5lnpln>
45 n=—1|———>--"—""1, n =1 2= eneen )
( ) ¢1 ( a% + ﬁ1n62n ) ¢2 ( O‘% + ﬁlnﬁQn

Hence, we may assume that ¢;(x,a),j = 1,2 are measured data. From now on,
we shall only work on the potential functions.

6. Reduced problem. Recall the continuity condition (21) and the boundary
condition (39). Given the data ¢; on I'y, we consider the Cauchy problem for v;:

(46) Apj +nj; =0 in R,
K2
(47) ¢] = 7; (bj on Fav
1
n2 — K2 0’
(48) Oyh1 + < : 2) Opthy = <2> SY1+g1 on Ty,
K3 k1
ni — ki 3
(49) Oytha — < L ) Ozt = < 2) Tatpa + g2 on Iy
KT K3
Since v; is a periodic function of x, it has the Fourier series expansion
(50) bi(@,y) =Y Vjn(y)e®".
neEZ

Substituting (50) into (46)—(49), we obtain a final value problem for the second
order equation in the frequency domain:

(51) 2 bin(y) + Vinin(y) =0, b<y<a,
2
(52) '(/)jn(a) = < ;) ¢]?’L7 Yy=a,
j
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2 2 2
53) Otnala) +i0 (5 ) vana) =0 (% ) dral@) + 1ns v =
1

2
(54) Oytant) ~ i () @) = (5 ) @) + s v =
1 2

where ¢,,, is given in (45) and
= (mf —a?)'?, aw| <,
n .
! i(aq —m)2 ] > ;.

Again we assume that 7;, # 0 to exclude possible resonance.
Using the continuity condition (21) again, we may further reduce (51)—(54) into
the following final value problem:

(56) wjn = ngna Yy=a,
(57) 3y¢]n - iBjn¢jn = .@jna Yy=a,
where
) K2 ) n?
J 77? J J /‘Q? J
and
R . 5 — K3
gin = gin — 10y (772 B 2) G2n,
Up)

5 . i — st
gon = Gon + 10, (771 2 1) O1n-
Ui
It follows from Lemma (A.1) that the final value problem (55)—(57) has a unique

solution which is

Yin(y) =(29;,) ((%‘n + Bjn)bjn — iﬁjn) e in(a=y)
(58) + (2vn) 7} ((an = Bin)din + igjn) eine=y),
Evaluating (58) at y = b yields

$jn(b) =(275n) ! ((%‘n + Bjn)bjn — iéjn) e tm(@t)
(59) + @13n) ™ (i = Bin) i + idgn ) €0,

where 1, (b) are the Fourier coefficients of ¢;(x,b). Taking the partial derivative
of (58) with respect to y and evaluating it at y = b, we obtain

i 5 N2 i i (a—
Oytin(b) =5 ((%‘n + Bjn)bjn — lgjn) e~ anla=t)
i 5 0\ o o (ae
(60) ~5 ((%‘n = Bjn)djn + 19jn) ehn(at),

We point out that (59) gives the far-to-near (FtN) field data conversion formula.
We observe from (59) that it is stable to convert the far-field data for the propagating
wave components where the Fourier modes satisfy |a,| < n;; it is exponentially
unstable to convert the far-field for the evanescent wave components where the
Fourier modes satisfy |a,| > n;. Thus it is only reliable to make the near-field
data by converting the low frequency far-field data ¢;, with |a,| < n;. Noting
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p1 > po in the elastic slab, we are allowed to include more propagating wave modes
to reconstruct the surface than the case without the slab, which contributes to a
better resolution.

It follows from the continuity condition (24) that

(61) Sﬁjn(b) = (77]> ¢j7L(b)'

2
Kj

Using the continuity conditions (24)—(25) on I'y, we obtain

2
ay%ol = 8ywl - azl/}Z + a:r@2 = ay'(/)l - amql@ + (222) asz
2
2

2 _
= ywl + <772 K2H2> asza

2

2
ay(p2 = &ﬂbz + 311/11 - a:r@l = ay"/)2 + 311/)1 - <212) 3931#1
1

2 _ 2
= y¢2_<n1’€2 1>8z'¢}1a

1

which give in the frequency domain that

2 .2
Oyo1n(8) = Dyt (B) + i (”2 "”“2) Yo D).

K3
(ki
(62) 0y2n0) = 0yna(®) — i, (T ) 1, 0,
1
Combining (61) and (62), we get
(63) 0y = 1Bjn)jn = Tjn,
where

(64) Tan = Oytban(b) — iBanthan (b) — i, ("1 ;2“1) Ui (b).

Here the Fourier coefficients 1, (b) and 0,1, (b) are given in (59) and (60), respec-
tively.

Using the boundary conditions (26) and (63), we may consider the following
reduced boundary value problem for the scalar potential ¢; in

(65) Apj + rp; =0 inQ,
(66) 81901 + angQ = 0, ayipl — 81<p2 =0 on Ff,
(67) Oyp; = T30 +1; only,

where the Fourier coefficients of 7; are given in (64). The inverse problem is refor-
mulated to determine the periodic scattering surface function f from the Fourier
coefficients ¢, (b) for n € M; ={n € Z : |a,| < 1;}.

7. Transformed field expansion. In this section, we introduce the transformed
field expansion to derive an analytic solution to boundary value problem (65)—(67).
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7.1. Change of variables. Consider the change of variables:

i=uz, yzb(‘z_;’f),

which maps I'y to I'g but keeps I'y, unchanged. Hence the domain €2 is mapped into
the rectangular domain D = {(Z,7) € R2: 0<% < A, 0 < § < b}. It is easy to
verify the differential rules:

b

0, =0; — [’ (b—?) 0y,
b

()

02 =02 + (f)? (l)_ig)Qa& —2f (l)_?j) o2

[ () rar i

b 2
=(527) o

We introduce a function ¢;(Z,9) in order to reformulate the boundary value
problem (65)—(67) using the new variables. Noting (65), we have from the straight-
forward calculations that ¢, upon dropping the tilde for simplicity of notation,
satisfies

(68) (102, + 028§y + Cgaiy + c40y + cm?) p; =0 in D,

where

ca=(b—f)?
c2 = [f'(b—y) +17,
c3==2f"(b—y)(b— ),
—(b—y) [f"(b—F)+2(f)?].
The boundary condition (66) becomes
(70)
[(1- b_lf) Or — [0y 1+ Oyp2 =0, dyp1 — [(1— b_lf) Ox — ['0y] w2 = 0.

The boundary condition (67) reduces to
(71) Oy = (1=07"f) (Fjp; +75)-

(69)

7.2. Power series expansion. Noting the surface function (1), we resort to the
perturbation technique and consider formal power series expansion of ¢; in terms
of e:

(72) (z,y;¢ Z% x,y)e

Substituting (1) into (69) and plugging (72) into (68), we may obtain the recurrence
equations for gogk) in D:

(73) Aw(k) =+ HQQO;’C) (k),
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where
(74) ul) = 9N 4 9P D,
Here the differential operators are
9(,1) =p~! [2982 + 29’(b - y)@iy +4"(b—y)o, + 2,%?9] ,
(2 27 2 2 202 2
- [2(9')2 ] (b— )5y + 1297}
Substituting (1) and (72) into (70), we obtain the recurrence equations for the
boundary conditions on I'y:

(k) (k) (k)

k
8$<p1 +8y<p2 3y90§)— Py =q

where
(75) p(k) = (b*lgax + g/ay) @gk_l), q(k) — (bilga@ Jrglay) (pgk_l).

Substituting (1) and (72) into (71), we derive the recurrence equations for the
transparent boundary conditions on I'y:

k
(0, — g) (k) _ T.]( )’
where

(76) r§0) =Tj, r(, . g(gw(O) + 1), r§k) _ _b—1g%¢(k—1)'
In all of the above recurrence equations, it is understood that gp( ) ( )’ pF) q(F)

r](- ) are zeros when k < 0. The boundary value problem (73)-(76) for the current

(k)

terms ¢, involve u( ) pF) q(’“),ryc), which depend only on previous two terms
of Lp(k b, (p;-k ), Thus, the boundary value problem (73)—(76) can be recursively

solved from k = 0.
(k)

7.3. Fourier series expansion. Since ¢;

A, they have the Fourier series expansions

(77) ] Z sD(k) el

neZ

are periodic functions of x with period

Substituting (77) into the boundary value problem (73)—-(76), we obtain a coupled
two-point boundary value problems:

(78) 7 so(’fl) =g +ia wén), y =0,

83:/()0171 lﬂln@gﬁb) - rI(Ln)’ Y= b

and

82y<p2n + ﬁ2n‘/’(k) = én)7 0<y<b,

k .
(79) Byt = p) i, oMy =0,

k
6y§02n 1ﬁ2n@gn) - rén)’ y= b7

where ugn),pq(lk)7 ék), j(n) are the Fourier coefficients of u;k),p(k), q(k),rj(-k), respec-

tively.
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It follows from Lemma A.2 that the solutions of (78) and (79) are
O () =K1 (53 B1) (@) + i) (0))
(30) — Kl Bua)r + / Ka(y, = fu)ul® (2)dz,
05 (y) =K1 (y; Ban) () — il (0))
(81) — K (y; Bon)rsy) + / " Ko, 7 o)l ()

where <p§];) (0) are to be determined. Evaluating goglfl) (y) at y = 0 in the above
equations and recalling K; in Lemma A.2, we obtain

b
B2t (0) = (¢®) + il (0)) — eFmbr®) 4 / eyl (2)dz,

(=)

b
B2 (0) = (6% — i g®(0)) — ePonbr(®) 4 / ey (2)dz,
0

which yields a system of algebraic equations for gpgk)(O):

(82) il’B " _a"] rg’:}(o)] = rg’;ﬂ ,
an Pon | p§0)) gy

where

b
off) = g —@mernl) ¢ [ o)

b
wl) — pk) _ gifanby () +/ eBan= 8 ().
0

It follows from Cramer’s rule again that the linear system has a unique solution
which is given by

k k
(p(k) (0) = —i 62’”1]%71) + anvén) (P(k) (O) - 3 BanQn — anvgn) )
tn OA% + 5lnﬂ2n ) 2n 042 + ﬂlnﬁZn

Once wgk) (0) are determined, gp(vk)(y) can be computed from (80) and (81) explicitly

n in
for all k£ and n.

