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ABSTRACT. In this paper, we explicitly classify the corank 4 unitary representations of
symplectic or split odd special orthogonal groups, by classifying Arthur representations
of corank 4 and verifying the corresponding unitary dual conjecture recently proposed by
Hazeltine-Jiang-Liu-Lo-Zhang in [HJLLZ25].
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1. INTRODUCTION

The unitary dual problem asks for the complete classification of all irreducible unitary
representations of a given locally compact group G. Its origins trace back to the early twen-
tieth century with the development of harmonic analysis on groups. For abelian connected
Lie groups, Pontryagin duality provided a clean answer — the unitary dual of an abelian
group is itself another group (the Pontryagin dual), and Fourier analysis is simply integra-
tion over this dual. For compact groups, the Peter—-Weyl theorem gave a full decomposition
of L*(G) into finite-dimensional irreducibles. The challenge intensified with non-compact
and non-abelian groups, especially real and p-adic reductive Lie groups.

The unitary dual captures all possible symmetries that act unitarily, so it is essential to
harmonic analysis, number theory (via automorphic forms and the Langlands program), and
quantum physics (where symmetries are represented unitarily). In the Langlands framework,
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the structure of the unitary dual is deeply related to spectral decompositions L2-spaces
on arithmetic quotients and thus to major conjectures linking representation theory and
arithmetic geometry. Despite major advances, a full description of the unitary dual is still
only known for certain classes of groups; for general reductive groups, the classification
remains highly nontrivial and continues to drive research in modern representation theory.

In [HJLLZ25], Hazeltine, Jiang, the first two named authors, and Zhang proposed a new
conjecture describing the structure of the unitary dual in terms of Arthur representations
for connected reductive algebraic groups defined over any non-Archimedean local field of
characteristic zero. This conjecture provides a candidate set for the unitary dual, constructed
from Arthur representations. For classical groups, they developed an explicit algorithm to
generate this candidate set. Evidence for its exhaustiveness includes compatibility with the
known generic unitary dual, unramified unitary dual, and low-corank representations. As
further support of the conjecture, they verified the conjecture for the unitary dual of the
exceptional group of type Go.

More precisely, let F'is a non-Archimedean local field of characteristic zero. The celebrated
Langlands classification determines the admissible dual I1(G) by means of the tempered dual
iemp(G) of G, which is the subset of II(G) consisting of tempered members. However, there
is no general approach available to determine the unitary dual I, (G) based on the Langlands
classification of the admissible dual II(G). On the other hand, the far-reaching endoscopic
classification conjecture of J. Arthur ([Art89]) produces local Arthur packets (Definition 2.6),
which are expected to be finite subsets of the unitary dual II,(G). Denote by I14(G) the
subset of II(G) consisting of Arthur representations, also referred to as representations of
Arthur type, which is the union of all local Arthur packets. It is strongly desirable that
the whole unitary dual I, (G) can be exhausted via various expected constructions from the
Arthur representations I14(G).

In [HJLLZ25], the authors defined a set 1% (G) from Arthur representations IT4(G), which
is constructed from I14(G) by applying the standard constructions of unitary representations:
unitary parabolic induction, complementary series, and limits of complementary series, as
explained in Definition 2.22. Then, they conjectured that this set is exactly the unitary dual.
Loosely speaking, the idea is that complimentary series can be obtained via irreducible con-
tinuous Hermitian deformations from irreducible unitary inductions (see [HJLLZ25, Remark
5.3(2)] for more precise statements). Similar ideas have been clearly reflected in the construc-
tion of the unitary dual for general linear groups (see [Tad86] and [HJLLZ25, Introduction]).
The conjecture in [HJLLZ25] is as follows.

Conjecture 1.1 (Unitary Dual, [HJLLZ25, Conjecture 1.1]). Let G be a general connected
reductive group defined over F. Assume that the local Arthur conjecture as in [Art89, Con-
jecture 6.1] holds for every Levi subgroup M of G. Then the following two sets are equal:

™ (G) = TL,(G).

The significance of Conjecture 1.1 may be described as follows. The unitary dual IT,(G)
has a natural and conceptually simple definition in representation theory, yet its classification
and internal structure remain largely mysterious. In contrast, according to the conjectures
of J. Arthur ([Art89, Art13]), the set of Arthur representations II4(G) is defined via local
stability and (twisted) endoscopic transfer, yielding a rich and highly structured framework;
however, its intrinsic representation-theoretic meaning is not fully understood.
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Conjecture 1.1 serves as a bridge between these two domains by proposing a candidate sub-
set ITE™(G) for the unitary dual, constructed from IT4(G) and designed to retain structural
transparency while remaining amenable to explicit computation. A principal motivation of
[HJLLZ25] is precisely that H%m(G) should be computable, thereby opening the possibility
of an algorithmic determination of the unitary dual itself. Supporting this perspective, the
authors provide an explicit procedure ([HJLLZ25, Algorithm 8.5]) that produces ITi™(G) for
symplectic groups and split odd special orthogonal groups.

On the other hand, in [Tad23], Tadic constructed the full unitary dual of classical groups
for representations of corank up to 3 (see Definition 2.3). In this paper, we combine the
techniques in both [Tad23] and [HJLLZ25], to construct the full unitary dual of symplectic
and split odd special orthogonal groups and verify the corresponding Conjecture 1.1 for
representations of corank 4 (see Theorem 11.1). In particular, the main result in this paper
completes the classification of the unitary dual for Spg and split SOyg.

Theorem 1.2. For G = Spg or split SOy, Conjecture 1.1 holds, i.e., 12" (G) = I1,(G).

Our main methods may be summarized as follows. First, we compute the full good parity
Arthur dual of corank 4 using the classification of tempered representations of good parity,
as well as the techniques in [HJLLZ25] to determine Arthur type representations. By [AM25,
Theorem 1.1], this is exactly equal to the unitary dual for good parity representations. Us-
ing this and the list of all possible subquotients at the critical points of corank 4, we can
determine exactly which critical point contains a non-unitarizable subquotient. Then, we
will use a similar reduction technique as the one used in [Tad23], in conjunction with the
reduction techniques listed in [HJLLZ25, Algorithm 8.5], to classify all possible unitary con-
nected components in corank 4. This will give us all 4 and 3-dimensional unitary connected
components for corank 4 representations. Finally, we use an exhaustive process to compute
all possible unitary complementary series of dimensions 1 and 2 to give the full corank 4
unitary dual, which we will prove to be equal to the conjectured set H%m(Gn).

Here is the structure of the paper. In §2, we introduce the basic notation and give some
preliminary results needed in later sections, leading up to the definition of the sets II4(G,,)
and I (G,,). In sections §3 to §7, we will construct the Arthur dual for representations of
corank 4 that are of good parity. In particular, in §3, we begin by classifying good parity
tempered representations of corank 3. Then, using these results, we will classify all good
parity non-tempered representations of corank 4 in §4 to §6, and identify which one of them
are of Arthur type and of critical type. Subsequently, in §7, we classify all good-parity
tempered representations of corank 4, which gives the full Arthur dual of corank 4 in the
good parity case. We summarize our results in Appendix A and B, by giving respectively
the full list of representations that are of critical type and of Arthur type, as well as the
complementary list of representations of critical type, but not of Arthur type. Using these
two lists, we give the full list of unitary open components, as well as their boundaries, for
representations of corank 4 in §8. To construct the full unitary dual, we append to it the
unitarizable representations inside a one or two-parameter complementary series, which are
constructed in §9 and §10 respectively. Finally, in §11, we give the full unitary dual of corank
4 and prove that it is the indeed the same as the closure of the Arthur dual H%m(Gn), hence
proving Conjecture 1.1.
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2. NOTATIONS AND PRELIMINARY RESULTS

Throughout the rest of this paper, let F' denote a non-Archimedean local field of charac-
teristic 0, otherwise known as a p-adic local field. Let |-| be the character of GL,,(F') obtained
by composing the determinant function of GL,,(F') with the normalized p-adic absolute value
of F.

Fix any positive integer n, we consider the representations of the general linear group
GL,(F'), or the symplectic (resp. split odd special orthogonal) groups, denoted by G, =
Gn(F), where G,, = Sp,,, (resp. SOq,41).

2.1. Local Langlands classification. In this subsection, we recall the explicit form of the
Langlands classification for both the general linear group and classical groups over p-adic
local fields ([Sil78, BW00, Kon03]).

In the case of general linear groups GL,,(F'), fix a Borel subgroup B and let P = M N be the
standard parabolic subgroup of GL,,(F') with Levi subgroup M = GL,,, (F') x - - - X GL,,, (F').
Given smooth representations 7; of GL,,(F) for i« = 1,2,...r, we denote the normalized
parabolic induction by:

TL X o X Ty = IndgL"(F)(ﬁ ® QT

Throughout the rest of this paper, let p denote an irreducible supercuspidal representation
of GL,(F). A (Zelevinsky) segment [z,y], is the set of supercuspidal representations of the
form

[x>y],0 = {pl", pfol’ ol
where z,y € R and = —y is a non-negative integer. The unique irreducible subrepresentation
of p|-|* x p|-|*71 x ... p|-|¥ is called the (essentially) Steinberg representation attached to the
segment [z, y|, and is denoted by A,[z,y],. For simplicity, we will treat A, [z, y] as the trivial
representation of GLo(F') when z < y.

Langlands classification provides a way to classify all equivalence classes of smooth admis-
sible representations of GL,(F), or the admissible dual I[I(GL,(F')). Specifically, it states
that any irreducible admissible representation 7 of GL,(F’) can be realized as the unique
irreducible subrepresentation of some

Apl [$1,y1] XKoo X Apr[$r7yr]a

where the p;’s are irreducible unitary supercuspidal representations of GL,,(F'), [x;, yi],, are
segments, and z; +y; < --- < x, + y,. In this case, we write

7= L(A&p [0, 01], - A0, 4r])

Let (z;;)1<i<s1<j<t be real numbers such that z;; = 211 — i + j. A generalized Speh
representation is an irreducible representation of the form

11 0 Tig

(2.1) : T = L(Ap[z11, 1]y -, ApTrs, Tsi]).

Ts1 ++° Tsy p

These representations will be useful in the classification of unitary dual for GL,,(F).
The Langlands classification of the classical groups G,, can be given similarly as follows.
Let P = M N be a standard parabolic subgroup of GG,, with Levi subgroup M = GL,, (F) x
- x GL,, (F) x G, (G, a group of the same type as G,, with m < n). Given smooth
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representations 7; of GL,,, (F') fori = 1,2,...r, and a smooth representation o of G, (m < n),
we denote the normalized parabolic induction by:

nX.. . pxo=hd"(ne o7 o0).

Then, Langlands classification for G,, states that every irreducible representation 7 of GG, is
a unique irreducible subrepresentation of

Ap [z, ] X X Ay [T, Yr] X Temp,

where the p;’s are irreducible unitary supercuspidal representations of GL,(F'), z1 + y1 <
.. <2, +yr <0, and ey is tempered. In this case, we write

™= L(Apl [5(71, yl]a ) Apr [{L‘T, yr]; 7T-temp)~

We call the tuple (A, [z1,y1], ..., A, [, Yr], Tremp) the Langlands data, or L-data, of 7, and
the multi-set {A,, [z1,v1], ..., A, [z, y,]} the non-tempered portion of the L-data of .

2.2. Arthur’s parameterization of the tempered spectrum. In this subsection, for
classical groups G,,, we recall the local Langlands correspondence ([Bor79, §8.2] and the
Arthur’s parametrization of the tempered spectrum ([Art13, Theorem 1.5.1]).

For any split reductive algebraic group G, the Langlands dual group of G is denoted by
GY(C). A local L-parameter of G,, is a G;/(C)-conjugacy class of an admissible homomor-
phism ¢ : Wg x SLy(C) — GY(C) (more generally, see [Bor79, §8.2]). In this paper, we do
not distinguish ¢ from its conjugacy class. We say that ¢ is tempered if its restriction to
Wg has bounded image. The component group of ¢ is defined by

Sy 1= mo(Centay () (Im(¢))/Z (G, (C))"),

where I' is the absolute Galois group of F'

By the local Langlands correspondence for GL,, (F') ([Hen00, HT01, Sch13]), we may iden-
tify an irreducible supercuspidal representation p of GL, (F') with its local L-parameter ¢,,
which is an irreducible n-dimensional representation of the Weil group Wgr. Explcitly, we
can write any tempered local L-parameter ¢ in the following form:

¢ = @,0@ ® Saia
=1

where p; are irreducible unitary supercuspidal representations of GL,,,(F) and Sy denotes the
unique irreducible representation of SLy(C) of dimension k. Let Jord(¢) denote the multi-set
consisting of all the irreducible summands occurring in ¢ (counting multiplicities), i.e. for ¢
as above, we have Jord(¢) = {p1 ® Say, .-, pr ® Sa, }

For the groups G, the Pontrayagin dual §¢ of S, is a finite abelian group consisting of
characters which may be identified with functions € : Jord(¢) — {£1} such that e(p;®S5,,) =
e(pj ® Sa;) whenever p; ® Sy, = p; ® S,;, and

I oosym -1

pRSq€Jord(¢)

where m,, , denotes the multiplicity of p ® S, in ¢.

From the conjectural local Langlands correspondence, we associate to each local L-parameter
¢ a finite set of irreducible admissible representation of G satisfying certain properties (see
[Bor79]), which is called the local L-packet attached to ¢ and is denoted by Il,. For G,,, the
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following theorem of Arthur shows that Il is in bijection with §¢ for tempered parameters
0.

Theorem 2.1 ([Art13, Theorem 1.5.1]). Fiz a choice of Whittaker datum for G, and let ¢
be a tempered local L-parameter. Then there is a bijective map between the tempered local
L-packet 114 and §¢.

Henceforth, we fix a choice of Whittaker datum for G,. When ¢ is tempered, we write
7(¢, €) for the element of II; corresponding to € € Sy via the bijection in Theorem 2.1.

2.3. Supercuspidal representations and reducibility points. In this subsection, we
recall Moeglin’s characterization of local L-parameters for irreducible supercuspidal repre-
sentations of G,,. Let C (resp. C.) be the set of supercuspidal representations of general
linear groups (resp. classical groups), C* := {p € C | pis unitary}, and C*¢ := {p €
C" | p is self-dual}.

For any tempered L-parameter ¢ = €, p; ® S,;, we write p® S, C ¢ if p® S, appears as
a direct summand in ¢. A tempered L-parameter ¢ = @, p; ® S,, is called discrete if the
pi @ Sg,’s are pairwise non-equivalent. A discrete L-parameter ¢ = @, p; ® S, is said to be
without gaps if for a > 1,

PRSua CO=pRS, C .

Applying Theorem 2.1, Maeglin’s parametrization of irreducible supercuspidal representa-
tions of GG,, is as follows.

Theorem 2.2 ([Mcellb, Theorem 1.5.1], [Xul7a, Theorem 3.3]). An irreducible tempered
representation w(¢, €) of Gy, is supercuspidal if and only if the following hold.

e As a tempered local L-parameter, ¢ is discrete and without gaps.
o Ifbothp® S, C ¢ and p® Seio C ¢, then e(p® S,)e(p ® Sare) = —1.
° [fp@ SQ C Qb, then 5(,0® SQ) = —1.

Let p € C* and 0 € Cy. If p is not self-dual, then p|-|* x o is irreducible for all z € R. If p
is self-dual, then there exists a unique «,, € Rx¢, such that p|-|*#= x ¢ is reducible ([Sil80]).
The number «,, is known as the reducibility point, and it is known that a,, € %Zzo- In
fact, there is an explicit description of c,, based on the local L-parameter ¢, of o as follows,
according to [MWO06, Remark 4.5.2].

By Theorem 2.2, we may write

(2.2) bo = @ @ P D Saite,)+15

pER 1=0

where R is a finite set of C*% and a, € Zs. Here ¢, € {0, 3} based on the parity of p. More
explicitly, if G, is an orthogonal (resp. symplectic) group, then €, = 0 (resp. €, = %) if the
image of the homomorphism p : Wr — GL(V) preserves a symplectic bilinear form on V,
and €, = % (resp. €, = 0) if the image of p preserves a symmetric bilinear form on V. Set
a, = —1if p is not in the finite set R. Then the reducibility point «,,, is given by a, +¢€,+1

and the decomposition (2.2) can be rewritten as

(2.3) b =P (P @ Saeps1+ P ® Saeps + -+ + P ® Saay p—1)41)-

pER

Let us now recall the definition of corank for representations, which gives the notion of
dimension in our construction of the unitary dual.
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Definition 2.3. A representation m € II(G,,) is said to be of corank r if there exists an
injection ™ < p1 X -+ X pp X Te., where p; € C and w,. € Cg.

2.4. Representations of good parity and critical type. In this subsection, we recall
the definition of a representation being null parity, good parity, bad parity and critical type.
We often use the unitarizability of a representation of good parity to determine whether a
continuous family of representations are unitary.

Definition 2.4. Let w be an irreducible admissible representation of G,,, which is a subquo-
tient of py|-|"* X <+ X pp|-|"" X Wge, where p; € C*, x; € Rsg and 75 € Cy.
(1) Define w to be of null parity (named as “ugly” in [AM23]) if there exists 1 <i <,
such that either p; & C* or x; & %Z.
(2) Define 7 to be of good parity if for any 1 < i < r, p; € C** and z; € o, r,, + Z,
where a,, .. € Rxq is the reducibility point of the pair (p;, sc).
(3) Define m to be of bad parity if 7w is of neither null-parity nor good parity.
(4) Define 7 to be of critical type if it is of good parity and for each p € C*¢, the set (not
multi-set) {x; | p; = p} is either empty or forms a segment containing o, ., .

We associate the notion of being good parity for representations to that of L-parameters
as follows. A local L-parameter ¢ of G, is said to be of good parity if the local L-packet 11,
contains any representation of good parity. In fact, this condition is equivalent to the one
that all representations of II, being good parity.

According to the following theorem proven by Atobe and Minguez, for good parity repre-
sentations, being unitary is equivalent to be of Arthur type (see §2.5).

Theorem 2.5. [AM25, Theorem 1.1] Let w be an irreducible unitary representation of G,
of good parity. Then m is unitary if and only if it is of Arthur type.

This result gives a full conjectural description of the unitary dual for good parity repre-

sentations, and greatly simplifies our classification of the unitary dual of corank 4 in this
paper.
2.5. Local Arthur packets and reduction to good parity. In this subsection, we recall
the theory of local Arthur packets, as established in [Art13], and the reduction of the Arthur
dual to the good parity case. Recall that F' is a p-adic local field, and G,, = G,,(F'), where
G, = Spay, or SOq,11. Let Wg be the Weil group of F' and G (C) be the Langlands dual
group of G,,.

Definition 2.6. A local Arthur parameter is a homomorphism
77/} Wre x SLQ(C) X SLQ((C) — GX(C),

(2.4) =P ¢ ®Sa, @S,
=1

satisfying the following conditions:

(1) ¢;(Wg) is bounded and consists of semi-simple elements, and dim(¢;) = d;;
(2) the restrictions of ¥ to the two copies of SLy(C) are algebraic, Sy, is the k-dimensional
irreducible representation of SLa(C), and

Zdiaibi N 2n+1  when G,, = Spay,
— 2n when Gy = SOq,41.
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The first copy of SLa(C) is called the Deligne-SLy(C) and is denoted by SLY(C). The sec-
ond copy of SLy(C) is called the Arthur-SLy(C) and is denoted by SLj(C). A local Arthur
parameter v given in (2.4) is called generic if b; =1 fori=1,...,r.

Given a local Arthur parameter as in (2.4), Arthur defined a packet I, in [Art13, Theorem
2.2.1], called a local Arthur packet, which is a finite subset of 11,(Gy,), satisfying certain
twisted endoscopic character identities. Let W(G,,) be the subset of local Arthur parameters.
We say that a representation m is of Arthur type if m € IL, for some local Arthur parameter
e V(G,). Let

[A(G,) = {r € 1L, | ¥ € W(G,)}.

Representations in I14(G,) are called Arthur representations. For m € [14(G,,), we let
U(m):={y e ¥(G,) | m e 1l,}.

Now we recall the decomposition of local Arthur parameters and the reduction of the con-
struction of local Arthur packets to the good parity case. By the Local Langlands Correspon-
dence for GLg4, (F'), a bounded representation ¢ of Wy can be identified with an irreducible
unitary supercuspidal representation p of GLg4, (F') ([Hen00, HT01, Sch13]). Consequently,
we may write (2.4) as

(2.5) =Pl

el

“® Sa; @ Su,,

where p;’s are irreducible unitary supercuspidal representations of GLg, (F'). With this de-

composition, we say that ¢ is of good parity if the following holds. Let ¢ be any irreducible

supercuspidal representation of G,,. Then z; = 0 and # € o, o + Z for any i € I. Equiv-

alently, ¢ is of good parity if and only if any representation in the local L-packet I, is of
good parity (Definition 2.4(2)). We remark that by Theorem 2.7 below and the construction
of good parity local Arthur packets (see the next subsection), v is of good parity if and only
if any representation in the local Arthur packet Il is of good parity.

Let ¢ € U(G,,). Since v factors through G)(C), we may rewrite the decomposition (2.5)
as

w: @ (pi@Sai®Sbi+p;/®Sai®Sbi)€B @pi@saz'@sbw
i€l ngp i€lyy

where

e For any i € I, either p; % p/, or, p; = p;/ and ‘“T*b’ ¢ a, .+ 7Z;

e For any i € I, p; = p,/ and # € a, .+ 2.
For € {ngp, gp}, define subrepresentations 1, of 1) by

w* = @pl ® Sai ® Sbi'
i€l

Thus v, is of good parity and
(2-6) Y= (Q/Jngp + ’l/}r\L/gp) + djgp'

For a unitary supercuspidal representation p of GLy4(F') and a,b € Z~q, we let

a=b L..oatb
2 2 1

(2.7) ulaty=| |,

—a—b b—a
2 + 1 2 p
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be the corresponding unitary generalized Speh representation (see (2.1)). This is the unique
member of the local Arthur packet Il,g5,0s,(GLaba(F')). For each i € I, define 7; to be
the generalized Speh representation u,,(a;, b;). Then we set

Tngy = X Tis
which is irreducible.
Mceglin showed that the construction of local Arthur packets can be reduced to good
parity ones as follows.

Theorem 2.7 ([Mcella, Proposition 5.1]). Let ¢ € W(G,,) with decomposition (2.6). Then,
Jor any my, € Iy, the parabolic induction Ty, X g, is irreducible. As a consequence,

(2.8) Iy, = {Twngp X Tgp| Tgp € ngp}-

2.6. Extended multi-segments and operators. In this subsection, we recall the notion
of extended multi-segments and related operations, which provide important computation
tools in the construction of the Arthur dual.

Definition 2.8 ([Ato22b, Definition 3.1]). (Eztended multi-segments)

(1) An extended segment is a triple ([A, B],,[,n), where
o [A, B], = {p|'|* pl'|* 1, ..., pl-|P} is a segment for an irreducible unitary super-
cuspidal representation p of some GLy4(F);
e leZ with <[ < g, where b= #[A,B],=A—-B+1;
e n€{£1}/E, where E = {41} if b=21 and E = {+1} if b > 2l.
In the statements and formulas in this section, we regard n € {£1} by fizing any of
its preimage except in Definition 2.1/, where the choice of the preimage is specified.
(2) Consider a multi-set of extended segments of the form {([As, Bilp, lis 1) Yier,- We say

that a total order > on I, is admissible (or satisfies (P)) if
Ai<Aj,BZ'<Bj:>’i<j.
We say that an admissible order > satisfies (P') if B; < B; =i < j.
n extended multi-segment for G, 15 a union of multi-sets of extended segments
3) A ded multi G, 1 ) Iti ded
indezed by a collection of total ordered sets (1,,>): € = U {([As, Bilp, li, i) Yie(r,,>)
such that

(a) 1, is a totally ordered finite set with a fized total order > satisfying (P);

(b) Ai+ B; >0 for all p and i € 1,;

(c¢) as a representation of Wp x SLy(C) x SLa(C), ve = B, Djes, p @ Sa, ® S,
where (a;,b;) = (A; + B+ 1, A; — B;+ 1), is a local Arthur parameter for G,, of
good parity. We shall denote by e the local Arthur parameter associated with
.

(d) The sign condition

[TTTC-nE g =1
p i€l,
holds.

(4) For each extended multi-segment E, we denote by w(E) the representation associated
with € as in [Ato22b, §3.2], which is either irreducible or zero. We denote by Rep

the set of extended multi-segments that give nonzero representations, and by Rep(P/)
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the subset of Rep that consists of extended multi-segments whose total order on any

I, satisfies (P'). For a given € = U {([As, Bilp, li, mi) Yie(1,,>) € Rep, define that
E = {([Ai Bilp: lisni) Yieqr,>)  and & = Uy, {([Ai, Bilp. lismi) bie(r,,)-

Then &= EPUE,.

(5) Sometimes we write £, = {([A1, Bilpsli,m), - - -, ([Aks Bilp, b, i) }, implying that the
elements in &, are listed increasingly with respect to the admissible order of £,. As-
sume that

F ={([Ai Bilp, li;ni) Yie, > and  F' = {([Ai, Bil,, li; i) Yie(r,>)-
Then we let F + F = {([Ai,Bi]p,li,ni)}ie([pu[l/”») be the extended multi-segment,
where the admissible order > is defined by i > j if and only if (i,j) € I, < [,UI,x I}
and i > j, or, (i,7) € I, x I,.
(6) Suppose that € € @(Pl) and denote
F = 5p = {([An Bi]m i, Ui)}ie(lp,>)-
Let x € R. We define
Foz: {([Ai,Bi]p, liani)}ielp,Bi>x7
Fep = {([Az‘, Bi]pa l;, ni)}ielp,Bi:m
Few = {([AiaBi]p; liyni)}ielp,B¢<m7

with the admissible order inherited from (1,,>). