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Abstract
This paper is concerned with the stability of the inverse source problem for
the damped biharmonic plate equation in three dimensions. The stability esti-
mate consists of the Lipschitz type data discrepancy and the high frequency
tail of the source function, where the latter decreases as the upper bound of
the frequency increases. The stability also shows exponential dependence on
the damping coefficient. The ingredients of the analysis include Carleman esti-
mates and time decay estimates for the damped plate wave equation to obtain
an exact observability bound, and the study of the resonance-free region and
an upper bound of the resolvent for the biharmonic operator with respect to the
complex wavenumber.

Keywords: inverse source problem, the biharmonic operator, the damped bihar-
monic plate equation, stability

1. Introduction

Consider the damped biharmonic plate equation in three dimensions
Au(x, k) — Ku(x, k) — ikou(x, k) = f(x), x € R?, (1.1)

where k > 0 is the wavenumber, o > 0 is the damping coefficient, and f € L*(R?) is an
assumed to be a real-valued function with a compact supportcontainedin By = {x € R*: |x| <
R}, where R > 01is a constant. Let OBy be the boundary of B. Since the problem is formulated
in the open domain, the Sommerfeld radiation condition is imposed on u and Au to ensure the
well-posedness of the problem [18]. This paper is concerned with the inverse source problem
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of determining f from the boundary measurements
u(x, k), Vu(x, k), Au(x, k), VAu(x,k), x € OBy

corresponding to the wavenumber k given in a finite interval.

In general, there is no uniqueness for inverse source problems of the wave equations at a
fixed frequency [3, 13]. Computationally, a more serious issue is the lack of stability, i.e., a
small variation of the data might lead to a huge error in the reconstruction. Hence it is crucial
to examine the stability of inverse source problems. In [3], the authors initialized the study of
the inverse source problem for the Helmholtz equation by using multi-frequency data. Since
then, it has become an active research topic on inverse source problems via multiple frequency
data to overcome the non-uniqueness issue and enhance stability. The increasing stability was
investigated for inverse source problems of various wave equations which include the acous-
tic, elastic, and electromagnetic wave equations [4—7, 14, 15] and the Helmholtz equation with
attenuation [9]. On the other hand, it has generated sustained interest in the mathematics com-
munity on boundary value problems for higher-order elliptic operators [8]. The biharmonic
operator, which can be encountered in models originating from elasticity for example, appears
as a natural candidate for such a study [16, 17]. Compared with the equations involving the sec-
ond order differential operators, the model equations with the biharmonic operators are much
less studied in the community of inverse problems. We refer to [1, 10—12, 18] and the refer-
ences cited therein on the recovery of the lower-order coefficients by using either the far-field
pattern or the Dirichlet-to-Neumann map on the boundary. In a recent paper [13], the authors
demonstrated the increasing stability for the inverse source problem of the biharmonic operator
with a zeroth order perturbation by using multi-frequency near-field data. The main ingredi-
ent of the analysis relies on the study of an eigenvalue problem for the biharmonic operator
with the hinged boundary conditions. But the method is not applicable directly to handle the
biharmonic operator with a damping coefficient.

Motivated by [5, 9], we use the Fourier transform in time to reduce the inverse source
problem into the identification of the initial data for the initial value problem of the damped
biharmonic plate wave equation by lateral Cauchy data. The Carleman estimate is utilized to
obtain an exact observability bound for the source function in the framework of the initial
value problem for the corresponding wave equation, which connects the scattering data and
the unknown source function by taking the inverse Fourier transform. An appropriate rate of
time decay for the damped plate wave equation is proved in order to justify the Fourier trans-
form. Then applying the results in [13] on the resolvent of the biharmonic operator, we obtain
a resonance-free region of the data with respect to the complex wavenumber and the bound of
the analytic continuation of the data from the given data to the higher wavenumber data. By
studying the dependence of analytic continuation and of the exact observability bound for the
damped plate wave equation on the damping coefficient, we show the exponential dependence
of increasing stability on the damping constant. The stability estimate consists of the Lips-
chitz type of data discrepancy and the high wavenumber tail of the source function. The latter
decreases as the wavenumber of the data increases, which implies that the inverse problem
is more stable when the higher wavenumber data is used. But the stability deteriorates as the
damping constant becomes larger. It should be pointed out that due to the existence of the
damping coefficient, we can not obtain a sectorial resonance-free region for the data as that in
[5, 14]. Instead, we choose a rectangular resonance-free region as that in [15], which leads to
a double logarithmic type of the high wavenumber tail for the estimate.

This paper is organized as follows. In section 2, the direct source problem is discussed; the
resolvent is introduced for the elliptic operator, and its resonance-free region and upper bound
are obtained. Section 3 is devoted to the stability analysis of the inverse source problem by
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using multi-frequency data. In appendix A, we use the Carleman estimate to derive an exact
observability bound with exponential dependence on the damping coefficient. In appendix B,
we prove an appropriate rate of time decay for the damped plate wave equation to justify the
Fourier transform.

2. The direct source problem

In this section, we discuss the solution of the direct source problem and study the resolvent of
the biharmonic operator with a damping coefficient.

Theorem 2.1. Let f € L>(R?) with a compact support. Then there exists a unique solution
u of Schwartz distribution to (1.1) for every k > 0. Moreover, the solution satisfies

u(x, k)| < C(k, fe N

as |x| — oo, where C(k,f) and c(k,o) are positive constants depending on k,f and k, o,
respectively.

Proof. Taking the Fourier transform of u(x, k) formally with respect to the spatial variable
x, we define

. 1 N
* o i - 3
u(x,k)—/R}e |§\4—k2—ikaf(§)d£’ x R,

where
7 _ 1 —ix-£
7O = G [ S an

It follows from the Plancherel theorem that for each k > 0 we have that u*(-, k) € H*(R?) and
satisfies the equation (1.1) in the sense of Schwartz distribution.
Denote

‘ 1
G k= [ e g
(x. %) /Rse €[ — 2 —iko O°

By a direct calculation we can write u*(x, k) as

ei"i‘-"*}" e*’f‘x*y‘

* — —L -
w(x, k) =(Gx* f)x) = 2,‘62/]1{{3 (47r|x—y| 4r|x —y|

) JF(dy, (2.1
where k= (k* + ika)él’t such that SRk > 0 and Sk > 0. Since f has a compact support, we
obtain from (2.1) that the solution u*(x, k) satisfies the estimate

| (x, k)| < Clk, fe—ctkolx

as |x| — oo, where C(k, f) and c(k, o) are positive constants depending on k, f and k, o, respec-
tively. By direct calculations, we may also show that Vu* and Au* have similar exponential
decay estimates.

Next is show the uniqueness. Let u#*(x, k) be another Schwartz distributional solution to
(1.1). Clearly we have

(A? — k* —iko)u* — ") = 0.
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Taking the Fourier transform on both sides of the above equation yields
(|€]* = & — iko)(u — w*)(€) = 0.

Notice that for k > 0 we have |£|* — k* — iko # O for all £ € R3. Taking the generalized
inverse Fourier transform gives u* — u* = 0, which proves the uniqueness. (]

To study the resolvent we let
w(x, k)= ulx, k), k=K + ika)%,
where ik > 0 and Sk > 0. By (1.1), u* satisfies
A — gt = f.

Denote by R = {z € C: (J,+00) x (—d,d)} the infinite rectangular slab, where ¢ is any
positive constant and d < 1. For k € R, denote the resolvent

R(k) == (A? — k* — iko) ™.

Then we have R(k) = (A% — k*)!. Hereafter, the notation a < b stands for a < Cb, where
C > 0 is a generic constant which may change step by step in the proofs.

Lemma 2.2. For each k € R and p € C{°(Bg) the resolvent operator R(k) is analytic and
has the following estimate:

. 1
i p 2 .
RGP 208y s ricsyy S |KIZeROTDREZ = 0,1,2,3,4.

Proof. Itis clear to note that for a sufficiently small d, the set {(k* + iko)i 1k € R} belongs

to the first quadrant. Consequently, (k> 4 ika)zl’t is analytic with respect to k € R. By [13,
theorem 2.1], the resolvent R(k) is analytic in C\{0} and the following estimate holds:

1Rl 2y i S K2 RY(@ROD 4 2RO = 0,1,2,3,4,
(2.2)

where x_ := max{—x,0} and () = (1 + |%[?)"/2. On the other hand, letting k = k; + ik,, we
have from a direct calculation that

K +iko =k} — k3 — koo + (2kiky + kyo)i.

It is easy to see that if d is sufficiently small, which gives that |k, | is sufficiently small, there is
a positive lower bound for |k* + iko| with k € R and then || > ¢ for some positive constant

c. The proof is completed by replacing x with (k> + iko)% in (2.2). |

3. The inverse source problem
In this section, we address the inverse source problem of the damped biharmonic plate equation

and present an increasing stability estimate by using multi-frequency scattering data.
Denote the boundary measurement by

[Ju(x, )|, ::/ ((k* + ) |u(x, o) + & |Vulx, k)?
0Bg

+ (K + D|Au(x, b)* + |V Aulx, k)|*) ds(x). (3.1)
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The following lemma provides a relation between the unknown source function and the
boundary measurements (3.1). Hereafter, by remark B.3, we assume that f € H"(Bg) where
nz=4.