7.4. Leading terms. For k = 0, it follows from (74), (75), and (76) that we obtain

ugo) :p(o) _ q(o) —0, 7n](.o) =1
Their Fourier coefficients are
0
(83) uf) = p =gl =0, 1) =7
Substituting (83) into (82) yields
(0) _oiBindy

]n

and

1 iﬂlnb ] iﬁznb
) _ [ 1Pane > ( ione )
nO)=|l5—F—F )Tt | 555 ) 72ns
7 ( ) (O&% + BlnﬂZn Of% + BlnBQn
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3 iB2nb 3 iB1nb
0) iBine > ( iane )
84 0)= ————— n—| —— | Tin.
(84) ?2n (0) = <aa+ﬁlnﬁ2n T2 A Binban )

Plugging (84) into (80)—(81), we get

(pgn) (y) = lanKl (y Bln)‘pg;) (O) - K?(yaﬁln)'rln

(85) = M1} (y)7in + M3 (9) 7o,

W (y) = —ian K1 (y; Ban) o) (0) — Ko (y; Ban)Ton
(86) = My (y)7in + Mg5 (y) 7o,
where

iBin iBinb

la, e ie . .
M(”) — n iBiny 4+ —-— iBiny + eflﬁlny ,
t (y) (Bln(a% + ﬁln/BQn)) 2ﬁln ( )

3 iB2nb
M(n) — 1ap e iBiny
12 (Y) a2 + Brnfan € )

i iBind
M(”) - _ 10 € iBany
21 (y) Ol% ¥ /Bln/BQn € )

ia?2 eiB2nb jelBanb .
M(”) y) = — < n ) iBany 4+ —-— iBany + eflﬁzny .
22 ( ) BQn(a% + 61n52n) 2/8211 ( )

7.5. Linear terms. For k = 1, it follows from (74)—(76) that we obtain
u(.l) =p"1[2 [ 02, +24' (b — )aiy +4"(b—y)o, + 2&?9] cp§0),
P = (b7190, +¢'9,) o1,
¢V == (b7"90: +9'0,) ¢y,
r§ )= _p g(ﬂap(o) + 7).

Using the convolution theorem and (85)—(86) yields

(87) u$) @) =3 U™ () gnm,
meZ
(88) pln(y) = Z Pm(y)gnfma
MmeEZL
(89) Gin() =Y Qu(¥)gn—m.
meZ
(90) P W) = =071 (Rjm(Y) + i) G,
MmeEZL
where
U™ () = 67 [2085m) M (9) + (2, = a2)(6 = )0, M ()| 71
7 [2085m)2M 57 (9) + (02, = a2)(b = O, ME" ()] 7o,

Pon(y) = iamb™" (M ()71 + MG ()72 )
+i(an = am) (9 M ()i + O M (5)7am )
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Qm(y) = _iamb71 (MQ(T) (Y)Tim + Mégl)(y)T%n)
- l(an - am) (6 MQ(;n) (y)Tlm + a1,/-2\42(7271) (y)T2m)
R; m(y) = lﬂjm( i )(y)Tlm+M ( )’7'2m> .

When k£ = 1, recalling the expressions of cpﬁl)(O) and evaluating (80)—(81) at
y = b, we have

P (b) = K1 (b5 Bua) (0l + iansps) (0)) = Ka(bi Ba)r t/‘B% (b2 Bin)u) ()2

eiBln, eiﬂlnb i i 1

= 5 ¢V + il (0)) — m(@ Pinb e 71P1nb), ()
b _iBinb
€ iﬁlnz 71[’317,,22 (1)
+ — (e +e uy,, (z)dz
| St i)
iB1nb .

- (21B1n) (02 + Binf2n) 2B10B2ndl + 2000 Bl — 20%51”6%"1)7"52

+ (2 = BinBan)ePntrl) — (a2 + BinBan)e Pinbr(l)

b b
+ 20,810 / eiﬁz"zugl) (z)dz — 204%/ eiﬁl"zu&) (z)dz
0 0

b
+ (afb + B1nB2n) / (6131"2 + eiﬁl“)u%?(z)dz)7
0

and

o) (0) = K1 (b; Ban) (P mM@)%M%%+/%M&MM)

iBZn eiﬂZTL

T () — i) (0)) = G (P ey

IBQTL 2i62n
b iBanb
€ i z —i z 1)
+ — (&7 4 g7 1Pm uS) (2)dz
| Gt us)(2)
elBanb )
= 2 n n (1) _2an n (1) +2an nelﬂlnbr(l)
(2352) (02 + BunFan) BinB2nDy, Bonty, B2 n

b
+(af = Bunfan)e P15, — (a7, + BinBan)e™ ) — 20,2, / ) (2)dz

0
b b
_ 20‘7%/ 15%2 (1 ( )dZ+ (Oé +ﬂ1nﬁ2n)/ (GIBQ"Z + e_lﬂ%’z)ugln)(z)dz>.
0 0

Substituting (87)—(90) into (80)—(81) and evaluating at y = b, after tedious but
straight forward calculations, we obtain the key identities:

