OVERCONVERGENT REAL CLOSED QUANTIFIER
ELIMINATION

L. LIPSHITZ AND Z. ROBINSON

ABSTRACT. Let K be the (real closed) field of Puiseux series in ¢t over R en-
dowed with the natural linear order. Then the elements of the formal power
series rings R[&1, . .., &n] converge t-adically on [—t,¢]™, and hence define func-
tions [—t,t]™" — K. Let £ be the language of ordered fields, enriched with sym-
bols for these functions. By Corollary 3.17, K is o-minimal in £. This result is
obtained from a quantifier elimination theorem. The proofs use methods from
non-Archimedean analysis.

1. INTRODUCTION

The main result of this paper is the quantifier elimination theorem, Theorem 2.1,
for the real closed field
K = JR(#'/™)

n
with restricted division and analytic functions given by t-adically overconvergent
power series with coefficients in K. The elimination theorem yields o-minimality
results such as the one mentioned in the abstract, Corollary 3.17. We would like
to thank Sergei Starchenko for bringing to our attention the question answered in
that corollary, which motivated this investigation.

Remark 1.1. Theorem 3.16, together with an example by Hrushovski and Peterzil
[7], yields a sentence in an expansion of the language of ordered fields that is false in
all expansions of (R, +, -, <), but is true in the real closed field K of Corollary 3.17.
This gives a counterexample to a question raised in [5], p. 153, see also [1], p. 3.

Let K1 := J,, R(#'/™)) and let ||, denote the t-adic norm on K7; i.e., the norm
determined by [t*|, =27%, a € Q, and |¢|, =1, ¢ € R\ {0}. Since K; is a direct
union of complete fields, it is a Henselian valued field. Let < denote the linear order
on K; determined by the order on R; i.e., 3 ¢;t//™ > 0 if, and only if, the leading
coefficient is a positive real number. (We will also use < for the order relation on
the value group |K;|, C R. This should not cause confusion.) Note that |-|, is
the valuation canonically determined by the order < on K;j in the sense that the
valuation ring coincides with the set of ”"finite” elements; i.e.,

{ae Ky :la|, <1} ={a € Ky : —b < a < b for some b € R}.

The residue field R is a real closed field, the value group Q is divisible and K; is
Henselian, so K is a real closed field. By |-|_ denote the quantifier-free definable
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absolute value |z|_ := Vvx?. Let K3 be the completion of K; with respect to |-,
and let K denote either K or Ks.
Let
K° ={zxeK:|z|, <1} and
K°° ={reK: |z, <1}
Let £ = (&1,...,&,) be variables, v = (v4,...,v,) be indices. By |v| denote vy +
-+« 4+ v,. The ring of strictly convergent power series in & over K is

K(¢) = {Z a, & : |u1\igloo lay|, = 0}.

The elements of K(£) converge on the closed unit polydisc U = (K°)™, hence are
analytic functions on U. For f = >"a,&" € K(&), define the Gauss norm || f]| of f
by

|1 = max a, |,

The ring of overconvergent power series is

(e = U {Swe s tim o), =0}
e>1
This is the subring of K(£) consisting of those power series that converge on some
polydisc of t-adic radius > 1. Define the restricted division function D: K? — K°
by
_Jozfy, i —1<2z/y<1
D(x,y) = { 0, else.

Note that this is defined in terms of the linear order on K, rather than in terms of
the norm ||,.

Let £P be the language of ordered fields augmented with the function symbol
D and function symbols for the overconvergent power series over K. The function
symbol for the element f € K ((&)) is interpreted as the function that is zero outside
of [—1,1]" and is defined by the power series on [—1,1]". The t-adic norm ||, is
not in £
Definition 1.2. The ring of overconvergent D-functions K (£, D)) is the set of all

LP _terms in the variables ¢ built up from elements of K{(¢,n)) and D by compo-
sition. If 7 € K((§, D)) then there are f € K(&,n), g;,h; € K{(&, D)) such that

T = f(ga D(gh hl)a R D(g’m’ h’"”))'

2. THE ELIMINATION THEOREM
In this section, we prove the main result:
Theorem 2.1. K admits quantifier elimination in L .