Lemma 3.1. Let u be the solution to the direct scattering problem (1.1). Then

—+o0
0.2
1 oy S 26° / e, 0|3, dk.

Proof. Consider the initial value problem for the damped biharmonic plate wave equation

{B,ZU(x, )+ A*U(x,t) + 00, U(x,H) =0, (x,1) € Bg x (0, +00),
(3.2)

Ux,0)=0, 9U(x,0)= f(x), X € Bg.

We define U(x, 1) = 0 when 1 < 0 and denote Ur(x, 1) = U(x, 1)xo,r(?) and

T
Ur(x, k) = / U(x, H)e'™ dr.
0

By the decay estimate (B.2) we have that U(x, 1) € Ltz(O, +o00)and limy_..  Ur(x,t) = U(x, ) in
L2(R) uniformly for all x € R3. It follows from the Plancherel theorem that Uy also converges
in L%(R) to a function u,(x, k) € L,% (R) uniformly for all x € R®, which implies that u,(x, k) is
the Fourier transform of U(x, t).

Denote by (-,-) and S the usual scalar inner product of L*(R?) and the space of Schwartz
functions, respectively. We take u.(x,k) as a Schwartz distribution such that u.(x, k)(p) =
(s, @) for each ¢ € S. In what follows, we show that u, (x, k) satisfies the equation (1.1) in
the sense of Schwartz distribution.

First we multiply both sides of the wave equation (3.2) by a Schwartz function ¢ and take
integration over R*. Using the wave equation (3.2) and the integration by parts with respect to
the ¢ variable over [0, T'] for T > 0, we obtain

T
0 / (U + AU + 00U, o) dr
0
=AU, T), @) — ike* (U(x, T), o) + o ¥ (U(x,T), p)

T
—(8,U(x,0), ) + < / (AU — K*U — ko U)e™ dt, g0> . (3.3)
0

It follows from the decay estimate (B.2) that |0, U(x, 1)|, |U(x, 0| < (1 + t)’% uniformly for all
x € R3, which give

T i 7 kT
Tli)rgloe (0, Ux,T),p) = Tliglo ike™ (U(x,T), p)

. T _
Tliglo o™ (U(x,T), ) = 0.

On the other hand, we have from the integration by parts that

T
< / (AU — KU — ikoU)e* dt, <p>
0

T T
= < / Udt, A2<p> + < / (—K*U — ikoU)e dr,¢>. (3.4)
0 0

5
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Since limy_, o Ur(x, k) = u.(x, k) in L2(R) uniformly for x € R3, we can choose a positive
sequence {7,}22, such that lim, ,,,7T, = +oc and lim,_, ﬁ;(x, k) = u.(x, k) pointwisely
for a.e. k € R and uniformly for all x € R3. Define a sequence of Schwartz distributions
{D,}2, C & as follows

D)= (Ur,.¢), ¢€S.

Since lim,,_s l/]?n(x, k) = u.(x, k) for a.e. k € R and uniformly for all x € R3, we have
lim D, (¢) = (us, @).
n—0o0

Consequently, replacing T by 7', in (3.4) and letting n — oo, we get

Ty Ty )
lim << / Udt, A2¢> + < (—k*U — ikoU)e" dt,<p>>
n—00 0 0

= u,(A*Q) — Ku,(p) — ikou.()
= (A — I — iko)u.(p),
which further implies by (3.3) that
(A = —ikoyu.(p) = (f>p)

for every ¢ € S. Then u,(x, k) is a solution to the equation (1.1) as a Schwartz distribution.
Furthermore, it follows from the uniqueness of the direct problem that we obtain u.(x, k) =
u(x, k), which gives that u(x, k) is the Fourier transform of U(x, f).

By theorem B.1, we have the estimates

02U\, |8,U, 18,VU|, |0,AU|, |AU|, [VAU| < (1+1)3.

Moreover, they are continuous and belong to L?(R) uniformly for all x € R?. Similarly, we
may show that

2U = —KPu, O,U = iku, &,VU = ikVau,
GAU = ikAu, AU = Au, VAU = VAu.

