REGULAR DIFFERENTIALS AND
EQUIDIMENSIONAL SCHEME-MAPS
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Introduction

In [Km, p.43, Thm. 4], Kleiman proves (more than) the following version of relative
duality for quasi-coherent sheaves in algebraic geometry:

For any scheme Z, let Z,. denote the category of quasi-coherent Oz-Modules. Let
f: X — Y be a finitely presentable proper map of schemes, and let d be an integer such
that all the fibres of f have dimension < d. Then there exists a functor f': Yye — X4 and
a bifunctorial isomorphism

Homo , (F, f'G) = Homg, (RYf.F, G) (F € Xqes G € Yyeo)-

In other words, f' is right-adjoint to the higher direct image functor R%f, : Xqec — Yyc; as
such, it is unique up to isomorphism.

Deeply intriguing and enlivening features of the subject of Duality emerge when one
seeks to render concrete realizations—often involving differential forms—of the abstract
theory. The passage between abstract and concrete is unexpectedly demanding; the payoff
is vital illumination in both directions. It is in this light that our results should be viewed.

The importance of differential forms in this area grows out of the following result:
though the relative dualizing sheaf f'Oy is determined only up to isomorphism, under
suitable additional hypotheses (X and Y noetherian excellent schemes without embedded
associated points, f: X — Y generically smooth and equidimensional of relative dimen-
sion d, cf. §1), there is a canonical choice for it, namely the sheaf of regular d-forms
defined by Kunz and Waldi in [KW, §3], a certain coherent O x-submodule of the sheaf of
meromorphic relative differential d-forms, restricting over the (open, dense) smooth locus
U C X of f to the usual sheaf Q‘(i] Iy of holomorphic relative d-forms. This result has a long
history, beginning with Roch’s contribution to the Riemann-Roch theorem, if not earlier,
cf. [L1, pp.5-6]. For Y = Spec(k), k a perfect field, it is part of the main theorem in
[L1] (ibid. p. 26, (¢))—the projective case had been done before in [Kz]. (In this situation,
and no doubt more generally, it can also be deduced from Grothendieck Duality [RD].)
Recently it was proved by Hiibl and Kunz for any projective map f as above [HK2, Duality
Theorem], and then for any proper f by Hiibl and Sastry [HS, main Theorem].
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Now fix a base scheme S, and restrict attention to those S-schemes Z whose structure
map g: Z — S is proper and satisfies the “additional hypotheses” in the preceding para-
graph. Let wy = ¢'Og be the canonical dualizing sheaf of regular differential forms. A
motivating problem is: given a suitably restricted map f: X — 'Y of such S-schemes, relate
wx to wy by invariants of f. There is a fascinating interplay between this global question
and local functorial properties of residues, such as are given by (R3), (R4), and (R10) in
[RD, pp. 197-199]. The case where f is finite and flat leads to generalizations of (R10) like
the “trace formula” of [L2, p.92, Thm. 4.7.1]. The case of a closed immersion, treated in
[L1, §13], leads to generalizations of (R3), cf. [ibid., p. 117, Thm. 13.12]. Here we consider
the case where f satisfies the “additional hypotheses.” This case will involve a local version
of (R4). The territory is not undiscovered, but still rather unexplored; our emphasis will
be on bringing out the inherent local-global relationships.

Suppose then that f has relative dimension d and that Y — S has relative dimension n,
so that X — S has relative dimension n+d. Let wy be the canonical dualizing sheaf for f.
The right-adjointness property of f' leads directly to a natural isomorphism wx - f'wy,
and hence (cf. §2) to a natural map

n:f*wy®wf—>wxzf!wy.

This 7 is an isomorphism if, for example, Y — S is flat, with Gorenstein fibres (so that
wy is invertible); or if f is flat and locally projective, with Cohen-Macaulay fibres (cf. Re-
mark (2.3)). In particular, the case where f is flat and finite contains the classical “Hurwitz
formula.” So we have in these circumstances some kind of solution to our motivating prob-
lem (given implicitly in [V, p. 396, Cor. 2|, and more explicitly in [Km, p. 57, Remark (vii)]).
But what does the abstractly-defined map 7 look like in concrete terms?

Assume for simplicity that X, Y, and S are reduced and irreducible, with function
fields k(X), k(Y), and k(S). Then w; is a subsheaf of the constant sheaf QZ(X)/k(Y),
and similarly wx C QZ(JS?)/k(S) and wy C QZ(Y)/k(S). Using only local methods (i.e.,
commutative algebra), Hiibl shows in [H2, p.216, Thm. 1] that the image of the natural
composed map

frfwy @ws = [ Uy sy © QZ(X)/I@(Y) - QZE;?)/k(S)
lies in wx. Thus there is a down-to-earth map
o: ffwy Qs —» wx .

Hiibl shows further [ibid., p.221, Cor.2] that ¢ is an isomorphism at any point z € X
such that f is Cohen-Macaulay at z and g is Cohen-Macaulay at f(z),! or such that g is
Gorenstein at f(z). So here again is a solution—local, and concrete—to our problem.

L This restriction on g is superfluous.



Our main result Theorem (4.1) asserts, in essence, that n = . Thus the global,
functorial perspective and the local, algebraic perspective complement each other.

We close this Introduction with a few remarks about the proof of Theorem (4.1). It
suffices to compare the stalks 7, and ¢, at a closed point x of X at which f is smooth and
such that g is smooth at f(x); and since all the relevant data are compatible with flat base
change, cf. (2.2.6), we may therefore assume that S = Spec(k), where k = k(.5), and that
furthermore the maps X — Y and Y — S are smooth. In this case one could, presumably,
find a global proof of the Theorem by working with the definition of the isomorphisms
'Oy = wp = le{/y etc. described in [Km, p.55, Prop.(22)] (based on [V, p.397,
Thm. 3])—and verifying that those isomorphisms coincide with the ones from [HS| which
we have been using up to now. However, in the above-mentioned spirit, we will base
our proof on the interconnection between global duality and local residues, as expressed
fundamentally by the Residue Theorem, which in various degrees of generality is a principal
result in [Kz], [L1], [HK2], and [HS]. (We need a still more general version, given in (4.2.2).)

By local duality, we can determine that n, = ¢, after applying local cohomology
H?*? and the residue map res, : Hg+d(9}7g) — k, cf. e.g., [L1, §7]. Set R := Ox, and
A = Oy #(z); let s = (s1,...,5,) be a system of parameters in A, and extend s to a
system of parameters (s,t) = (s1,...,8n,t1...,tq) in R. The key point is to show that for

§1 €0, and & € Q%/A, the image of the generalized fraction (cf. §3)

Fl ® &2

ot ] EH;H—d(f*wy ®Wf)

under the composition

resg

HM Y (foy @wyp) 225 H Y (wy) ==

res (e [ (ReSR/AS[ €t2 } ) 61 ]

where the residue Resp/4[ | € A is as in [L2, p.19, (1.9)]. (N.B. This is a local charac-
terization of the globally defined map n.) This requires, among other things, a transitivity

is

relation for cohomology with supports, given in §3.

The desired conclusion then follows, because in [H1, p. 102, Cor. (7.9)] Hiibl has proved
a similar transitivity formula for residues, with ¢ in place of 7.

What we just described is our original argument. R. Hiibl has made us aware that the
residue formalism recently developed by him and E. Kunz in [HK1] is very well suited to
the present context. For example, it makes the reduction to smoooth points unnecessary.
Therefore the argument given in §4, though basically the same as the foregoing one, will
make use of the Hiibl-Kunz approach to residues.



§1. Preliminaries

For any scheme Z, Z,. denotes the category of quasi-coherent (sheaves of) O z-Modules.

A locally finitely presentable (lfp) scheme-map f: X — Y is said to be generically
smooth if f is smooth at each maximal point z of X, i.e., at the generic point of each
irreducible component of X. (This means that f is flat at x and that, with y = f(z),
the local ring of = on the fibre f~1(y) is a field, separable over the residue field at y.)
Equivalently, f is generically smooth if the (open) subset of X where f is smooth is dense
in X [EGA IV, (12.1.7)].

An Ifp scheme-map f: X — Y is said to be equidimensional if f takes each maximal
point of X to a maximal point of Y, and if there exists an integer d such that every
component of every non-empty fibre of f has dimension d. Such a d is called the relative
dimension of f.

Let € be the category whose objects are noetherian excellent schemes without embed-
ded associated points (i.e., every associated point is maximal), and whose morphisms are
finite-type (hence 1fp) generically smooth equidimensional scheme-maps. Let ¢ consist of
all morphisms in @ of relative dimension d. If f: X — Y isin €? and ¢g: Y — S is in €7,
then one checks, using e.g. [EGA IV, (13.3.1), b)], that gf: X — S is in €"+4,

To any f: X — Y in ¢4, Kunz and Waldi have associated a coherent © x-Module w?—
the sheaf of reqular differential forms of f (with respect to the trivial differential algebra
Q = Oy) of degree d. (Cf. [KW, p.45, 3.2b), and p.51]; or, for a quick survey, [H2,
pp.214-215].) This is a subsheaf of the sheaf of meromorphic differentials Mx (2% /v)
defined in [EGA IV, (20.1.3)].

Let f: X — Y be a proper map in €%, and let (f',¢;) be a d-dualizing pair ([Km, p. 41,
Definition 1]), i.e., f': Yy — X4 is a functor right-adjoint to Ref,, and t;: Rf, f' — id
is the corresponding functorial map. The main results in [HS] yield:

(1.1) THEOREM. There is a canonical isomorphism of Ox-Modules

Vf :chl =~ 'Oy

(1.2) Example. If d = 0, X = Spec(B), Y = Spec(A), then the total ring of fractions L
of B is étale over the total ring of fractions K of A, so we have the usual trace map
tr: L — K; and ~y is the sheafification of the B-module isomorphism

{zeL|tr(zB) C A} = Homyu(B, A)

which takes x to the map y — tr(zy).



§2. An abstract transitivity relation

Fix a proper finitely presentable map f: X — Y of schemes (not necessarily noeth-
erian). Let d be an integer such that the fibres of f are all of dimension < d, let (f',¢)
be a d-dualizing pair [Km, p.43, Thm. 4], and set

Wy = f!Oy .
In this section we define a canonical functorial map
np(F): 1 F @0y wp = f'F (T €Yq),

and prove its compatibility with flat base change.? (The section heading refers to the
special case where J = w,, for suitable g: Y — Z, so that f'F =~ wgs [Km, p.57, Remark
(vii)].)

(2.1) Here is the definition of n¢. In the following diagram, with ff = t¢(Oy), the
map F¢(F) is a natural isomorphism, to be described in a moment. The defining right-

adjointness property of (f',t) guarantees then that there is a unique map 7;(F)—clearly
functorial in F € Y .—making the diagram commute.

. R (np(F
R (f*F ®o, wy) — " R (f'F)
(2.1.1) P9 ] [t
F Qoy Rfiwy — T ®o, Oy
d® [,

The functorial map
Fp(F): F®oy Rifuws — RU([*F Royxwy)  (FE Yqe)
is defined by setting & = wy in the natural composition
G(F,8): TR0y RUE = fuf*F R0y RULE— RUY(F*F R0y €)

where € is any Ox-Module, the first map arises from the canonical map F — f, f*F, and
the second one (“cup product”) from [EGA III, p.58, (12.2.2.1)]. This G¢(F,€) is an
isomorphism, to verify which observe that:

(a) The question is local (check, or refer to Lemma (2.2.3) below), so we may assume
that Y is affine, say Y = Spec(A), and that F = M, the Oy-Module corresponding
to an A-module M.

2 This map is implicit in [V, p. 396, Proof of Cor. 2].
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(b) The map f, being proper, is quasi-compact and separated, and so for any affine
open subset U of Y, cohomology on f~1U commutes with (filtered) direct limits
[Kf, p. 641, Thm. 8]; it follows directly—or by [ibid., p. 643, Cor. 11]—that all the
higher direct images R’f, commute with direct limits. Hence, since M is a direct
limit of finitely presentable A-modules [GD, p.133, (6.3.1.4)], we can reduce to
where M itself is finitely presentable, i.e., there exists an exact sequence
oy -0y -F =0 (m,n € N).
(c) Both the functors F ®o, Rf.€ and RUf.(f*F ®o, &) are right exact in F € Yy,
because R'f, = 0 for i > d [Km, p. 43, Lemma 3].
Applying Gf(—, €) to the exact sequence in (b), we can now reduce further to the case

F = Oy, which is covered by [EGA III, p. 58, (12.2.3)]. []
(2.2) (Base change) With f and d as before, consider a fibre square

x -9 x

(2.2.1) 3l |4

Y —— Y
g

i.e., a commutative square such that the associated map X xy Y’ — X' is an isomorphism.
We have functorial maps

(2.2.2) g R'fe = (R'f)g™  (120)

corresponding via adjointness of ¢g* and g, to the natural compositions
R'fe = (R'f.)g.9" — g9:(R'f)g"",

cf. [EGA III, p. 58, (12.2.5)].

(2.2.3) LEMMA. With preceding notation, the following diagram commutes:

" *G ?,E) " "
7" (F ®o, Rif,€) —L TR (f*F 0, &)

(2.2.2)l l(z.z.z)

g*gj®(9y/ Rdfig'*ﬁ m Rdfi(f/*g*‘r}r@OX/ g/*g)
f! ’

Proof. The functorial map G is defined above as a composition of two others. It
will suffice to show that each of these two is “compatible with ¢g*.” For the first, this
compatibility amounts to commutativity of the diagram of natural functorial maps

g — ghLf

l l(2.2.2)
fif*g* ——— flg"”"f*
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which commutativity becomes apparent when the diagram is expanded naturally as follows:

gF —— g —_— g fuf” — g g9
gF ——  g'g.g" g (f9')«(fg')"

| H

9 g fif" 9" ——— g"(gf")(gf')" g (gf")«(fg')"

! >

g ——  fifgt ———  flg"™f* —— 9o fig" "

For the second map, compatibility amounts to commutativity of the natural diagram
g (T @ Rdf*g) — Q*Rdf*(f*rfl~ ® &)

:l l(z.z.z)

g f [T ® g RIfLE RIflg* (T ®E)
(2,2.2)l l:
fig" f*F @ RUg™"E —— RUL(g*[T®g™E)
i.e., to commutativity of the adjoint diagram (where D = f*JF)
f+D ® Rif.E — Rif.(D® &)

! !

9:(g* [+D ® g*RIf.€) g:RfLg*(D®€E)
9(flg*D @ Riflg'*E) —— g.RUfL(g*D ® g'*€)

But this last diagram—without its middle row—is just the sheafification of the following
natural diagram of presheaves on Y (U being any open subset of Y, and V = ¢g~U), a
diagram whose commutativity results from [EGA 111, p. 53, (12.1.5)]:3

HO(fflU, ®) ®F(U,OY) Hd(filU, 8) e Hd(filU, D ®ox 8)

! !

HO(f'"V, ¢"*D) ®rv,0,0) HUf' 7V, ¢*€) —— HYf'""'V, ¢*D ®o,, 9"€)

Filling in of details is left to the reader. []

3 See also (III) in (4.5) below for an explicit description of the cup product.
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Assume now that g is flat. Then the maps in (2.2.2) are all isomorphisms [EGA III,
(1.4.15)]. And from [Km, p.44, Thm. 5] and its proof we get a functorial isomorphism

(2.2.4) g f = g

which at any F € Y is the unique map such that the following diagram commutes:

d et
Rifi(q" f'7) SEEED Rip (5 gT)
(2.2.5) (2:2:2) | = [t
g*Rdf*f!S_r N g*g:
)

In particular, we have (taking ¥ = Oy) a canonical isomorphism
(2-2-4)w g/*(.Uf — o

(2.2.6) ProposITION (Compatibility of ny with flat base change). Let f and d be as
before, let

i

g—>X

X
3l |4
Y —— Y
g

/

be a fibre square with g flat, and let (f',t;) and (f",t/) be d-dualizing pairs for f and f’
respectively. Then for every F € Y, the following diagram, with vertical isomorphisms
arising from (2.2.4), commutes:

S 35
7 (T R0, wf) g " (s (F)) g,*fg:}.

=| |=

f/*g*g;'@OX wf’ - f”g*?
Uf/(g*gj)

Proof. Let n: f*g*F ®o wp — f"'g*F be the unique map such that the diagram

/% 3’

=| |=

fl*g*:_f@ox wf’ - f/!g*Sr
n



commutes. Our task is to show that n = 14 (¢g*F), i.e., that the following diagram com-
mutes (cf. (2.1.1)):

dpl(prx % Rdfi(n) dpet(pt! x

Fur(g™F) T: ltf/(g*g)

9*F ®o,, Riflwp  —— ¢*F ®o,, Oy
id® [/

For this purpose, expand the diagram as follows, with all unlabeled arrows representing
isomorphisms arising from (2.2.2) or (2.2.4):

d e/t
RUfL(f*g"F @ wy) R RIfL(f ")
R (FF @) L) RAfLg™(F'9)

N e/

* * *Rd * *
G RUL(FF @ wy) LWL gepd (f'g)
@ Ig*tf(?) @ te(g7T)

g (F® Rdf*wf) T —— g F

Fri(g*9) B  oFE)

/ giaely)
9*F @ Rf1g"wy @ =)
* d g/ *
J*F QR wy = g F

Commutativity of subdiagram @) follows from the definition of ; of @) from functori-
ality of (2.2.2); of @ from Lemma 2.2.3, with & = w; and ¢'*€ = wy/, cf. (2.2.4),; of @
and ® from the commutativity of (2.2.5); and of @ from the commutativity of (2.1.1).
Since the southwest-pointing arrows—which represent isomorphisms—can be reversed,
commutativity of the outer border results. []

(2.3) Remarks. 1. One checks that ny(Oy) = identity; and so Proposition (2.2.6)
implies that 7y (F) is an isomorphism whenever J is locally free of finite rank. The same
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holds in fact for any flat I € Y., since any such J is locally a direct limit of finite-rank
free ones (by Lazard’s theorem [GD, p. 163, (6.6.24)]), and since f' commutes with direct
limits [Km, p.42, Prop. 2, (iv)].

2. If ny is a functorial isomorphism, and if Y is quasi-separated, then w; = f 'Oy is a
dualizing sheaf in the sense of [Km, p. 46, Definition 6]. Indeed, since 7y is, as in (2.2.6),
compatible with open immersions, and since for every affine open U C Y, quasi-coherent
Opy-Modules extend to quasi-coherent Oy-Modules [GD, p. 317, (6.9.2)], therefore g is
an isomorphism, and we conclude via [Km, p. 47, Prop. 8, (ii) = (i)].

Conversely—and with no assumption on Y—if a dualizing sheaf exists, then for all open
U C Y, nyy is the isomorphism in [Km, p.46, Definition 6].* This need only be verified
(trivially) at Oy, because all the functors in sight preserve epimorphisms and arbitrary
direct sums, and all the maps involved are compatible with open immersions.

Dualizing sheaves exist, for example, whenever Y is the spectrum of a field [Km, p.46,
Example 7 (i)]; or whenever f is flat, equidimensional, locally projective, and has Cohen-
Macaulay fibres [Km, p. 48, Definition 10, and p. 55, Thm. 21].

§3 Transitivity for cohomology with supports

(3.1) Let I be an ideal in a noetherian commutative ring A. The left-exact additive
functor I'; of A-modules M is given by

Fy(M):={me M| I"m =0 for some n > 0}.

The right-derived functors of I';—cohomology with supports in I (or, more accurately,
in Spec(A/I))—are denoted by Ht (i > 0).
If J is a second A-ideal, then

(3.1.1) Ty =T0T;.

As is well known (or follows from (3.2.3) below), if I = (t1,...,tq)A and J = (s1,...,8,)A4,
then
HY(M)=0forp>d and H%(M)=0 for ¢ >n;

hence the spectral sequence associated to the decomposition (3.1.1) of I 1 gives rise to a
canonical isomorphism

(3.1.2) v: HY (HH(M)) = HYH(M).

The main result in this section is Proposition (3.3.1), which describes v in terms of
“generalized fraction” representations of elements in modules of the form H¢(M).

4 which is presumably meant to be the identity when applied to Oy .
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(3.2) To prepare the ground, we review a few facts about cohomology with supports.

Let X* be a bounded-below complex of A-modules. Recall from [RD, p. 56, Cor. 5.3 o]
the definition of RI';(X*®), a complex whose homology is the hyperhomology of X* with
supports in I.

Let t € A. For any A-module M, I'; 4 (M) is just the kernel of the natural map A\js from

M to the localization M;. Moreover, if M is an injective A-module, then \,; is surjective
[Ha, p. 214, Lemma 3.3].

Denote by K*(t) the complex which looks like A 24, A in degrees 0 and 1, and which

vanishes elsewhere.

(3.2.1) LEMMA. For any X* in the derived category of bounded-below complexes of
A-modules, and t € A, there is a natural isomorphism

RT4(X®) = K*(t) ® X°.

Proof. Let A\ := Axe: X* — X be the natural map. There is an obvious map of
complexes
La(X®) =ker(\) < K*(t) @ X*° .

One checks directly that if \ is surjective then ¢ induces homology isomorphisms (i.e., ¢ is a
derived-category isomorphism); so in case X*® is injective, then we are done, since then the
canonical map I't4(X*®) — RI';4(X*®) is an isomorphism. Reduce the general case to this
one by choosing an isomorphism of X*® into an injective bounded-below complex E*®, and
noting that the resulting maps RT';4(X*®) — RT;4(F°®) and K*(t) @ X* — K*(t) ® E*® are
both isomorphisms (the latter, since K*(¢) is flat and bounded, via [RD, p. 93, Lemma 4.1,
part b2]). [

From (3.1.1) we get an isomorphism
(3.2.2) R[;,; < R, oRT;

[RD, p.60, b)]. Hence, by induction on d, the case d = 0 being trivial and d = 1 given
by (3.2.1):

(3.2.3) COROLLARY. For any sequence t = (t1,...,tq) in A, there is a natural func-
torial isomorphism

ap: RTeA(X®) =5 K ()@ X* T K ()@ 9 K*(t) ® X°;
and if s = (s1,...,8,) is a second such sequence, then the following natural diagram
commutes:
RFSARFtA(X.) —_— RF(S,t)A(X.)
as(]RFtA(X‘))l las,t(x‘)
K°(s) @ K*(t) @ X* ——— K°(s,t) ® X*
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Now for any A-module M, the complex K*®(t) ® M vanishes in all degrees > d, and in
degree d it is the localization My, ¢+,  +,. So oy L induces a surjection

w:7dnﬂﬂ:ﬂﬂﬂlidH»Hd@HLNAD):]ﬁﬁ@%)

Thus we can represent any element of HZ, (M) as a “generalized fraction”:

(3.2.4) DEFINITION. With preceding notation, and m € M, and ay,as,...,aq any
positive integers,

m m
=r(—" ) e HE, (M).
{t‘fl,tga...,tgd} (t‘fltSZ...tgd) ea(M)

For d = 0 and the empty sequence ¢, we set

{Zy:meM:mMMy

Remark. There is a possible ambiguity here in that we can have equalities of the form
1t = 31{1, etc. But in fact there is no problem: denoting (¢7,...t5%) by t?, one verifies
easily that K*(t*) = K°®(t) and that ag= = ay, whence 7(t, M) = 7(t®, M), so that the
map 7 depends only on the sequence t2.

(3.3) From (3.2.3) we deduce, for A-modules L, M, a natural functorial isomorphism

/L:Hs,t(La M): :A(L)@)thA(M) — H(TLSJ,:;C)IA(L(X)M)

(R[] wenem

In particular, we have the isomorphism

such that

ps,6 (A, H (M) : HI4(A) @ H{y (M) = Hy (Hga(M)) .
So we have the isomorphism
-1 n ~ n
o (A, M) o o g (A, HE(M)) ™ 2 (B (M) = I ().

The following Proposition identifies this isomorphism with the isomorphism v of (3.1.2).
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(3.3.1) PROPOSITION. Let I and J be ideals in a noetherian commutative ring A, gen-
erated respectively by sequences (ti,...,tq) and (s1,...,8,). Then for any A-module M,
and with notation as in (3.2.4), the isomorphism v of (3.1.2) satisfies

[G]- (1] e

S s, t

Proof. For any complex Z°® of A-modules, and any integer r, the truncation 7.,Z°* is
defined to be the complex

v 0—=0—coker(Z" - Z") =z 5 272 L

This 7., can be viewed, in the obvious way, as a functor from the category of complexes
into itself. If f and g are homotopic maps of complexes, then so are 7., f and 7.,g; and
if f induces homology isomorphisms, then so does 7.,f. Hence 7., can be made into a
derived-category functor.

