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ABSTRACT. Let G be a group and H be a subgroup of G. The classical branching
rule (or symmetry breaking) asks: For an irreducible representation = of G, deter-
mine the occurrence of an irreducible representation o of H in the restriction of 7 to
H. The reciprocal branching problem of this classical branching problem is to ask:
For an irreducible representation o of H, find an irreducible representation = of G
such that o occurs in the restriction of m to H. For automorphic representations
of classical groups, the branching problem has been addressed by the well-known
global Gan-Gross-Prasad conjecture. In this paper, we investigate the reciprocal
branching problem for automorphic representations of special orthogonal groups us-
ing the twisted automorphic descent method as developed in [17]. The method may
be applied to other classical groups as well.

1. INTRODUCTION

The classical branching rule or the so called symmetry breaking in representation
theory is to ask a question that can be formulated in an over-simplified way as follows:
Let G be a group and H be a subgroup. For an irreducible representation m of G, the
problem is to ask which irreducible representation o of H occurs in the restriction of 7
to H. A refinement of this classical problem is to ask if an irreducible representation o
of H with extra condition can appear in the decomposition when 7 is restricted to H.
Such a classical problem has been successfully studied in many different contents. For
automorphic representations of classical groups, the global Gan-Gross-Prasad conjec-
ture addresses this classical problem in a certain format, which will be described with
some details below.

The objective of this paper is to consider the automorphic version of the problem
reciprocal to the refined classical branching rule problem. The reciprocal branching
problem could be formulated as follows: For an irreducible representation o of H,
with a certain extra property, find an irreducible representation 7 (possibly with a
certain extra property) of GG, which contains H as a subgroup, such that o occurs in
the restriction of w to H. It is clear that without those extra conditions on 7 or o,
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the usual Frobenius reciprocity law suggests that one may take 7 to be the induced
representation from o. However, with those extra conditions, the usual induced repre-
sentation may not be enough for such refined problems. This paper is to understand
this reciprocal problem in the theory of automorphic representations of special or-
thogonal groups in terms of global Vogan packets and with connection to the global
Gan-Gross-Prasad conjecture. We believe that the method used in this paper should
be applicable to other classical groups as well.

1.1. The branching problem and the global Gan-Gross-Prasad conjecture.
Before introducing the precise problem we will consider, we recall from [7] the global
Gan-Gross-Prasad conjecture for the case closely relevant to the topics discussed in
this paper.

Let F' be a number field and A = Ap be the ring of adeles of F. Following [2], we
denote by G} := SOj,, an F-quasi-split even special orthogonal group, and denote by
Hy :=S03,,., the F-split odd special orthogonal group. Here SO3, (e € F*/(F*)?)
is the F-quasi-split special orthogonal group determined by (n — 1) hyperbolic planes
and E. = F[X]/(X? —¢), and is F-split if € € (F*)?. As in [2] and [7], we denote by
G, and H,, pure inner forms of G} and H,, respectively. Note that G, and G, share
the same Langlands L-group, and so do H,, and H. We recall the global Arthur
parameters from [2], and consider the generic ones mostly. A generic global Arthur
parameter for G is given as a formal sum

(1.1) ¢=(m,1)8---B(n,1),

where 7; with ¢ = 1,2,--- 7 is an irreducible unitary, self-dual cuspidal automorphic
representation of GL,,(A), and 7; 2 7; if i # j. Moreover, each 7; is of orthogonal
type in the sense that the symmetric square L-function L(s,7;, Sme) has a pole at
s = 1. Note that one must have 2n = >"'_ a;. The global Arthur parameter ¢ as in
(1.1) can be realized as an irreducible automorphic representation of GLg,(A). The
set of generic global Arthur parameters of G is denoted by ég(GZ) For each Arthur
parameter ¢ € <T>2(G;§), the associated global Arthur packet is denoted by ﬁ¢(GZ).
Since G,, shares the Langlands L-group with G%, an Arthur parameter ¢ € ®,(G?)
may be regarded as an Arthur parameter of GG,,. However, the associated global Arthur
packet I1;(G,,) could be empty. If the global Arthur packet I1,(G,,) is not empty, we
call the global Arthur parameter ¢ of G} is G,-relevant. The set of all G,,-relevant,
generic global Arthur parameters of G is denoted by &)Q(G:)Gn. Now the global

Vogan packet associated to ¢ € Zﬁg(G}i) is given by
(1.2) y[Gr] = Ug, TTg(Ga)

where G, runs over all pure inner forms of G} over F. Similarly, we have global
Arthur parameters ¢’ for H}, asin (1.1),

(13) ¢/: (Tial)EE'“EE(T?{Hl)7

with only difference that 77, .-, 7/, are now of symplectic type in the sense that the

exterior square L-function L(s, 7!, A?) has a pole at s = 1. The set of generic global
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Arthur parameters of H is denoted by ®o(H}). Accordingly, we have the global
Arthur packet Iy (H,) and the global Vogan packet Il [H}].

Assume that (G}, H},) (m < n) is a relevant pair in the sense of the Gan-Gross-
Prasad conjecture in [7], and G,, x H,, is a relevant pure inner form of G x H}, over
F. The global Vogan packet for ¢ x ¢’ is given by

(1.4) My [G x H) i= Uit Mpar (G X Hin)

where G, x H,, runs through all relevant pure inner forms of G}, x H over F. The
tensor product L-function associated to the pair ¢ and ¢’ is defined to be

(1.5) s, x @) HHLST,XT

=1 j=1

The global Gan-Gross-Prasad conjecture (or GGP conjecture for short) ([7]) asserts
that the central value L(3, ¢ x ¢) is non-zero if and only if there exists a pair (7, 09)

in the global Vogan packet INI¢X¢/ |G x H ] with a non-zero Bessel period for (7, 09).
Here the Bessel period is a certain period integral P(px, ¢,) (¢r € T, ¢, € o), which
relies on the automorphic realizations. We refer the readers to §6 for the precise defi-
nition. Since, for the even special orthogonal groups, the multiplicities of irreducible
cuspidal automorphic representations in the discrete spectrum LE (G (F)\Gn(A))
could be two (see [2, §1.5]), here we say that (mg,0¢) € H¢X¢/ (G} x H} | has a non-
zero Bessel period means that there exists an automorphic realization of 7 such that
P(ox, 9o) # 0 for some ¢, € m and ¢, € . The uniqueness of such a pair (7o, o)
in the corresponding Vogan packet ﬁ¢x¢,/ [G: x H ] will follow from the local GGP
conjecture (one may refer to [7, §17]). For the case of special orthogonal groups over
non-Archimedean local fields, the local GGP conjecture was proved by the works of
Waldspurger ([27]) and Meeglin-Waldspurger ([20]). When such a pair exists, we call
it the Gan-Gross-Prasad pair or GGP pair for short.

The branching problem for this case is to ask: For any 7 in the global Vogan packet
H¢[G*] is there any o in the global Vogan packet H¢/ [H ] such that ™ ® o belongs to
the global Vogan packet I,y |G} x Hy | and (7, 0) forms the GGP pair, i.e. (7, 0) has
a non-zero Bessel period. The global GGP conjecture is to characterize the occurrence
of ¢ in the branching decomposition of 7 with respect to relevant pair (G, H,,) in
terms of the central value of the L-function, L(%, ¢ x ¢'), and the symplectic local root
numbers associated to the pair (7, 0). On the other hand, because of the uniqueness
of the pair (m, 0¢) in the Vogan packet Il 5 [Gr x H} ], it also makes sense to ask
the following question: N

Reciprocal Branching Problem: For o € Iy (H,,) with ¢ % oy, how to find
some group G, an irreducible cuspidal automorphic representation m of Go(A) with
a generic global Arthur parameter ¢, and certain automorphic realization of mp, such
that Go and H,, form a relevant pair and (mg, o) has a non-zero Bessel period?

1.2. The reciprocal branching problem and the twisted automorphic de-
scent. We are going to study this reciprocal branching problem for automorphic
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representations of special orthogonal groups within the general framework of global
Vogan packets and the global Gan-Gross-Prasad conjecture, by means of the twisted
automorphic descents. N

Assume that o belongs to the global Arthur packet II,(H,,) for some pure inner
form H,, of H} over F. To present an answer to the reciprocal branching problem in
this situation, one may take a generic global Arthur parameter ¢ € ZI;[GZ] for some
quasi-split form G, at first. By the implication of the global GGP conjecture, we
may also assume L(%,qﬁ x ¢') # 0. Assume that (mg,00) is the unique GGP pair

in the global Vogan packet Il [G} x H} ], which has a non-zero Bessel period, as
given by the global GGP conjecture. If o ~ oy, then the global GGP conjecture
predicts that the member 7y in the global Vogan packet I14[G}| gives an answer to
the reciprocal branching problem. The twisted automorphic descent of [17] provides
an explicit construction of this 7y in terms of the generic global Arthur parameter ¢
and o. Note that the construction also gives a specific automorphic realization of .

In this paper we consider the reciprocal branching problem for any o belonging to
the global Vogan packet 11, [H};] but not equivalent to oy. The interesting part of
this situation is that, by the uniqueness property in the GGP conjecture, for the fixed
parameter ¢ of dimension 2n, one does not expect that there exists m € II4[G}] such
that 7 and o have a non-zero Bessel period. The idea is to find an (specific) even
special orthogonal group G, for some k£ > 1, which is a pure inner form of some
quasi-split form G, and is relevant to H,,, and construct explicitly (with concrete
automorphic realization) an irreducible cuspidal automorphic representation , of
Grik(A) with the properties that 7, has a generic global Arthur parameter and has
a non-zero Bessel period with the given 0. We expect that the integer k& should be
determined by the first occurrence index of o (see [17] or §2.3 for the definition) in
the tower of the Bessel descents from o. Hence the construction of G, and 7,k
should depend on the structure of the Bessel-Fourier coefficients of o, which reflects the
natural relation between the Bessel-Fourier coefficients and the twisted automorphic
descents.

We will give an answer to this reciprocal branching problem when m = 1. We fix a
non-trivial additive character ¢ : F\A — C* and fix a positive integer n. Let

(1.6) T=mBHnB---B7

be an isobaric sum automorphic representation of GLy,(A). Here 7; is an irreducible
unitary cuspidal automorphic representation of GL,,(A) such that > ., n; = 2n,
and 7; 2 7; if @ # j. Assume that 7 corresponds to the generic Arthur parameter
¢r = ¢, B--- B ¢,. Moreover, we assume that each 7; is of orthogonal type, i.e.
the L-function L(s,7;, Sym?) has a pole at s = 1. Hence ¢, is a generic global Arthur
parameter of some G7.

On the other hand, we assume that 7y is an irreducible unitary cuspidal represen-
tation of GLy(A) of symplectic type and has the property that

1
L(é,T X 19) # 0.
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Let V; be a quadratic space over F' of dimension 3 and H;* = SO(V;) be the cor-
responding special orthogonal group. In any case, the F-split group is H} = SOs.
We also denote by Jy, the quadratic form of Vj. Let o be an irreducible cuspidal
automorphic representation of H 1V °(A) parametrized by ¢,,. We make the following
assumption for 7 and o:

Assumption 1.1. The Bessel period P(px, ps) (see §6) vanishes for all relevant pure
inner forms Gy, X HYO such that ¢, is G, -relevant, all cuspidal automorphic representa-

tions ™ € ﬁ(z,T(Gn), all cuspidal automorphic forms ¢, in any automorphic realizations
of m, and all p, € 0.

The goal of this paper is, under Assumption 1.1, to construct an even special orthog-
onal group G4 such that G, x H}? is a relevant pure inner form of G* 1 X HY,
and construct an irreducible cuspidal automorphic representation 7,1 of G,41(A)
such that m,,, has a generic Arthur parameter and has a non-zero Bessel period with
respect to 0. A more precise explanation is in order.

For the given representations (7, ), we construct in §2 a square-integrable residual
automorphic representation &g, on SO°, (A) with support (P, 7 ® 0), where P =
M N is the standard parabolic subgroup of SOX2+3 such that M ~ GLy, x H}. A tower
of automorphic descents of T twisted by o, which we denoted by 75 = Dy, ,(Ere0)
with § € F*, can be constructed by taking the Bessel-Fourier coefficients of certain
depth ¢ (see §2) of the residual representation &,g,. For each £, if the twisted descent
T8 = Dy, ;(Ergs) is non-zero, then it consists of certain automorphic functions on
Gan—t418(A) = SOun_o2r424(A), with moderate growth. After choosing a suitable
basis, the group Ga,_¢11,4 can be arranged to associate with the symmetric matrix

_ Won—f—1
J = SVo 5 ,

Wan—¢—1
where w; is an (i X ¢)-matrix with only 1’s on its anti-diagonal. Note that it could be
either F-split, quasi-split or non-quasi-split, where Jy; , = (JVO _ ﬁ) is a (4 x 4)-

symmetric matrix that defines the 4-dimensional quadratic space V; 3. We also denote
by nv, 5 : F*\A* — {£1} the quadratic character associated to the quadratic space
Vo5 We usually call Ga,,—p41 5 the target group of the descent module Dy, 5(Er0,). The
point here is that under the Assumption 1.1, the first occurrence in this tower is at the
depth £* = n. In this case, we denote the resulting representation by 73 = Dy, 5(Eres),
which consists of certain automorphic functions on G,115(A) = SOgy 42 5(A), with
moderate growth. The main results of this paper can be summarized as follows.

Theorem 1.2. Let 7 = rH---H7, be an irreducible isobaric sum automorphic repre-
sentation of GLa, (A) such that each T; is an irreducible unitary cuspidal representation
of GL,,(A) of orthogonal type, and 1, % 7; if i # j. Let Vi be a quadratic space of
dimension 3 over I', and o be an irreducible cuspidal automorphic representation of
H*(A) which lies in the global Vogan packet Iy, [HY] for some irreducible cuspidal
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automorphic representation 19 of GLa(A) of symplectic type. Assume that
1
L(§7T X 7—0) 7é 0.

Then we have:

(a) There exists € F* such that the twisted descent w3 = Dy, 3(Ergs) # 0.
(b) Suppose that the representations T and o also satisfy Assumption 1.1, then

T3 = @ﬂ'g)

18 a multiplicity free direct sum of irreducible cuspidal automorphic represen-
tations Wg) of SOgp42 5(A), such that (Wéz), o) has a non-zero Bessel period for
each 1.

(c) If one of the following two conditions is satisfied:
(1) wy =1 and the € F* in Part (a) is not a square;
(2) wr # 1 and the B € F* in Part (a) is a square;
then ms is automatically cuspidal with a similar decomposition as in Part (b),
without Assumption 1.1. Moreover, under the condition (1), each irreducible

component 7rg) of mg belongs to a global Arthur packet with a generic global
Arthur parameter ¢ . The parameter ¢ has the central character Moz, and

has the property that L(3,0" x ¢,,) # 0 and (Wéi),a) has a non-zero Bessel
period.

Theorem 1.2 gives an answer to the reciprocal branching problem for o, and one
may refer to Theorem 6.3 at the end of this paper.

Part (a) of Theorem 1.2 provides a base for establishing the main results in this
paper and will be proved in §5. It is always the hardest part in the theory of auto-
morphc descent to prove the global non-vanishing of the construction. In this paper,
we find a new argument to do so. It makes use of two recent results. One of them
is the result in [11] on relations between degenerate Whittaker models and general-
ized Whittaker models of representations (see §5.1 for definitions). Another one is
the result in [13] on raising nilpotent orbits in the wave front set of representations.
They are indispensable for this new way to establish the global non-vanishing of the
construction of the twisted automorphic descents. More explicitly, first, using results
in [11], we show that &.g, has a non-zero generalized Whittaker-Fourier coefficient
attached to the partition [(2n)?1%], which is not special. Then, using results in [13],
we show that &,¢, has a non-zero generalized Whittaker-Fourier coefficient attached
to the partition [(2n +1)(2n — 1)13], which is the smallest orthogonal special partition
bigger than [(2n)21%]. This eventually implies that there exists 8 € F*, such that
Dy, ;(Ergo) is non-zero. We note that the method we use here is different from that
previously used in the theory of automorphic descent (see, for example, [10, 14]), and
is more conceptual and valid for more general situation (see Remark 5.5).

Part (c) of Theorem 1.2 is a connection of the descent construction to the reciprocal

branching problem we are considering. Briefly the argument is as follows. Let ﬂéi)
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be an irreducible component of the descent 7g, which is cuspidal. By the unramified
structure and the endoscopic classification of Arthur ([2]), Wél) has a generic Arthur

parameter ¢, By unfolding of Eisenstein series as used in [17], we can show that the

Q)

Bessel period for (m’, o) is non-zero. Note that the main result of [17] also tells that

the central value L(3, ¢ x ¢,,) is also non-zero (see §6).

The content of this paper is organized as following. In §2, we introduce the con-
struction of the automorphic descent in the case considered in this paper, and study
some of its local structures in §3. In §4 — §5, we study some global aspects of the
descent. In particular, we show the cuspidality of the descent in §4, and the non-
vanishing of the descent in §5. Hence we obtain Part (a) and the cuspidality in Part
(b) of Theorem 1.2. Finally in §6, we prove other statements in Part (b) and also Part
(c) of Theorem 1.2.

Acknowledgement. Parts of this paper were written in the Spring of 2016 when the
third named author visited the School of Mathematics, University of Minnesota. He
appreciates very much the hospitality and comfortable working condition provided by
the School of Mathematics. We would like to thank Lei Zhang for helpful comments.
Finally, we thank the referee very much for both the careful reading of our manuscript,
and also the valuable comments and suggestions, which well improve the exposition
of the paper.

2. RESIDUAL REPRESENTATIONS AND THE DESCENT CONSTRUCTION

2.1. Notation. We set up some general notation that will be used throughout this
paper. Let F' be a field of characteristic 0, and V' be a quadratic space of dimension
4n + 3 defined over F', with quadratic form denoted by ( , ). Let m be the Witt index
of V. Then V has a polar decomposition

V=VteweV ",
where V* has dimension m and is a maximal totally isotropic subspace of V', and W
is anisotropic of dimension 4n + 3 — 2m. Fix a maximal flag

F: {0pcvifcV,fc..-cvi=Vv"

in V', and choose a basis {ey, -+ , ez} of V' over F such that V;* = Span{ey,--- ,e;},
for 1 <i<m. Let {e_q, -+ ,e_m} be a basis for V~, which is dual to {ey, - ,en},
that is,

<€i,€,j> = 51‘,]', for 1 < Z7j < m.
We have two cases to consider: m = 2n or m = 2n + 1. If m = 2n, take a basis
{e(()l),eéQ),e(()?’)} of W such that the anisotropic quadratic form on W is associated
1
with Jy = ) , where 6, € F*. In this case, the ternary quadratic form
Q

2% + 0y% + az? does not represent 0 in F, and the form of V is associated with
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Wap
J = Jw , where w; is an (i X i)-matrix with 1’s on the anti-diagonal
Wan
and zero’s elsewhere. If m = 2n + 1, take a basis {eg} of W with (eg, ep) = 1. Then
the form of V' is associated with J = wy, 3. For each case, let H = SO(V'), which
could be F-split or F-non-split, according to the above two cases.
For 1 < /¢ <m, let @, be the (maximal) parabolic subgroup fixing the flag

ocv,fcvt.

Then @, has a Levi decomposition M, - U, with Levi subgroup M, ~ GL, x SO(V¥),
where V) is the subspace which sits into the decomposition

V=VevPev .

For simplicity, when £ = 2n, let P = Qa,, M = M}, U = Us,,, and Vj = V®")| Then
M ~ GLs, xSO(Vp), and SO(V}) is an F- split or F-non-split special orthogonal group
with dim V = 3. Accordingly, we may sometimes denote H = SO(V) by SO}° 43 if we
want to indicate the structure of the group. Note that if m = 2n, we have V; = W,
the anisotropic kernel of V' (and hence Jy, = Jy ).

For 1 < ¢ < m, we also let P, be the parabolic subgroup of H which stabilizes the
partial flag

Fo: ocVvitcViic.--cvrh.

It has a Levi decomposition P, = M, - N, with Levi subgroup M, ~ GL{ x SO(V®),

2.2. The residual representations. Now we take F' to be a number field and denote
A = Arp to beitsring of adeles. Let 7 = myHmH- - -H7,. be an isobaric sum automorphic
representation of GLy,(A), and o an irreducible unitary cuspidal representation of
SO(Vp)(A). Here 7;’s are irreducible unitary cuspidal automorphic representations of
GL,,(A), satistying >, n; = 2n, and 7; % 7; if i # j. For s € C and an automorphic
function on H(A)
brew € ACM(F)U(A)\H(A))rs0
following [19, §I1.1], one defines A\;¢,o, to be (As0omp)dr ey, where Ay € X ~ C (see
[19, §1.1] for the definition of X £ and the map mp), and defines the corresponding
Eisenstein series
E<S7 h7 ¢T®O> = Z )\S¢T®U(7h) )
YEP(F)\H(F)

which converges absolutely for Re(s) > 0 and has meromorphic continuation to the
whole complex plane ([19, §IV]). Under the normalization of Shahidi ([21]), one may
take Ay, = sa, where « is the unique reduced root of the maximal F-split torus of H
inU.

When L(s, 7;,Sym?) has a pole at s = 1 for all i = 1,--- ,7 (ie. 7 is of orthog-
onal type), and L(3,7 X o) # 0, the Eisenstein series E(s,h, ¢g,) has a pole at

1

s = 5 of order 7 (see [17, Proposition 5.3]). Let & g, denote the automorphic rep-

resentation of H(A) generated by the iterated residues Res,_ 1 E(s,h, ¢prg) for all
broe € AM(FYU(A)\H(A)) 9. It is square integrable by the L2-criterion in [19].
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Moreover, the residual representation &, g, is irreducible (see [18, Theroem A]). Note
that the global Arthur parameter ([2]) for &g, is (11,2) B (72,2) B --- B (7,,2) B ¢,

([17, §6]).

2.3. The twisted automorphic descent. The twisted automorphic descents was
introduced in [17], which extends the automorphic descent of Ginzburg-Rallis-Soudry
([10]) to much more general situation. Following [17] and [10], we introduce a family
of Bessel-Fourier coefficients that define the tower of automorphic descents.

For 1 < ¢ < 2n, we consider the parabolic subgroup P, = M;N, of H defined in
§2.1. The nilpotent subgroup N,(F') consists of elements of the form

z  zZ-x Y

u=up(z,x,y) = Liniz—o0 ' |,
Z*
where z € Zy(F), v € Matxunis—20)(F), and y € Maty(F). Here Z; is the
maximal upper-triangular unipotent subgroup of GL,, and 2/ = —J©%w,, where
Won—¢
JO = Jv, . Take an anisotropic vector wy € V® with (wp, wo) in

Wan—r¢
a given square class of ', and define a homomorphism Xy, : Ny — G, by

¢
Xews (W) = Y (u-es e n) + (u-wo,e ).
i=2
Here u - e; and u - wgy are multiplications of matrices, where e;’s and wy are viewed as
column vectors. Define also a character

(21) wawo - ¢ O Xet,wo - NZ(A) — (CX ’

with ¢ : F\A — C* being a fixed non-trivial additive character. It is clear that the
character 1y, is trivial on N,(F). Now the adjoint action of M, on N, induces an
action of SO(V®) on the set of all such characters Yo, The stabilizer Lp ., of Xeuw,
in SO(V®) is equal to SO(wg N V).

Let IT be an automorphic representation of H(A). For f € Viy and h € H(A), we
define the 1)y ,,,-Fourier coefficients of f by

(2.2) frem(h)y = | floh)g,,(v)dv,
[Ne]
where [N,;] denotes the quotient N,(F)\Ny(A). This is one of the Fourier coeffi-
cients of f associated to the partition [(2¢ + 1)1%t2-2¢. As ¢ varies, it produces
a family of Bessel-Fourier coefficients of f needed in this paper. It is clear that
f¥ewo(h) is left Ly, (F)-invariant, and is of moderate growth on the Siegel domain of
Lf,wo (F)\Lfﬂm(A)’
As explained in [14, §2] and [17, §2.4], for 1 < ¢ < 2n, we may take

Wy =Yg = €2 + 56—271
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for some 8 € F* as a precise choice of wy. We have (yg,yp) = §, and also denote
Yep = Py, for simplicity. Then in matrix form, we have

5
Yep(ue(z,2,y)) = (210 + -+ 2—10 + Toons + §$é,zn+4—e)

= V7, (2)V(Te2n—0 + §$e,2n+44) -

It follows that the stabilizer of the character is Ly := Ly, = SOuni2-205, Which is
an even special orthogonal group associated to the symmetric matrix

Wan—¢—1
J = Jv,, 5 ,

Waon—r—1

where Jy, , = <JV0 B 6). This group can be split, quasi-split or non-quasi-split over

F', depending on the choice of V4 and 8 (Proposition 2.5 of [17]). We also denote by
Vo,s the 4-dimensional quadratic space over F' associated to Jy, ,. Define Dy, (1)

to be the space of Lys(A)-span of the automorphic functions f¥#wo with all

Lep(A)
f € Vi, where the group Ly 3(A) acts by right translation.

Following [17], the twisted automorphic descent construction in this paper is to take
Il = £, 4o in the above construction, here &, ¢, is the residual representation we have
introduced before. In this case, we have a family of automorphic L, g(A)-modules:

e, = DW,B (87®U) .

It has been seen in many previous works (see [10, 14, 17]) that the L, z(A)-modules
e 3 satisfy the so-called tower property when the depth ¢ varies. That is, there exists
an ¢* such that w3 # 0 for some choice of data, and m, g = 0 for all £* < ¢ < m.
We call ¢* the first occurrence index (of o) for the tower {m,3},. In particular, at the
first occurrence index £* = (*(&,q,), the Ly g(A)-module 7« 5 = Dy, ,(Ergo) consists
of cuspidal automorphic functions f¥#4(-) (see [10, 14, 17]). In this case we denote
ng = g for simplicity, and call it the automorphic descent of T to Ly« g(A), twisted
by o or o-twisted automorphic descent of 7. To be compatible with the notation
before, we denote Gaop—r418 = Lipg, and call Go,—py1 3(A) the target group of this
descent construction.

In this paper, we will basically restrict ourselves to the pair (7,0) that satisfies
Assumption 1.1 in §1. In this situation, the first occurrence index is * = n (see
§4-85), and the target group is G,11,5(A) = SOsg,425(A), as stated in Theorem 1.2.

3. LOCAL ASPECTS OF THE DESCENT

In this section, we study the local analogue of the automorphic descent discussed
in §2.3, which is certain twisted Jacquet module.
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3.1. The twisted Jacquet modules. We define the twisted Jacquet modules in
both cases we are considering. Let F' be a p-adic field of characteristic 0, and fix a
non-trivial additive character ¢ : FF — C*. Let H = SO(V') be a special orthogonal
group over F' with dim(V') = 4n + 3, and suppose that the Witt index m = 2n or
2n + 1. Let 1 < ¢ < m and take an anisotropic vector wy € V®. We define the
character 1y, on Ny(F') similar to (2.1) in the global setting. Note that if { = m, we
take wy € W = V™ the anisotropic kernel of V (see §2.1).

For an irreducible admissible representation Il of H(F'), one defines the Jacquet
module of Bessel type (of depth ¢) to be

(3.1) Jwy,wO(H) = II/Span{m(u)€ — Yru, (W)€ | u € No(F), £ € I1}.

Embed SO(V®) into H via the Levi subgroup My, and set Ly, = Staby, . (SO(V®))
as before. By definition, Jy, , (II) is an Ly, (F')-module. As before, when £ < m, we
may take wy = yz = 62n+§6_2n € VO with 8 € F*. Then we set Jw’yﬁ (IT) = Jy, ,(I1),
and Ly, = Lgg. With a suitable choice of basis, Lyg(F') is determined by the
symmetric matrix

Wan—r—1
Jw,z , ifm=2n,
_ Wan—¢—1
J =
W2n—¢
T , itm=2n+1,
\ w2n7€
where Jg = (1 —5)' Recall that we have Vj; = W if m = 2n (see §2.1).