1) eifinb

E ' (n,m)

<91) i (b) B meZ (215171)(0‘% + ﬁ1n52n)(a72n + 51m52m) ! In=m>
D)= 3 elfant (nm)

(92) <p2n (b) - meZ (215271)(0‘% + B1n62n)(a72n + BlmﬁZm) A2 nem
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where

n,m - i(B1 anamﬁ n i8,
Ag ) :{b ! [ — 281 fona, el PrmFBam)b 4 B — (a2, — BimBam )2 P1mb
Im

+ 2{amﬁ1n (anﬁQm + amBQn) + lbﬂln [anamBQm (ﬁQn - 52m)

anamﬁln

Blm

- lﬁln (an - am) |:2am62mﬁ2nei(ﬁlm+62m)b — Qp, (0[7271 - ﬁlmﬁQm)e%ﬂIMb

- (Oénohn)2 + 612m52m62n] }ei'glmb - (agn + Blm/B2m)

- Oén(Oégn + 61mﬁ2m):| }Tlm + {b_l |: - 2ana12nﬁlnei(ﬁlm+52m)b

_ amﬁlnﬁ%z
ﬂZm

+ lbﬁln [an(agnB?n + ﬁ;mﬁlm) + amﬁlm(ai + BlmﬁQn)} }61627"17

(Oézn - ﬁlm52m)e2i52mb + 2{047715177, (anam - 51mﬁ2n)

n Oémglnﬁwz (a?n + ﬂlm52m>:| — 1Brin(an — o) |:2anam61mei(l31m+l32m)b
2m

+ 6277’(0[%1 o ﬂlmﬂQm)emﬁ%’lb + 5277,(0472;1 + ﬁlmﬂ2m)] }T2m7
and

Agn,m) {bl [QQnagnﬂQnei(B1m+Bzm)b + amgllnﬂQn (azn B 61m62m)62w1mb

- Q{Qmﬂ2n(anam - /BlnBQm) + lb/BZn [an(agnﬁln + /Bl2mﬁ2m)

amﬂlnﬂQn

Blm
+ iﬂ2n(an _ Olm) [Qanamﬁzmei(ﬂ1m+ﬂ2m)b + ﬁln(a?n _ BlmﬁQm)emﬂIMb

+ amBZm (Oéi + 61nﬁ2m)i| }eiﬂlmb - (Ozgn —+ ﬂlmBZm)

+ Bln(afn + 61m/82m):| }Tlm —+ {bl |: _ 2/81”62na3nei(ﬂlm+ﬂ2m)b

+ %ﬂﬁgn(a% - 61mﬁ2m)€2i52mb + 2{am62n (anﬁlm + amﬁln)
+ lbﬁQn anamﬁlm(ﬂln - ﬁlm) - (anam)Q + Bgmﬂlmﬁln} }eiﬁ%nb
amanﬁZn

— T(afn + ﬂlmﬂQm)] - iﬂQn(an - am) |:2amﬂ1n61m6i(61m+62m)b

- an(agn - ﬁlm52m)e2i52mb - an(a?n + 51mﬁ2m):| }T2m~

8. Inverse problem. In this section, we give reconstruction formulas for the in-
verse problem by dropping the higher order terms in the power series. Moreover, a
nonlinear correction scheme is proposed to improve the accuracy of the reconstruc-
tion.
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8.1. Reconstruction formula. First, we rewrite the power series expansion (72)
of 1 and 4 as follows,

(93) 0i(z,y) = & (@, y) + el (@, y) + ej(x,y),

where e;(z,y) = O(g?) denote the remainder consisting of all the high oder terms.
Evaluating (93) at y = b and dropping e;(z,y), we get the linearized equation:

pi(,0) = o\ (2,b) + e (x,0),
which, in the frequency domain,
0 1
(94) Pin(b) = @\ (b) + ') (b).

Substituting (91)-(92) into (94) and noting f = €g, we obtain an infinite dimen-
sional linear system of equations:

SO f = 0a(b) — 0 (B),

mez
where
clmm) _ o’ ()
I (Qiﬂjn)(a% + BinBon) (2, + BrmBom)
In order to obtain a truncated finite dimensional linear systems, the cut-off
A
e[z

is chosen such that |a,| < n; for all |n] < Nj;, where n; is given by (18). In
view of the definition of n;, the density p; of the elastic slab is crucial to the
reconstruction resolution, a bigger p; gives a higher resolution. Keeping only the
Fourier coefficients of the solution in [—N;, N;], we obtain the truncated equations

(95) Cjs;j =1j,

where C; is the (2N; + 1) x (2N; + 1) portion of C’](-n’m)7 and s;,t; are (2N; + 1)
column vectors given by

0
Sjom = fms tim = @in(b) = @\ (0), —N; <n,m < Nj.

We observe from (64) and (91)-(92) that when |m| > N; there could have expo-
nentially amplified errors of Ag"’m) due to the data noise. Therefore, the equations
need to be regularized further by letting Ag-"’m) = 0 if [n —m| > N;. Let the
solution of (95) be given by

(96) o= Cl,

where C]T denote the Moore-Penrose pseudo-inverse of C;. Finally, the scattering
surface function is reconstructed as follows:

(97) f(@)=Re > sjmem”.
|m|<N;
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8.2. Nonlinear correction scheme. In the previous subsection, an explicit re-
construction formula (97) is given. It is effective for a sufficiently small deformation
parameter €. For a relatively large ¢, it is necessary to develop a nonlinear correction
scheme to improve the accuracy of the reconstruction.