It follows from Plancherel’s theorem that

—+o0
/ (12UP + |0,UP + |0V UP + |0AUP + |AUP + [VAUP) di
0

—+o00
:/ (K2uf® + k> + kVul® + kAul + |Aul® + [VAGP) dk. - (3.5)

o0

By (3.5) and the exact observability bounds (A.1), we obtain
—+o00
1125 S ecﬂz/ / ((k* + ) |u(x, b)|> + & |Vu(x, b
—00 OBR
+ (K + D] Au(x, b)|* + |V Au(x, k)|*) ds(x)dk

< / uCx, k|| 2, dk.

o0
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Since f(x) is real-valued, we have u(x, k) = u(x, —k) for k € R and then

/ \lu(x,k>\|§Bde=2/0 e, 0|3, dk.

which completes the proof. (]

Let § be a positive constant and define

k
I(k) = /5 [[u(x, )| |35, ds(x)dw.

The following lemma gives a link between the values of an analytical function for small and
large arguments (cf [15, lemma A.1] and [2]).

Lemma 3.2. Let p(z) be analytic in the infinite rectangular slab
R={z€C:(4,+x) x (—d,d)},
where 0 is a positive constant, and continuous in R satisfying
p@)| < e, z€(8,K],
{P(Z) <M, zER,

where 6, K, €; and M are positive constants. Then there exists a function j(z) with z € (K, +00)
satisfying

64ad T (a
S Odad g
WO 2 302 + 4an)° ’
where a = K — 6, such that

Ip(2)| < Me"® Yz e (K, +00).

Lemma 3.3. Let f be a real-valued function and ||f|| 12, < Q. Then there exist positive
constants d and 0, K satisfying 0 < § < K, which do not depend on f and Q, such that

|I(k)‘ < Q264R(J+2)HE%#(/<) Yk e (K, +00)
and

odad __ 5(3-0),

K
2= )12, ds(x)dk, >
€ /5 LBR|M(X )55, ds(x) k) 302 + 4

where a = K — 4.

Proof. Let

k
Li(k) = / / ((w4 + wz)u(x, wu(x, —w) + wZVu(x, w) - Vu(x, —w)
6 JOBg

+ (W? + DAu(x, w)Au(x, —w)
+ VAu(x,w) - VAu(x, —w))ds(x)dw,

7
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where k € R. Following similar arguments as those in the proof of lemma 2.2, we may show
that R(—k) is also analytic for k € R. Since f is real-valued, we have u(x, k) = u(x, —k) for
k € R, which gives

Lik)y = I(k), k> 0.
It follows from lemma 2.2 that
(k)| < Q26C0'264R(0'+1)‘k" keR,
which gives
e RO L (k) < 0%, ke R.
An application of lemma 3.2 leads to
e ROk < QPP Yk € (K, +00),

where

64ad

76%(%_](),
372(a? + 4d?)

(k) =

which completes the proof. ([
Here we state a simple uniqueness result for the inverse source problem.

Theorem 3.4. Let fcI*Bg) and ICRY be an open interval. Then the
source function f can be uniquely determined by the multi-frequency Cauchy data
{u(x, k), Vu(x, k), Au(x, k), VAu(x, k) : x € OBg, k € I}.

Proof. Let u(x, k) = Vu(x, k) = Au(x, k) = VAu(x,k) = 0 for all x € 9Bz and k € I. It
suffices to prove that f(x) = 0. By lemma 2.2, u(x, k) is analytic in the infinite slab R for any
§ > 0, which implies that u(x, k) = Au(x, k) = 0 forall k € R™. We conclude from lemma 3.1
that f = 0. |

The following result concerns the estimate of u(x, k) for high wavenumbers.

Lemma 3.5. Letf e H'(Bg) and ||f ||m@zg) < Q. Then the following estimate holds:

[0, 08 S L s
Proof. Recall the identity
/OOHu(x, k)35, dk = /m/aB ((K* + 1) |ulx, O + K| Vulx, k)*
] s Jog
+ (K + D|Au(x, O + [VAu(x, b)*) ds(x)dk.  (3.6)
Using the decomposition

| - -
Rk = (A =k = o5 [(CA =) = (A + )],

8
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we obtain

1 eiflx—yl eyl q 5B
”(x)‘/lgkﬁ<4w|x—y|‘4m—y)f@”’ * € OBr

For instance, we consider one of the integrals on the right-hand side of (3.6)

J::/ K*u(x, k)| dk
2

00 1 eix\x—y\ e—x\x—y\
= ¥l — — dy| dk
/ / 22 <4w|x =3~ —y> b

Using the spherical coordinates r = |x — y| originated at y, we have

1 00 2T T 0o ) ] 2
= —/ / K? / d@/ sin <pd<p/ e —e ") frdr
87 J, OBg 0 0 0

By the integration by parts and noting x € OBk and suppf C B C Bg for some R <R, we

obtain
2w
//kz/ d@/ sin o dp
OBR

/ ( eusr ) an(f )
X - —
r-k \(K)" (—fi)" or

Since x € OBk and |k| > k'/? for k > 0, we get from direction calculations that

ds(x)dk.

d (x)dk.

o0 . 1
IS o [ S 51 By
The other integrals on the right-hand side of (3.6) can be estimated similarly. The details are
omitted for brevity. U

Define a real-valued function space
Co={f €H"Br):n>4,|fllmmse < Q. suppf C By C Bg, f:Br— R},

where R < R. Now we are in the position to present the main result of this paper.