3.2. Some local unramified calculations of Jacquet modules. We keep some
notation which are used in [10, Chapter 5]. For our purpose, here we just calculate
the twisted Jacquet module (3.1) in some cases where all the data are unramified.
In particular, in these cases the group H = SOy, 3(F) is F-split and hence we have
m = 2n + 1. The results will be used in §4 and §6 to study the global properties of
automorphic descents.

Case I: trivial central character. Let 7 be an irreducible, generic, admissible
representation of GLg,(F'), which is of orthogonal type. We assume moreover that
w, = 1. To consider the unramified cases, we write 7 as a fully induced representation
from the Borel subgroup:

(3.2) T= i X X i X gt X X

where p;’s are unramified characters of F'*. Let 0 = IndSB(Zg(}(WI)T)S, here £ is also an
3
unramified character of F'*. Let 7,g, be the unramified constituent of the induced
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representation Indso““+3 (7] det(-)]"/? ® o). We want to study the unramified con-

stituents of the tw1sted Jacquet module Jy, ,(Trgo).

Proposition 3.1. With the data chosen as above, the following hold:

(1) Suppose that € F*— (FX)Q. Then the twisted Jacquet module Jy, ,(Trgs) = 0
foralln+1</?¢<2n+1. And when { = n, any unramified constituent of

SO2n+2,8(F)
S0y 42,p(F1E 7 B M O L

(2) Suppose that 3 € (F*)*. Then the twisted Jacquet module g 5(Trgo) = 0

foralln+2 <0 <2n+1. When { = n+ 1, any unramified constituent of

Jpir s (Treo) is a subquotient of Indsoz"((})m ® - @ Wy, and when { = n,

Jp 5 (Trwo) 1s a subquotient of Ind

any unramified constituent of anﬁ(m@g) s a subquotient of

@I d802n+122f;) ‘) Q- i1 ® ﬂt(detGL2) R 41 Qo & Ly

So2n+2
or

In dSB(s)ZM(i)v)m B @ U ®A,

where X is an unramified character of F*.

Proof. We will apply [10, Theorem 5.1] to calculate Jy, ,(7-g-), and we also follow

the same notation there. By conjugation of some Weyl element, it suffices to consider
the unramified constituent of the induced representation Indso‘“(‘;‘;’( )7 ® o instead of

Tro0, Nere

7= IndGLQ” mpa(detar,) @ -+ @ py(detar, ) -
Note that the derivative (see [3] and [10, §5]) 7/} of 7/ vanishes for £ > n + 1. Now
applying [10, Theorem 5.1 (i)] with j = 2n < m = 2n + 1, one can see that the

corresponding twisted Jacquet module vanishes for all n +2 < ¢ < 2n + 1.
When ¢ = n + 1, by the formula in [10, Theorem 5.1 (1)] we have

SOun+3(F
J¢n+1,6(1 nd 4;3( ) ,®0>

here d3 = 1if € (FX) , and is zero otherwise, and Q;%i are defined as in [10,

Remark 5.1]. Note that | det(-)| 2" 7™ = ji; X -+ X p,, we obtain all the statements
forn+1</¢<2n+11in part (1) and (2) of the proposition.
Finally we take ¢ = n. Also by [10, Theorem 5.1 (1)], we have

SOu4ni3(F — (: 1SO2n425(F)| 122 s(n
T p(Indip 87 @ o) = (md%i;)w B )®J¢67ﬁ(0)) ®

0g - <md$02n+25 | det ()] ="V @ Fyn 4 (0)

@ indpy " (27" det ()| 77 @ J (o >>
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where Jwp +(0) are Jacquet modules with respect to certain Whittaker characters (see
[10, Proposition 5.5]). Here we have used the fact that 7, = 0 (see, for example, [10,
page 99]), and @, is defined in [10, (5.16)]. Note also that here @/, contains Bso,, ., ;-
Moreover, we have Jyn 1 (o) ~ C since o is generic. Since 3 = 0 if § ¢ (F*)?, we can

conclude (1) from the above formula. And if 8 € (F*)?, we take (n — 1)-th derivative
of 7' (as in [3, §4]), and then the last expression stated in the proposition follows as
desired. The unramified character A in Part (2) of the proposition comes from the
Jacquet module J%ﬁ(a), which is exactly the restriction of o to the F-split torus

SO9(F') (where all unramified characters will occur). O

Case II: non-trivial central character. Now let Ay be the unique non-trivial
unramified quadratic character of F'*, and let

(3.3) T= gy X oo X oy X 1X Ag Xty X Xyt
where p;’s are unramified characters of F* (recall that 7 is of orthogonal type). Let
oc=1In dSOS(F § where £ is also an unramified character of F*. As before, we denote

Treo 10 be the unramified constituent of IndSO4”+3(F (7] det()|'/? ® o).

Proposition 3.2. With the data chosen as above, we have Jy, ,(T-g,) = 0 for all

n+2 <0 <2n+1. Moreover, define that 65 =1 if 5 € (F*)* and 85 = 0 otherwise.
Then we have:

en =n-+ , any unramijied constiituent o Tree) 1S 4 SuOquUOTIEN
1) When ¢ 1 fied constituent of Jy;,, , ; bquotient

of
(1—65)- IdSOQnBB}E‘])«")Ml(@”'@Mn_l@l'

2) When { = n, any unramified constituent of J, Troo) 1S @ Subquotient o
wn,ﬁ

SOa2,
@1 d,. ) @ @ oy @ pu(detar,) ® i @ - @ ping © 1

502n+2 8 ( )

SO, F)
@ 0 - Ind 3L L @ ® et © paldetor,) © e © - @ fiaot © Ao

802 12,8

EBI dsozn+2ﬁ( ) M1® ®/~Ln—1®€®1

Bsog,, 1, 5( )

& In dSOzn+25(fz))u1® ®un,1®)\o‘-’%®l

Bsoy, 105

SOz2nt2,5(F)
D 56 . (IndBSZ;_i:ﬁ (F),ul XX Hn—1 X 6 ® )\O
Bsog,,19.5(F)

@ In dSOQHw(F) Q@ iy @ - ’% ® )\0)

SO2, 1
@ (1—0p) - In stZ;ij;(l)w)“l®"'®#n—1®|'|2 ®1.
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Proof. By conjugation of some Weyl element, it suffices to consider the unramified

constituent of the induced representation IndSO“”*fg) T{ @ oy, here

7 =Ind") L (detar,) @ -+ @ g (deter,) |

211

Ind®%7) 7

so7( " |1/2

and o1 = T1 ® 1505, with 73 = Ag| - |2 X £ being a representation of GLa(F).

Note that o, is non-generic and 7/) = 0 for £ > n. Applying [10, Theorem 5.1 (1)]
with j =2n—2 <m =2n+1, we see that if n4+2 < ¢ < 2n+ 1, this twisted Jacquet
module is always zero.

Now we consider the case £ = n + 1. Applying [10, Theorem 5.1 (1)] with j =
2n — 2 <m =2n+ 1, we have

Ty s (I dso4n+3 Ml o) = mdSOM(F

n—2 _
o [det(-)| TV @ Ty ().

To calculate the Jacquet module Jy ﬁ(al), applying [10, Theorem 5.1 (1)] again with
7 =2 and ¢ = 2, we have

so2 5(F |

Jwé, ( ) md : |_%?1(2) &® Jw(f)ﬁ(lsoza) .

/(n—1)

Hence by taking derivatives 7, and ?1(2), we can see that any unramified constituent

of Jy,,, 5(In dSO“";?’ Z;)T{ ® o1) is a subquotient of
S04,
(3.4) Indp o2 Sy ® -+ @ praa @ 1.
On the other hand, we may also write oy = Indscs)é7 ) % ® 0y, With T = | - [V/2 x &

(F )
and o), is the unique irreducible quotient in Ind%(sg ( F))\O‘ - |¥/2. Recall that )\ is a
quadratic character, then oy, can be viewed as a cha:sacter of PGLy(F') by composing
it with the determinant, modulo squares. If 8 ¢ (F*)?, similarly we can see that any
unramified constituent of Jy, . ,(In dso%j’}))ﬂ ® o1) also lies in (3.4). If B € (F¥)2,

applying [10, Theorem 5.1 (2)] with j =1 and ¢ = 0, we can see that
‘]1/16,[3(0-/\0) = )\0,

and hence any unramified constituent of .Jy, , ,(In dso“";‘gg) | ® 01) is a subquotient
of
SO20,4(F)

It follows that when 3 € (F X) any unramified constituent of Jy, ., B(WT@,) is a sub-
quotient of both (3.4) and (3.5). Ifit is non-zero, then the two sets {5, -, -+, u> |, 1}
and {p, 15, , 1, Ao} will be equal, which is impossible. This shows that any
irreducible constituent must be 0, and this finishes the proof of Part (1) of the propo-
sition.
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Finally we take ¢ = n. Applying [10, Theorem 5.1 (1)] with j = 2n—2 < m = 2n+1,
we have

Ty, o (Indy) "7 @ 1) =indg, 2332 det ()T AP @ Sy, (00)

(3.6) SO (F n—
® indf) 2n+25 )|det()| ( 1)®J¢/1,6(01)'

Now, arguing as in the case of ¢ = n + 1, we can see that if an unramified con-
stituent of J, ﬁ(IndSO“””’l(f;)T{ ® o01) comes from the first summand of (3.6), then it

is a subquotlent of

SOs,
@I dpn D ® e ® ey © pa(detor,) ® s ® 0 ® finog ® 1

502n+2 8 (
SOan
@ 05 - Ind 802 +12261 1M @ @ i1 @ pe(detary) @ pes1 @ -+ & fp—1 @ Ao -
2n+2,8

To compute the Jacquet module Jy B(al) in the second summand of (3.6), we apply
[10, Theorem 5.1 (1)] with 7 =2 and ¢ = 1, and get

SO F)

Jwiﬁ (O’ ) IIldQ/ El; ® Jw/ (1503) .

Moreover, one may also write o1 = Ind82(737( )7’2 ® 0y, and get
SOy 5(F

Jwi,ﬁ(o- ) IHdQ/ (F) ® Jl// (O')\O) .

Recall that we have Jy; (0x) =N if B € (F X) . Then we obtain that, if an unrami-

fied constituent of Jy, , (IndSO4”+‘Z’ (I;)T{ ® o) comes from the second summand of (3.6),
then it is a subquotient of

In dSOzn+2B( I)?)Iu1®...®,un_1®§®1

Bs0g,, 19.5(

@ In dSOanB((})?)Ml@ ®Mn_1®/\0||%®1

BSOzn+2 B

SO2n, F
® 05 - (1 ndi > @ - @ o ©E® N

EBI dSOzn+2B(};)),ul® ®,un—1®||§®)\0>

BSOzn+2 B

® (1—d5) - Indy 0 @ @ @ P,

Bs0g,, 19 5(F

as desired. O

We consider moreover a special case that £ = m = 2n 4+ 1 and wy € W, which will
be used in the proof of Lemma 4.1 later. The result is the following:

Proposition 3.3. Let 7 and o be the same as in any case of Propositions 3.1-5.2,
and let wy € W. Then we have Jy. , (Treqs) =0 if n> 1. If n =1, the same result
holds while w, = 1.
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Proof. As before, conjugating by some Weyl element, it suffices to consider the un-
ramified constituent of Jy_ (Indg((g)) (7" ® o)), where

7' = Indf ™ (" (deter,) ® - @ pr(deter,) |
or
7 =Tnd ) o (detr,) ® - ® pn o (detar,) ® Ao - [V2 @ |- 12
By [10, Theorem 5.1 (3)], we have

Ty dp (7 @ 0)) = dos - Iy, (0),

where d, is the dimension of the space of i)-Whittaker functionals on 7/. By the
construction of 7/, we can see that d,, = 0 under the assumptions of the proposition,
and this finishes the proof. O

3.3. An additional case. In the end of this section, we consider an additional case,
which is concerned with the Jacquet modules for a group of smaller size. It will be
used in the proof of Proposition 4.3 later. We consider the induced representation

Indg, " m| det ()] @ 0

of the F-split group SOy,y1(F). Here R, 1 C SOy4py1 is the maximal parabolic
subgroup whose Levi subgroup is isomorphic to GLg,_; X SO3, 0 = Indso“ f with

¢ being an unramified character of F'*, and
(3.7) TL= i X o X g XAX ) oupt

with p;’s and A being unramified characters of F* and in addition A being quadratic.
For 1 < ¢ < 2n, let Nf C SO4n41 and ¥ 5 : Nf(F) — C* be similar to N, C H and

Yep : No(F') — C* in previous parts of this section. Let 7, g, be the unramified
SO4n+1(F n
—1

module Jwﬁ ﬁ(ﬂﬁ@)a) .

constituent of Ind, |-|'?®0, and we are going to consider the twisted Jacquet

Proposition 3.4. With the data chosen as above, the following hold:
(1) Suppose that § € F* —(F*)*. Then any twisted Jacquet module Jwgﬁ(ﬂ'ﬁ@)g) =
0 for alln < { < 2n.
(2) Suppose that 5 € (F*)*. Then any twisted Jacquet module Jwgﬁ(m@g) =0 for
alln+1 <€ < 2n. When £ = n, any unramified constituent of JwLI,B(Wﬁ@")
1S a subquotient of Indso%(f) L ® e @ i1 @ A

Proof. The calculation is similar to those in previous cases. By conjugation of some
Weyl element, it suffices to consider the unramified constituent of the induced repre-

sentation Indso‘l”;r(lg)ﬁ ® o’ instead of 7,4, here

—In dGL2n ?(F),ln (detGL2) R ® ,un—l(detGLz) )
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and o’ Indso5 F) S ® oy. As before, we have deonted by o) the unique irreducible

SOs(F )\| |1/2

quotient of Ind , which can be viewed as a character of PGLy(F') by

composing it Wlth the determinant, modulo squares. Note that ¢’ is non-generic and
the derivative T{(Z) of 7| vanishes for £ > n. Now applying [10, Theorem 5.1 (i)] with
j = 2n — 2, we can see that the corresponding twisted Jacquet module vanishes for
alln+1 <4< 2n.

When ¢ = n, by the formula in [10, Theorem 5.1 (i)] we have

Son F . 1502, 5(F) J n—1
Jd)ﬁ (Indp " ;(11(?)) n®d)= de;ﬁl(ﬁF) 17 Y @ Jd{/ﬁ(dl).
Now we consider .J s (o). Applying [10, Theorem 5.1 (i)] again with £ = 1 and j = 1,
1,6
we get
mea (o'/) = Jwg’/ﬂ (O’)\) s
which is zero unless 8 € (F*)?, in which case we have J e (o) = A. Then the desired
0,

results will follow. O

4. THE CUSPIDALITY OF THE DESCENT

In the section, we show the cuspidality of the descent representation. We come
back to the global settings and start with the following lemma, which is a direct
consequence of the local calculations in the previous section (Propositions 3.1 and
3.3). Throughout this section, we let 7 and o be as in §2.2.

Lemma 4.1. The Bessel-Fourier coefficients f¥wo vanish for any anisotropic vector
wo € VO and f € Eroo while n+ 2 < € < m (here we require n > 2 if m = 2n).

Proof. Write the residual representation as &g, = ®.11,. Note that H(F,) is F,-split
at almost all places v. We fix a finite place v such that H(F,) = SOy,13(F,) is F,-
split, 7,, 0., Il,, ¥, are all unramified, and w,, is trivial. By a suitable conjugation
we may assume that wy = yg for some 5 € F* if £ < 2n (see [14, §2] or [17, Lemma
2.4]), and consider the corresponding twisted Jacquet module Jy, ,(I1,). Write

4.1 Ty = M1y X o X Upy X 71)(...)( -1
:u’, /,67 :u’n,v lu’l,v?

where y;,’s are unramified characters of F*. By Propositions 3.1 Part (2) and Propo-
sition 3.3 (for the case ¢ = 2n + 1), the Jacquet module Jy, , (II,) vanishes for any
n+2 < ¢ < 2n+ 1, and hence the Bessel-Fourier coefficient f%¢wo vanishes for any
n+2 < ¢ < m (werequire n > 2 if m = 2n). This completes the proof of the
lemma. U

To prove the cuspidality of the descent, we also need the vanishing property for the
depth ¢ =n + 1.

Proposition 4.2. Suppose that (1,0) satisfies Assumption 1.1. Then the Bessel-
Fourier coefficients f¥»+1w0 vanish for any anisotropic vector wy € V' and f € E.g,.
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Proof. For simplicity, we take wy = ys (5 € F) in the proof. This excludes only
one case that n = 1 and Vj is anisotropic, where similar arguments can be applied.
Assume that the Bessel-Fourier coefficient f¥»+1.6 # ( for some choice of data. Let
Dy, ,15(Ergo) be the SO, 5(A)-span of the coefficients f+14[so, ). Note that
SOgp, 5(A) is relevant to SO(Vp)(A). Then by a formula for constant terms in [10,
Theorem 7.2] and a similar argument to that in the proof of [10, Theorem 7.6] (see
also the remarks in [10, §7.4] and the proof of [17, Proposition 6.3]), the automorphic
module Dy, ., ,(Ergo) is cuspidal and has a direct sum decomposition of irreducible
cuspidal automorphic representations.

Let 7 be any irreducible summand of Dy, ., ,(Erg0). We claim that 7 has the generic

global Arthur parameter ¢, and lies in the global Vogan packet ﬁ¢T [SO3, ]

We prove the claim case by case. Frist we assume that w, = 1. If 8 € (F*)?,
then for almost all places v of F', we have H(F,) is F,-split, 7,, o, Il,, ¥, are all
unramified, w,, = 1, and § € (F*)?. Fix any such place v, and write

Tv:,ul,v X oo X,un,’v XM;}; X oo XMI})?
where p; ,’s are unramified characters of F*. By Proposition 3.1 Part (2), the unram-
ified constituent of the Jacquet module Jy, ,, ,(II,) is a subquotient of

SOan (Fy
IndBSngL(F%!)ML’U ® ctt ® /J/nﬂ) 9

which shows that the Satake parameter of 7, matches the Satake parameter of 7,, for
almost all places. This shows that the global Arthur parameter ¢, = ¢,. If 3 & (F'*)?,
then there exists a finite place v such that H(F,) is F,-split, 7,, oy, Il,, 1, are all
unramified, w,, = 1, and 8 ¢ (F¥)%. Then by Proposition 3.1 Part (1), one sees that
Dy, 5(Er0) = 0, which is not the case we are considering.

Next we assume that w, # 1. If 3 € (F*)?, then there exists a finite place v such
that H(F,) is F,-split, 7,, 0y, Il,, ¢, are all unramified, w,, # 1, and g € (FX)>.
Then by Proposition 3.2 Part (1), one sees that Dy, ., ,(Eres) = 0, which is also
not the case we are considering. If 8 ¢ (F*)?, since we just consider the case that
Dy, 5(Er00) # 0, then by Proposition 3.1 Part (2) and Proposition 3.2 Part (1), for
the finite places v such that H(F,) is F,-split, 7,, o, I,, 1, are all unramified, we
have either w,, = 1 and 8 € (F)})* or w,, # 1 and 8 ¢ (F))*. Now we consider
the parameter of 7. For the places such that H(F,) is F,-split, 7,, o,, II,, ¥, are
all unramified, w,, = 1, and 8 € (F*)?, the argument for the first case (w, = 1 and
B € (F*)?) already shows that the Satake parameters of 7, and m, match each other.
And for the places such that H(F,) is F,-split, 7,, 0y, IL,, 1, are all unramified,
wy, #1,and B ¢ (F))? we write

(4.2) To = P X - X Pt X 1 X Aoy X ity o X e X gy

where )¢, is an unramified quadratic character of F,. Then by Proposition 3.2 Part
(1), the unramified constituent of the Jacquet module Jy, ., ,(II,) is a subquotient of

SOay, 5 (Fy
IndBS(232f((Fv)):ul,v R ® Hon—1 ®1 ’
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which also shows that the Satake parameters of 7, and 7, match each other. Therefore,
the Satake parameter of 7w, matches the Satake parameter of 7, for almost all places,
and hence ¢, = ¢, by strong multiplicity one theorem for general linear groups.
Moreover, this also shows that here the § € F* can only be chosen such that ¢, is
SOa, g-relavant (see §1).

We continue the proof of the proposition. By construction, there exists an auto-
morphic form ¢, € m (under the automorphic descent realization Dy, ., ,(Erg0)) such
that the inner product

(43) <(P7r7 Ress:1/2Ewn+l’B (57 K ¢T®U)> 7& 0

for some choice of data. By [17, Corollary 4.4], the pair (7, o) has a non-zero Bessel

period with 7 € ﬁqu(SOgn,ﬁ). But this contradicts to Assumption 1.1. Hence the
proposition is proved. U

As a corollary, we have the cuspidality of the descent Dy, ,(Ergo)-

Proposition 4.3. Suppose that (1,0) satisfies Assumption 1.1. Then the twisted
automorphic descent Dy, ,(Ergo) is a cuspidal automorphic Gi,y1,58(A)-module.

Proof. The proposition can be proved by considering all the constant terms of the
Bessel-Fourier coefficient f¥»# with f € &£,5,. The proof is similar to that of [10,
Theorem 7.6, see also [14, Proposition 2.6] and [17, Proposition 6.3]. We briefly
introduce it as follows.

Let iy, be the Witt index of y5 N V™. Using [10, Theorem 7.3, and also the
remarks in [10, §7.4], the constant terms c,(f¥#) (1 < p < m,g), along maximal
parabolic subgroup of G113 with Levi subgroup isomorphic to GL, X G,4+1_p 5, can
be expressed as a summation whose summands are expressed as integrals of following
terms

Jroees (fr)ines 0 <i<p—1,

where fUs—i is the constant term of f along the maximal parabolic subgroup Q,_; C H
with Levi subgroup isomorphic to GL,_; x SO(V®=9). Here (fUr-)¥n+i5 denotes the
V1 5-Bessel-Fourier coefficient of fUr— so(v-)a)- By Lemma 4.1 and Proposition

4.2, f¥n+rs vanishes since p > 1. By the cuspidal support of £,4., the constant term
fUr=i vanishes unless the parabolic (),_; contains the cuspidal support 71 ®- - ®7,®0.
It is easy to see that fU»—i belongs to the representation

(Til H.---H Tik) & g(leBH-~-EHTjT7k)®G )

where {iy,..., it} U{j1, .., Jrr}t = {1,2,...,7}, and 8(7].153...%%%)@0 is the resid-
ual representation of SO(V®~9)(A) constructed in the same way as &,5,. Note that
fUp—i‘SO(V(pfi))(A) S g(leE}g..,BgTjrik)(@o. Using a similar argument to that in Lemma 4.1
(note that here n+1 is large enough by Assumption 1.1, Propositions 3.1 and 3.4), by
Propositions 3.1 and 3.4 again, all 1,4, g-Bessel-Fourier coefficients of S(leEE...EgTjrik)®a

vanish, hence (fUr-i)¥n+i5 also vanishes for any 0 < i < p — 1. Therefore, all the
constant terms of f¥»# along various unipotent subgroups of G, vanish, which
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means that the Bessel-Fourier coefficient f¥»# is cuspidal, and the twisted automor-
phic descent Dy, ,(Erg0) is a cuspidal automorphic G, 41 5(A)-module.
This completes the proof of the proposition. O

In following proposition, we show that in certain cases, to obtain the cuspidality of
the descent, we do not need to assume Assumption 1.1.

Proposition 4.4. If we take wy = ys with 8 ¢ (F*)?* when w, = 1, or take wy = yg
with 8 € (F*)* when w, # 1, then the Bessel-Fourier coefficient f¥%# vanishes for
any [ € Ergo and any n+ 1 < € < m, and the descent Dy, ,(Erwo) is cuspidal,

Proof. We have already known from Lemma 4.1 that f¥%# vanishes for any n + 2 <
¢ < m. Hence, for the first statement, we only need to consider the case of £ =n + 1.
As we have seen in the proof of Proposition 4.2, if 3 ¢ (F*)? and w, = 1, there
exists a finite place v of F' such that H(F,) is F,-split, 7, 0y, II, and 1, are are all
unramified, 8 ¢ (F)? and w,, = 1. And if 8 € (F*)? and w, # 1, there exists a
finite place v of F' such that H(F,) is F,-split, 7, o,, I, and ¢, are all unramified,
B € (FX*)? and w,, # 1. Then by Proposition 3.1 Part (1) and Proposition 3.2 Part
(1), the global Fourier coefficient f¥»+1.# vanishes, as desired.

The cuspidality of the descent follows similarly along the same lines of the proof of
Proposition 4.3. O

5. THE NON-VANISHING OF THE DESCENT CONSTRUCTION
In this section, we show that the descent Dy, ,(E;gs) is non-vanishing.

5.1. Generalized and degenerate Whittaker-Fourier coefficients. First, we re-
call the generalized and degenerate Whittaker-Fourier coefficients attached to nilpo-
tent orbits, following the formulation in [11]. Let G be a reductive group defined over
a number field F'; and g be the Lie algebra of G(F'). Given any semi-simple element
s € g, under the adjoint action, g is decomposed into a direct sum of eigenspaces g;
corresponding to eigenvalues 7. The element s is called rational semi-simple if all its
eigenvalues are in Q. Given a nilpotent element w, a Whittaker pair is a pair (s, u)
with s € g being a rational semi-simple element, and v € g°,. The element s in a
Whittaker pair (s, u) is called a neutral element for u if there is a nilpotent element
v € g such that (v, s,u) is an sly-triple. A Whittaker pair (s, u) with s being a neutral
element for u is called a neutral pair.
Given any Whittaker pair (s,u), define an anti-symmetric form w, on g by

wu(X,Y) = k(u, [X,Y]).

Here x is the Killing form on g x g. For any rational number r € Q, let g, = ®,>,9;.
Let u, = g2, and let n,, be the radical of w,|,,. Then it is clear that [u,,u,] C g%, C
n,,. For any X € g, let gx be the centralizer of X in g. By [11, Lemma 3.2.6],
N, = 925 + g5 N g, Note that if the Whittaker pair (s, u) comes from an sly-triple
(v, s,u), then n,, = g%,. Let U, = exp(u,) and N,,, = exp(n,,) be the corresponding
unipotent subgroups of G. Define a character of N, by

Yu(n) = ¢ (r(u, log(n))),
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here ¢ : F\A — C* is a fixed non-trivial additive character, and we extend the
killing form & to g(A) x g(A). Moreover, let N{ , = Ny, Nker(¢,). Then U,/N{, is a
Heisenberg group with center N ,/N{,,, here U, = exp(u,).

Let 7 be an irreducible automorphic representation of G(A). For any ¢ € =, the
degenerate Whittaker-Fourier coefficient of ¢ attached to (s,u) is defined to be

(5.1) Fould)(g) = /[N olng)yi () dn.

If s is a neutral element for u, then F;,(¢) is also called a generalized Whittaker-
Fourier coefficient of ¢. Let F,(m) = {Fsu(@)|¢ € m}. The wave-front set n(w) of
7 is defined to the set of nilpotent orbits O such that F;,(m) is non-zero, for some
neutral pair (s,u) with u € O. Note that if F; ,(7) is non-zero for some neutral pair
(s,u) with u € O, then it is non-zero for any such neutral pair (s,u), since the non-
vanishing property of such generalized Whittaker-Fourier coefficients does not depend
on the choices of representatives of O. Let n™(m) be the set of maximal elements in
n(m) under the natural order of nilpotent orbits. We recall a theorem from [11] in the
following.

Theorem 5.1 (Theorem C, [11]). Let w be an irreducible automorphic representation
of G(A). Given a Whittaker pair (s',u) and a neutral pair (s,u), if Fg ,(7) is non-
zero, then Fs, () is non-zero.

When G is a quasi-split classical group, it is known that the nilpotent orbits are
parametrized by pairs (p,q), where p is a partition and ¢ is a set of non-degenerate
quadratic forms (see [26, §1.6]). When G = Sp,,, p is symplectic partition, namely,
odd parts occur with even multiplicities. When G = S0O3,,, 509,41, p is orthogonal
partition, namely, even parts occur with even multiplicities. In these cases, let p™(m)
be the set of partitions corresponding to nilpotent orbits in n™ (7). A well-known
folklore conjecture is that p™(7) is a singleton. In this section, for any symplectic or
orthogonal partition p, by a generalized Whittaker-Fourier coefficient of 7 attached to
p, we mean a generalized Whittaker-Fourier coefficient F ,(¢) attached to a nilpotent
orbit O parametrized by a pair (p,q) for some ¢, with ¢ € 7, u € O and (s, u) being
a neutral pair. For convenience, sometimes we also write a generalized Whittaker-
Fourier coefficient attached to p as F'2(¢), without specifying the F-rational nilpotent
orbit @ and neutral pairs.