Firstly, we solve the linearized problem and compute (96) to obtain s;, which is
denoted as Sgo]. Let fo be the reconstructed surface function by using 820] in (97).
Next we solve the direct problem using fj as the surface function, and evaluate the

total field u at y = a denoted by ulfol. The data ¢£—f°](x, a) is computed from (45)
by using ul/o! which is then used to compute Tj['ff] from (58), (60) and (64). We

construct the coefficient matrices C][f o) and the right hand side vectors ¢l of (95)

J
using T][{,LO]. Now we have approximated equations:

[fo] (O] _ [fo]
C’j g 5=t o
Subtracting the above equation from (95) yields
fo] [0 [
Cysy = t; + Cls] — 1),
from which we compute the updated Fourier coefficients:
= ] (b + €01 — )
Then the surface function is updated as follows
fi(z) =Re Z S;{lneiaynx.
Im|<N;

Repeating the above procedure gives the nonlinear correction scheme:

0 _ At (s (fi—1] [1=1] _ ,[fi-1]
s; = Cj (t] + Cj s; t; ) ,
fi(z) =Re Z sgl7]mei°""r, l=1,....
|m|<N;

Essentially the above nonlinear correction scheme is similar to Newton’s method
for solving non-linear equations. From the numerical experiments in the next sec-
tion, we only need few iterations to obtain accurate reconstructions because good
initial guesses are available from the reconstruction formula (97) when solving the
linearized equation.

9. Numerical experiments. In this section, we present some numerical exper-
iments to show the effectiveness of the proposed method. We solve the direct
scattering problem (4)—(6) to get the synthetic data of the displacement of the total
field w by using the finite element method with the perfectly matched layer (PML)
technique. Then the measured data is obtained by interpolating the finite element
solution with 500 uniform grid on I',. In order to test the robustness of the proposed
method, we add random noise to the data:

us(x;,a) = u(x;, a)(1+ or;),

where x; = —A/2 4+ iA/500,i = 1,...,500, r; are vectors whose two components
are random numbers uniformly distributed on [—1, 1], and § is the noise level.

In our numerical experiments, the Lamé parameters p, A are taken as A =2, u =
1. The density pg of the free space is py = 1, while the density of the elastic slab p;
is chosen to be three different numbers p; = 1.0, 2.0 and 4.0 in order to compare
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the reconstruction results. The noise level § = 2%. The angular frequency w = 2.
Thus the compressional wavenumber k1 = 7 and the shear wavenumber ko = 27,
which indicate that A\ = 2, Ao = 1, where A1 and A9 are the compressional wave-
length and the shear wavelength, respectively. The bottom of the slab is positioned
at y = b = 0.05)\2 and the top of the slab is put at y = a = 2.0\5. Hence the slab
is put in the near-field regime while the data is measured in the far-field regime.
The incident wave is generated by (2). In all numerical examples, the deformation
parameter is fixed at € = 0.01. According to (97), there are two possible choices
to obtain the reconstructed surface function f, which are mathematically equiva-
lent. Thus we always take j = 1 in (95) to compute the Fourier coefficients and to
reconstruct the surface.

Example 1. The exact surface profile function is given by

(x)—lsin 20z _sin 407z 4 sin 607>
9T =5 31 31 31 )

which is a periodic function with the period A = 3.1. This is a simple example as
the surface function only contains a few Fourier modes.

Figure 2 shows the reconstructed surfaces (dashed line) against the exact surface
(solid line). Figure 2(a), (b), and (c) plot the reconstructed surfaces by using
p1 = 1.0,2.0,4.0, respectively. Clearly, the reconstruction resolution is increased
with respect to p;. For p; = 1.0, the slab is absent and the cut-off N; = 1. Hence
only the zeroth and first Fourier modes may be reconstructed and the resolution is
at most one wavelength. More frequency modes are able to be recovered and the
resolution increases to the subwavelength regime by increasing p;. Using Figure
2(c) as the initial guess, we adopt the nonlinear correction scheme to improve the
reconstruction accuracy. As shown in Figure 2(d), (e), and (f), the reconstruction
is almost perfect after 3 steps of the iteration, which indicates that the algorithm
is effective to improve the accuracy of the reconstruction.

Example 2. Consider the following surface profile function in the interval [—1,1]:

(z) = 1 — cos(27x), -1<z <0,
P =305 05cos(2n2), O0<a<l.

The period A = 2. Although this function is continuous, it is not smooth since
the first derivative is not continuous at x = 0. Figure (3) shows the reconstructed
surface (dashed line) against the exact surface (solid line) for different density p;
and the first three steps of the nonlinear correction. The similar conclusions can be
drawn as those for Example 1: the density p; helps the resolution and the nonlinear
correction improve the reconstruction.

