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Abstract

Consider the transverse magnetic polarization of the electromagnetic scattering of a plane
wave by a perfectly conducting plane surface, which contains a two-dimensional subwave-
length rectangular cavity. The enhancement is investigated fully for the electric and magnetic
fields arising in such an interaction. The cavity wall is assumed to be a perfect electric con-
ductor, while the cavity bottom is allowed to be either a perfect electric conductor or a
perfect magnetic conductor. We show that the significant field enhancement may be achieved
in both nonresonant and resonant regimes. The proofs are based on variational approaches,
layer potential techniques, boundary integral equations, and asymptotic analysis. Numerical
experiments are also presented to confirm the theoretical findings.
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1 Introduction

The electromagnetic scattering by open cavities has significant applications in many scientific
areas. For instance, the radar cross section (RCS) is a quantity which measures the detectabil-
ity of a target by a radar system. Clearly, it is of high importance in military and civil use for
a deliberate control in the form of enhancement or reduction of the RCS of a target. Since the
cavity RCS can dominate the total RCS, it is critical to have a thorough understanding of the
electromagnetic scattering by a target, particularly a cavity, for successful implementation
of any desired control of its RCS. The underlying scattering problems have received much
attention by many researchers in both the engineering and mathematical communities. There
has been a rapid development of the mathematical theories and computational methods in
this area [3,8,9]. We refer to [27] for a survey of open cavity scattering problems.

Recently, the electromagnetic wave scattering problems for optical device surfaces
containing subwavelength cavities have created a lot of interest in electromagnetic field
enhancement and extraordinary optical transmission effects, due to the fact that the light
can be localized and greatly enhanced near subwavelength cavities or apertures. Such fea-
tures have important potential applications in diverse scientific areas, such as biological
and chemical sensing, microscopy, spectroscopy and communication [6,10,13,18,19,25,33—
35,37]. However, there are many mathematical and computational issues for the underlying
problems. The complication arises from the multiscale nature of the structures and various
enhancement behaviors that they induce. For instance, the enhancement can be attributed to
surface plasmonic resonance [18,19,29], non-plasmonic resonances [35,37], or even without
the resonant effect [28].

It is very helpful to provide a rigorous mathematical analysis for these phenomena, which
turns out to be extremely challenging. The particular light patterns observed in the far-
field or in the near-field may be the results of complex multi-interactions of surface waves,
cavity resonances, resonant tunneling of plasmon waves, skin depth effects, etc. It requires
the resolution of the full three-dimensional Maxwell equations in non-smooth geometries
even for a quantitative description of the diffractive properties of electromagnetic waves in
subwavelength structures. For most resonance phenomena, the localization or enhancement
of light is very sensitive to geometrical parameters and the frequency. We may begin with
simple geometries, where the analytical approaches are made possible to obtain an accurate
description of the electromagnetic field. In [7,11], the field enhancement was considered
for a single rectangle cavity and double rectangle cavities. Using asymptotic expansions of
Green’s function, they showed that the limiting Green function is a perfectly conducting
plane with a dipole in place of the cavity when the width of the cavity shrinks to zero.
In [14,22,23], an asymptotic expansion method was proposed to study the solution of the
Helmholtz equation in a domain including a single thin slot. A quantitative analysis was made
for the field enhancement of the Helmholtz equation for a single narrow open slit [28,30], or
periodic slits [12,31,32]. We refer [4,5] for the study of closely related Helmholtz resonators
and resonances in bubbly media.

Motivated by [28,30], we consider the electromagnetic scattering of a plane wave by a
perfectly electrically conducting plane surface, which contains a subwavelength rectangu-
lar cavity. More specifically, the cavity is assumed to be invariant in the x3-axis and only
the transverse magnetic polarization (TM) is studied. Hence the three-dimensional Maxwell
equations can be reduced into the two-dimensional Helmholtz equation. The cavity wall is
assumed to be a perfect electric conductor (PEC), and the cavity bottom is assumed to be
either a perfect magnetic conductor (PMC) or a perfect electric conductor (PEC). A cavity
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Table 1 Electromagnetic field enhancement. €: width of the cavity, d: depth of the cavity, A: wavelength of
the incident field

enhancement PEC-PMC cavity PEC-PEC cavity

Nonresonant Resonant Nonresonant Resonant
Electric field O(1/sinkd) 0(1/e) O (MJe/d) 0(1/e)
Magnetic field no O(1/e€) no O(1/e)

is called the PEC-PMC type when it has a PEC wall and a PMC bottom, while a cavity is
called the PEC-PEC type when it has a PEC wall and a PEC bottom. We investigate the
electromagnetic field enhancement for both types of cavities. Using a combination of vari-
ational approaches, layer potential techniques, boundary integral equations, and asymptotic
analysis, we demonstrate the field enhancement mechanisms for the underlying scattering
problems different boundary conditions. Denote by A, €, d the wavelength of the incident
field, the width of the cavity, and the depth of the cavity, respectively. For the PEC-PMC
cavity, we prove in the nonresonant regime that the electric field enhancement has an order
O(1/sin(kd)) and the magnetic field has no enhancement in the cavity provided that the
length scales satisty € < d < A. Moreover, if € < A, we show that the Fabry—Perot type
resonance occurs. In the resonant regime, we derive an asymptotic expansion for the reso-
nant frequencies and deduce an order O (1/¢) enhancement for both the electric and magnetic
fields. For the PEC-PEC cavity, we carry the same analysis in both the nonresonant and res-
onant regimes. The electric field is shown to have a weak enhancement of order O (A\/€/d)
in the nonresonant regime with length scales satisfying € < d < A. In the resonant regime,
a similar quantity analysis is done for the resonant frequencies and the same order O (1/¢) is
achieved for the electric and magnetic field enhancement. These field enhancement results
are summarized in Table 1. Numerical experiments are presented and used to confirm our
theoretical findings.

This work is closely related to [28,30], where a transmission problem was considered
for small gaps. We take the similar approaches and some of the results are parallel. But the
model problem is different and thus the Green’s functions take different forms, which lead to
the difference of the details for the analysis. In this work, we give a comprehensive account
of the analysis for the enhancement of the fields and the resonant frequencies in both the
PEC-PMC and PEC-PEC cavities. Specifically, below is a brief summary of the similarity
and difference between our results and those presented in [11,28,30]. In the non-resonant
region, for the PEC-PMC cavity problem, we obtain the same order of enhancement for the
electric field as that of the PEC gap in [28]; for the PEC-PEC cavity problem, we achieve a
weak enhancement for the electric field which was not obtained in [11,28]. In the resonant
region, for both the PEC-PMC and PEC-PEC cavity problems, due to influence of the bottom
boundary condition, we obtain the same enhancement order as that in [30], but the resonance
sets are different.

The rest of the paper is organized as follows. The PEC-PMC cavity is examined in Sects. 2—
3 and the PEC-PEC cavity is studied in Sects. 4-5. Sections 2 and 4 focus on the field
enhancement for the non-resonant case. In each section, the model problems are introduced,
the approximate problems are proposed, the error estimates are derived between the solutions
of the exact and approximate problems, and the electric and magnetic field enhancement are
discussed. Sections 3 and 5 address the field enhancement for the resonant case. In each
section, the boundary integral equations are given, the asymptotic analysis is carried for the
Fabry—Perot resonances, and the electric and magnetic field enhancement are presented under
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Fig. 1 The problem geometry of a rectangular open cavity

the resonant frequencies. The paper is concluded with some general remarks and directions
for future work in Sect. 6.

2 PEC-PMC cavity without resonance

In this section, we discuss the electromagnetic field enhancement for the PEC-PMC cavity
problem when the wavenumber is sufficiently small, i.e., no resonance occurs.

2.1 Problem formulation

As is shown in Fig. 1, the problem geometry is assumed to be invariant in the x3-axis.
Let x = (x1, x2) € R2. Consider a two-dimensional rectangular open cavity D, = {x €
R2:0<x <€ —d<xy < 0}, where ¢ > 0 and d > 0 are constants. Denote by
It=(xeR?:0<x<6,x=0andT, ={x e R2:0 < x; <€, x, = —d)} the
open aperture and the bottom side of the cavity, respectively. Let RZ = {x € R? : x; > 0}
and I = {x € R? : x, = 0}. Denote Q@ = R% U D,.

We assume that the cavity and the upper half-space are filled with the same homogeneous
medium. The electromagnetic wave propagation is governed by the time-harmonic Maxwell
equations (time dependence e ~i¢'):

VXE—iopH =0, VxH+iweE =0 inQ xR, (2.1)

where w > 0 is the angular frequency, ¢ > 0 is the electric permittivity, © > 0 is the
magnetic permeability, E and H are the electric field and the magnetic field, respectively.
Furthermore, we assume that the boundary 92 \ ' is a perfect electrical conductor (PEC)
while the boundary I'_ is a perfect magnetic conductor (PMC). Hence (E, H) satisfy the
following boundary conditions:

VX E=00n(0Q\T7) xR, vxH=0onT_ xR, 2.2)

where v = (v, 0) is the unit outward normal vector on 02 x R, i.e., v is the unit outward
normal vector on 9€2.

We consider a polarized time-harmonic electromagnetic wave (E™™, H'"®) that impinges
on the cavity from above. In the transverse magnetic polarization (TM), the magnetic field
is parallel to the x3-axis, which implies that the incident magnetic wave H inc — (), 0, u"°).

Here u'™ (x) = ¢**? is a plane wave propagating in the directiond = (sin 6, — cos #), where
g

-7 <0< % is the incident angle and ¥k = w,/ew is the wavenumber. The corresponding
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incident electric field E'™ is determined by Ampere’s law E™ = i(we)~ 'V x H™ =
J//e(cos B, sin0, 0)e** 4 Denote by A = 27/« the wavelength of the incident wave. In
this section, we assume that the length scale of the underlying geometry satisfies € << d < A.
Let H = (0, 0, u¢) be the total magnetic field. It can be verified from (2.1)—(2.2) that u,

satisfies

Aue +k*ue =0 in Q,

e =0 ondQ\T'_, (2.3)

us =0 onl'_.
Denote by u™ the reflected field due to the interaction between the incident field «™™ and
the PEC plane I'g. It can be shown that u'ef(x) = ei"x'd/, where d’ = (sin 8, cos6). In RY,
the total field ue consists of the incident wave 1™, the reflected wave u'f, and the scattered
field u°. The scattered fields u¢ is required to satisfy the Sommerfeld radiation condition:

lim /r (0,4l —iku) =0, r=|x|. (2.4)
r—00
2.2 An approximate model

We introduce an approximate model for the problem (2.3)—(2.4) in order to estimate the field
enhancement inside the cavity.

( ) ’ ( )_v COS( ),”>1
¢0 X \/» ¢n X -

be an orthonormal basis on the interval (0, €). It follows from the Neumann boundary con-
dition in (2.3) that u, can be expanded as the series of waveguide modes:

oo
ue(o) = 3 (o e 2 oy P00 ) ¢, (xy), x € D, 2.5)
n=0

where the coefficients 8, are defined as

K, n =0,
P = {W e (2:6)

If € is small enough (in fact it only needs € < A/2 here), it follows that B, is are pure
imaginary numbers for all n > 1. It is easy to note that for each n, if nw/e < «, the series
consists of two propagating wave modes traveling upward and downward respectively; if
nm/e > Kk the series consists of two evanescent wave modes decaying exponentially away
from the bottom side and the open aperture of the cavity, respectively.