Theorem 3.6. Let u(x, k) be the solution of the scattering problem (1.1) corresponding to
the source f € Cy. Then for € sufficiently small, the following estimate holds:

2
Hf“LZ(BR)rS (€2+ T, ¢ T >, 3.7)

K2=3(In |1n €[)20

where

K 0
= [ ol k= [ utx 0, dk +
0 0

and the boundary measurement ||u(x, k)||35, is defined in (3.1).

9
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Proof. We can assume that € < e~!, otherwise the estimate is obvious.

First, we link the data I(k) for large wavenumber k satisfying k < L with the given data ¢;
of small wavenumber by using the analytic continuation in lemma 3.3, where L is some large
positive integer to be determined later. It follows from lemma 3.3 that

I(k) g QZeC‘H‘Glll(/‘i)

cra a_ .
< 0 exp {CI{ - %ecl(rm In 61|}
a

+C3
< Q% exp {_az +c3 1 Ine|
2
X (1 _ casla ¥ ¢s) 63)661(“_%)\ In 61_1>}
a

crd . (a_
S0 exp{‘azicﬁ‘(z Blin e

L(a? (1 _a
X (1— calla” + c3) +c3)ez”(L_7)\ln 61_1>}
a

< Q% exp{—boe |l €, |(1 — byLe | In €]},

where ¢, ¢;,i = 1,2 and by, b are constants. Let

1 1
— In|ln ||, k< - In|ln ¢,
L= 26‘1 26’1
- 1
k, k>2—clln\lnel\.

IfK < i In|In €|, we obtain for sufficiently small ¢; that
I(k) < Q% exp{—boe “1*|In €;|(1 — byLe | In ;| 1)}
1 )
< 0% exp {—Eboe_“L In 61} .

Noting e < % for x > 0, we have
g T

I(L) 5 Q26(2n+3)61L‘ In €1 ‘—(2n+3).

Taking L = ﬁ In|In €|, combining the above estimates, lemmas 3.1 and 3.5, we get

Hf”iz(BR) S qu2 (62 + I(L) + / / ||u(x, k)”iz)BR dk)
L OB

2
f, ec(# (62 + Q2€(2n+3)01L|1n 61|—(2n+3) + [83)
< €’ (62 + Q? (| In 61|# |1In €;| 7" 4 (In|1n 61|)3’”))
< e (62 + Q? <| In 61|_# + (In|In 61\)3_”))

10
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S e (@ + Qe

2
S eC(T2 €+ i 9 0
K2=3(1n [1n € |)7("_3)

2
S eCJ2 62+ 1 Q 1 ,
K20=39(In | In e])z=3

1/2

where we have used |Ine;|'/* > In | In €| for sufficiently small €; and In |In€;| > In|Ine|.
IfK > 5 In|In €], we have from lemma 3.5 that

(72 ~
1 Py < € (ez+ N |u<x,k)|gBde)
K OBR

2
Co? 2 Q
<e (e + K"—3>

2
S eCJZ e+ i ¢ 1 >
K20=3I(In |1n 6‘)5(”73)

which completes the proof. (]

It can be observed that for a fixed damping coefficient o, the stability (3.7) consists of two
parts: the data discrepancy and the high frequency tail. The former is of the Lipschitz type. The
latter decreases as K increases which makes the problem have an almost Lipschitz stability. But
the stability deteriorates exponentially as the damping coefficient o increases.
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Appendix A. An exact observability bound

Consider the initial value problem for the damped biharmonic plate wave equation

{an(x, 1)+ A2U(x, ) + 08, U(x,0) =0, (x,1) € Bg x (0, +00),
(A.1)

Ux,0)=0, 9U(x,0)= f(x), X € Bg.

1
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The following theorem presents an exact observability bound for the above equation. The proof
follows closely from that in [9, theorem 3.1].