Proof. We prove this through a sequence of reductions.
(i) Tt is sufficient to eliminate quantifiers from formulas of the form

L M

e©) =po© AT Iy [AN@En =00A A O<nEn)],

i=1 i=L+1

where g is quantifier-free and the 7; are L2 -terms. By standard manipulations,
we may assume that all the variables are constrained to lie in the interval [—1,1].
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(ii) At the expense of introducing more 1’s, we may assume that in the 7, no
variables 1 are within the scope of the function symbol D (recall that the function
D is existentially definable.) Hence it is sufficient to eliminate quantifiers from
formulas of the form

L M
©(€) = @o(§) Ay -+ Inn l/\(fi(ém) =0)n A (0< fz'(&n))] :
i=1 i=L+1
where the f; € K{(&, D)){(n)), the subring of K (&, n, D)) consisting of those elements
in which 7 does not occur in the scope of any symbol D.
(iii) Replacing the terms from K{(£, D)) that occur in the f; by new variables, it
is sufficient to eliminate quantifiers from

0o(€) A N1 (G = D(1i(€), T/ (€)))A
ATy -+ Iy [/\f:1(fi(§ﬂ7) =0)A /\i]\iLJrl(O < fil¢;m)|

where the f; € K{((, 7).

(iv) Let fi(¢,n) = >, aw(Q)n”, where a;, € K{{). As in [8], Lemma 3.3,
using [2], Proposition 5.2.7.1, there is a d € N and there are b;,, € K{()) for
pwel:={0,1,....,d— 1} with ||b;,| <1 and ||bi.] — 0 as |v| — oo, such that

Ay = E biupai,u~

neT

Hence we can write

FiCm) =Y ain( Q0" + ¢in(C,m))
pel
where the ¢;, € K{(¢,n) and ||¢;,.| < 1.
(v) Splitting into the cases a;,(¢) = 0 and a;,(¢) # 0, we can assume that

FiCm) =D ap Q0" + in(Cim),

Hel;

where I; C {0,...,d — 1}V and for all p € I;, the condition on ¢ that a;,(¢) # 0
occurs in .

(vi) We proceed now by induction on ), |I;| — M. Assume that ), [[;|—M =0
(i.e., |I;| = 1, say, I; = {p;}, for each i.) Observe that there is a § < 1 such that
for any m € K with § < |7|, < 1 we have that

wp w w
'l;[}i,u(ga 'U}) = soi,u(é-v 717 ?;, L) ﬂdiz\iv—l) € K<<<a 'U}>>

and ||, (¢, w)|| < 1. Choose m = t*, o € Q, a > 0, and |r|, close enough to 1,
i.e., a close enough to 0, and make a change of variables ny + “2, and for i < N,
n; — w;+ 2. After multiplying by the constant molril each n*+vi.(¢,n) becomes
regular in wy and we may apply the overconvergent Weierstrass Preparation The-
orem (which is an easy consequence of the usual Weierstrass Preparation Theorem)
to write

fi = Qip, (C)TrﬁE(wv C)F’L (wa C)a
where 8 = —a |u;l, Fi(w,¢) € K{{,w1,...,wy_1)[wy] and E(w,() has the prop-
erty that ||E — 1|| < || F]|, so E does not change sign on the closed unit box. Observe
that

00 f1 — 00 ai,u(C)TrBFi(wa C)a
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where O € {=, <}, and hence we can apply the classical (Tarski) quantifier elimi-
nation to eliminate the quantifier Jwy .

Assume now that for some I; we have |I;| > 1. Order the elements of {0, ...,d—
1}¥ in reverse lexicographic order and let j; be the largest element of I;. For each
such ¢ and g € I; \ {p; } split into the following cases, defined in terms of the linear
order on K:

Case (i, *). |ai,| . > ‘W%am for all pe I \ {u}.
<

Case (Z,,LL) |aiﬂi‘< < ﬂ-%aiﬂ

’
<

with 7 chosen as above.
(vii) In the case (i, u), we can write

1 1
Qip; = T2 @i D(@ip;, 2 aiy)

and absorb the term a;,, (7" + ¢iy,) into ¢;,, thus decreasing > |I;| — M by 1.