Using the series (2.5), we may reformulate (2.3)—(2.4) into the following coupled problem:

Aue + k2ue =0 in R;‘,
o0 . .
Ue = Y. (a,‘l"e_”s"xz + an_elﬂ”(x?"'d)) dn(x1) in D,
n=0
e =0 ondQ\I', (2.7)
Ue = onl'_,
ue(x1,04) = ue(xy,0-), dyue(xr, 04) = dx,ue(x1,0—) onTf,
lim /r (3,u% — ikus®) =0 in Ry,
r—00
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where u¥ = ue — (™ + u™") in RZF . The continuity conditions are imposed along the
open aperture Fj‘, where 0+ and O— indicate the limits taken from above and below Fj‘,
respectively.
For simplicity of notation, we define uj(xl) = ue(x1,0) and u_ (x1) = ue(x1, —d). Let
+

uz, = (u, ¢n) = be the Fourier coefficients for ul and u_, respectively, where the inner

product (-, -) = is defined by

W s = [ b

For any s € R, denote by H*(I"}) the trace functional space on '} with the norm given by

o0 N
nmw\2
N e oy = D j<1+(7 ) ) - (238)
0

n=|

Matching the series (2.5) on '}, '~ and using the continuity conditions in (2.7), we get

+ —ifnd _ ,,+
[an +ane § _ue,n’

ot;l"eiﬂ”d T, =ug,.
Solving the above equations by Cramer’s rule yields that
iBnd,, — iBnd —
+ elﬁn ue,n - u:r,n - elﬂn uj,n - ue,n (2 9)
U = T j2pad —q Y T T 2Bd_1 :
Therefore, in the cavity D, the total field

ePrdyt —u

iBad  — _

He(x) = i elﬁ Ue u:n e*iﬂnﬂ + €,n eilg,,(x2+d) dn(x1) (2.10)

W)= o2Bnd _ | e2Bnd _ | ni :
n=0

Since u. satisfies the homogeneous Dirichlet boundary condition on I'_, we have

> eyt —u- ey —ut
1 2 2 nd hl hl
Oxyue(x1,0—) = nZ_Ol,Bn (eiz;n:;_lenelﬁ - W $n(x1) on F:,
2.11)
00 [ ibudy— _yt oibud -
ue(xy, —d) = Z < eiZf;,;t’ll — 16’" ePrd 4 eilﬂ?: — 16’" ¢n(x1) =0 onT_.
n=0
(2.12)
It follows from (2.12) that
ug, =0. (2.13)
Substituting (2.13) into (2.11) yields
00 i2B,d
e +1
deylte(x1,0-) = Zlﬁnmu:n%(m onI' (2.14)

n=0

Given a function u € H'! (R;) and let ut = u(x;, 0), we define a Dirichlet-to-Neumann
(DtN) operator:

PMC N it +
B™MCy) = Zlﬂnmun ¢n(x1) onTJ, (2.15)
n=0
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where the Fourier coefficients u;” = (u™, bn)r+

Lemma 2.1 The DtN operator BPMC g bounded from HI/Z(F;“) — H_l/z(Fj'), ie.,
1Z™C Ul 120y < COL D) ull oy Yu € HATH),

where the constant C (A, d) = max {4, |tarl1(7/(d| ]

Proof Forany u, w € H'/?(I'}"), they have the Fourier series expansions

W= urdu(e), w=y wigy(x),

n=0 n=0

where u;f = (u, ¢n)p+ and w = (w, ¢n)r+ - It follows from (2.15) that

12/5,, +1 +
n

</§PMC[M] w ]—-+ = Zl nW ;:_

w,.
Note that the coefficients B, are given by (2.6). For n = 0, a straightforward calculation
yields that

eiZkd 4] +-+|  «lcoskd|
0

lKieiZKd — 1M0 w,

o+ K
lug |l g |_7It

where we use the fact that d < A, which implies kd = % tends to zero and «/ tan(xkd) —
1/d. For n > 1, using the fact that ¢ < X, we get

2.16
| sin kd| [u 0||w0| ( )

L | n nm 2\ /2 nm\2\ /2 _
P g =y P | S Al 11 |<4( (7)> i |( (?)> 7,
2.17)
where we use the estimates
2 i2fpd —24/(nm/e)?—k2d
liB,| = |- (E) —K2<E, e' +1 e +1 <4
€ € ei2bnd — 1 (nm/e)?—k2d _ 1

Combining (2.16)—(2.17) and using (2.8), we obtain from the Cauchy—Schwarz inequality
that

|(#™MC ), w) s

< C(, d)”u”Hl/Z(rj)||w||H1/2(r€+),
which completes the proof. O

Using (2.14)—(2.15) and the continuity of dy,u. on 'S, we obtain the transparent boundary
condition (TBC):

deytte = B™MCue] on TS,

Hence the problem (2.3)—(2.4) can be reduced to the following boundary value problem:

Au€+/(2u€ =0 inR%_,

e =0 onTy\ Tt

S e e (2.18)
Oplte = B [uel onI'[,

. < . S _ . 2
lim Vr (0 uf —iku) =0 inR3.
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By calculating the Fourier coefficients u.,, which give the coefficients u
may obtain the solution in the cavity D, from the formula (2.10).

To find an approximate model to (2.18), we examine the series (2.5) more closely. Note
that if € < A, the wave modes e~ "#1*2¢, (x1) and efr2+D g, (x1) decay exponentially in
the cavity, with a decaying rate of O(e™"/€) for all n > 1. Only the leading wave modes
e %2 (x1) and e 21D pg(x1) propagate in the cavity. The observation motivates us to
approximate the DtN map (2.15) by dropping the high order modes and define an approximate
DtN map by

by (2.13), we

€n

i2xd

2] = ik e v o). (2.19)

Now we arrive at an approximate model problem:

Ave + kv =0 inRi,

e =0 onTp\ TS,

=l e e 2.20)
O ve = By [ve] onT'[,

. . _ . 2
rlinolo\/?(f),vﬁc — 1/cv2°) =0 inR7,

where v, = 0 on ' and v$¢ = v, — (™™ + ™) in Ri_. Accordingly, we may approximate
u¢ by one single mode:

ve@) = (&5 e 4 &5 €D ) go(x)), ¥ € D, 2.21)

where the coefficients &3 and ¢, are given by

ited o)~ + itcd o)+ -
T B T e A (2.22)
Y% = T jmd_1 0 % T T wd :
It follows from ve = 0 on 'y that &, = —é €“¢, which yields
Voo =0. (2.23)

2.3 Enhancement of the approximated field
This section introduces the estimates for the solution of the approximate model problem.

Theorem 2.2 Let v¢ be the solution of the approximate model problem (2.20) and be given
by (2.21) in the cavity, then the following estimate holds:

k/ed
Vvellp2p,y = m(l + O(elne)).

Proof In R%r, since the incident field «™™ and the reflected field u™' satisfy the Helmholtz
equation in (2.20), the scattered field v® also satisfies

sc 2.8C __ : 2
AvS + kv =0 inRy.
Noting that 8x2uinc + 8x2ur°f = 0on Iy, we have

3,0 =0 onTy\ T/ .
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Let G be the half-space Green function of the Helmholtz equation with Neumann boundary
condition, i.e., it satisfies

IG(xy) _ 0,

avy

AG(x,y) +k*G(x,y) =8(x,y), x,yeRT,
on I'y.

It is easy to note that
__igm Oy
G(x,y)——Z Hy (klx — y) + Hy "(c|x” = yD) ), (2.24)

where y = (y1, y2), Hél) is the Hankel function of the first kind with order 0, and x’ is the
reflection of the point x with respect to [, i.e., x’ = (x1, —x2).
It follows from Green’s identity that

VE(y)
Vy

2
dsy, x eRy,

v (x) = /r+ G(x,y)

which gives

. sc
ve(x) = u™(x) + u™ (x) + / Gex.p)° (y)dsy, x eRY.
Vy
By the fact that 9,,u™™ + 8,,u™ = 0 on Iy, especially on I'}", we have

avzc = ave — 78(14““: * urEf) = a& on F+-

€

avy N avy vy vy
It follows from the continuity of single layer potentials [16,17] and the above equality that

0ve (y)
Vy

Ve (x) = ul™(x) + 1™ (x) — %/ﬁ H" (e|x — y)) dsy, xeTf.  (225)
Using (2.21)—(2.23) yields that
dove =i (~&5 +& ™) go(r1) on T
Substituting the above equality into (2.25) and using the fact that ¢o(x1) = %, we get
e, 0) = u(x1, 0) 4 (21, 0) 4+ 5 (~G + &5 ) %hlm), ¥ € (0,0),
where

€
hi(x)) = f HP (elxy = yiDdyr. (2.26)
0

Therefore, the Fourier coefficients vjo may be expressed as

vy = "™, o) s + @™ go)ps + 5 ( ag +age “‘d) 7 (h1, ¢o)p

t follows from the fact u! X1, =u- (x1, an . that
It follows from the fact 1" (x;, 0) = u™f (x1, 0) and (2.21) th

&f + g e =20, go) s + = (h1, ¢0>F+( & +a; e”(d)

NG
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By @, = —aar ikd 3nd the above equation, we obtain
e 2 g0y a2 g0y o)
O (o) = (I —ced” 70 (1+cg) — (1= co)etd” '

where cg 1= 2'(7(h1, ¢0)I‘2"
Note that x1, y; € F+ for small |x; — yj|, asymptotically, it holds that (cf. [36])

2i 2i
H (elx) — yi]) = —ln i —yil+ = 1“5 + 10+ O(x1 — yi1*In|x; — y1)),

T
where yy is the Euler constant defined by yp = lim > % —In 7. A direct calculation yields

T—)OOnl:l
K K € € (1)
o = 372l dolrs = [ i = v
K 3 K (21, Kk 3
=—|elne——€e)+=|—In=4+pw)e+ O’ lne), (2.28)
T 2 2\m 2

which gives

(1 + co) — (1 — co)e®|

3
KY€ cos kd + 12 (5 <e Ine — 56 +€ln g) coskd — sin:cd) + O(eSIne) .
b4

It follows from the assumption € < d < X that

[(1+ co) — (1 — co)e'??| = 2sin(kd) + O (€ Inexd). (2.29)
By the definition of the incident wave, we get
1 2sin(k800e)

= e g - Vel + 0(k3€%)). (2.30)

1
7(1)61

€
|< inc ¢0>I‘2'| ‘/ eu(smexl
0 Ve

Using (2.27)—(2.30) gives

e NerOowrErH e
" 2sinkd + O(elnexd) ~ 2sinkd

It follows from (2.21) that

(14 O(elne)).

Vel </€/O( (ag |+ lag Do ))2(1 dx; < cx’d (1+ O(elne))
v K| (0% X X20X - — €lne)).
€ Lz(Dg) —= 0 4 0 0 0 1 2 1= Sinz([(d)
Substituting (2.27) into (2.21) yields
inc ikd ¢,,inc
) 2(u™, do)rr ien 24 (y »¢0>r; RO ) g,
(1 +cp) — (1 = co)eid (14 co) — (1 — co)ei2ed
2.31)
We have from a simple calculation that
e - ia 2ul" © ¢olrs —iKk (xy+d) iK(szrd))
o U xe)—(—c )eIZKd‘bO(x‘)( te
. 2(u™", ¢o) o+
= —ikeld L 2cosk(xa +d)do(x)). (2.32)

(I +co) — (1 — coye>d
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Noting that € is small enough and « (x; + d) < 1, we have from (2.29)—-(2.30) and (2.32)
that there exists a positive constant C; such that

0V

(14 O(elne)).

Tm_s1nd

Combining the above estimates yields

uwumw)_/t/

which completes the proof. O

ex?
dxzd)q > 5
sin“ kd

3xz

(14 O(elne)),

Theorem 2.3 Let v be the solution of the approximate model problem (2.20) and be given
by (2.21), then the following estimates holds:

1 \/ €(2xd — sin(2xd))

U =
I e||L2(De) sin(kd)

(1 + O(elne)).

Proof Tt follows from (2.31) that

d2
!//| e 20", go)s e
ve(x1, X x1dx
P T ) — (1 — oy

0
/ |efiK(x2+d) _ eilc(xz+d)|2dx2

2

20", o)y
(e — (1 — oy

Noting that d < A, we have
/0 2kd — sin(2xd)

0
/ 4 sin? Kk (x2 + d)dx».
—d

4sin®k(xy + d)dxy = —— 77 (2.33)
—d K

It follows from (2.29)—(2.30) that

|2<uinC,¢O)F:eikd 2
= 1+ Ol
|(1 +co) — (1 — Co)i2kd|2 Slnz(Kd)( + O(elne)).

Combining the above estimates, we obtain

€(2xd — sin(2«d))
e ||L2(D) « sin® (kd)

(14 O(elne)),

which completes the proof. O

2.4 Accuracy of the approximate model

To show the accuracy of the approximate model, we introduce a TBC in Ri and reformulate
the problems (2.18) and (2.20) in a bounded domain. Let B; ={x eR:|x —x. <
R, x» > 0} be the upper half disc with radius R centered at x. = (¢/2, 0), where R is a
sufficiently large positive real number. Denote by B} = {x € R? : |x —x.| = R, x» > 0}
be the upper half circle. Let I'} = {x eR%:|x] —€/2| < R, xp = 0} be the line segment
on I'g with length 2R. The problem geometry is shown in Fig. 2.
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Fig.2 The problem geometry with a transparent boundary

In the exterior domain Rf_ \ B}, by noting the PEC condition on Iy \ F; and the radiation
condition (2.4), the scattered field can be expressed as the Fourier series:
o

(D
H, " (kr)
I,{ZC(}’, 77) = E muz?'l Cos(nn)v 0< n<rm,
n

n=0

where 1, = 2 [T u$°(R, 1) cos(nn)dn, Hy' is the Hankel function of the first kind with

order n, and the polar coordinate r = ,/(x; — €/2)% + x%. Taking the normal derivative of

us® on 3B} yields

(R, &\ k(HY\) (kR
ue (R.m) = Z ( (1)) (e )uSC cos(nn). (2.34)
ar Hy," (kR)

e,n
n=0

Forany v € H2@ B;’{) with the Fourier expansion

o0
2 b
v="> w,cos(ny), v, = ;/ v(y) cos(nn)dn,
0

n=0
we define the DtN operator on BB;{:

=k (H") (cR)
T = _
(T =) RO

n=0

vy cos(nn), 0<n<m. (2.35)

It follows from (2.34) and (2.35) that the normal derivative of total field on BB}' can be
written as

e = 1l + 0, (W™ +u™") = T (ue) + g, (2.36)
where g = 3, (™ + u™") — 7 (" + u™").

Lemma 2.4 The DiN operator 7 : H/?(dB}) — H~'2(3B}) is bounded.
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(1),

Proof Let A, = W. By the relation of the Hankel function and the modified Bessel
(K

function (cf. [1]), it yields that

K, (ikR)

K,(ixR)|’

|n|=‘

where K, is the modified Bessel function of the second kind. Using the formula zK (z) =
—nK,(z) — zK,—1(z), we obtain

K, (ixR)|

= n +M <i_|.1§c,/1_;’_,/127
K, (ikR)

[Anl = — - <
ik R K, (ikR) KR

where ¢ is a positive constant.
Forany v, w € H1/2(8B;), we have from the definition of (2.35) that

T X kTR —
KR/ >~ Anvy cos(un)ivdn S D Anvnihy
0
n=0 n=0

’(yvs w)agg

kTR & _
< > V1 n? vy
n=0

2

1
2

1
o0 2 o0
< TR S w2 ) (S V1 n2
2 n=0 n=0

= C(R)K”U”Hl/Z(aB}r)”w”[-]l/Z(aB}r)-
Thus we have

‘(yv, W)ypt

R

”yv”H—l/Z(aB;) = = C(R)K”UHHI/Z(HB;)a

up B TES—
weH1/2(aB;) ” w ” Hl/Z(BB;)
which completes the proof. O
Lemma 2.5 We have
Re(7v.v)yp1 <0, Im{Tv,v)yps >0, Yve H'2@BY).
Proof It follows from the definition (2.35) that
KT R &

(Tv. )y = =5 D Anloal” (237)

n=0

Note that H,gl) = J, +1Y,, where J, and Y,, are the Bessel functions of the first and second
kind, respectively, and the modulus of each Hankel function is decreasing function [1], then

_ In kRT3 (R) + Ya KRV, (KR) _ 1 U2 (kR) + (YD (kR) _

ReA = 0. 2.38
efn J2(kR) + Y2 (kR) 2 JXkR)+YX(kR) ( )
It follows from the Wronskian formula [1],
Ju(kR)Y, (kR) — Y, (kR)J, (kR)
ImA, = > >
J:(kR)+ Y (kR)
W(Jy(kR), Y, (kR 2 1
_ WULR), Yy kR)) _ o 09

2 2 = 2 2 =
J:(kR) 4+ Y (kR) kTR Jy(kR) + Y (kR)
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where W (-, -) denotes the Wronskian determinant of J, and Y,,. The proof is completed by
combining (2.37)—(2.39). O

By the TBC operator (2.36), the model problem (2.18) can be reformulated as follows:

Aue +k2uc =0 in B;,
dite =0 onTH\ TS,

2.40
dnytte = B™MClu,] on T, (2:40)
due = Tlul+g ondBy.
The variational formulation of (2.40) is to find u, € H'! (B;) such that
aue, w) = (g, w)ypr Yw € H'(B), (2.41)

where the sesquilinear form

a(ué,w)zf (Ve - Vb — k*uc) dx — 9[u€]@dy+/ B™MCuclwdy.
BY aB} rd

(2.42)
Theorem 2.6 The variational problem (2.41) has a unique solution u, € H! (B}').

Proof By the definition (2.15), we have for sufficiently small € that

PMC ., Pl 41 2
(B™MC ) ue) s = Zlﬂnwmm
n=0

K cos(kd) Kooskd) | n Z (/)2 Se e~V (/e —k? 4 | | |2 .
= v (nw/j€e) —k u >V.
sin(kd) Ue,0 (nﬂ/e)z—lc2 e

It follows from Lemma 2.5 and the above inequality that

Re {a(ue, ue)} = ”V”e”Lz(BJr) K ””e”Lz(BJr) Re(T[uel, ue)ag}' + (%PMC[MG], MG)I’;"

> || Vuel; — i fluell;

L2(BY) L2(B¥)’

which shows that the sesquilinear form a(-, -) satisfies a Garding type inequality.
Next is show the uniqueness. It suffices to show that u, = 0if g = 0. A simple calculation
yields

o0
Ima(ue, ue) = —Im(J[u], Me)aB; = _KZR ZImAnIue,,ﬂ2 =0
n=0
It follows from Lemma 2.5 that u., = 0 for all n. Therefore u = 0 on BBI? By the
definition (2.35), we have 7 u, = 0, which implies d,ue = Ju. = 0 on 88; by (2.36).
Hence we have u, = 0 in Ri \ B,J{. It follows from the unique continuation [21] that u, = 0
in B;. The proof is completed by applying the Fredholm alternative theorem. O

Correspondingly, the approximate model problem (2.20) can be written as follows:

Ave + k20 =0 in B;,

dve =0 on F;\Fj‘,
dx,ve = BIMCIv] on T},

dve = T[vel+g ondBy.

(2.43)
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The variational formulation of (2.43) is to find v, € H' (B,J{) such that
ao(ve, w) = (g, W)y Vw € H'(B}), (2.44)

where the sesquilinear form

N BEMC v Jwdy.

ap(ve, w) = / (Ve - VE— /czvgu_)) dx — / Tvelwdy +
BY dBy I

R

(2.45)

The well-posedness of the variational problem (2.44) can be shown similarly to Theorem 2.6.
The proof is omitted for brevity.

In the cavity D¢, the wave fields u, and v, are given by (2.10) and (2.21)—(2.22), respec-
tively. Their Fourier coefficients can be calculated from the solutions obtained in (2.40) and
(2.43). The following lemma gives the accuracy of approximate model (2.43) and (2.21)—
(2.22).

Lemma 2.7 Let uc be the expansion of (2.10) inside the cavity with the Fourier coefficients
given by the model (2.40), and let ve be the expansion of (2.21)—(2.22) with the Fourier
coefficients given by the approximate model (2.43), then the following estimates hold:

2Jd Vd
K K
Vue = Vuellr2(p,y < C(R) cos(kd) € lue —vellp2p,) < C(R)mev €llnel,

where C(R) is a positive constant independent of €.

Proof The proof consists of five steps in order to show the estimates between u, and ve.
Step 1 we first give the estima.te of IIME. - 1.40||H1(B;r).and lve — u.oll.Hl(B;r), where 1 is
the solution of (2.40) when there is no cavity, i.e., ug satisfies the variational problem

bluo, w) = (g, w)ypr Yw € H'(BR), (2.46)
where the sesquilinear form

b(uo,w):/ (Vuo-Vu')—Kzuou'))dx—/ T luolwdy.
Y 3B}

By

It follows from (2.41) and (2.46) that

alue —ug, w) = (8. w)ygx — aluo, w) = bluo, w) —auo. w) = — | AN [uolivdy.
e
(2.47)

Using (2.15) and (2.19), we have from Lemma 2.1 that

|b(uo, w) —a(ug, w)| <

/ X %gMc[uo]wdy‘ +
r?

L(#MC %SMC)[uo]wdy‘

€

K + 1ot
= mWoyo“wo |+ C””O”ylﬂ(rj)||w||Hl/2(rj), (2.48)

where ug y = (0, ¢o) -+ and wg = (w, do) -

Using the estimates [28, Lemma A.1, Lemma A.2]
lugol = CRIWElluoll o) if uo € H>(BR),

lwg| < (:'(R)\/éllnelllwIIHl(B;) ifwe H'(BY),
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ol g2y < CRIENuol 3y i o € H(BR),
lwll gy < CRNWI gy i w e H(BR),
we obtain from (2.48) that

|b(l/l0, w) - a(b[(), w)|

~ K
= C(R) COt(Kd) (6\/ | 1n6| ”uO”HZ(B;r) ”w”Hl(B;r) + 6”“0”[-13(3;) ”w”Hl(B;)) .
Since ug = ul"® 4 y'ef = pkx-d 4 pikx 'd’, we have from straightforward calculations that
~ K
|b(ug, w) — a(ug, w)| < C(R) COt(I(d)é‘/ | 1ne|||w||H|(B;r). (2.49)

Denote by .Z; be the induced operator for the sesquilinear form (2.42) such that
ac(ue, w) = (Leue, w) ,

where (-, -) is the inner product on L? (B;{). It follows from [28, Lemma A.3] (or [22, Lemma
4.4]) that there exists a positive constant €y such that

12 gy < CR) Y0 <€ < e, (2.50)

where %’ (R) is a constant independent of €. Combing (2.47)—(2.50) yields

e€y/|Ine|,

K
lue — MOHHI(B;) =< C(R)Cot(lcd)
where C(R) depends on C‘(R) and ¥ (R).

Since v, satisfies the variational problem (2.44), following the same arguments as above,
we may show for sufficiently small € that

K
lve = woll 1y = CCRY o e/Tnel. @51)

Step 2: we estimate [|[ve — ug|| H32(BE): Let & = ve —ug. Itis easy to verify that £ satisfies

A& +«*% =0  inB},

0,E =0 onF\ T,
0,6 = @(I)JMC[UG] on Fj:
0.6 =TE on dB}.

It follows from the standard regularity estimate for the Neumann problem that

160 32y < CCRNZG Toelll 2

K + + +
<CR (I ol + 1050 = g 01) 190l 20,0
K
=< C(R)Cot(lcd) (\/g”“O”HZ(B;() + Vel lnelllve — “OHHI(B;))
K
<C(R , 2.52
< C( )cot(/cd)\/g (2.52)

where the last inequality is obtained by using (2.51) and C(R) may be different constant.
Step 3: This step is to estimate ||ue — ve¢ ||H1(B;r). From (2.41) and (2.44), we have

a(ue — ve, w) = ag(ve, w) — a(ve, w). (2.53)

@ Springer



Partial Differential Equations and Applications (2021) 2:55 Page 17 of 51 55

Comparing (2.42) and (2.45) yields

jao(ve, w) — a(ve, w)| < ‘ / (BN - %SMC)[vEdey‘
e

<

L(BME %SMC)[uo]wdy}
re

+(%PMC — BMO) v — uo]u_de‘ . (2.54)
re

Using the estimates (2.48)—(2.49) gives

R %’PMC)[uo]de‘ CR) ey Wl s

For the second term in (2.54), we have from the estimate of [|ve — uoll 3/2(q,,) that

/+(@PMC ﬁPMC)[Ue - MO]WdV‘ <C(R) t( 4 lve — ”OHHI/Z([‘;*')||w||H1/2(rg')

<C(R C t( d)«[”ve “0”H3/2(B;§)”w”H1(B;§)

= C(R)WEHWHHI(B;)-

For the variational problem (2.53), a combination of the above estimates and the boundedness
of inverse of the linear operator .%; in (2.50) lead to the following estimate
K
lue — v€||H1(BZ) < C(R)me. (2.55)

Step 4: we estimate ||Vue — Ve 2,y We have from the expansions of #, in (2.7) and
Ve in (2.21) that

0
IVite = Vel fagp,, = / =t = @he e + (o5 - & )em<xz+d>)\ dxy
¢ —d

(e

- n=1

. . 2
aFe P | g pifalxartd) ‘

. . 2
+ (iBn)? ’—ajeﬂﬂ"“ + a;e‘ﬁ"(x”d)' )dxz
< 2d (lef —af | + lag — a5 1)

0 2
14 2(nm/e) 2 _5
+nz=; nm/2e CH

where the Parseval identity is used in the last inequality.

For the first term (z = 0) in the above inequality, following from (2.9) and (2.22) and
noting that d < A, we get

_ 2
|Ol+—5[+|2 |M€0 v 0| 1 | + —U+ |2
9
0 0 |612Kd 1 |2 4 SlIl2 (Kd) €,0
id ¢, + 2
e u — v
log —ag |2 = [l — vyl e (2.56)
0 0 2cd _ 112 ) €,0 €0l * .
le 1 4 sin“(kd)
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For the second term (n > 1), by (2.9) and i8,d = —d+/ (n1/€)? — k2, we have

| - u:nlz

1,3,,d + |2
—_— <
T ei2Bd — 12 = 2

e P = e

+12 _ I Tenl
| |12f}d 1|2S

% 20uf, 2 (2.57)

Consequently, we obtain

2 1/2
k-d nmw\2
IVite = Voelzap,) < C oz (| do—vlolt+ Z (1 +(%) ) Iu?,n|2)

k2d

e (10 = Vol + ey, )

It follows from (2.52) and (2.55) that

||ue||H1/2(rg' = ||u0||H1/2(r€+) + [Jve — MOHHI/Z(FQ') + llue — Ue”Hl/Z(rg')

C(R ) t( d) (6””0”1-13(3;) + Vellve — uoll 32 gy + llue = ”f”Hl(ng))
K
= C(R : 2.58
= CR) e (2.58)

On the other hand, we have from (2.55) that

K
lulo = viol = CRWelnelllue = vell iy < C(R) Cot(Kd)e,/q Inel.  (2.59)
Combining the above estimates yields
4
2 2 Kd -,
Ve = Vvelop) =€ (R)mf

Step S: the last step is to estimate [[ue — vellz2(p,)- Using the similar method as that in
Step 4, we can obtain from the Parseval identity and (2.56)—(2.57) that

o0

1 _
lue = vell7ap,, < 2d (lof = &5 1P +log — & |2)+Zm(lai|2+|an °)
n=1
CL |Lt+ _ U+ |2 + i <i) |I/l+ |2
= sin? (kd) \ €0 €0 = \nm en
—v P+ i (1 + (E))z luf, 1
sm (/cd) €0 — € en

— o+ el )

sm (/cd) (

< CX(R) (€} el + €%

(everme)”.

where the estimates (2.58)—(2.59) are used. O

co 2(a')

k*“d
2
<2C() o2 (cd)
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2.5 Field enhancement without resonance

The electromagnetic field enhancement factor is defined as the ratio of the energy between
the total field and the incident field in the cavity. Hence the electric and magnetic field
enhancement factors are given by

IEellz2(p,) 0 1Hellz2p,)
||Emc||L2(Dé) ||Hmc||L2(D€)

O =

Theorem 2.8 There exists a constant €y depending on A and d such that for all 0 < € < €
the following estimates hold:

(1 — C(R)k+/etan(kd) + O(sin(kd)kde Ine)) ! < Op
sinkd

< (1 + C(R)k /e tan(kd) + O (sin(kd)xde In e)) ;
sinkd

and

4 4
g—C(R)KGa/HIlGH-O(G Ine) < Qg < §+C(R)KE\/|ln6| 4+ O(elne) as d/» — 0.

Remark 2.9 The electric field enhancement has an order O (1/ sin(kd)), which is enormous
due to the length scale d <« X, while the magnetic field has no significant enhancement in
this situation.

Proof Recalling the scale assumption € « d < A, we have from Theorem 2.2 and
Lemma 2.7 that

IVuell2p,) < IVvellp2py + IVue — Vel p2p,y

ked 2\/‘
< 14+ OC(el C(R
- s1n(/cd)( T Oeine)) +C( ) (Kd)
Ved
< (14 C(R)cv/< tan(kd) + O(sin(cd)icde In€)) = Ed.
sink
On the other hand,
IVuell2p,) = IVvellp2p,y — IVue — Vel p2(p,y
kved k2/d
> 1+ 0(el C(R
- sm(/cd)( +O0(elne) = C( )COS(Kd)€
Ved
> (1= C(R)eve an(cd) + O(sin(cd)ede In ) ===
sin k
A straightforward calculation yields
||wm°||iz(De) = /_dfo |Vul™ (x) > dx = «2ed.
Combining the above estimates gives
1 Vu
(1 — C(R)k+/etan(kd) + O(sin(kd)xde In e)) - < | .€||L2(D€)
sinkd ||Vum°||L2(De)

< (1 + C(R)k+/e tan(kd) + O(sin(kd)kde Ine)) L
sinkd
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Noting that |V x H¢| = |V x (0,0, u¢)| = |Vue|l and V x He = —iwe E, we obtain

. 1
(l — C(R)k~/e tan(kd) + O (sin(kd)kde In e)),i
sinkd

||Vu€||L2(D€) IEe ||L2(Dé)
= =0k

T IVER©ll2py  TE™ ) 2p,

< (1+ C(R)k+/etan(kd) + O(sin(kd)kde In€))

sinkd

For the magnetic field, it follows from Theorem 2.3 and Lemma 2.7 that

luellz2(py < vellzzp,y + lue — vellp2(p,y

1 \/6(2Kd _;in(zxd))(l+0(elne))+C(R) k/d NaLl

<
~ sin(kd) cos(kd)

1 sin(2kd) ke+/|Ine|
<ed (sin(xd)'/z —— C(R)W + O(e 1ne)>

luellr2py = vellp2p,y + e — vellL2(p,)

1 sin(2«d) ke/|Ine|
= Ved <sin(/cd) T E)) '

Clearly, we have

and

0 €
inc 2 _ inc 2 _
”M ”Lz(Dé) = /_d/o |1/l (x)| dx = ed.

Therefore, we obtain

1 / sin(2kd) ke+/|In€|
(sin(/cd) 2= Kd - cos(kd) +0( lne)>

llue ”LZ(DE) 1 H ”LZ(DE)
= =0n

w2y IH™ | L2p,)

1 Sin(de) KE\/W
) (simmﬁ* CR oty + O 1“6)) |

Furthermore, the enhancement coefficients satisfy

' ! sin(2xd) ke/Ine]
d/lf\nﬁlo (sin(/cd)\/: B C(R)m + O(eln 6))

4
= 3~ C(R)key/|In€e| 4+ O(elne),

. 1 sin(2kd) ke+/|In€|
1 {2 - C(R)————— 4+ O(el
d/}\rgo<sin(/<d) Kkd +CR) cos(kd) +OEhe)

4
= 3 + C(R)key/|In€| + O(elne),

which completes the proof. O
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3 PEC-PMC cavity with resonances

This section is to discuss the Fabry—Perot type resonance and derive the asymptotic expan-
sions for those resonance; analyze quantitatively the field enhancement at the resonance
frequencies in a narrow cavity, i.e., € < A.

Recall the model problem (2.3)—(2.4):

Aue + 2uc =0 in 2,
e =0 ondQ\ I,
v¥e _\ € (31)
uc=0 onl'z,
lim /r (8u¥ —iku) =0 inR3.

It is known that the scattering problem (3.1) has a unique solution for a complex wavenumber
k with Imk > 0 (cf., [3]). By analytic continuation, the solution has a meromorphic extension
to the whole complex plane, except for a countable number of points, which are poles of the
resolvent associated with the scattering problem (3.1). These poles are called the resonances
of the scattering problem, and the associated nontrivial solutions are called resonance modes.
If the frequency of the incident wave is taken to be close to the real part of the resonance, an
enhancement of the field is expected if the imaginary part of the resonance is small.

3.1 Boundary integral equation

Define by gPMC(x, y) the Green function in the PEC-PMC cavity D, i.., it satisfies

AgPMC(x, y) + k2g™MC(x, y) = —8(x — y), x,y € D,
9 PMC s _
) = ondD\ T,

gMC(x, y) =0 onT-.

Since the width of the cavity € tends to zero, we may assume that « 2 is not the eigenvalue of
the Laplacian with the above boundary conditions in the cavity. Thus the Green function of
the Helmholtz operator in D, exists and can be expressed as [15]

oo

ngC(X,y) = Z Cm,n®m,n (X) P ,n (),

m,n=0
where

1

Cm,n = s
’ k2 — (mm/e)? — ((n + 1/2)m/d)?
m,n . 1/2
Gmon(x) = af[é COos (mle ) sin <W()€2 + d)) s

2 =
Um.n = [ o m=0.n20, (3.2)

4, m>1,n>0.
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Lemma 3.1 The scattering problem (3.1) is equivalent to the following boundary integral
equation:

. ] 4
/+ <<_%> Ho‘(x|x—y|>+g§MC(x,y>> Lgé(y)dsy+ul“°<x>+u’ef<x>=07 xell.
r; v

y
(3.3)
Proof Noting that 8,u™™ + 3,u™ = 0 on Iy, especially on '}, we have
BousS = dyue — 3, ™ + u™) = duc onT}.
It follows from Green’s identity in R; that
. . Juse
e(x) = ) ) ) = )+ + [ G Las,
Ie Vy
. d
= u™ () + u" (x) + /+ G, e Wy x e R, (3.4)
I Vy

where the half-space Green function G is given in (2.24). Using Green’s identity inside the
cavity yields

Oue(y)
uc(x) = —/ﬁ e™MC(x, y) aévy dsy, x € D.. (3.5)
€ y

When x respectively tends to I'J” from above or below, by the continuity of the single layer
potential, we have from (3.4) and (3.5) that

due(y)
Vy

+
dsy, x eI

e (x) = u™ (x) + u™ (x) +/ (—i> Hy (clx — yI)
ry \ 2

and

due(y)
ue(x) = —/F+ gEMC(x, y) 861) dsy, x¢€ I‘j.
P y

The proof is finished by imposing the continuity of the solution on the open aperture I'". O
It is clear to note that
Oylte r = 8x214€(xl, 0), uinc + uref — 2eiK sin(ixl7 X1 € (0, e).

Introduce new variables by rescaling with respect to €: X = x1/€, Y = y;/e. Define three
functions:

pY) = _ayzue(eya 0),

Gex.v) = (LY HO erix — v
(X, Y) = > o (k| D,

o0
GL(X.Y) = gMC(eX, 0 ey, 0) = ) WCos(mnX)cos(mnY), (3.6)
€

m,n=0

and the boundary integral operators:
1
(Tp)(X) :/ Ge(X, V)p(¥)dY, X €(0,1),
0
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(T'o)(X) = /01 GL(X, V)p(X)dY, X € (0,1). 3.7)
Hence the boundary integral equation (3.3) is equivalent to the following operator equation:
(TC+THe = f/e, (3.8)

where £(X) := (™ + u™) (e X, 0) = 2¢ik sinfeX

3.2 Asymptotics of the integral operators

In this subsection, we study the asymptotic properties of the integral operators in (3.7). For
clarity, we first introduce several notation below.
tankd 2In2

1 1
I,e) = —(Unk 4+ y1)+ —Ilne, Tk, €)=— + s
T b4 €K T

2
RE(X.Y) = —:—|X — Y2 Ine,
JT

_Ink|X —Y))

KX — Y[*€® + o((ke|X — Y])P),
4

RI(X.Y) = <V2

2.2 o0 2 )
R0 === (5 s ok v+ S G- 1))

m=1

+o((X 4+ Y)>+ (X — Y)2)>,

where y; = 9 —In2 — % V2 = —ﬁ + é + ﬁ(ln 2 — 1), and Yy is the Euler constant.
For the fixed depth of the cavity d and the wave number «, if € small enough, we have the
following asymptotic expansions for the kernels G¢ and G..

Lemma 3.2 Ife <K A, then the following estimates hold:
1
Gé=Ti(k,e)+ —In|X — Y|+ R{(X,Y)+ R5(X, Y),
b4
; 1 X+Y X-Y
Gl =Ta(k.€) + — <ln ’sin ”(;)’ +1n ’sin H(Z)D + RE(X. V),
b4

where
IR{(X, Y)| < C1e’|Ine|, [R5(X, V)| < C2€>, [R§(X, V)| < C3€”.
Here Cj, j = 1,2, 3 are positive constants independent of €.

Proof Tt follows from the asymptotic of the Hankel function near zero (cf. [1]) that
G(X.Y) = (—%) HY (ex|X — Y))

= L (X = V) = k(X = V)P Injex(X — V)|
T 47
+ ya(ex|X — Y* + o((ke|X — Y])?)