Theorem A.1. Let the observation time 42R + 1) < T < 5(2R + 1). Then there exists a
constant C depending on the domain Bg such that

2
Hf”i%BR) < Cet” (”afoHiZ@BRx(o,T» + ”anHiZ(aBRx(o,T))
+ ||8fVU||i2(6BRx(0,T)) + Ha’AU”iZ(HBRx(O,T))

2 2
+ ”AUHLZ(aBRx(o,T)) + HVAUHLZ(HBRx(O,T))) : (A2)

Before showing the proof, we introduce the energies

E(1) = %/ (10U, O + |AUx, D + |U(x, 0)]?) dx,
Br

1
Ey(t) = 5/ (I.Ux, 0 + [AUx, 1)) dx,
Br
and denote

F? = / (107U, > + [0,Ux, 0> + |8,V U (x, D)
OBRx(t1,t2)

+ 0 AUx, D + |AU, D + [VAU(x, H)]?) ds(x)dr.

Lemma A.2. Let U be a solution of the damped biharmonic plate wave equation (A.1) with
the initial value f € H'(Bg), suppf C Bg. Let 0 < t) < tp < Tand 1 < 20. Then the following
estimates holds:

E() < 07 QE(n) + F?), (A3)
E) < 6(20+4(t2*11))(t2*f1)(E(tz) + FZ). (A.4)

Proof. Multiplying both sides of (A.1) by (3,U)e? and integrating over Bz x (t1,1,) give
1 2 2 2 ot
~0,0,U)" + AU, U + o(0,U)” | e”"dx dr = 0.
Brx((11,2)
Using the integration A?U9,U by parts over Bg and noting AUO,(AU) = %6,\AU |2, we obtain

i)
/ (O Eo(t)e” di + / (OU)" dxdi
A Bgx(t1,t)

+ / O (AU),U — AU, U))e” ds(x)dr = 0.
OBRx(t1,t2)
Hence,

Eo(t2)e" — Eo(1))e" = /

Brx(t1,t2)

(g((a,wz + AU - a(@U)Z)

x e’ dxdr — / O, (AU, U
OBRx(t1,t2)
— AUd,(8,U)) " ds(x)dr = 0.

12
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Letting 6 = 0, using Schwartz’s inequality, and noting o > 0, we get

Ey(tr) < Eo(t)) + / (—o)(B,U)*dx dr

Brx(t1,t2)

1

;L / (U + (040, U)?) ds(x)de
2 OBR x(t1,t2)

;L / ((AU)? + (8,(AU))?) ds(x)dr
OBRx(11:12)

2
< Eo(ty) + F2.

Similarly, letting 8 = 20, we derive

Eo(t1)e*" < Eo(ty)e*" + / — o(AU)*dx dt

Brx(1,1)

+ ! / ((B:U)* + (9.0, U))*) € ds(x)dt
2 OBRx(t1,12)

+ 1/’ ((AU)Z + (ay(AU))Z) €20tds(x)dt
2 OBRx(11,12)

< Ey(1)e™" + % / (OU) + @@,U))

OBRx(11,12)

1
X 271 ds(x) dr + - / ((AUY + @A)
OBRx(11,12)
x e*7'ds(x)dt,
which gives

Eo(ty) < &7 2"(Ey(tr) + F?).
The proof is completed by following similar arguments as those in [9, lemma 3.2]. ]
Now we return to the proof of theorem A.2
Proof of Theorem A.2. Let o(x,1) = |x — a|* — 6*(r — 1), where dist(a, Bg) = 1,6 = 1.
Denote Q = By x [0, T]. Using the Carleman-type estimate in [19, theorem 2.1], we obtain
76/ |U|?e*™ dx dt + 7'3/ |8,U*e*™ dx dr + T/ |AU|?e*™ dx dt
Q Q Q

< / (82 + A U)*e dxdi
Q

+/ 75 (|8,,AU\2 +19,AUP + |an)|2) 27 ds(x)dr. (A.5)
09

13
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Itis easy to see that 1 — 62} < ¢ on Bg x {|t — | < o} for some positive g < 1. Then we
have from (A.4) that

7'6/|U\2e2wdxdt+7'3/|8tU\2e2wdxdt+T/|AU|262wdxdt
Q Q Q

2.2
> 7'6/ (U™ "0 dx dt
Brx(£—20.L420)
2.2
+ 7'3/ 10,U>e*™ 1050 dx dr
Brx(%—=0.5+20)

+ T/ |AU\262T(1’925(2))dx dt
BRX(

r_. T,_
750, 7+¢0)

_p2.2
> 7271707 / E(n)dt
Brx(§—20.% +20)

> 100D (26 @ HDTE©Q) — F2), (A.6)