(Replace D(aj,,;, 72a;,) by a new (-variable.)

(viii) Tt remains to treat the case (i,x) for all ¢ with |I;| > 1. Make the change
of variables

and replace a;, by W_%amiD(W%am,awi) for each p € I; \ {p;}. Observe, since y;
is the largest element of I; with respect to the reverse lexicographic order, that if

a;,n" — amw’@“w“

then 8,, —1 > B, for all 4 € I; \ {i;}. Hence, after factoring out a suitable power
of 7, we can absorb all the terms except a;,, w"? into ¢;,, and we are in the base
case (vi), above. O

3. O-MINIMALITY

Let K,y be the algebraic closure of K (so Kuy = K[V—1].) The norm |-,
extends uniquely to Kyiy. The elements of K () converge on (K7 )", and the

elements of K ((£)) converge on polydiscs over K, of t-adic radius greater than 1.

Definition 3.1. Let £ be one variable. A K-affinoid annulus formula is a formula
of the form

(1Pl < e0) A (e < [Pi(E)],),

=

where the ¢; € |[K°\ {0}|, and the P; € K°[¢] satisfy the following conditions: the
P; are monic and irreducible (hence of degree 1 or 2,)

{z € Kag : [Po(2)], < e} C Kgyp
{z € Kayg : |Pi(x)], <ei} C{x € Kayg : |Po(z)|, <eo} fori=1,...,N,
{z € Ky : |Pi(x)|, <& and |Pj(z)|, <e;} =@ for 1 <i# j <N,
and if there is an « € K such that |P;(z)|, < &;, 1 <i < N, then P is linear, and

similarly, if there is an 2 € K such that |Py(x)|, < €o, then P is linear (i.e., the P;

have lowest possible degree.)
A K-affinoid annulus is a subset of K7,  that can be defined by a K-affinoid
annulus formula.
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Note that since there is no symbol for ||, in £, a K-affinoid annulus formula is
not an £2 -formula. The K-affinoid annulus formula ’52 + 1’ . < 1 is not satisfied
by any K-rational point; i.e., over K, it defines the empty set. Indeed, since by
Theorem 3.16, below, K is o-minimal in £2 | the only LD -definable subset of K

that can be defined by a K-affinoid annulus formula is the empty set.

Remark 3.2. If the polynomial Py of Definition 3.1 is linear, then the subset U of
K3, defined by the K-affinoid annulus formula of Definition 3.1 is a standard set,
as in [2], Section 9.7.2; otherwise, it is the disjoint union of two conjugate standard
sets. In either case, it is clear from Definition 3.1 that U is a rational subdomain
of K3, (for the definition of rational domain, see [2], Section 7.2.3.) Therefore, a

K-affinoid algebra Ok (U) is canonically associated to U, and

Ok (U) = K{& no,--..nn)/(Po — como, mPr — an,... NPy — an) =
— K6 BB B
Yag? Pt Py
where the a; € K satisfy ||, = ;. Alternatively, Ok (U) is the completion of
the localization K[¢]p (where P = P --- Py ) with respect to the supremum norm
over U (see [6], Section 2.2.) The K, 4-affinoid algebra canonically associated to
U, Ok, (U), is defined similarly. Since K, is finite over K,

OKalg (U) ~ OK(U) R Kalg~

The complex conjugation o of K44 over K extends to an Ok (U)-algebra automor-
phism of Ok,,, (U). As mentioned above, there are two possibilities, either U is
a standard subset of Kf;lg, or it is the disjoint union of two standard subsets of

K3, Ur and Us, which are the Zariski-irreducible components of U with respect to

Ok,.,(U). In the latter case, by [6], Lemma 2.2.8 (see also [2], Proposition 7.2.2.9,)
Ok, (U) = Ok, (U1) & Ok,,, (Ua),
and o is an O (U)-algebra isomorphism of Ok, (U1) with Ok,,, (Uz).
Lemma 3.3. Let f € K(§) be a rational function. Then the set
{reK°:[f(x)], <1}
is a finite union of K-affinoid annuli.