From (3.2.3) we deduce, for A-modules M, a functorial derived-category isomorphism
T5aRT (M) = H{(M)[—d],

and similarly for the pair (J,n).> By (3.2.3) again, the desired conclusion results quickly
from commutativity of the following natural diagram:

TonsaRT sy (M) m Ton+aRT; (RT(M)) —— ToptaRTy (12aRT 1 (M)

=| |=

HYy L7 (M)[—n - d] » Hj(H{(M))[-n —d]

v—1

The proof of commutativity is an exercise on spectral sequences. (One may, for example,
begin by identifying v, via the natural map RI'; — 7-4RI';, with an edge homomorphism in
the (degenerate) spectral sequence of I'j-hyperhomology of the complex 7. 4RI’ (M).) [J

(3.4) Remarks. (i) We will be making use of the residue maps defined in [HK]. Since
their notation for generalized fractions is, on the surface, different than ours, we need to
establish the equivalence of the two.

For any t € A, X*(t) will denote the complex which is “multiplication by ¢": A — A in
degrees 0 and 1, and which vanishes elsewhere. For any two positive integers r < s, there
is a map of complexes K*(¢") — XK*®(¢°) which is the identity in degree 0 and multiplication

5 Recall that for an A-module N, N[—d] is the complex which is N in degree d and 0 everywhere
else.
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by t*~" in degree 1. The resulting direct system of complexes has as its 11_11)1 the complex
K*(t) defined above.
Next, let t := (¢1,...,t4) be as in (3.2.3). For any A-module M, we set

Ke(t, M) :=K*(t1) @ @K*(tg) @ M.

There is a natural isomorphism between this K°®(t, M) and the Koszul cochain complex
K*(t, M) defined in [EGA III, p.82, (1.1.2.2)], inducing in degree d the identity map of
M = X4(t, M) = K%, M). The specification of this isomorphism (by induction on d, or
directly) is left to the reader. Setting t" := (¢7,...,t}), we get from the direct systems
Ke(t7) (1 <i < d) a direct system K*(t", M) whose 11_11>1 is K*(t) ® M. Hence we have a
map

Be: M/tM = HY(K*(t, M)) - HY(K*(t) ® M) = H{(M)

such that

Be(m +tM) = {T} .
With these remarks, the equivalence of the generalized fraction notation here and in [HK]
becomes straightforward to check.

(ii) Let I be an ideal in a noetherian ring A, and let P = P(I) be the set of all
sequences t of length d such that the ideals I and tA have the same radical. Assume that
P is non-empty. Let t and t’ be sequences in P, and think of them as 1 x d column vectors.
For any d x d matrix A such that At = t’, Cramer’s rule shows that multiplication by
the determinant |A| induces a map M/tM — M/t'M. The family (M/tM)¢cp together
with all such determinantal maps forms a directed inductive system. It follows easily from
[L1, p. 60, Lemma 7.2] (whose proof in the present more general context is the same) that
HY(M) together with the preceding maps By is a h_n>1 of this system. Thus to define a map
of groups p: H¢(M) — S is the same as to define a family of maps py: M/t M — S (t € P)
commuting with the determinantal maps, the correspondence being such that

p {ﬂ = pe(m +tM).

84 Transitivity for regular differentials

(4.0) We need some preliminary definitions before stating the main Theorem (4.1).

Let X be a noetherian scheme without embedded associated points. Let Xy be the
artinian scheme

Xp = H Spec(Ox,s)
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where s runs through the set of associated (= maximal) points of X, let ix: Xo — X be
the canonical map, and set

]{J(X) = iX*(OXO) y
the sheaf of germs of meromorphic functions on X. The map i := ix being affine, we have
for any € € Xqc and F € (Xo)qc, @ natural isomorphism

(4.0.1) ERoy 1+F = 1, (i"E R0, F);
and in particular there is a natural isomorphism

EROy k(X) =5 i,d"E.
J

For any map f: X — Y of such schemes, () denotes, as usual, the sheaf of

X/Y
relative differential j-forms. The map f induces a map fo: X9 — Yp, and we have
QJXO/YO = i}Q&/Y. We define the sheaf of meromorphic relative j-forms to be

Do) = xR y,) = ixaix Uy jy = Ly )y Box KX
Now let f: X — Y bein ¢% and let g: Y — S be in €7, so that gf: X — S is in ¢"td

(cf. §1). There results a commutative diagram

Xy —X 4 X

W]

Yo —— Y

1y

| s

Sy — S
is

The generic smoothness of f and g implies that fy, and gy are smooth. So we have an exact
sequence of locally free O x,-Modules

0= fo % /50 = Dxy/50 = Lxo/ve = 0
whence (cf. e.g., [RD, p.139]) an isomorphism
(4'0'2) fg 711/0/5'0 ®OX0 QSI(O/YO — Q&ﬁ?&'o :
Since i} k(Y') = Oy,, there are natural identifications
fo @0/50 =fo (i;Qﬁ/s Doy, z?k(Y)) = foty (Qﬁ/s X0y k(Y)) =ixf" (QZ(Y)/k(S)) :

Applying ix. to the isomorphism (4.0.2), and keeping in mind (4.0.1), we get a canonical
isomorphism (which, for convenience, we will treat as an identity)

* N d ~ n+d
P Uy nes) @ox Uexymeyy = Qxymes) -

Locally, this isomorphism is the same as the isomorphism ¥ in [H2, p.214].
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Suppose now that the maps f and g are proper. Then there is a functorial isomorphism
R"g.Ref, = R"4(gf), (cf. e.g., [Km, p.57, Remark (vii)]), and hence by the defining
right-adjointness property of dualizing pairs (§1) there is a unique functorial isomorphism
f'g" == (gf)' such that the following resulting diagram commutes for any D € Sy:

R (gf)f'g'D ——— R" (gf).(gf)'D

|

(4.0.3) R"g.Rf.f'g'D tgs (D)
R"g*(tf(glﬂ))l
R'¢.¢D  — D
tg(D)

From Theorem (1.1), it follows now that we can identify f !w;‘ with wg;rd; and then as in §2

we have the map

nf(wg) ; f*wg ® w? — wgfd

Our principal result is:

(4.1) THEOREM. Let f: X — Y, g: Y — S be proper maps, with f € ¢% and g € €.
Then the following diagram, in which the vertical maps arise from the embedding of regular
differentials into meromorphic differentials, commutes:

oo d ns(wy) ntd
[fwg @ wh — Wy
*(OYN d n+d
P By res) © Qrexyny) Qe X))

(4.2) The proof of Theorem (4.1) will be based on Proposition (4.2.2) below, which
generalizes the Residue Theorem [HS, Main Theorem, (iii); or Remark 2.7].