1
=T, €)+—In|X — Y[+ R{(X,Y) + R5(X, Y).
s
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The integral kernel Gi (X, Y) can be expressed as

i [
G (X,Y)= i Z Cm,nOm,n cOS(mm X) cos(mmY). 3.9

m,n=0

Recalling the definitions of ¢, , and «,, , in (3.2), we set

00 00
Um.n
Cm(esK)=ZCm,nam,n=Z 1 -
n=0 n=0 2 mm \2 (n+7)m
- (22 - (U

Using the fact (cf. [20]) that

o0

4x 1
tan — = — , 5.n €L,
an " ”n_o 2n+1)2 x#n—i—zn

we may check for m = 0 that

(o.¢]
2 dtan(xd)
Cotk) =Y s =- :
=0 2 _ <<n+%>n> “
d
Using the identity
X 4x — 1
tanh — = —
2 s Z(2n+l)2+x2
we have for m > 1 that
o0

Cm(e» K) = Z

2de  €3id 265K4d
=T T 33 +0
mit m-i-

Using the following facts (cf. [24,26]):

o0
ZM:—(InZ—i—ln‘sinﬂ—xD, 0<x<?2,
m 2

m=

CoOSmmx 1 (rx)?
_ 2
E — = E 3 > n ), 0<x <2,

m=1 m=1

and substituting Co(k), Cy, (€, k)(m > 1) into (3.9), we obtain

1 >\ 2de
G! (X, Y) = d(CQ(K) Zﬁcos(mnX)cos(mnY)

m=1
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> —263k*d
Z cos(mer) cos(mnY) + O(ﬁ)>

tan(ed
- an(K ) 4 <21 241nls
€K 7T

(X+Y)‘+ln‘sin (X — Y)D
2 2

21 &1 (X+7)? (X —Y)?
= (;ﬂ%ﬁ*41“(”(X+Y”+41“(”(X_Y”

+O(X+Y) + (X - Y>2)>,
which complete the proof. O

Let
T =Tk, € +Talk,e), ki(X,¥Y)=RS(X,Y), ki =R5(X,Y)+ R{(X,Y),

zr(X+Y)‘+1 . n(xz— Y)D' (3.10)

Denote by K, K}, K2 the integral operators corresponding to the Schwarz kernels
k(X,Y), k! 0o (X, Y) and k2 (X, Y), respectively.
Let 1 be a bounded open interval in R and define

1
k(X,Y)=— <ln|X — Y|+ In|sin
b4

H(I):={u=Ul;, Ue H R},

where s € R. Then H*(I) is a Hilbert space with the norm

Nl gs oy = inf{”U”HS(R) Ue HF(R)and U|; = u} .
Define

H (D) = {u =UJ,

U € H*(R) and supp(U) C I_} .

It can be shown that the space H*(I) is the dual of H~%(I) and the norm for H*(I) can be
defined via the duality (cf. [2]). }
We also define the operator P : H~1/2(0, 1) — H'/2(0, 1) by

P (X) = (¢, 1(0,1))L2(0,1)1(0,1)5

where the duality between ﬁ_l/z(O, 1) and H1/2(0, 1) is defined by (-, Y201 Lo is the
function defined on the interval (0, 1) and is equal to one. It is easy to note that 1 1) €
H'2(0,1).

Lemma 3.3 The following conclusions hold:
(i) The operator T¢ + T' admits the decomposition:
T+ T =TP+ K+ KL +K2.
Moreover, K;o and Kgo are boundedfrom I:I_]/Z(O 1) t0o HY2(0, 1) with the operator norm

satisfying ||Koo|| <eZlnlel, ||K | < e? uniformly for wavenumber k.
(ii) The operator K is invertible from H™1/2 (0, 1) to HY2(0, 1). Moreover, the constant

q0 == (K101, Lo,1)) r2(0.1) # 0.
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Proof The proof of (i) follows directly from the definitions of the operators 7¢, T in (3.7)
and the asymptotic expansions of their kernels given by Lemma 3.2. The proof of (ii) follows
directly from [11, Theorem 4.1, Lemma 4.2]. O

3.3 Asymptotics of the resonances

The scattering resonance of (3.1) is defined as a complex wavenumber x with negative
imaginary part such that there is a nontrivial solution to (3.1) when the incident field is zero.
This is the characteristic value of the operator 'P 4+ K + K go + K go with respect to the
variable . For simplicity, we write

TP+K+K\L+KL =2+2,

where # =T'P, ¢ = K + K., + K2,. By Lemma 3.3, it is easy to see that . is invertible
for sufficiently small €. Now assume that there exists ¢ such that

(Z +2L)po =0.
Then
(L' P+ 7)py =0,

where .7 is the identity operator. It is straightforward to check that the eigenvalues of operator
L7V P 4+ .7 are

Ak, €) = 14Tk, (L 10,1). Lo.)) 200.1)-

Therefore, the characteristic values of the operator &7 + £ are the roots of the analytic
functions A(«, €), and the associated characteristic function is given by

90 =T, )2 ).

Lemma 3.4 The resonance of the scattering problem (3.1) are the roots of the analytic func-
tions A(k, €) = 0. Moreover,

2 Moy =K o+ 0@ e+ 0@, (£ ', Lo.1y) 20,1y = 90
+0(*Ine) + 0(?). (3.11)

Proof For given roots of A(«, €), it is easy to check that they are the characteristic values of
the operator &2 4 ¢ with corresponding characteristic function defined above.
It follows from the asymptotic expansions in Lemma 3.3 and the Neumann series that

o0
L =K+ KL+ KT =Kk DY 0 kTN K L+ KL))
j=0

=K '+ 0@ Ine) + 0D,

which gives (3.11). m]

Next, we present the asymptotic expansion of resonances for the scattering problem (3.1).
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Theorem 3.5 The scattering problem (3.1) has a set of resonances {k,}, which satisfy

nmw nmw

kn d + d2

1 1 ni 2
flne—i— —+—Q2In24+In— +y1) Je | +0(e"lne), n=1,2,---.
q T d
(3.12)
Proof By Lemma 3.4, we consider the root of
A €) = 1+ (Ti(k. €) + Dok, (L 0,1y, Lo.1)) 120.1) = O-

Recall that I'y(k, €) = %(lnx + 1) + %lne and 'y (k, €) = —% + % The above
equation can be written as

tankd 1 1 _1
1+ (- o —(2ln2 +Ink + y1) + Ine | (& 1(0’1), 1(0,1))112(0’1) =0.

Using Lemma 3.4, we obtain

p(k,€) :=€eA(k,€) =€ + <—¥ +ep(k) + %e In e) (qo + 0(ezln €) + 0(62)) ,
(3.13)

where p(k) = £ (2In2 + Ink + ).
Note that the axis {z € C : argz = %57} is the branch cut for p(k, €), hence we
choose a small number 6y > 0 and consider the domain {z € C : _2% + 6y < argz <
7 — 0o or 27171 + 6y < argz < %—Z — 6p}. On the other hand, we are only interested in those
resonances which are not in the high frequency regime. Therefore, we only need to find all
the roots of p(k, €) in the domain

3
Q@O,M:{ZGC:IzlfM g+90<argz<ﬂ—900 ﬁ+90<argz<£—90}

for some fixed number M > 0. Since p(k, €) blowsupasxk — Qorx — (j+1/2)w/d, j €
Z. As a result, there exists §o > 0 such that all the roots of p in g, y actually lies in the
smaller domain
Qso,00.m :={z € C:lz] =8 or|z— (j+1/2)/d| = 8o, j € Z} N Qg m-

It is clear that — ta“’(d is analytic in Qs, g, » and its roots are given by k, o0 = nw/d, n =
1,2,--- . Note that each root is simple. Denote by k,, the roots of L(k, €). From Rouche’s
theorem, we deduce that k,, are also simple and are close to kj, ¢ if € is sufficiently small. We
now derive the leading order asymptotic terms for these roots. Define

tan kd 1
pi1lk,e) =€+ <—TK +ep(k) + ;elne) q0- (3.14)

Expanding pi(x, €) at k, ¢ yields

tankd \’
pl(K,6)=6+<<— )
K

1
+0(k —kp0)> + —€ln e) 9
T

(ke — kno) + €p(kno) + GP/(knO)(K — kno)

k=kno

—d? € nmw ed
=+ (—(x — ko) + = (202410 55 1) + o — kao)
nmw 4 d nmw
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1
+ Ok — kno)® + ;elne>qo.

We can conclude that p («, €) has simple roots in 25, ,, » Which are close to k,,o’s. Moreover,
these roots are analytic with respect to the variables € and € In €. Denoting the roots of p; by
ky1 and expanding them in term of € and € In €, we obtain

knO 1 1 1 nimw 2
knt =knpo+ — [ —€lne+ [ —+ —Q2mIn2+In— +y1) Je )+ O(e°Ine). (3.15)
d \&m q T d

Using Rouche’s theorem, we claim that k,; gives the leading order for the asymptotic
expansion of the roots k,,. More precisely, we have

kn = kn1 + O(€® Ine). (3.16)
In the following, we give a proof of the claim. Note that

tankd 1
ank —I——elne—i—p(/c)e) 0(6211'16)
T

ple,€) = pik,€) = (—

K

and
tan kd

0
Pilk.€) = ———=q0+ Lelne + (1 + p()qo)e.
Hence there exists a constant C,, such that

Ip(e, €) = pi(, )] < Ipie,€)l, Vi € {lx —kni| = Cy€’Ine}.

which implies the claim (3.16) by Rouche’s theorem. O

3.4 The field enhancement with resonance

First we give an asymptotic expansion of p(k, €) at the resonant frequencies.
Lemma 3.6 At the resonant frequencies k = Rek,, where k, is given in (3.12), we have
i
pk, €)= —%e + 0(621112 €).

Proof Assume that [x — Rek,| < € Ine. It follows from the definition of p; in (3.14) that
p(k,€) = pi(ic,€) + O(e* Ine)
= p (k) (kc — kp) + O(k — kp)* 4+ O(* In€)

—d
= (=5 + =+ Ok — knol) ) qo(k — k) + O(2In% €)
kno wkno

—d € . 2.2
=|—+ qo(k — Rek, — ilmk,) + O(e“In” €).
kno wkno

Recalling y; = yp —In2 — %i, we have from the expansion of k, | in (3.15) that

k 0 k 0€
Imk, = Imk,; + 0(6211’1 €) = ﬁ(lmyl)e = — ;d .
When « = Rek,,, we have
. 1 1, 2,2 igo 2,2
p(k,€) 1qo( 26+2d€>+0(€ n-e) 2€+0(€ n-e),
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which completes the proof. O
Lemma 3.7 The solution ¢ of equation (3.8) has the following asymptotic expansion in
H71720, 1):

(24+sin6 - O(ke)) n 0(621n6).

Y= K711(0,1)~

Moreover,

2+sinf - O
qo (2 + sin (KE))+O
p

(@, lon) 20, = (€21ne).

Proof 1t follows from Lemma 3.3 that equation (3.8) is equivalent to
(&P + =271 (fe).

Recall that the operator .21 %7 4 .# has the eigenvalue A(«, €). Thus

1
.1 =— (2 Y (fJe), 1 ,
(@, Lo.1) 20,1 . 6)( (f/€): 10.1) 20,1

and

op=2"flo) -2 'TPp=2""(fle)— 27 'Tip, o) 0.1

=27 (fle) -2 o) L7 1o, Lo 2o

Ak, €)

Recall that A(x,€) =1 + F(f‘1 Lo.1y, 10.1)) £2(0.1)- A simple calculation yields

O, =D /(L o). Lo.n) 12001
Ak, €)

Using the definition of f and expanding it with respect to €, we get

f zeiKeXsinG
L= —Z 4 ikXsinh + 0®3e),
€ € €

o=2"Y(fle)-L 7N /O. Lo 2.

which gives
1
LN fle) =~ (2+sind - O(ke)) (K101 + O(* Ine)).
€
Combining the above equation with (3.11), we obtain

€p = 2+sinb - Oke) (K '11) + O(e*Ine))

L =M/ + O(e*Ine))
A
_ (2+4sinf - O(xe))
- A

-(2g0 +gqosin® - O(ke)) - (K '1(,1) + O(e* Ine))

(K '10,1) + O ne)).

Thus
(2 +sin6 - O(ke))

o=K "o - +0( Ine),

qo (2 +sin6 - O(ke)) +
p

which completes the proof. O

(0. Loz, = O(’Ine),
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Combining Lemmas 3.6 and 3.7, we obtain at the resonant frequencies x = Rek,, that

1 e
Q= f? + 0 ne), (g, Loz = - + 0(%1ne), 3.17)
where
2+sin6 - O - 24 sing . O
fim Ky, 2SO 0w poing ) o, = D@ FsInG - 06e)

—1g0+ O(elne) —1gq0+ O(elne)

3.4.1 Enhancement in the far field

We first investigate the scattered field in the domain R;“ \ B;{. Recall that
dueE(y) due(y)

Vy Vy

ue (x) =/ G(x,y)
rd

+
dsy, x eR;.

dsy :/ G(x,y)
rf

Here we use the fact 3,u™™ + 3,u™" = 0 on Iy, especially on ' Using

due(y)
vy

RO,

we have

1
wtw == [ 6t 01,000 (2)an = ¢ [ G, er,0ppear.

€

Since
G(x,(€Y,0)) = G(x,(0,0)(1 + O(e)), x € Ry \ By,
we get from Lemma 3.7 that

qo (2 +sin6 - O(ke))

/(;1 e(N)AY = (¢, Lo,n) 20,1y = 5 + 0(*Ine).
Hence
uic(x) =—eG(x, (0,0)(1+ O(e)) [)1 o(Y)dY
— —eG(x, (0,0 . DO Sinpe O | o).

In the resonance case when k = Rek,,, the enhancement comes from the term % It follows
from Lemma 3.6 that

1 2i 2

— = — (1 + O(eln“¢)).
P qo€
Correspondingly, we have

U (x) = =2iG(x, (0,0)) - (2 +sin0 - O(ke)) + O(eIn’e),

which shows that the enhancement of the scattered magnetic field in the far field region has
an order O(1/¢e) compared to the non-resonance case when x # Rek;,.

It follows from the Ampere law V x H, = —iweE. and H, = (0,0, u) that the
enhancement of the scattered electric field also has an order O(1/¢€) in the far field region
when k¥ = Rek,,.
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3.4.2 Enhancement in the cavity

Now we study the field enhancement in the cavity. It follows from (2.5) that the total field
ue may be expanded as the sum of waveguide modes:

1 i i 2 M X »
Ue (x) zﬁ (otare_wz + aae1k(xz+d)) + Z \/;‘Xjn_ cos (Tl) e~ iBmx2
m>1

2 _ mmwxy\
+3 \/;am cos (T) eifnlxartd), (3.18)

m>1

where B, =i/ (mm/€)? — k2.

Lemma 3.8 The coefficients in (3.18) have the following expansions:

+ : i
o __ qo@tsing- Oepe™
NG 2ik cos(kd)p
0 2 +4sinf - O
% _q0@+sinb-0e) | 2y (3.19)
Je 2ik cos(kd) p

and

2| +|< C 2| - < C
- 77 7“ —7’
Veam —Jm Ve ™ Jm

where the positive constant C independents of €, k and m.

Proof Recall that uc = 0 on I'_ then equation (3.18) becomes

on . .
e (X) =% (_e—IK(X2+d)+elK(X2+d))

2 . o
+ Z \/;a,; (—e_lﬁ”’(X2+d) + elﬂ’"(“"'d)) cos (mnx1 ) . (3.20)

€
m>1

Taking the derivative of (3.20) with respect to x; yields

ue (x) =£i/« (e—ik(xz+d) +eik(xz+d)>

dx2 Je
+ Z \/éa,;iﬂm (e_iﬁm (ot+d) 4 eiﬁ”’(xz+d)) cos (mn)m ) ,
€ €
m>1

which gives

3 " 2
9Ue (1. 0) = 2021k cos(red) + >\ S 2B cos(Bud) cos <m7TX1) L @2
0x2 Je = Ve €
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Multiplying (3.21) with ¢ (x) and integrating it over I'", we get

OlO_- 1 Oue _ 1 X1
%IKQ,COS(Kd) gfrj o2 (x1,0)dx; = g/rj - (*) dx;

1
/O P(X)dX = (@, L0.1)) 12(0.1
_qo(245sin6 - O(ke))
p

+ 0(62 Ine¢),

which gives the formulas for Olar and oy in (3.19).
For m > 1, it follows from multiplying(3.21) with cos (
that

Mix|
€

3 B 1 ou mix)
\/;amlﬁm cos(Bmd) = g/rj ax; (x1,0) cos( . )dx1

1
— / @(X) cos(mm X)dX.
0

) and integrating over I';"

Notethatig,, = O (%)form > 1,andby (3.17) that @[l g-112(0,1 < % | cos(ma X))l 120, 1)

< /m. Thus, we get
2 C
Vel = —=.
€ Jm

which completes the proof. O
In the following, we give the field enhancement inside the cavity.

Theorem 3.9 Denote by D, = {x € D€| —d+e<x < —e} the interior of the cavity. If
k = Rek, where k,, is given in (3.12), then we have for € < d that

2isink (x2 + d)

0?1 , e D..
Kk cos(kd) + O ne), x ¢

ue(x) = <§ +sin6 - 0(1) + O(ln26)>

Moreover, the electric and magnetic field enhancements are of an order O (1/€).

Proof By the expansion (3.18) and Lemma 3.8, it is clear that in the region D,

4o () = q0(2 + sinf - O(ke)) (_e—ik(xz+d) i ei/c(xz+d)) +O0EE@ne) + 0V
2ik cos(kd) p

_ qo(2 4+ sin@ - O(ke)) sink (x2 + d) l n 0(621n6) i 0(6_1/6).
Kk coskd )4

Noting when ¥ = Rek,, we have

1 2 )
— = (14 0(eIne)),
P qoe

which yields that
2isink(xp +d)

O(®Ine).
Kk cos(kd) + 0 ne)

2
ue(x) = (7 +sin6-0(1) + O(]n26)>
€
Therefore, the magnetic field enhancement due to the resonance is of an order O(1/¢€) in

D.. We conclude from Ampere’s law that the electric field enhancement is also of an order
O(1/e). o
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3.4.3 Field enhancement on the open aperture

Now we present the enhancement of the scattered field on the open aperture of the cavity.
Recall (3.4) for the scattered field on Fj‘:

u§°(x1,0)=/r G((x1,0), y) e(y) dsy.

Vy

Since x; = e€X,y; =€Y,p = —8Uu€|r+, we have

1
ug (x1,0) = — / GS(X,Y)ep(Y)dY.
0
It follows from the asymptotic expansion of G¢ in Lemma 3.2 and Lemma 3.7 that

! 1
uic(xl,O):—e/ <1"1 +;ln|X—Y|—|—0(ezlne)> e(Y)dY
0

2+sinf - O(ke) 1
=—eli{p, Lo.n)r20.1) — T—h 2X) + O(*lne)

. (l(lnx o+ llne) (‘]O(Z—I— sinpe - O(ke)) + 02 lne)>

2 6-0 1
_ —i—sm—(/ce)ih (X)+O(e Ine€)

p

1 2q0 12
=— ;761116 - —— (qo(lﬂK +y) +ha(X))e

. (QO(IHK ) + ha(xyy S8 0

1 0-0(1
7%5111 ()621n6+0(€ Ine¢).
i p

where hy(X) := fol K1 Lo,n(Y)In|X — Y|dY. Note that at the resonant frequencies x =
Reky,

1 2i 2
— = —({+ O(eln“¢)).
P qo€

Thus we have

! 4 4
u(x1,0) = —;lne——((lnk—i—y)—i— + O(eln?e).

ha(x1/€ ))
90
Itis clear to note that the leading order of the resonant mode is a constant on the open aperture
with an order of O (In €) and the magnetic field enhancement is of an order O (1/¢).
On the other hand, since
24sinf - O(ke) 1
By, 1 (x1, 0) = H—(G)—hz(xl/e) + 0 e),
p

which implies that at the resonant frequencies ¥ = Rek, , on the top aperture I',", the scatter
field satisfies
4i(1 + O(eIn?€)) 2isin6 - O(1)

3y, u (x1,0) = —Th/(xl/e) - Th’z(xl/e) + O(eln’e).
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Fig.3 The field enhancement factor is plotted against the wavenumber « for the PEC-PMC cavity: (left) the
electric field enhancement factor Q g; (righ) the magnetic field enhancement factor Q g

By Ampere’s law, we know the electric field enhancement is also of an order O(1/¢€) on the
top aperture I';” when k = Rek,,.

3.5 Numerical experiments

In this section, we present some numerical experiments to verify the theoretical studies of
the field enhancement for the PEC-PMC cavity. As a representative example, we take the
cavity width e = 0.005, the cavity depth d = 1, and the angle of incidence 6 = /3
in the numerics. Figure 3 (left) and (right) show the plot of the electric field enhancement
QF the magnetic field enhancement factor Q g against the wavenumber «, respectively.
We observe that both the electric and magnetic enhancement factors do reach peaks at the
resonant frequencies (3.12), which are close to k = nm,n = 1,2, .... Besides the peaks
at the resonant frequencies, the electric field enhancement factor Q also displays a peak
when the wavenumber « is sufficiently small, i.e., when the wavelength of the incident field
A is sufficiently large (see Fig. 4 ). In this situation, the scales satisfy ¢ << d <« A. The
electric field should have an enormous enhancement according to our theoretical result in
Theorem 2.8. In contrast, the magnetic field enhancement factor Q g does not show a peak
when the wavenumber approaches zero, which is also confirmed in Theorem 2.8 that the
magnetic field has no enhancement when € < d < A.

4 PEC-PEC cavity without resonance

In this section, assuming ¢ < d < A, we show that there is a weak enhancement of the
electric field and there is no enhancement of the magnetic field in the PEC-PEC cavity.

4.1 Problem formulation

Consider the following model problem of the electromagnetic scattering by an open cavity:

Aue + k2ue =0 in ,
opte =0 on 02, 4.1
Jim /r (8uf —ikuF) =0 in R,
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x10°

Enhancement factor QE
o o o = =
~ o o) - o i
. : T T : :
. . . . . .

)
N
T
.

L |

0.0000 0.05 0.1
Wavenumber «

Fig.4 The amplification of electric field in the PEC-PMC cavity with € = 0.05,d = 1 and 6 = /3 when «
near zero

where u$¢ = u, — ('™ + u'hy in R;“ . Here the incident field ™™ = ¢**¢ is a plane wave
propagating in the direction d = (sin, —cos0) " and the reflected field ™ = £i<* 4" ith
the propagating direction d’ = (cos 6, sin9).

Let ¢pp(x1) = \i@ and ¢, (x1) = \/gcos (”ZA) (n > 1) be an orthonormal basis on the
interval (0, €). Since the total field satisfies the Neumann boundary condition on the bottom
and lateral sides of the cavity, we have from (4.1) that u. can be expressed as the sum of
waveguide modes:

[ee)

ue(e) = Y (o e ag B0 D) g, (), x € D, (4.2)
n=0

where the coefficients §, are defined as

K, n=0,
Pn = :i,/(nn/eﬂ 2, n> 1.

If € < A/2, then B, are pure imaginary numbers for all n > 1. For each n, it can be
seen if n /e < k, the expansion consists of two propagating wave modes traveling upward
and downward respectively; if nw/e > «, the expansion consists of two evanescent wave
modes decaying exponentially away from the bottom side and open aperture of the cavity,
respectively.

Using the expansion (2.5), we may reformulate the model (4.1) into the following coupled
problem:
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Aue +K’ue =0 in Ry,
o0 . .
Ue = Z (a;eﬂﬁnm + a;elﬂn(XZ‘f’d)) b (x1) in D,
n=0
doite =0 ona\rr, @3
Ue(x1, 04) = e (x1,0-), dyyute (x1, 04) = dyyute(x1,0—) onTF,
lim /r (,u — ikus®) =0 inRj.
r—>00

By matching the expansion series (4.2) and using the continuity conditions in (4.3), we may
obtain

iBud, — + iBud , + -
at = elfr Uen — Uen o= = etfr Uen — Uen
nT T 2Bd 0 I T T 2Bud _

Therefore, the wave field

o elﬁndu* _ u+ . lﬁnd + _ u- .
€, en — €, €,
ue@) =3 eiZﬁn; 1 e 4 elZﬂnn - lfn et ) ¢, (x1), x € De.
n=0
4.4
A straightforward calculation yields
o lﬁnd + _ u-. . d 1/311 _ M+
. €n €,n E n €n
Dyt (x1,0-) = Y iBy Welﬁn — g @) onTE
n=0
4.5)
byt = iy oyt
dytte(xr, —d+) = ) ify ( eizﬁe,;crtl - 1”! B eizﬂi’; _ 1”1 P ) gn(x1) =0 onTC
n=0
(4.6)
It follows from (4.6) that
2ut
u, = ———=1 . 4.7

€,n e—lﬂnd + elﬁnd
Substituting (4.7) into (4.5) yields

1,3n — I,Bn
3x214e(x1,0 )—Z ﬁnm en@’)n(xl) on l"+

Given a function u € H'/2(T'}), we let u™ = u(xy, 0) and define a DtN map on I'[":

nt __ e_lﬂn

eibnd
A u Z B ~d g U Pn (), (4.8)

nd+e

where the Fourier coefficients u;” = (u™, ®n)r+- Following a similar proof to Lemma 2.1,

jPEC

we may show that the DtN map is also bounded. The proof is omitted for brevity.
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Lemma4.1 The DtN map % EC defined by (2.15) is bounded from Hl/z(Fj) —
H™2(TY), ie,

1Bl 12y < Cllutll oy Yu € HY2(@TF),

l—e—2 (nm/e)2—k2 } 1

where the constant C = max : Cot(K 7 R e e

By (4.8), we derive the TBC:
Oy, e = %PEC[MG] on F:‘,

which helps to reduce (4.1) into to a boundary value problem in R;:

Aue + k2ue =0 in R;,
dytte =0 onTo\ T/,

S pEC e (4.9)
Opylte = B ue] onI'[,

. < . < . +
Jim Vr (0 uf —iku¥) =0 inRJ.