For G = SO,,,,1, an orthogonal partition p is called special if it has an even number
of odd parts between two consecutive even parts and an odd number of odd parts
greater than the largest even part (see [6, §6.3]). By the main results of [13], any
p € p™ () is special. This will play an important role in the following.

5.2. Non-vanishing of the descent. Now we come back to the global situation
where the groups and representations are the same as in §2. First we prove the
following proposition.

Proposition 5.2. &€ ¢, has a non-zero generalized Whittaker-Fourier coefficient at-
tached to the partition [(2n)?13].
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Proof. Let o; = ¢; — ;41 (1 <i < 2n—1) be a subset of simple roots for SOX2+3. For
1 <17 < 2n, let z,, be the one-dimensional root subgroup in g corresponding to «;. By

26, §1.6], there is only one nilpotent orbit O corresponding to the partition [(2n)213].
2n—1

A representative of the nilpotent orbit O can be taken to be u = Z T_q,(1). Let s
i=1
be the following semi-simple element
s =diag(2n — 1,2n—3,...,1—=2n,0,0,0,2n — 1,2n —3,...,1 —2n).

Then it is clear that (s,u) is a neutral pair.

We want to show that F; ,(£;g0) is non-zero. To this end, we take another semisim-
ple element

s' = diag(4n,4n —2,...,2,0,0,0,—2,..., —4n).

It is clear that (s, u) is a Whittaker pair. We consider Fy (€00 ). Recall that Q, is
the parabolic subgroup of SOXSL 43 with Levi subgroup isomorphic to GLy,, x SO3(Vj)
and unipotent radical subgroup Us,. Then, by definition, for any ¢ € &40, Fo u(@)
is the constant term integral over Us,(F)\Usz,(A) combined with a non-degenerate
Whittaker-Fourier coefficient of 7. Since &,, is constructed from data 7 ® ¢ on the
Levi subgroup GLsg,(A) x SO3(V5)(A) with 7 generic, the constant term integral over
Uzn(F)\U2n(A) is non-zero and non-degenerate Whittaker-Fourier coefficients of 7 are
also non-zero. Hence, Fy ,(Er0,) is non-zero. Then, by Theorem 5.1, Fs ,(Ergor) is
also non-zero. This completes the proof of the proposition. O

Next we prove the following.

Proposition 5.3. &g, has a non-zero generalized Whittaker-Fourier coefficient at-
tached to the partition [(2n + 1)(2n — 1)1%].

Proof. By Proposition 5.2, we know that &£.5, has a non-zero generalized Whittaker-
Fourier coefficient attached to the partition [(2n)?13]. It is clear that as an orthogonal
partition, [(2n)?13] is not special, and the smallest special partition which is greater
than it is [(2n + 1)(2n — 1)13], which is called the special expansion of the partition
[(2n)?13]. By [13, Theorem 11.2], we must have that &,4, has a non-zero generalized
Whittaker-Fourier coefficient attached to the partition [(2n + 1)(2n — 1)13]. O

Now we are ready to prove Part (a) of Theorem 1.2. In the following, given g € F*,
we do not distinguish § with its square class or the quadratic form corresponding to
it.

Theorem 5.4. There exists 3 € F*, such that Dy, ,(Erge) is non-zero.

Proof. By Proposition 5.3, we know that &, has a non-zero generalized Whittaker-
Fourier coefficient attached to the partition [(2n+1)(2n—1)1%]. By [26, §1.6], nilpotent
orbits corresponding to the partition [(2n + 1)(2n — 1)1%] are parametrized by certain
quadratic forms {Ban+1, fan—1, 91, }, corresponding to the parts (2n + 1), (2n — 1) and
13, where 2,41 and Ps, ; are square classes, and gy, is the quadratic form in 3
variables on Vj (see §2.1). This parametrization can be refined according to [13,
Proposition 8.1], that is, .4, actually has a non-zero generalized Whittaker-Fourier
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coefficient attached to the nilpotent O, corresponding to the partition [(2n + 1)(2n —
1)13] and parametrized by quadratic forms {3, —3, ¢y, } for some 8 € F* (an explicit
representative of this nilpotent orbit will be explicated in the next two paragraphs).
Note that the normalization of the bilinear form for the irreducible representation of
sly(C) of dimension i in [13] differs from the one in [26] by the factor (—1)[(=1/2 (See
[13, §7]). In the following, we show that such a g will be suffice for the theorem. As
in the proof of Proposition 5.2, let a; = ¢; — ;11 (1 < @ < 2n — 1) be a subset of
simple roots for SOXSLH.
For the nilpotent orbit O above which is parametrized by quadratic forms {5, — 3, qi, },

one can take a representative u = uy + uo, where

n—1
ul = foaz(]‘) + xe2n*en(]‘) + ;C,e%,en (/6/2) 9
=1

us is the embedding of any representative of a certain nilpotent orbit in the Levi
part of the stabilizer of u; (which is SOs,49 ) into SOXSL +3- This nilpotent orbit in
SOgp 42,4 corresponds to the partition [(2n — 1)1%] and is parametrized by quadratic
forms {—f,qy,}. Let s; be the following semisimple element of the Lie algebra of
SOX3+33

diag(2n,2n —2,...,2,0,...,0,—2,...,2 —2n,—2n).

Then it is clear that (s;,u) is a neutral pair.

We make usy explicit as follows. First, we give a representative of the nilpotent
orbit in SOg,,42 4 corresponding to the partition [(2n — 1)1?] and parametrized by the
quadratic forms {—05,qy,}. Let sy be the following semisimple element of the Lie
algebra of SOg,,49 4

diag(2n — 2,2n —4,...,2,0,0,0,0,—2,...,4 —2n,2 — 2n).

Let N,, = exp(g%,), which is the unipotent radical of the parabolic subgroup of
SOs,, 12,4 with Levi subgroup isomorphic to GL} ™' x SOy, here SOy 5 = SO(V;5) (see

z zx oy
§2.3). Write elements of Ny, asn = |0 [, 2’|, where z is an upper triangular
0 0 =z

matrix in GL,_1, * € Mat(,_1)x4, and 2’ is defined in §2.3. Let

n—2
Uz = Z Toa;(1) + Tep—en 1 (@) + Tepi1—e01 (0) + Terii—en 1 (€) + Tep—ey (d)
i=1

such that (a,b,c,d) € (F*)* is an anisotropic vector with respect the quadratic form
of SOy 5. Then (s9, ug) is a neutral pair and us is a representative of the nilpotent orbit
in SOg,,19 5 corresponding to the partition [(2n — 1)13] and parametrized by quadratic
forms {—p8,qv, }, and Ny, = Ny, ,,= Us, (see §5.1, note that now g = 00). Then, we
embed s, into the Lie algebra of SO}, as follows:

diag(0,...,0,2n —2,2n —4,...,2,0,0,0,0,0,—2,...,4—2n,2 — 2n,0,...,0),
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which is still denoted by s,. We embed elements of N, ,, into SO}° 3 as follows:

z zr z2 2Ty
n=|(0 I, 2 |w—dag|l,|0 Iy Z|,I,],
0 0 z* 0 0 =z*

where T = {zq,2™, =24} when we write z = {z™,2z,} with 2z, being the last

column of z. Still denote the image subgroup by N, ,,. Similarly, we can embed us
into the Lie algebra of SO°. ,, and still denote the image by .

Let s = s; + so. Then it is clear that (s,u) is a neutral pair. From the above
discussion, there is a ¢ € €., such that the generalized Whittaker-Fourier coefficient
Fsulp) # 0, for some choice of uy. We fix such a choice.

Recall that

(52) Fuleo) = [ olngy'(n)an.
N.s,u

Note that the elements of N, have the form:

I, 0 0 0 O

w I,y 0 0 0 z ozxr oy
(5.3) n(z,y,z,w,n):=10 0 Iy 0 0 0 n na|,

0 0O 0 I,: O 0 0 =z*

0 0O 0 w I,

where z is an upper triangular matrix in GL,,, diag(/,,, n, I,,) is in N, 4,, © € Mat,x(2n+3),
and w € Mat,y(,—1) with some entries being zero specified in the next paragraph.
Note that the subgroup of Ny, consisting of elements of the form n(0,0, I, w, lon3)
as above is abelian.
To proceed, we define some unipotent subgroups. For k = 2,3,...,n — 1, let Ry
1, T 0
0 Iy 7' ], such
0 0o I,
that r; ; are all zero except possibly when ¢ = £k and 1 < j < k — 1. Similarly, for
k=23,...,n—1, let C} be the unipotent subgroup consists of elements of the form
I, O 0
' Iygs 0 |, such that ¢;; are all zero except possibly when j = k + 1 and
0 c 1,

1 <i<k—1. One can see that HZ;; R N Ngy = {I4n13} and HZ;; O is exactly
the subgroup of N, consisting of elements of the form n(0,0, I,,, w, I5,4+3) as in (5.3).
Note that both Ry and Cy are abelian, for 2 < k <n — 1. Let N{, be the subgroup
of N, consisting of all the elements of the form n(z,y, 2,0, n).