We first fix some notation. Let f: X — Y be a proper map in ¢4, and let (f*, ty) be a
d-dualizing pair (§1). Let x be a closed point of X, so that y := f(z) is a closed point of Y.
Set R := Ox , and A := Oy,,. Let n = dim A, and assume that dim R = n+d (i.e., at least
one component of X through xz maps densely to a component Y’ of Y through y such that
dim Oy, = n, cf. [EGA 1V, 13.3.4]). Let s := (s1,..., s,) be a system of parameters in A,
and extend the image s’ of s in the A-algebra R to a system of parameters (s’,t). For any
F € Yqc, the local cohomology H(F) = H[',(F,) is isomorphic to h_r)nf)fy/(s{, coS) Ty,

cf. (3.4); and hence, with A the completion of A, there is a canonical isomorphism
(4.2.1) u(F) = H:A(?y ®a A)
6 Prop. (4.2.2) is also related to [L1, p.87, Thm. 10.2], and to [HS, Thm. 4.2].
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(so that H}(F) is an A-module). As in (3.3) there is a functorial map (with & € X.)
p= (T, €): HI(F) @4 Hn(€2) — HIT(f*F @0, )

such that for a € ¥y and b € &,

a b a®b
s([E)e )= 190
With m the maximal ideal of R, we set
v v -
Resg/a L} ::Resm[t] €A (Vewjl%/A:w;‘f,m)

where Resy, is as in [HK1, Definition 2.1]. By the transition formula for the residue symbol
[ibid., Thm. 2.4], and the remarks at the end of (3.4) above, we can think of Resp 4 as
arising from a map

Resy 4t Hi(w§ 4) > A (J=VtR).

Let E := f~'{y}. Since Hé’(qu*f!ff") =0 for p > n or ¢ > d, the spectral sequence
associated to the functorial decomposition I'g = I'y, o f, gives an isomorphism

§(F): HY (R f'F) = HE(f'F) (F € Yyo).

We define the local trace
tH(F): Hyt(f'F) —» H)(TF)

to be the functorial composition

Hi(ty)

HPH(fF) 2, pnd(plg)y 2 g (RAfL £'F) H(F).

In particular, if Y = Spec(k) for some local artin ring k, then £ = X, n =0, H} =Ty,
and ¢ is the canonical isomorphism I'y (Ref, f'F) =~ H(X, f'F). In this case we let res,
be the composition

t3(0s)
S

res, : Hg(w?) =~ HY(f'0y) k.

This is the same as the map Resg/k, which, in view of [HK1, 1.7 and 2.6], is the map

'y (fX/Y,z)

H;(w§) =Ty (Rg fuw§) k

with Z = {z} and [ Jy,z @ in 4.4 of loc. cit. Indeed, the above-mentioned Residue
Theorem of [HS] tells us that [, Jy,z factors as

t
RY fuwd 2% RUfwE = R FOy 5 Oy,

and the equality Res% /K = TS results. Thus res, depends only on the k-algebra R, and
not on f.

17



(4.2.2) PROPOSITION. (i) (Residue Theorem) Under the preceding circumstances, and
with n = n¢(F), cf. (2.1), the following diagram commutes:

HNF) @4 HR((f'Oy)e) —F— HIM(f*F R0, f'Oy)

.| |

H}(F) ®a Hip(wh ) Hyt(f'F)
1®Resl{c/Al lt?
HMF)®a A — HMF)

natural

(ii) (Transitivity for local trace) Let X vy 4 S be proper maps in ¢4, €™ respec-
tively. Let x be a closed point of X, and set y := f(x), z := ¢g(y). Let m := dim Og ., and
assume that dim Oy, = m +n and dimOx , = m +n + d. Then for any D € Sy, the
following diagram commutes:

Ha'r:nJrner (f'g'ﬁ) tfc(gD) H?:n+n (g|®)

:T lté’(@)

Hptrti((gf)D) ———  H'(D)
tgs (D)

In particular, if S = Spec(k) for some local artin ring k (so that m = 0), then the following
diagram commutes:

S g (W)

~ res,

(4.3) Before proving (4.2.2), we deduce Theorem (4.1) from it.

First of all, (4.1) asserts the equality of two maps into QZ(JS?) Jk(S)’ and it is clear that
this equality can be checked “stalkwise” at the maximal points of X. Recall from (2.2.6)
that 7 is compatible with flat base change, and by [HS, Prop. 3.1] it follows that the same
is true of the isomorphism ~;: w;‘f = 'Oy of (1.1). Since the map ig: So — S in (4.0)
is flat, it follows that we may replace S by a connected component of Sy, and then assume
that S = Spec(k) where k is a local artin ring.

Next, let U C X (resp. V C Y) be the (dense, open) smooth locus of f (resp. g), and
let W =UnNf~1V. Then W contains all the maximal points of X, so that (4.1) need only
be checked stalkwise at an arbitrary closed point x € W (since then it holds at any point
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in W). Since f is smooth at x and g is smooth at y := f(x) (so that gf is smooth at z),
we have, by [KW, p. 52, Cor. 3.10], canonical identifications

(ffwg)e ® (w?)x = (" /1) ® (le(/y)w = (QT)L{J/rlccl)fC - w;;;l'

Thus, with n = ny (wg), our problem is reduced to showing that n, = identity.

By local duality [HK1, 3.4], for 7, to be the identity, it suffices, with s, s’, and t as
in (4.2), that for any &; € Qg/k and & € Q%/A,

(4.3.1) res, {”(’51 ®§2)] — res, Fl ®§2} .

s’ t s’ t

But (i) in (4.2.2), with F = wy', yields

o140 ) [2)

and then (ii) in (4.2.2) shows that applying res, to this equality yields

432 e 162 (et [3]) [9])

In the present smooth circumstances, all the residue maps appearing agree with those
defined via Hochschild homology, cf. [HK1, 1.8]; and for the latter type of residues, Hiibl
has shown that the right hand sides of (4.3.1) and (4.3.2) agree [H1, p. 102, Cor. 7.9].”