10. Conclusion. In this paper, we have proposed an effective mathematical model
and developed an efficient numerical method to solve the inverse elastic surface
scattering problem by using the far-field data. The key idea is to utilize a slab
with larger density to allow more propagating modes to propagate to the far-field
zone, which contributes to the reconstruction resolution. The nonlinear correction
improves the accuracy by using the initial guess generated from the explicit recon-
struction formula. Results show that the proposed method is robust to the data
noise. The proposed approach can be extended to bi-periodic structures where
the three-dimensional Maxwell and elastic equations should be considered. We are
investigating these equations and will report the progress elsewhere.
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FIGURE 2. Example 1: the reconstructed surface (dashed line) is
plotted against the exact surface (solid line). (a) p1 = 1; (b) p1 = 2;
(¢) p1 = 4; (d) 1 step of nonlinear correction when p; = 4; (e) 2
steps of nonlinear correction when p; = 4; (f) 3 steps of nonlinear
correction when p; = 4.
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FIGURE 3. Example 2: the reconstructed surface (dashed line) is
plotted against the exact surface (solid line). (a) p1 = 1; (b) p1 = 2;
(¢) p1 = 4; (d) 1 step of nonlinear correction when p; = 4; (e) 2
steps of nonlinear correction when p; = 4; (f) 3 steps of nonlinear
correction when p; = 4.
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Appendix A. second order equations. Consider the final value problem of the
second order equation in the interval (b, a):

(98) u +n*u=0, b<y<a,
(99) u=p, y=a
(100) u,_iﬁu:qv Yy=a,

where 0 # 7, 8, p, g are constants.
Lemma A.1. The final value problem (98)—(100) has a unique solution which is
u(y) = <(77 +B)p — iCI) e—in(a=y) | ((77 —Bp+ iQ) in(a—y).
2n 2n
Proof. The general solution of the homogeneous second order equation (98) is
u(y) = c1e 4 cpe Y,

where ¢; and ¢y are constant coefficients to be determined. It follows from the final
conditions (99)—(100) that

u=p, u=ifp+tq, y=a.
Plugging the final values of u and v’ into the general solution, we obtain
o = ((n+ﬁ)p—lq) i oy = ((n—ﬁ)p+1q> e
2n 2n
which completes the proof. O

Consider the two-point boundary value problem of the second order equation in
the interval (0, h):

(101) '+ BPu=v, 0<y<h,
(102) u=r y=0,
(103) w —ifu=s, y=nh,

where 0 # (3,7, s are constants.

Lemma A.2. The two-point boundary value problem (101)—(103) has a unique
solution which is given by

h
uly) = K (y; B)r — Ka(y; B)s + /0 Ks(y, = B)o(2)dz,

where
By oifh ,
Ki(y: B) = Koly: B) = iBy —iBy
1(y76) lﬁ ) Q(yaﬂ) 216 (6 +e )7
and
S (@ +e5), 2 <y,
KS(yazvﬁ) = iBz . .
CZTﬁ(elBy + e_lﬁy)’ z>y.

Proof. A fundamental set of solutions for the second order equation (101) is

ui(y) = Py, us(y) = e 18y,
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A simple calculation yields that the Wronskian W (uy,us) = —2i8. It follows from
the variation of parameters that the general solution to the inhomogeneous second
order equation (101) is
By  ry —ify Y
. . e . e
104 _ iBy —ipy —ifz dz —
(104)  u(y) = c1e™ + cae + %5 /. e PFu(z)dz 55 /)
where c¢; and ¢y are undetermined constants.
Taking the derivative of (104), evaluating at y = 0, and using the boundary
condition (102) give

(105) u'(0) =if(c1 —c2) =T
It follows from the boundary condition (103) that

e u(2)dz,

1 h .
(106) co = 35 /0 e u(2)dz — selPt

Combining (105) and (106) yields

1 b .
(107) c1=co+ % = %5 /0 P u(z)dz — sePt | + %
Substituting (106) and (107) into (104), we obtain the solution. O
REFERENCES

[1] C. Alves and H. Ammari, Boundary integral formulae for the reconstruction of imperfections
of small diameter in an elastic medium, SIAM J. Appl. Math., 62 (2001), 94-106.

[2] H. Ammari and H. Kang, Reconstruction of Small Inhomogeneities from Boundary Measure-
ments, Springer-Verlag, Berlin, 2004.

(3] H. Ammari, H. Kang, G. Nakamura and K. Tanuma, Complete asymptotic expansions of
solutions of the system of elastostatics in the presence of an inclusion of small diameter and
detection of an inclusion, J. Elasticity, 67 (2002), 97-129.

[4] T. Arens, A new integral equation formulation for the scattering of plane elastic waves by
diffraction gratings, J. Integral Equations Appl., 11 (1999), 275-297.

[5] T. Arens, The scattering of plane elastic waves by a one-dimensional periodic surface, Math.
Methods Appl. Sci., 22 (1999), 55-72.

[6] C. E. Athanasiadis, D. Natroshvili, V. Sevroglou and I. G. Stratis, An application of the reci-
procity gap functional to inverse mixed impedance problems in elasticity, Inverse Problems,
26 (2010), 85011, 19pp.