Moreover, it follows from (A.4) and ¢ < (2R + 1)* — 6°T2 /4 on Bg x (0,T) that
76/ |U|?e*™ dx dt + 7'3/ |0,U|*e*™ dx dt + 7'/ |AU*¢*™ dx dt
Q Q Q

< 76627((2R+1)27(92T2/4)(E(0) + E(T))
< 7_6627((2R+l)2—92T2/4)((64T2 + DEO) + €4T2F2).
By (A.5) and (A.6), we obtain
210

2 B
CO)EO@ (20’+1+4T)TE(0)

+T6/|U\262wdxdt+7'3/\3,U\262wdxdt+7'/|AU|zezwdxdt
Q Q Q

< <02/|8tU|2e2wdxdt+/ #10,AU + [BAUL + |20)P)
Q 0Q
% 2T ds(x) dt_‘_(Tezr(kezag) _|_TGeZT((2R+1)2—(92T2/4)64T2)F2

4 76 2T(QRF1?—02T2 /4) AT E(O)) ) (A7)

Choosing 7 sufficiently large, we may remove the first integral on the right-hand side of (A.7).
We also choose 77 = 4(2Re+1)2 +4ef and 7 = (20 + 8T)T + In(2(g0) ' C) + Co?. Noting
e < 5!, we have

2_p272 2.2
7_5627'((2R+1) —0°T*/4—14-0 ep)+20+8NT _ 7_5672T+(20+8T)T

_ =
< 5le T+Qo+817)T < %

14
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In addition, since T < 5(2R + 1), it follows that
75 2 (QR+1?—14+6%c5+(20+4T)T) < e (20 + 8T)T
+Co® + C) QR+ 1)’ + (20 + 41T
< Cecgz.

Using the above inequality and the inequality ¢ < (2R 4 1)? on Q and dividing both sides in
(A.7) by the factor of E(0) on the left-hand side, we obtain

E0) < CeC F2.

Since f is supported in B, there holds || U|| 208, « 0.1y < ClIO:U|| 1208, x 0.1)» Which completes
the proof. (]

Appendix B. A decay estimate

We prove a decay estimate for the solution of the initial value problem of the damped plate
wave equation

{an(x, N+ A*U(x,0)+ o0, U(x,H) =0, (x,1) € R® x (0, +00),
(B.1)
Ux,00=0, 0,U(x,0) = f(x), x € R,

where f(x) € L'(R?) N H*(R?). By the Fourier transform, the solution U(x, f) of (B.1) is given
as

Ux, 1) = F ' (m, (1, ) f ()(x),

where F~! denotes the inverse Fourier transform,

(€)= —S (VT _ /T
Vo? —4lg)

and f (&) is the Fourier transform of f, i.e.,

. 1 _
_ —ix
f© = e /R & fdx.

Let /02 — 4[¢]* = i\/4[¢]* — 02 when [¢[* > "72. Then we have

, sinh (5\/02—4\&4) o2
e 2! et <
me (1,6) = Vo~ 4l )
o sin (5VARF=07)
e 2 R > —.
N

It is clear to note from the representation of m,(t, &) that the solution U(x, f) depends on both
of the low and high frequency of &. In fact, the solution U(x, f) behaves as a ‘parabolic type’ of

15
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oA’ f for the low frequency part, while for the high frequency part it behaves like a ‘dispersive

type’ of e’ f.

Theorem B.1. Letr U(x, 1) be the solution of (B.1). Then U(x, t) satisfies the decay estimate
+la]

. 3
sup [0/ U, O S (L +07 "3 | fllws) + e I f s (B.2)

x€R3

where j € N, avis a multi-index vector in N? such that 0, = 921 932 055, s > 2j + |a| — 5 and
¢ > 0 is some positive constant. In particular, for |a| = s = 0, the following estimate holds:

sup |[U(x, 0] < (1 + l‘)_%(HfHLl(R% + 1 £ 23 (B.3)

x€R3

Remark B.2. The estimate (B.3) provides a time decay of the order O((1 + 1)~ 231) for U(x, 1)
uniformly for all x € R?, which gives

sup/ |U(x,t)\2dz§/ (14 073%dr < +o0.
0 0

x€R3

Hence, let U(x,7) = 0 when 7 < 0, then U(x, 1) has a Fourier transform U(x, k) € L2(R) for
each x € R3. Moreover, the following Plancherel equality holds:

+o0 oo
/ UG, p|2dt = / |0, b|dk.
; :

[o¢]

Remark B.3. To study the inverse source problem, it suffices to assume that f € H*(R?). In
this case, it follows from the above theorem that both 8,2 U(x,t) and A?U(x, 1) are continuous
functions. Moreover, we have from (B.2) that the following estimate holds:

; 3 e .
sup [0/U(x, 0] S (L + 074 fllpws) + e “Nf lmwsy J=1.2,

x€R3

« _ 34l —ci
sup [07U(x, 0| SA+0" 4 ||fllpgs) +e t||fHHS(R3)’ la| < 4.

xeR3

Proof. Without loss of generality, we may assume that o = 1, and then

1
my(t,€) = 672[ (e%fvl—‘*\&\“ _ e‘%"/1‘4‘5‘4) .
1 —4f¢f*

First we prove (B.2) for j = 0. Choose x € C‘go(]R3) such that suppy C B(0, %) and x(§) =1
for |¢] < . Let

Ux, 1) = F ' (m(t, xEF) + F ' (m(1, (1 — x(€)])
=U(x,1) + Ux(x,1).
For Uy (x, 1), since /1 — 4[¢[* < 1 — 2[¢[* when 0 < [¢] < 1, we have for [£| < 1 that

e SUEVI-4E 2e"‘5‘4, 1> 0.

1
"

For each x € R? we have

16
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O"Ui(x,1) = /Rseixf(ii)”m(t, OXE)F (O,

which gives

uplost ol / e O1E S W e

x€R3
<[ Jere e,
l¢/<3

X2

Since
C, 0<r<l,

/ e titae < {
‘f‘g% 3+|a]

i, >,

and ||]AC||LOC(R3) < ||fHL1(]R3)’ we obtain

34|
sup ‘3;"U1(x, t)‘ 5 (1 + t)_T ‘f||L1(R3) Va € N3. (B4)

x€R3

To estimate U»(x, t), noting

(1= 22U (x.0) = /Rf“‘gﬂ + 6P Fm(t. (1 = X©)F (©)de,

we have from Plancherel’s theorem that

/]R Ja- A2 Uy(x, 1)]dx = /]R (+ €27 |m(t, €)1 — () F(©)PE.  (B.5)

It holds that
: — e tV/1-4lef ,
fo- K0T i <ot Lloge?2
1— 4 2 2
)] < { 1452 4|£\4 Lot Q e
2 i 4l¢1t -1 .
|Sln 4l¢)* - \\7 €] > 1.
4I€\4 41¢1* —
Hence, when [¢] > 5 we have

(1 + |€PIm(t, 6) S e 5.

It follows from (B.5) that

10208, 2y < / U+ [€P)smir, ] ©)Pde

=4

<ot / 1+ [P 1 FOPAE = e H[£1 agao,
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On the other hand, by Sobolev’s theorem, we have for p > % that

ot
sup |Ua(x, )| < [[U2(, D) oy S € 3 f | r2(3)-
xeR3

More generally, for any o € N3 it holds that
(1= DU (x,1) = F (A + [ Eme, )1 — x(€)° ),
which leads to

_ L _ L
sup [0y Un(x, )| S e 3|0 f I r2wsy S € 3 If | ascray- (B.6)

x€R3

Here s = p— 2+ |a| > |a| — 1 by choosing p > 3. Combining the estimate (B.4) with (B.6)
yields (B.2) for j =0
Next we consider the general case with j # 0. Noting

AU, 1) = / & Ofm(1, )] (€)dE.
R3
we obtain from direct calculations that

3,jm(t, é-) = aj (\/% (e%t\/ 174‘5‘4 _ e*%t\/ 1454)>
J

Y 2T et (VT
=0

+ (_1)l+1e—%t\/ 1—4‘5‘4)

ga\,

my(t, §).

N
Il
o

Hence we can write 8,j U(x,t) as

/U (x, r)—Z / e mi(1, ) f ()¢ == Zwmx . (B.7)

=0
Foreach 0 < [ < J, j # 0, using similar arguments for the case j = 0 we obtain

o _ 34l _1
sup [0y Wix, 0| < (L + 0% || fllpes) + e Bl @) (B.8)

x€R3
fors > 21+ |o| — % Combining (B.7) and (B.8), we obtain the general estimate (B.2). O

Remark B.4. For the damped biharmonic plate wave equation, besides the decay estimate
(B.2), we can deduce other decay estimates of the L’—L7 type and time—space estimates by
more sophisticated analysis for the Fourier multiplier m(t, ). For example, it can be proved
that

(UG, D g3y S (1 +1) 4(" ") £l r@sy + €I lwascrs)s

18
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where 1 < p < ¢ < +ooands > 3(; — 3) — 2. We hope to present the proofs of these L'~L?
estimates and their applications elsewhere.
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