Thus Theorem (4.1) holds. []

Exercise. What does all this mean when d =0 or n =07 (Cf. (1.2) and (3.2.4).)

(4.4) It remains to prove (4.2.2), (i) and (ii). We do the easier part (ii) first. Set
F:=g {2} and
E':=fT'F = (9f) {2} D E:= fH{y}.

We have then the functorial decompositions

FE’ :on(gf)* :ong*of* = FFOf*.

7 Note that this is a purely local result. Hiibl has pointed out to us that similar arguments lead
to a direct proof of this equality, with no reference to Hochschild homology. This is preferable not only
because the result is then more generally applicable (smoothness is not needed), but also because the
“trace property” employed is a rather difficult one to establish in the Hochschild context, but in contrast
is built into the definition of residues in [HK1].
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The assertion in (ii) is that the outer border of the following natural functorial diagram

commutes.

H;nJrner(gf)! — H;n+n+df!g!

Hy™gf)  ——  Hg™Uflg —— HPYRIULfl — Hptg

)
Hpt v gf)  —=—  Hpttifg — HPTRIf ¢ —— Hptg
~ ~ ® ~ ~

HR™ (g f)(9f)" —= HI'R""(gf).f'g — HI'R"g.Rf.f'g — HI'R"g.g

! ® !

H H

Subdiagram (@) commutes because the natural functorial map Iy — I'r induces a mor-
phism of the spectral sequences associated respectively to the decompositions ' = I'y o f,
' = po fi. Commutativity of @) can be obtained as in the proof of (3.3.1) from com-
mutativity of the following natural derived-category diagram:

sz+n+dRFE/ —_— (sz—i—n—f—dRFF) o (TZde*)

! |

(szJrnerRFz) ° (TszrdR(gf)*) — (szJrnerRFz) ° (Tszrng*) o (Tzde*)

Commutativity of @) follows from that of (4.0.3); and commutativity of the remaining
subdiagrams is obvious. Thus (ii) holds.

(4.5) Now we prove (i) of (4.2.2).

(I) We first reduce to the case where A is complete and Y = Spec(A). For this purpose,
let A’ be the completion of A. Since A is excellent and has no embedded associated primes,
the same holds for A’ [EGA IV, (7.8.3)(v)]. Let g: Y’ := Spec(A4’) — Y be the canonical
map, and consider a base change diagram (fibre square)

X -9 . x

f'l lf

Y —— Y
g
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Then f’ € ¢¢. (Equidimensionality of f’ is given by [EGA IV, (13.3.8)]. Generic smooth-
ness follows from the fact that the flat map ¢’ takes each maximal point of X’ to a maximal
point of X. That X’ has no embedded associated points is shown in [HK1, 1.9].) By [HS,
Prop. 3.1] we have a commutative diagram of natural isomorphisms

g/*f!oy e f/!OY’

(4.5.1) =| |=

g *w;‘f e w}l,

Let ' be the closed point of Y’ let E' := f'~'{y'} = ¢’ 'E, and let 2’ correspond
to « under the isomorphism E’ = E induced by ¢’. Let R’ be the R-algebra Ox/ . and
let J':= JR'. Set 3" := g*F. Asin (4.2.1), we can identify H,(F) and H},(5").

We claim that the following two diagrams (in which unlabeled maps are the obvious
ones) commute:

Hy(F) @4 HER((f'Oy)e) —— Hy(F') @4 Hip ((fOy)ar)

~ ) ~
Hy(F) ®a HflR(Wfl:i/A) —  H(F) @u Hp, (W?%//A/)
(4.5.2) 1@Res% 4 @ 1®Res, 4/
HF) @4 A — HI(F) @40 A
©)
Hy(F) — HY ()

H(F) @ Hi((f'0y)e) —— Hy(F) @a HY, ((f"0y")w)

1 @ 1
HM(f*F @0y ['Oy) —— HZY("F @0, [0y
(4.5.3) 7 ® n
Hyt(f'9) — Hy o (f157)
tf ® tf,
H(F) S H(F)
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Commutativity of subdiagram @) follows from that of (4.5.1) and the (easily proved) fact
that for R’-modules, the functors H,flR and H,flR, are naturally isomorphic. Commuta-
tivity of @) results from the fact that the local homomorphism R — R’ extends to an
isomorphism of completions. (By [HK1, Definition 2.1], Res}‘]% /A depends only on R)
Commutativity of @) is clear. Commutativity of @) is left to the reader. Commutativity
of ® follows from (2.2.6). Subdiagram @) can be expanded as follows, with € := f'F and
& = f''F’ = g’'*€, cf. (2.2.4), so that there is a natural map & — g.&’:

n 51 n Hy(ty) n
HE) —— HptYe) —— HMNRUE) % HMT)

! l !

Hi+(gLe") —— Hytl(gle!) " H}(RUf.gl€) @

o ] b
HE) —— HENE) —— Hp(RIE) —— H()
y! U

(The map v arises via the natural functorial map Rf.g. — g¢.R%f!.) Commutativity
of is an exercise on derived functors. It follows, for example, from commutativity of
the following natural derived-category diagram (keep in mind that the maps g and ¢’ are
affine, so that, for instance, g, & — Rg.&’):

RI'gRg, ——— RI'yRf.Rg, —— RI,7-4RfRg,

=| ~

RI',Rg.Rf, —— RIy7.4Rg.Rf;

RLyRgRf] —— RTyRg.7aRf;

=| ~

RI'g/ —— RFy/ Rfi —_— Rry’Tzdei

R

Commutativity of @) is left to the reader. Finally, since by the definition of (2.2.2) there
is a natural commutative diagram of functorial maps

Rif, ——— Rif.g.g""

! !

9+9*Rf, —— g Rflg"™
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therefore subdiagram @ commutes by [Km, pp. 44-45, Thm. 5(i)]. So (4.5.2) and (4.5.3)
do indeed commute.

Since (4.2.2) asserts the equality of the maps which arise by composing the columns
on the left of (4.5.2) and (4.5.3) respectively, it will be enough now to show equality for
the columns on the right, so that we can replace Y by Y’. Thus we can assume that A is
complete and that Y = Spec(A).