[7] G. Bao, T. Cui and P. Li, Inverse diffraction grating of maxwell’s equations in biperiodic
structures, Opt. Ezpress, 22 (2014), 4799-4816.

[8] G. Bao and P. Li, Near-field imaging of infinite rough surfaces, SIAM J. Appl.Math., 73
(2013), 2162-2187.

[9] G. Bao and P. Li, Convergence analysis in near-field imaging, Inverse Problems, 30 (2014),
085008, 26pp.

[10] G. Bao and P. Li, Near-field imaging of infinite rough surfaces in dielectric media, STAM J.
Imaging Sci., T (2014), 867-899.

[11] G. Bao, P. Li and Y. Wang, Near-field imaging with far-field data, Appl. Math. Lett., 60
(2016), 36—42.

[12] M. Bonnet and A. Constantinescu, Inverse problems in elasticity, Inverse Problems, 21 (2005),
R1-R50.

[13] O. P. Bruno and F. Reitich, Numerical solution of diffraction problems: A method of variation
of boundaries, J. Opt. Soc. Am. A, 10 (1993), 1168-1175.

[14] A. Charalambopoulos, D. Gintides and K. Kiriaki, On the uniqueness of the inverse elastic
scattering problem for periodic structures, Inverse Problems, 17 (2001), 1923-1935.

[15] T. Cheng, P. Li and Y. Wang, Near-field imaging of perfectly conducting grating surfaces, J.
Opt. Soc. Am. A, 30 (2013), 2473-2481.

INVERSE PROBLEMS AND IMAGING VoLUME 13, No. 4 (2019), 721-744


http://www.ams.org/mathscinet-getitem?mr=MR1857537&return=pdf
http://dx.doi.org/10.1137/S0036139900369266
http://dx.doi.org/10.1137/S0036139900369266
http://www.ams.org/mathscinet-getitem?mr=MR2168949&return=pdf
http://dx.doi.org/10.1007/b98245
http://dx.doi.org/10.1007/b98245
http://www.ams.org/mathscinet-getitem?mr=MR1985444&return=pdf
http://dx.doi.org/10.1023/A:1023940025757
http://dx.doi.org/10.1023/A:1023940025757
http://dx.doi.org/10.1023/A:1023940025757
http://www.ams.org/mathscinet-getitem?mr=MR1719103&return=pdf
http://dx.doi.org/10.1216/jiea/1181074278
http://dx.doi.org/10.1216/jiea/1181074278
http://www.ams.org/mathscinet-getitem?mr=MR1669572&return=pdf
http://dx.doi.org/10.1002/(SICI)1099-1476(19990110)22:1<55::AID-MMA20>3.0.CO;2-T
http://www.ams.org/mathscinet-getitem?mr=MR2661690&return=pdf
http://dx.doi.org/10.1088/0266-5611/26/8/085011
http://dx.doi.org/10.1088/0266-5611/26/8/085011
http://dx.doi.org/10.1364/OE.22.004799
http://dx.doi.org/10.1364/OE.22.004799
http://www.ams.org/mathscinet-getitem?mr=MR3132892&return=pdf
http://dx.doi.org/10.1137/130916266
http://www.ams.org/mathscinet-getitem?mr=MR3245125&return=pdf
http://dx.doi.org/10.1088/0266-5611/30/8/085008
http://www.ams.org/mathscinet-getitem?mr=MR3199418&return=pdf
http://dx.doi.org/10.1137/130944485
http://www.ams.org/mathscinet-getitem?mr=MR3505850&return=pdf
http://dx.doi.org/10.1016/j.aml.2016.03.023
http://www.ams.org/mathscinet-getitem?mr=MR2146268&return=pdf
http://dx.doi.org/10.1088/0266-5611/21/2/R01
http://dx.doi.org/10.1364/JOSAA.10.001168
http://dx.doi.org/10.1364/JOSAA.10.001168
http://www.ams.org/mathscinet-getitem?mr=MR1872929&return=pdf
http://dx.doi.org/10.1088/0266-5611/17/6/323
http://dx.doi.org/10.1088/0266-5611/17/6/323
http://dx.doi.org/10.1364/JOSAA.30.002473

744

Hual-AN Di1ao, PEIJUN L1 AND XIAOKAI YUAN

[16] D. Colton and R. Kress, Inverse Acoustic and Electromagnetic Scattering Theory, Springer,

New York, 2013.

[17] D. Courjon, Near-Field Microscopy and Near-Field Optics, Imperial College Press, London,

2003.

[18] J. Elschner and G. Hu, Variational approach to scattering of plane elastic waves by diffraction

gratings, Math. Methods Appl. Sci., 33 (2010), 1924-1941.

(19] J. Elschner and G. Hu, An optimization method in inverse elastic scattering for one-

dimensional grating profiles, Commun. Comput. Phys., 12 (2012), 1434-1460.

(20] J. Elschner and G. Hu, Scattering of plane elastic waves by three-dimensional diffraction

gratings, Math. Models Methods Appl. Sci., 22 (2012), 1150019, 34pp.

[21] G. Hu, Y. Lu and B. Zhang, The factorization method for inverse elastic scattering from

periodic structures, Inverse Problems, 29 (2013), 115005, 25pp.