Proof. This is a small extension of [6], Exercises 2.1.1 and 2.1.2. See also [3],
Lemma 3.16. 0

Definition 3.4. Let U be a K-affinoid annulus. An element f € Ok, (U) is called
a strong unit if, and only if, there is a ¢ € K44 \ {0} such that (i) |¢- f(z)|, = 1 for
all z € U, and (ii) the set of residues modulo K¢y of ¢- f(z), x € U, is finite.

Remark 3.5. (i) Note that if f € Ok,,, (U) is a strong unit, then so is f~', and the
product of strong units is a strong unit.

(ii) The simplest example of a strong unit is a non-zero constant.

(iii) Consider the unit disc U := Kg, , and let a € Kqg\ Ky, ; then f := (a—¢) is
a strong unit of O, (U) because ’a’l . f(x)|t = 1for all x € U by the ultrametric
inequality, and the set of residues modulo K of a™' - f(z) is {1}.

(iv) Consider the K-affinoid annulus U := {z € Kqq : |2? + 1|, < [t|,}. Then
U has two K,4-components, namely, the discs of radius [t[, centered at +/-1.
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Observe that f := £ is a strong unit in Ox (U) because |f(z)|, = 1 for all z € U
and the set of residues modulo Kgp, of f(z) is {£v/—1}. Note that in Ok (U),

[Th=—e e
n=0

and |1+ x2|t < |t|, for all z € U, so the infinite sum is an element of Ok (U).

(v) Suppose that U is a K-affinoid annulus with only one K;4-component; equiv-
alently, o(U) = U, or UN K # @. Suppose that f € Ox(U) is a strong unit and
fix c € K'\ {0} such that |c- f(z)|, = 1 for all 2 € U. Then there is a fixed a € K°
such that for all x € U the residue of ¢ f(x) equals the residue of @ modulo Ko,
Since f = o(f), this follows from the proof of [6], Theorem 2.2.9 (see the proof of
Lemma 3.6, below.)

Lemma 3.6. Let U be a K-affinoid annulus defined by the K-annulus formula

N
(1P, < e0) A /\(Ei < [Pi(&)1,)-

i=1

Then each element f € O(U) uniquely determines the following data: a strong unit
E of O(U), a monic polynomial g € K[¢], all the zeros of which lie in U, and
non-negative integers n; such that

_ 9
N A
IL2 P
Proof. The corresponding result over Ky, for each irreducible component of U is

in the proof of [6], Theorem 2.2.9. Let f € Ok (U). In case U is irreducible (i.e.,
P, is linear) we have

f=E

f:ER7

where E is a strong unit of O, (U) and R € K,4(§) is a rational function of the
appropriate form. Since o(f) = f, by the uniqueness of such expressions, o(R) = R,
so R € K(&) and F is a strong unit of Ok (U).

In the remaining case, U is a disjoint union of the standard sets U; and Us, and
for ¢ = 1,2, we have decompositions

flu, = Ei - R;
(Ui), and O'(El) = F», O'(Rl) =Ry. Pt R:=R;-Rs € K(f)

with respect to Ok
‘We have

alg

flo, = (ExR; MR,

Since R € K(¢), o(F1Ry") = E1Ry ', so E := E1R;' € O (U). Since R is of the
required form, it remains to see that E is a strong unit. But by Remark 3.5, Ry
is a strong unit of O, (U1), so £ € Ok (U) is a strong unit of Of,,, (U1), and
since o(E) = E, £ must be a strong unit of Ok, (Uz). Thus E is a strong unit
of Ok (U), as desired. The uniqueness of the expression f = E - R follows from the
uniqueness for the Ok, (U;). O

alg

Corollary 3.7. Suppose that U is a K-affinoid annulus and that U N K # &. Let
f € Ok (U) be a strong unit; then f has constant sign on U N K.
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Proof. By Remark 3.5 (v), there are ¢ € K \ {0} and a € K°\ K°° such that for
all z € U,

|f(z) — c_la‘t < |c_1a}t.
It follows that the sign of f(x) coincides with the sign of ¢~ la for all x € U. O

Definition 3.8. Let U be a K-affinoid annulus. A subset X of U N K is called
relatively semialgebraic in U if, and only if, there is a semialgebraic subset Y of
K (which, by Tarski’s theorem, is a finite union of intervals with endpoints in
K U {£o00}) such that X =Y N (UNK).