(IT) Arguing as in [HK1, 4.10] (or cf. [EGA II, (6.2.5)]), we can find an affine neigh-
borhood U := Spec(T) of x, and a sequence t’ := (¢],...,t,) in T whose image in R is t,
and such that the scheme Z := Spec(T'/t'T) is closed in X and finite over Y; and we may
assume furthermore that 7'/t'T is a local ring, so that for any r > 0, the natural map
T/t'"T — R/t"R is an isomorphism (where t" := (¢7,...,t}), and similarly for t'”). It
follows from the identification Ho.(D) = h_r>n(D /t'"D) that for any T-module D,

H{7(D) = H{z(D ®1 R);
and by (3.2.3), for example, there is a natural isomorphism
HE (D®7r R) = Hiz(D®r R).

For any quasi-coherent Ox-Module D, let D be the T-module I'(U, D). By excision,
and the preceding remarks, we have

H%(X,D) = H}(U,D|U) = Hyz(D) = H{z(D @1 R) = H{r(Dy) -

We conclude (cf. [HK1, Prop. 4.2]):

(4.5.4) LEMMA. With preceding notation, the higher direct image with support in Z,
R% f.D, is the quasi-coherent Oy -Module associated to the A-module Hln(D,,).

(ITI) For any closed subscheme Z of X, any Ox-Module £, and any Oy-Module F,
consider the natural composition

Gz(F,€): T @oy RLf.€ = fuf T Qoy REFE = RLF(f'T @0y €)

where the second map arises from a cup product. The case Z = X was treated in §2;
and as in (2.1) we can show that Gz (%, ) is an isomorphism. For present purposes, the
following description of the cup product is needed—and using this description one can
forget about the term “cup product” both here and in §2.

For any Ox-Module D, then, we define a bifunctorial map of Oy-Modules
(D)@ RLf.(E) = RLF(D®E)
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or, equivalently,
f«(D) = Homo, (RZf+(€), RZf(D® &),

to be, over each open subset U of Y, with V := f~'U, the natural map
FUjl(in :iFV(iD :fHonlv(Ox3fD)
— Homy (RS(fV).(0x ® &), RE(f|V).(D © €))
=I'vHomp, (Rdzf*(ﬁ), Rde*(ﬂ ® 8)) .

One checks then that the following diagram commutes:

HgR(?y XA Ex) — (Rdzf*(f*ff R0« 8))y
(4.5.5) (6.9) |~ = |Ga(me)
T, @4 Hin(Es) —— (T 00, RLL(E)),

(IV) Let us write w for f'Oy. Our problem is now reduced to showing that the
following diagram of natural maps commutes. (Keeping in mind the foregoing identification
of (R few), with His(w,) = HfR(w%/A), note, using commutativity of (4.5.5), that the
composition—call it ¢c—in the left column equals the natural composition

Hp (Hip(Fy ©aws)) = Hip(Fy ®a Hip(w:))
= HA\(Fy) ®4 HgR(Wa:)
= HMNF) ®a4 (RE fuw)y -
Note also that the map p in (4.2.2) is (3.3)oc™!; and that the bottom row is 1 ® Reslj%/A
by the Residue Theorem in [HS]|, together with [HK1, 1.7 and 2.6].)

Hog(HEG(FFow),) 2  Hit(fFow) —s HUH(f'F)

® Hpt'(f*Few) —— H"(f'9)
§—1 51

Hy (R f(f*F@w) —— Hyp (R (f*F@w)) —— Hy(Rf.f'F)

2
12
©

HYF®RLfw) —— H'FORYfw) ——  HNF)

R
<_

H}(F)® (RG fuw)y —— Hp(F)® (RYfw)y, — Hi(F)@A



Commutativity of subdiagram (1) is again a formal exercise on derived functors, perhaps
best left to the reader, but in any case resulting from commutativity of the following
diagram of functors on D (X) (where I'z denotes “sheaf of sections with support in Z,”
where o, is the exact functor “stalk at x,” and where 7. stands for 7..):

(Tn-i-dRFsR)O(TdRFtRO'a:) — Tn+dRFSRRFtR% = Tn+dRPx

~ |= |=

(TnerRFy) o (Tde*sz) < Tn+dRrny*RFZ < Tn+dRFERFZ

! ! !

(Tn+dRFy) o (Tde*) < Tn+dRrny* = Tn+dRrE

Commutativity of ) results from the definition of 7, cf. (2.1.1); and commutativity of the
remaining subdiagrams is obvious.

This completes our proof of Proposition (4.2.2), and of Theorem (4.1). []

(4.6) Remark. One can (should?) formulate and prove Theorem (4.1) without assuming that the maps
f and g are proper. Without details, which would lead too far afield, here are some brief indications.

According to [HS, Cor. 1.7], one can define a functor I Yqc — Xqc for every finite-type map f: X — Y
of noetherian schemes with fibres of dimension < d, in such a way that if f is proper then f! is the functor
used throughout this paper, and that if i: W — X is an open immersion, then (foi)' = i*of'. This f'
behaves well with respect to flat base-changes Y/ — Y.

For maps f: X - Y in ¢4 and g: Y — S in ¢€", one can find a canonical isomorphism f!wg -~ w
(cf. [HS, §4] for the case when f is proper).

The map 7 of §2 can also be defined for non-proper f. This is because ¢, as defined in §2 for proper f,
is local, in the following sense. Let fr: Xy — Y (k = 1,2) be proper maps with fibres of dimension < d,
and let ix: U — X be open immersions. Then there is a natural identification of the functorial maps
iin¢, and i3ny,. The proof is rather long and technical, and follows the lines of the proof in [HS, 1.1] for

n+d
gf

the identification of i} f} and i3 f3 which underlies the above-mentioned definition of f' for non-proper f.

Given these facts, one can now state Theorem (4.1) without assuming f and g to be proper. To prove it,
one notes that the question is local, and that locally, in view of the “quasinormalization” characterization
of equidimensional maps [EGA IV, (13.3.1)(b)], and Zariski’s Main Theorem [EGA IV, (18.12.13)], one
can compactify the situation, i.e., arrange that it arise from the proper case by restriction to suitable open
subsets. Thus the general case can be reduced to the proper case treated here.
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