[22] X. Jiang and P. Li, Inverse electromagnetic diffraction by biperiodic dielectric gratings, Inverse

Problems, 33 (2017), 085004, 29pp.

[23] P. Li and J. Shen, Analysis of the scattering by an unbounded rough surface, Math. Methods

Appl. Sci., 35 (2012), 2166-2184.

[24] P. Li and Y. Wang, Near-field imaging of interior cavities, Commun. Comput. Phys., 17

(2015), 542-563.

[25] P.Liand Y. Wang, Near-field imaging of obstacles, Inverse Probl. Imaging, 9 (2015), 189-210.
[26] P. Li, Y. Wang and Y. Zhao, Inverse elastic surface scattering with near-field data, Inverse

Problems, 31 (2015), 035009, 27pp.

[27] P. Li, Y. Wang and Y. Zhao, Convergence analysis in near-field imaging for elastic waves,

Appl. Anal., 95 (2016), 2339-2360.

[28] P. Li, Y. Wang and Y. Zhao, Near-field imaging of biperiodic surfaces for elastic waves, J.

Comput. Phys., 324 (2016), 1-23.

[29] A. Malcolm and D. P. Nicholls, A field expansions method for scattering by periodic multi-

layered media, J. Acoust. Soc. Am., 129 (2011), 1783-1793.

[30] D. P. Nicholls and F. Reitich, Shape deformations in rough-surface scattering: Cancellations,

conditioning, and convergence, J. Opt. Soc. Am. A, 21 (2004), 590-605.

[31] D. P. Nicholls and F. Reitich, Shape deformations in rough-surface scattering: Improved

algorithms, J. Opt. Soc. Am. A, 21 (2004), 606—621.

[32] J. A. Ogilvy, Theory of Wave Scattering from Random Rough Surfaces, Institute of Physics

Publishing, 1991.

Received April 2018; revised December 2018.

E-mail address: hadiao@nenu.edu.cn
E-mail address: lipeijun@math.purdue.edu
E-mail address: yuan170@math.purdue.edu

INVERSE PROBLEMS AND IMAGING VoLUME 13, No. 4 (2019), 721-744


http://www.ams.org/mathscinet-getitem?mr=MR2986407&return=pdf
http://dx.doi.org/10.1007/978-1-4614-4942-3
http://dx.doi.org/10.1142/p220
http://www.ams.org/mathscinet-getitem?mr=MR2743411&return=pdf
http://dx.doi.org/10.1002/mma.1305
http://dx.doi.org/10.1002/mma.1305
http://www.ams.org/mathscinet-getitem?mr=MR2927998&return=pdf
http://dx.doi.org/10.4208/cicp.220611.130112a
http://dx.doi.org/10.4208/cicp.220611.130112a
http://www.ams.org/mathscinet-getitem?mr=MR2902151&return=pdf
http://dx.doi.org/10.1142/S0218202511500199
http://dx.doi.org/10.1142/S0218202511500199
http://www.ams.org/mathscinet-getitem?mr=MR3116341&return=pdf
http://dx.doi.org/10.1088/0266-5611/29/11/115005
http://dx.doi.org/10.1088/0266-5611/29/11/115005
http://www.ams.org/mathscinet-getitem?mr=MR3668804&return=pdf
http://dx.doi.org/10.1088/1361-6420/aa76b9
http://www.ams.org/mathscinet-getitem?mr=MR3021425&return=pdf
http://dx.doi.org/10.1002/mma.2560
http://www.ams.org/mathscinet-getitem?mr=MR3376702&return=pdf
http://dx.doi.org/10.4208/cicp.010414.250914a
http://www.ams.org/mathscinet-getitem?mr=MR3305892&return=pdf
http://dx.doi.org/10.3934/ipi.2015.9.189
http://www.ams.org/mathscinet-getitem?mr=MR3319375&return=pdf
http://dx.doi.org/10.1088/0266-5611/31/3/035009
http://www.ams.org/mathscinet-getitem?mr=MR3546591&return=pdf
http://dx.doi.org/10.1080/00036811.2015.1089238
http://www.ams.org/mathscinet-getitem?mr=MR3540332&return=pdf
http://dx.doi.org/10.1016/j.jcp.2016.07.030
http://dx.doi.org/10.1121/1.3531931
http://dx.doi.org/10.1121/1.3531931
http://dx.doi.org/10.1364/JOSAA.21.000590
http://dx.doi.org/10.1364/JOSAA.21.000590
http://dx.doi.org/10.1364/JOSAA.21.000606
http://dx.doi.org/10.1364/JOSAA.21.000606
http://www.ams.org/mathscinet-getitem?mr=MR1100478&return=pdf

	1. Introduction
	2. Model problem
	3. The Helmholtz decomposition
	4. Transparent boundary condition
	5. Scattering data
	6. Reduced problem
	7. Transformed field expansion
	7.1. Change of variables
	7.2. Power series expansion
	7.3. Fourier series expansion
	7.4. Leading terms
	7.5. Linear terms

	8. Inverse problem
	8.1. Reconstruction formula
	8.2. Nonlinear correction scheme

	9. Numerical experiments
	10. Conclusion
	Appendix A. second order equations
	REFERENCES