The solution u, in the cavity D, may be obtained from (4.4) once the Fourier coefficients
+ are available (note that u_,, can be computed from from (4.7)).
To find an approximate the model problem to (4.9), we similarly drop all the nonzero
wave modes and define

ikd _ ,—ikd

— vy do(x). (4.10)

2PEC. 1 _
By [U]_lkeikd+e—

Hence we may consider the following problem:

Ave + K20 =0 in R;’,
e =0 onTy\ T,
o PEC +\ ¢ @.11)
Oy ve = By [ve] onT'T,
. . . +
Jim_ Vr (00 —ikvi) =0 inR3,

where v} = ve — (U™ 4 u™') in R;r . Inside the cavity, we may approximate u, with one
single mode:

ve(e) = (a5e7% g e 1) o), (“.12)

where the coefficients &aL and &, are given by

ei/(dv— _ U+ le + — v
. €,0 0 A €0 ~ Ye0
Y% = T ma _1 0 %0 T T gwd _q (4.13)
It follows from d,ve = O on ' that &, = & Tel*d which yields
20
P p— L — (4.14)

€,0 eikd 1 p—ixd
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4.2 Enhancement of the approximated field

This section presents the estimates of the solution for the approximate model problem (4.11).

Theorem 4.2 Let v¢ be the solution of (4.11) and be given by (4.12) inside the cavity, then
the following holds

IVVell2p,) = Vkexd — sinQ2id)) + O (k*d*?e3/?).
Proof For the approximate model (4.11), we obtain from Green’s formula that

0ve(y)
Vy

+
dsy, x eRy,

Ve (x) = u™ (x) + u' (x) + / G(x,y)
rs

where G is the half-space Green function satisfying the Neumann boundary condition and is
given in (2.24). It follows from the continuity of the single layer potential that

ve(x) = ul™ (x) + u™ (x) — / H" (klx — y)) e(y)d sy, xeTH  (4.15)
In light of (4.12)—(4.14), it yields that
dove = i (=G +dg ™) go(r) on L.
Substituting the above equality into (4.15) and using the fact that ¢g(x1) = f we get
. 1
Vet 0) = ™ (x1, 0) + ' (1, 0) + 5~ + 5 ) S, e 0.0,

where h1(x1) is given in (2.26). Therefore, the Fourier coefficients U::O may be expressed as

1
") g gl

It follows from the fact &' (xy, 0) = u™f (x, 0) and the inner product of (4.12) with ¢q (x;)
that

: K
oo = ("™, 9o} + (W go)pr + 5 (a7 +age

&g + @y e = 20", o) + == (h1. do) -+ (—&0* + &(;ei”) .

NG

~(J)r ikd and the above equation gives

Using a; =age
. 2(uie, $o)r+ o 2ed (yine, $o)r+ @.16)
o, = - , Oy = - s .
O (o) + (1= coled” 70 (1 + o) + (1 = co)eid

where ¢y = ;?(hl , (f)())rzr.
Using the assumption € < d < X and expression of ¢g in (2.28), it gives that

2
+ ik ype sin(kd) + O (€3 Ine€)). 4.17)

. 2 3
[(1 4+ co) + (1 — co)e'>| = |2 cos(kd) + il <ln l +elne — 56) sin(id)
T

Recalling the definition of the incident wave, we get

|< ¢0 F+| ‘[/ 1K51n0mdxl \/’_,’_ 0(/(265/2) (4.18)
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Combing (4.16)-(4.18), it yields
@ | = @y | = Ve + 0?7,
It follows from (4.12) and (2.33) that
| Vve ||izwg> < /06 /_(; (k(ag |+ lag Dey! )2 4sin® k (x + d)dx1dx;
< ke2d — sin(2kd)) + O (k8d3€?).
Substituting (4.16) into (4.12) yields

inc ikd /,,inc
Ve (x) = 2™ golry ___ikn 2e lu ’¢0>FE+A e 2FD ) o (xp).
‘ (1+co) + (1 — co)ed (1+co) + (1 — co)ei2d
4.19)
A simple calculation yields
dve _ . ikd 2<uinc’¢0>rj ( —ik (x2+d) iK(X2+d)>
P ike T+ co) - (1 —cored do(x1) (—e +e
. 2(u™, ¢o) -+
ixd I'e :
=— —2 d ,
K o (= oy 25K (32 + o)
which gives
; 2
2(u™, ¢o)r+ 0
V|2 > i < / 4sin? d)dx;.
” Ve ||L2(D€) Z K (1 T CO) T (1 — Co)eIZKd » Sin K(.xz + ) X2
Noting that d < A, we also have (2.33) holds. It follows from (4.17)—(4.18) that
IVell2(p,) = Vierd —sin2kd)) + O(k*d**e¥/?),
which completes the proof. O

Theorem 4.3 Let ve be the solution of (4.11) and be given by (4.12) inside the cavity, then
we have the estimate

Jeg Y20 F sinCed) [ k)

U =
lvellL2(p,) cos(d)

Proof By (4.19), we have

e r0
2 2
lvelly2p y = [ve|"dxadx;
L=(De¢) 0 J_a

2<Minc, ¢0>I‘jeikd
(1+co) + (1 = colei2d
2

+ O(ke).

2
0
/ |e—1K(x2+d) +61K(X2+d)|2dxz
—d

2™, go) -
| o) + (1 coyized]?
It follows from d < A that

0 5 sin(2cd)
4cos“k(xo +d)dxy =2d(1 + ———).
d 2kd

0
/ 4cos® k (x2 + d)dxs.
—d
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In light of (4.17)—(4.18), it yields

! ”2 2ed sin(2«xd)
v =
LD ™ cos2(kd) 2kd

) + O(k%e?),
which completes the proof. O

4.3 Field enhancement without resonance

Following from the same steps as those in Sect. 2.4, we may also show that

k/d k/d
C(R 1—-0 1 Vue —V C(R
(R) el = OG/eTnel)) = IVue = Voellaqn, = CR) G Foe,
k/d
lue = vellL2(p,) < C(R) e/e|lnel, (4.20)

sin(kd)
where C(R) is a positive constant depending on R but is independent of A, €, d. The details

are omitted for brevity.

Remark 4.4 In (4.20), the constant C (R) comes from two places: one is the estimate of the
DtN operator #PEC in Lemma 4.1, where the constant C is independent of X, d, and the other
is the Sobolev embedding results in R2 , which depends only on R.

The following estimates are the main results of the electromagnetic field enhancement for
the PEC-PEC cavity when € < d < A.

Theorem 4.5 [f ¢ is small enough such that C(R)\/e < %sz sin(kd), then the electric

field has no enhancement. If d < A such that % < ﬁ %C (R)e, then the electric field
enhancement factor satisfies

C(R) A 3C(R) A
4 ZﬁSQES 47 d

and the magnetic field enhancement factor satisfies
C3 = Q0n = Cy,

where the constants C3 = 2—C(R)e+/|In€|/d+O(ke), C4 = 2+C(R)e/|In€|/d+ O (ke)

as % —> 0, and the constant C(R) is given in (4.20).

Proof By Theorem 4.2 and (4.20), we can obtain
IVvellp2(py — IVue = Vuellp2p.y < IVuellp2ipy < IVVellL2p,y + IVite = Voell2(p,)-

We consider two cases:
(i) If € is small enough such that C(R)\/€ < %sz sin(xd), then we have

Kkd
IVuell2p,) < vke@kd —sin(2xd)) + C(R) Sinzl/(;) + 03 d* %) < 2ctd*\Je)d
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and

IVuel2p,) =Ci (Kd)z\/g — C(R)e\/ke(2icd — sin(2kd))

kN/d

+CR) sin(kd)

2
+ 03d*?e?) > gszz,/e/d.

Since ||VuinC||iZ(D )= «2ed, we obtain
€

\Y%
ﬂngg I lfellLZ(DE) §4ni
304 7 IVu™l2p, A

Thus there is no enhancement in this case.

(1) If d < X such that % < ﬁ, / %C(R)e, then we get

C(R)kd

3C(R)k~/d
2 sin(xd) €

c < u < —_ s
” ; EHLZ(DE) - ZSin(Kd)
Which gi ves

C(R)iﬁ< IVuellz2py _ 3C(R) &
dr d> T | Vui

" < €.
||L2(D5) 4 d
Noting that |V x H¢| = |Vu,| and using Ampere’s law V x H, = —iwe E ., we obtain

||E||L2(D€) ||Vu5||L2(DE)
0r = =

IE™| 2y VU™l 20p,y

which shows that for case (i) the electric field E has no enhancement; for case (ii) the electric
field enhancement factor has an order O (A+/€/d).
For the magnetic field, by Theorem 4.3 and (4.20), we have

m(ﬂ(l Fsin@kd)/2kd))  C(Rkey/TIne]

+ 0(K€)> < lluellz2(p,)

cos(kd) sin(kd)
< Jed V2(1 + sinQkd)/ 2k d)) N C(R).KG\/|]I1€| L owo).
cos(kd) sin(kd)
Since ||ui“°||2Lz(D€) = ed, we obtain
H u
Cs < Op = I inﬂLz(De) _ l i:C“LZ(De) <c.
IH™l2p,y  Nu™lz2p,)
where
2(1 + sin(2kd)/ 2k d C(R 1
€y - ved (V2EOUTFSORDT) _ CRywe Tl ()
cos(kd) sin(kd)
C(R)e /|1
o % + 0o,
2(1 + sin(Red)/ 2k d C(R)xe /|1
Cs=ed V2(1 +sin(2xd) /2« d)) ( ).KG In6|+0(K€)
cos(kd) sin(kd)
C(R)e /|1
g4 EReVIne] )Ed el | o)
as % — 0. This completes the proof. O
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Fig.5 The amplification of electric field in the PEC cavity with € = 0.005, d = 1 and 6 = /3 when k near
zero

4.4 Numerical experiments

We present a numerical example to illustrate and verify the results stated in Theorem 4.5.
The width of the cavity is € = 0.005, the depth of the cavity is d = 1, and the incident angle
is @ = 7 /3. Figure 5 plots the electric field enhancement factor Q g against the wavenumber
k € (0,1078). It shows that when « is sufficient small, i.e., when the wavelength X is
sufficiently large, the electric field does have an enhancement, which corresponds to case (ii)
in Theorem 4.5; when the wavenumber « increases (the wavelength X decreases) but is still
small, the electric field has no enhancement, which corresponds to case (i) in Theorem 4.5.
The plot is not shown for the magnetic field since it has no enhancement in this region.

5 PEC-PEC cavity with resonance

In this section, we show the field enhancement at resonant frequencies for the PEC-PEC
cavity. Consider the model problem:

AM5+K21/[5 =0 in Q,
dute =0 on 99, (5.1)

lim /7 (0,u —ikuf) =0 inRJ.

r—o0

Here we assume that € << A.
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5.1 Boundary integral equations

Let ngC be the Green function for the Helmholtz equation with Neumann boundary condition
in D¢, i.e., it satisfies

AglPC(x, y) + k2" (x. y) = —8(x. ), x.y€ D,

3¢PEC (.
7‘563 x.5) =0 on dD.
Vy

It can be verified that

(o ¢]
g ) = Y cmnGmn () Pmn(¥),
m,n=0
where

1
k2 — (mm/€)* — (nm/d)?’

Cm,n =

Pmn(x) = Gom.n cos (myle ) cos (%(xz + d)) ,

ed
1, m=0,n=0,
Oppn=12, m=0,n>lorn=0,m=>1 5.2)

4, m=>1,n>1.

Using Green’s formula, we obtain

due(y)
Vy

dsy + ™) +u™ (x), x e R},

e (x) = f Gx.y)
r

0
PEC L;E(y)dsy, x € De.

us(x)=_/r:rg5 (xvy)

Vy

It follows from the continuity of the single layer potential that we have

i 9 . .
Ue (x) :/ (—1> Hj (c|x — yl) ”f(y)dsy +u™ @) +u™(x), xel}
F:r 2 8Uy

and

3Me(y)d
vy

+
sy, xel..

Ue(x) = —/ & (x, y)
rt

By imposing the continuity of the solution on T';", we have the following lemma.

Lemma 5.1 The scattering problem (5.1) is equivalent to the boundary integral equation:

. , |
/ Y el =y + 67 3 ) 2Py 4w @) + w0y =0, x e T

r+ 2 vy
(5.3)

Similarly, we introduce the rescaling variables X = x;/e,Y = y;/e and define the
following boundary integral operators:
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2
(Tp)(X) :=/ G (X, Vp(Y)dY, X €(0,1),
0

1
(Tip)(X) :=/ GL(X,Y)p(Y)dY, X € (0.1). (5.4)
0

where G¢, GL, ¢ are give in (3.6) with gF MC being replaced by ngC. Then the boundary
integral equation (5.3) is equivalent to the operator equation:

(T° +THe = f/e, (5.5

where f = (uinc 4 Ml'ﬁf)’l_‘+ — DplksinfeX
€

5.2 Asymptotics of the integral operators
In this subsection, we study the asymptotic properties of the integral operators in (5.4).

Lemma 5.2 Ife < A, then we have the following asymptotic formulas:

G¢ =Tl ) + — 1n|X Y|+ R§(X.Y) + R5(X. Y),

; 1 X+Y X—-Y
G. =Tk, €)+ — |In sinM +1In sinu + R5(X.Y),
b4 2 2

where 'y (k, €) = Coet—:d + 21“2 ,andT1(k, €), R{(X,Y), RS(X,Y), R§(X, Y) are given in
Lemma 3.2.

Proof The proof is similar to that for Lemma 3.2. The integral kernels G¢(X,Y) and
G.(X,Y) can be expressed as

1
GEX.Y) =Ti(k,€) + —In|X = Y|+ R{(X.¥) + RS (X. V),

. 1
G (X, Y)=— X Y).
e( ,Y) ed Z Cm.n%m,n cos(mm X) cos(mmY)
m,n=0
Recalling the definitions of ¢, , and «,,_, in (5.2), we let

o0

> Um.,n
Cm(e. i) = X_:Cm’nam’n - Z k2 — (mw/€)? — (nm/d)?’

n=0

Using the fact (cf. [20]) that
cot(mx) = — + — -, X #n,
TX —

for m = 0, we get

o0

d 1 2dKc /7 o 1
Coll) = Z (mz/d)2 =k (n(d/c/n) T ’; (i /7)? —n2>

- K
_dcot(d/c)
= p .
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Following from the identity

1 2x e 1
—+ =y
X ﬂ;x2+n2

coth(wx) =

we have for m > 1 that

2 s 4
k2 — (mm/e)? + ; k2 — (mm/e)? — (nm/d)?

B —2d 24 /(mnje)r — k2 & 1
S /e? —«2 7 eyt n2 + (£)2((mrm/€)? — k?)

Cu(e, k) =

1
+—
d/(mm/e)? — K2)
= \/(ﬂ;j% coth(d,/(mm/€)? — k?)
m — K

_ 2de €3K2d+0 €
T omm m2r3 mS )’

Here we use the asymptotic expression of (1 — x3)~12 and coth(d/(mm/e)? — k%) — 1
ase — 0.

Substituting Co(x), Cp, (€, k)(m > 1) into to Gi, we obtain

: 1 [dcot(kd) 2\ (2de €k2d €
GZ(X,Y):Ed(K—mXZ:1 E+m3n’3 cos(mm X) cos(mmY)+0O 2—5

m

m=1

= M—i—l (21n2+ln sinw'—i—ln'sinm‘)
Ke b4 2
2.2 1 00 1 X+Y2 X—Y2
- (? Z$+%m(n<xu>)+%m<na—Y))
m=1

+O(X+Y)+ (X — Y>2>)

1 X4y X—v
= ok €) + — <ln sin%‘ +hn ‘sin%)‘) + R(X. Y),
- :

which completes the proof. O

LetI' = I'j(k,€) + Ik, €), K, K;o Kgo are defined same as in (3.10). Then for the
operator 7¢ + T' in (5.5), we have a similar decomposition

i 1 2
T°+T'=TP+K+ K, + K.

where K, K go, K go have the same properties as those in Lemma 3.3.
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5.3 Asymptotics of the resonances

For convenience, we write
FTP+K+KL+KL =2+.2,
where 2 =T P, ¢ = K + K!, + K2 . The eigenvalues of operator £~ % + .7 are
A, €)= 14Tk, ) (L o1, Lo.n) 20,1y

Therefore, the characteristic values of the operator & 4 .Z are the roots of the analytic
functions A(k, €), and the associated characteristic function is given by

90 =T, )2 ).

Theorem 5.3 The resonance of the scattering problem (5.1) are the roots of the analytic
function A(k, €) = 0. Moreover, the resonance set {k,},n = 0, 1,2, - - - satisfies the following
asymptotic expansion

1 1 1
n+ 5)mw n+5)w (1 1 1 n+3)mw
ky = (n+3) + n+7) (elne—l— (+ (21n2+1n(dz)+71)) e) +0(€Ine).
s s

d d? q0
(5.6)

Proof Given roots of A(k, €), it is easy to check that they are the characteristic values of the
operator & 4 . with corresponding characteristic function defined above.
Consider the roots of

Ak, €) =1+ (Ti(k, ) + Dok, L 101, 10.1)) 12001y = O
Recall that T'y(k,€) = L(Ink + y1) + 2 Ine and Ta(k,€) = k4 4 2112 The above
equation can be written as
1

cotxd 1
1+ < o + ;(2ln2 +Ink +y1) + ;lné) (g_ll(o’l), 1(0,1)>L2(0,1) =0.

By Lemma 3.4, similar as (3.13), we let

cotkd

p(k,€) :=€A(k,€) =€+ ( +ep(k) + %e In e) (qg + 0(62 In e)) ,

where p (k) := %(2 In2 +1Ink + y1). All the roots of p(k, €) lie in the domain Q25,.6,,.m :=
{zeC:|z—=2jn/d| = by, j € Z} N Qg,, m, Where

b1 b1
Q= [z € Cilal < M.~ — 00) < agrz = = — 6o
It is clear to note that % is analytic in the domain €25, ¢,, » and the roots are given by

1\ m
kn,0:<n+§>g, n=012---.

Denote by k,, the roots of A (e, k). Applying Rouche’s theorem, we deduce that k,, are simple
and close to k, 0. The corresponding pi(k, €) are defined by

cotrxd 1
pik,€) =€+ — +ep(k) + ;Elne q0.
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Expanding pi(k, €) at k, o yields

—d? n+ Hn
pilk,e) =€+ 71(K_kn0)+i 21n2+1ng+y1
(n+3)m T d
d 1
(ke — k) + Ok — k) + f61n6>q0,
(n+§)ﬂ2 T

We conclude that p(«, €) has simple roots in €25, 9., Which are close to k,o. Moreover,
these roots are analytic with respect to the variable € and € In €. Denote the roots of pi(«k, €)
by k,1 and expand them in term of € and € In €, we obtain

kno {1 11 n+ Hn
k,,1=k,,o+i0 —elne + —+—(21n2+lng+yl) € +0(621ne).
d \m q T d
Using Rouche’s theorem again, we obtain

kn = kn1 + O(e*Ine),

which completes the proof. O

5.4 The field enhancement with resonance

In the far field region, we can follow the same steps as those in Sect. 3.4.1 with the new
p(k, €). Then we have the following theorem with the detailed proof omitted.

Theorem 5.4 At the resonant frequencies k = Rek,, where k,, is given in (5.6), the scattered
electric and magnetic fields have enhancement of an order O(1/€) in the far field region.

Next we demonstrate the field enhancement inside the cavity. It follows from (4.2) that
the total field u, can be expanded as the sum of waveguide modes:

1 . .
ue(x) - ( g-e—u(xz + ao—el/((x2+d))

Ve
> [2 . ; mmx
+ \/i (ot,'fe_lﬂ"xz + ocn_elﬁ"(xz"'d)) cos (71 ) . 5.7
n=1 € €
Lemma 5.5 The coefficients in (5.7) have the following properties:

o qo(2+sin0 - O(ke)) o
Je o k(=14 ei2xd)p Je —2k sin(kd) p

and
/2+<C /2,<C
- —_—, -, | < —,
e "| T Jn € Jn

where the positive constant C is independent of 1., € and n.

2 +sinf - O
=610( + sin (’“))+0(ezlne)

+ 0¥ Ine),

n>1,

Proof 1t follows from the boundary condition d,u = 0 on I'_ that the expansion of (5.7)
becomes
+ ikd
b ) = oy e (e—i;((x2+d) I eik(Xz-&-d))
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o0
+ Z\/?a;:-eiﬁnd (e—iﬂ;z(x2+d) 4 eiﬂ,,(xz+d)> cos (”’”1 ) . xeD,.
n=1 €

€

Taking the derivative of the above equality with respect to x, on ' yields

Jue(x1,0) _ ﬁi,{(_l + oi2ed +§:\/Zx+i/3 (=1 + ¢i2P1d) cos (””xl)
dxy  JJe —Ve non e /°

Multiplying the above equality by ¢y (x1) and integrating it on '} yields

+

. 1 a 1
(X—Oi/c(—l + ¢i2¢dy = f/ e (x1,0)dx; = 7/ —@(x1/€)dx;
\/E € Jrr dx2 € Jrr
1 .
2 -0
:/ o(X)dx = L2 Hsn0-0we) 2y
0 p
Here we use (¢, 1(0,1))12¢0,1) = M + O(e%1ne¢), which is shown in the proof
of Lemma 3.7. By oy = (x(;“ei"d, we get
+ .
2 -0
% _ qu +sinf (k) + 0(e*Ine),
ﬁ ik(—1+ el2l(d)p
ﬁ 1 (2 +sin6 - Oke) + O0(2ne).

Je —2i sin(kd) p

Similarly, for n > 1, we may obtain

2 . !
\/;x,jiﬂn(—l + 2Py — _ / @(X) cos(nm X)dX.
0

Note that i, = O(=2), ll¢llg-12¢0,1) S é, [ cos(nm X) | 1201y S J/n. Thus we have

< < - > 1
V o = s ‘/ o = , n=1,
€ n fll € "
where the positive constant C is independent of }\., €, n. m}

The following result gives the field enhancement inside the cavity.

Theorem 5.6 Let bg = {x € D : —d < xo» < —¢€} be the interior of the cavity D¢. If
k = Rek, where ky, is given in (5.6), then we have for € < X that

2icosk(xy +d)

O(21ne), D..
csingeay o€ ne), xeDe

2
ue(x) = <f +sin6 - 0(1) + O(ln26)>
€
Moreover, the electric and magnetic field enhancements are of an order O (1/€).
Proof In the region D, we have from the expansion of (5.7) and Lemma 5.5 that

@ Springer



Partial Differential Equations and Applications (2021) 2:55 Page 49 of 51 55

400

IS
=)
3

Enhancement factor Q¢
— N N w @
@ S R 8 &
3 3 3 3 3
Enhancement factor Q
— N n @ @
@ S R 8 &
3 8 8 8 3

=)
S
=)
3

a
S
a
S

o
o

5 10 15 20 25 0 5 10 15 20 25
Wavenumber « Wavenumber

Fig. 6 The field enhancement factor is plotted against the wavenumber « for the PEC-PEC cavity: (left) the
electric field enhancement factor Q g; (righ) the magnetic field enhancement factor Q g

qo(2 +sin@ - O (ke)
iK(—e_in + eif(d)p

_ qo(2 +sin6 - O(ke))cosk(xa + d) i + 0@ e + 0V,
p

e (x) = (e—ik(x2+d) + eiK(xz+d)) + 0 ne)+ 019

—K sinkd
Using the fact that at the resonant frequencies k = Rek,,,

1 2i 2
— (1 4+ O(eln“¢€)).
0€

q

we obtain

2icosk(xy +d)

O(*lne).
Kk sin(kd) + 0@ ne)

Ue(x) = (% +sinf-0() + O(]n26)>

Therefore, the magnetic field enhancement has an order of O(1/€). We conclude from
Ampere’s law that the electric field enhancement also has an order of O (1/¢). O

Finally, on the open aperture I, we may follow similar steps as those in Sect. 3.4.3 and
show the electromagnetic field enhancement. The proof is omitted again for brevity.

Theorem 5.7 At the resonant frequencies k = Rek, where k, is given in (5.6), the enhance-
ment of the scattered electric and magnetic fields has an order O (1/€) on the open aperture
I+,

5.5 Numerical experiments

We show some numerical experiments to verify the theoretical findings of the field enhance-
ment for the PEC-PEC cavity. We take the cavity width e = 0.005, the cavity depthd = 1, and
the angle of incidence 8 = /3. Figure 6 (left) and (right) show the plot of the electric field
enhancement Q g the the magnetic field enhancement factor Q i against the wavenumber &,
respectively. We observe that both the electric and magnetic enhancement factors do obtain
peaks at the resonant frequencies (5.6), which are close to x = (n + %)71, n=20,1,2,....
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6 Concluding remarks

We have studied the electromagnetic field enhancement for the scattering of a plane wave
by a subwavelength rectangular open cavity. The TM polarized wave model problem is
considered for both the PEC-PMC and the PEC-PEC cavities. The electric and magnetic
field enhancements are examined in both the nonresonant and resonant regimes. These results
provide an understanding on some of the mechanisms for the wave field amplification and
localization in a subwavelength structure. This work focuses on the TM polarization of the
electromagnetic wave in a single cavity. We will investigate the influence of multiple cavities,
whether the enhancement may occur in the transverse electric polarization (TE), the more
complicated three-dimensional Maxwell equations, and the elastic wave equation. The results
will be reported elsewhere in the future.
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