Now we apply [12, Lemma 6.4] (it is clear that all the assumptions there hold) to
the quadruple

be the unipotent subgroup consists of elements of the form

(N;,u’ ¢u’ {Rk}z;%’ {Ck}z;%) >
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which is equivalent to applying [10, Corollary 7.1] (it is also clear that all the assump-
tions there hold) repeatedly to the following sequence of quadruples

n—1
<H C’CN,;,'UJ l/le R27 O?) ;

k=3

n—1
<H CkNé,uRQa ¢ua R37 CS) ’

k=4

n—2
(N;,u H Rk’v ¢u7 Rn—b C’n—l) .
k=2

Then we obtain that the following integral

(5.4) / ong)" (n) dn # 0,
(N4 T2 Ral
z zx Yy
where elements in N/, 2;21 Ry, have the form n(z,y,z,n):= [0 n nz' |, here z
0 0 2

is an upper triangular matrix in GL,,, diag(Z,,n, I;,) is in Ny, 4,, and x € Mat, x (2n+3)
with only z,; =0, for 1 <j <n—1.
Then one finds that, as an inner integral of (5.4), the integral

(5.5) /[ . p(ng)vy, (n)dn

is non-vanishing, where Ny consists of all elements in N, HZ;; Ry, having the form
n(x,y, 2, Iony3). Note that here x € Mat, (2p+3) with only ,; =0, for 1 <j <n—1.
Let X be the unipotent subgroup consisting of elements of the form

1, T 0
n = 0 [2n+3 x s
0 0 I,

such that z;; are all zero except possibly when ¢ = n and 1 < j < n — 1. Then
X is an abelian subgroup, preserving Ny and the character ,,. Taking Fourier
expansion of the integral (5.5) along [X], there exists a non-zero Fourier coefficient.
Assume that one such non-zero Fourier coefficient is given by a Lie algebra element

0, O 0
up = | P\ Osuyz 0 ], where p}; are all zero except possibly when j = n and
0 p O
1 <4< n—1. Then we can rewrite this Fourier coefficient as
(5.6) /[ p(ng)vy, !, (n)dn.
N

51,u1+u/1]
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We claim that u; and u; + 1) are in the same nilpotent orbit, that is, one can find a

T 0 0
element g € SOJ° _, such that u; = g(u;+u})g~". Indeed, writeu; = |y’ Ognyz O
0 y oz
w 0 0
and uy +uf = | 2 Ozpe3 0 |, then = w € Mat, «, and all columns of 3 and

0 z  w*
2" are zero except the last columns ¥/, and z/,. From the form of ) above, the last
column p!, of p’ is isotropic. Hence, regarding our choice of basis, one can see that as
two vectors in an orthogonal space with action of SO4°, 4, 9/, and z}, have the same

length, which equals 8 € F*. So, one can find h € SOy°,, such that y), = z,h~'.

I, 0 0
Let g=| 0 h 0 |, then we have u; = g(u; + u})g~'. Therefore, u; + u} is also
0 0 I,

a representative of the nilpotent orbit corresponding to the partition [(2n + 1)12""2]
and parametrized by quadratic forms {3, ¢}, where ¢ is a quadratic form in (2n + 2)-
variables such that 8 @ ¢ is isomorphic to gy, composing with n hyperplanes. It
follows that (s1,u; + u}) is a neutral pair. Therefore, we obtain that the generalized
Whittaker-Fourier coefficient Fy, ., is non-zero, that is, Dy, ,(Ergs) is non-zero.
This completes the proof of the theorem. Il

Remark 5.5. [t is clear that the argument above can be easily modified and applied
to the case that o is a cuspidal representation of SO(Vy)(A) with dimp(Vh) = 2r + 1,
r € Lo, and the residual representation &.5, for SOX?LHTH(A).

6. ON THE RECIPROCAL BRANCHING PROBLEM

In this section, we consider the reciprocal branching problem and prove Parts (b)
and (c¢) of Theorem 1.2.

For simplicity, write 73 = Dy, ,(E-g0). By Theorem 5.4, there exists 3 € F* such
that mg # 0. Moreover, if the representation o satisfies Assumption 1.1, or the 5 € F'*
in Theorem 5.4 and w, satisfy the condition of Proposition 4.4, then 7 is cuspidal
by Propositions 4.3, 4.4. By the uniqueness of local Bessel models (see [1, 7, 16, 24]),
one has a multiplicity free direct sum decomposition:

g = @’/Tg) >
()

where 7;"’s are non-zero mutual-inequivalent irreducible cuspidal automorphic repre-
sentations of the group G, 414(A) = SOgp425(A).

Before proceeding, let us recall the definition of Bessel period in a situation related
to our construction. As in §1, let G, x H,, be a relevant pure inner form of G} x H?,
over F with n > m. Note that in both G,, and H,,, we can define unipotent subgroups
N™ and NI™ analogous to N, in §2.3, and also characters ¢\% and ¥{% (a € F*)
analogous to 9y in §2.3. Let 7 be an irreducible cuspidal automorphic representation
of G,(A), and take ¢, € 7. Since G,, and H,, are relevant, there exists an o € F*
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such that the Bessel-Fourier coefficient """ ""*(-) is an automorphic function on
H,,(A). Here the Bessel-Fourier coefficient has an analogous definition as in (2.2).
Then for an irreducible cuspidal automorphic representation o of H,,(A) and ¢, € o,
one defines the Bessel period P(px, ps) by

(6.1) Plorp0) = /[ L Er T

The integral (6.1) converges absolutely by the cuspidality of o. For a fixed automor-
phic realization of 7, we say the pair of cuspidal representations (7, o) has a non-zero
Bessel period if P (¢, ¢,) # 0 for some choice of data.

Now let m = W/f;) be any irreducible summand of 7g. By construction, there exists
an automorphic form ¢, € 7 such that the inner product

(62) <<p7ra I%esszl/2E'¢n’E (S, ) ¢T®O’)> 7& 0 )

for some choice of data. By Corollary 4.4 of [17], the pair (7, 0) has a non-zero Bessel
period. This finishes the proof of Part (b) of Theorem 1.2. We note here that by
construction, the groups G114 and HY ¢ are relevant. In particular, we have

Proposition 6.1. The automorphic descent 73 = Dy, ,(Ergo) has a non-zero Fourier
coefficient attached to the nilpotent orbit corresponding to the partition [(2n — 1)1°]
and parameterized by quadratic forms {—03, qv, }.

To get a connection with the reciprocal branching problem we have introduced in
§1, we need to study the Arthur parameter ¢, of each irreducible summand 7 of 7g.
In particular, we hope that ¢, is generic. Combining with the local results we have
obtained in §3, we have the following proposition, which is Part (c¢) of Theorem 1.2.

Proposition 6.2. Assume that w, = 1, and the § € F* in Theorem 5./ is not a
square. Then each irreducible summand 7 of the descent mg belongs to a global Arthur
packet corresponding to a generic global Arthur parameter ¢.. The parameter ¢, has
the central character ny, ,, and satisfies the property that L(3, ¢ X ¢r,) # 0 and (7, 0)
has a non-zero Bessel period.

Proof. By Part (b) of Theorem 1.2, under the assumption of the proposition, g is
cuspidal, so is m. Write 7 = ®/m,, and consider all the finite places v (infinitely
many) such that both &.4,, and v, are unramified and g € F — (FUX)2. Note that
T, is a self-dual irreducible generic unitary unramified representation, which has the
following form (see [25])

S1

To = X1l - [l oG [T o T

where x; is a unitary unramified character of F and 0 < s; < %, foreach 1 <1 <
n. By Proposition 3.1, Part (1), m, is the fully-induced irreducible generic unitary
unramified representation

To =X1| - |7" X oo X x| - [T % 1.
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By the endoscopic classification theory of Arthur [2], if 7 has a non-generic global
Arthur parameter, then m, is non-generic for almost all finite places. Therefore, 7
must have a generic global Arthur parameter ¢,. This proves the first statement.
The central character of the parameter ¢, is determined by the form of the group
Gri1,, and hence is 7y, ;. From the discussion right before Proposition 6.1, the pair
(m,0) has a non-zero Bessel period, and hence by Theorem 5.7 of [17], one has that

L(5, ¢x X ¢ry) # 0. O

To end this section, we state a theorem on the reciprocal branching problem, which
completes the proof of Theorem 1.2.

Theorem 6.3. Let 7 = 1 H- - -H7,. be an wrreducible isobaric sum automorphic repre-
sentation of GLg,(A) with trivial central character, such that each 1; is an irreducible
unitary cuspidal representation of GL,,(A) of orthogonal type, and 7, 2 ; if i # j.
Let Vo be a quadratic space of dimension 3 over F, and o be an irreducible cuspidal au-
tomorphic representation of SO(Vy)(A) which lies in the global Vogan packet 11y, [HY]
(here Hf = SO3, F-split) for some irreducible cuspidal automorphic representation 1,
of GLa(A) of symplectic type. Assume that

(i) L(3,7 x 1) #0,

(ii) the representation o satisfies Assumption 1.1.

Then there exists a 3 € F*, such that the twisted descent mg = Dy, ,(Er00) has all of
)

its 1rreducible summands 7rg , as cuspidal automorphic representations of Gy1 5(A),

enjoying the property that each (Wéi), o) has a non-trivial Bessel period. Moreover, if

the B € F* taken in Theorem 5./ is not a square, then each Wéi) has a generic global
Arthur parameter &9 and gives an answer to the reciprocal branching problem with
respect to o € Iy, [H].

Remark 6.4. A more precise description of those parameters ¢ can be deduced from
the refined local theory of the global zeta integrals in [15], we will not discuss them here.
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