Note that if X is relatively semialgebraic in U, then so is U \ X.

Lemma 3.9. Let U be a K -affinoid annulus such that UNK # &, let f,g € Ok (U).
Then: (i) the set

{zeU:[fo)l =lg(=)|}
is either finite or equal to U, and (ii) the set

{.%' ev: |f($)|< < |g($)|<}
is relatively semialgebraic in U.

Proof. Taking h := ¢ — f2, it is sufficient to consider the sets

X:={zeU:0=h(z)}
Y ={zxeU:0<h(x)}

By Lemma 3.6 and Corollary 3.7, we may assume that h € K(§) is a rational
function with no poles in U. O

Lemma 3.10. Let f € K{¢& D). Then there is a finite cover U of K3, by K-
affinoid annuli, a finite cover Xy of each set U N K, U € U, by sets relatively
semialgebraic in U N K, and for each U € U and X € Xy, there is an element
fux € Ok (U) such that

flxnvy = fuxlxno)-

Proof. We may write

f = F(&vD(flagl)a-~-7D(fn7gn))a

where F € K{((no,...,n,)) and the f;; € K({(§, D)). We proceed by induction on
the number of occurrences of D, at each stage producing a refinement of the pair
of covers produced at the previous stage. Note that the intersection of two K-
affinoid annuli is either a K-affinoid annulus or the empty set, and the intersection
of two semialgebraic sets is semialgebraic. Since F' is overconvergent, there is some
e € |[K\{0}/,, € > 1, such that F converges on the polydisc of radius . For
i=1,...,n, suppose we have covers U; and {X;u }vey;,, as in the lemma, such that
for each U € U; and X € Xy there is an h;yx € Ok (U) such that

D(fi, 9)lxnvy = hivx|(xnv)
and
(311) ||h1UX|| < g,

sup,U —
where |||l ,, ¢ is the supremum norm on the affinoid domain U (as in [2], Sec-
tion 6.2.1.) Then, taking a common refinement of these covers and the correspond-
ing compositions with F' establishes the lemma. Hence it suffices to prove the
following:
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Let W C K, be a K-affinoid annulus, let Y be a relatively semialgebraic subset
of WNK andlet f,g € O (W); then there is a finite cover U of W by K -affinoid
annuli, a finite cover Xy of each set UNY, U € U, by relatively semialgebraic sets,
and for each U € U and X € Xy, there is an element hyx € O (U) such that

D(f, 9)l(xnvny) = hux|xnuny)
and

1ho x gup.o < €

By Lemma 3.6, Ok (W) is a principal ideal domain, so by the Nullstellensatz (see
[2], Proposition 7.1.3.1,) for h € O (W), if h(a) = 0, then there is an b’ € O (W)
such that h = (£ — a)h/. We are only concerned with the values of the ratio f/g,
except possibly at the finitely many points of the set Z of common “real” (i.e., K-
rational) zeros of the pair f and g, which we can handle separately. Hence, using
Lemma 3.6 and the Nullstellensatz to factor out any common factors and replacing
Y by Y\ Z, we may assume that f and g have no common zero on W.

By Lemma 3.6 and Lemma 3.3, the sets

A= {eeW:|f(z)], <elg(a)],} and
Bi={z e W:|f()], = elg(@)],}

are each finite unions of K-affinoid annuli. Since W = A U B, intersecting with
these K-affinoid annuli, we can reduce to the cases that W C A or W C B.
Case 1. W C A.

Since f and g have no common zero on W, by the condition defining A, g is a
unit in Og (W), so f/g € Ox (W) and | f/glls,p, w < €. Put

Xp:=YNn{zeW:|f(z)l. <|g9(z)| .}
Xo:=YNn{zeW:|[f(z)|l.>|g9()|};
then by Lemma 3.9, X; and X, are relatively semialgebraic in W. Put
hwx, = f/g and hwx, =0
and note that
D(f’.g)‘Xl :hWX1|X1 and D(fag”Xz :hWX2‘X2'
Case 2. W C B.
By the condition defining B, for all x € W,
|f(@)< > lg(z)|. -
Put
hwy = O;
then
D(f, 9)lvow) = bwy | yow)-

The following technical lemmas are needed for the proof of Theorem 3.16.

Lemma 3.12. Let Uy, ..., U, C K, be K-affinoid annuli that cover K°°. Then
there are real numbers a and b, —1 < a < 0 < b < 1, such that Uy,...,U, cover
the closed interval [a, b].
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Proof. Let C' C K° be a collection of “centers,” one for each “hole” that meets K
in each of the U;. Let a € R, =1 < a < 0, satisfy ¢ < a for all ¢ € C with |c[, =1
and ¢ < 0, and let b€ R, 0 < b < 1, satisfy b < ¢ for all ¢ € C with |¢[, = 1 and
c> 0. (]

Lemma 3.13. Let Uy,...,U, C K3, be K-affinoid annuli that cover [a,b], a,b €
K. Then there is a finite collection X of closed intervals with endpoints in K such
that X covers [a,b] and X refines {U; N [a,b]}1<i<n-

Proof. Induct on n. If n = 1, there is nothing to prove. At least one of the U;
must have radius at least |b— al,, so by renumbering, we may assume that the
“outer disc” of U, contains [a,b]. Let V*°,...,V2° be the (open) “holes” of U,
and let V°,..., V) be the corresponding closed discs. Each V?° is covered by
Ui,...,Un—1, so by translating and rescaling and Lemma 3.12, there are a;,b; €
(K N VP)\ Ve such that Vo N K C [aj,bs] and Uy, ..., U,y cover [aj,b;]. Note
that [a,b] \ UjZ,(a;,b;) is the union of a finite collection of closed intervals with
endpoints in K, all contained in U,,. Hence, by induction, we are done. (]

Lemma 3.14. Let U be a finite cover of [—1,1] by K-affinoid annuli. For each
U e U, suppose that Xy C (U N K) is a relatively semialgebraic set. Suppose for
each U,V € U that

(3.15) XNV =XynU.
Then [—1,1] N Uy ey Xu is semialgebraic.

Proof. By Lemma 3.13, there are elements ag,...,a, € K with —1 = aqp < a1 <
--- < apn = 1 such that for each i = 0,...,n — 1, there is some U; € U such that
[ai,a;+1] C U;. Note that Xy, N [a;, a;41] is semialgebraic and condition (3.15)
implies that
[_L 1] N U Xy = U([aivai+1] N XUl)
veu )
O

Theorem 3.16. The structure K is o-minimal in L5 .

Proof. Let X C K be LD -definable. It is sufficient to consider the case X C
[-1,1]. By the quantifier elimination theorem, Theorem 2.1, X is quantifier-free
LD _definable. Thus by Lemma 3.10 and Lemma 3.9, there is a finite cover U of

[—1, 1] by K-affinoid annuli, and for each U € U, the set Xy := U N X is relatively
semialgebraic. Therefore, by Lemma 3.14, X is semialgebraic. (]

Fix a € K. Note that if one replaces, in the definition of £2 , the rings of power
series convergent in polydiscs of radius greater than 1 by the rings of power series
convergent in polydiscs of radius greater than |a|,, one obtains exactly the same
class of definable sets. Indeed, if f(€) converges on a polydisc of radius greater than
la|, then g(n) := f(a-n) € K{n)) and for all z, f(z) = g(D(z,a)). In particular, if
a = t, then each element of R[] converges in ||, on a polydisc of radius greater than
|t|, (in fact, f converges on all of (K°°)".) Hence f defines a function [—¢,¢]" — K°.

The following is thus an immediate corollary of Theorem 3.16.

Corollary 3.17. Let L be the language of ordered fields with function symbols for
the elements of U, R[&1, ..., &), interpreted as analytic functions on [—t,t]"; then
K is o-minimal in the language L.
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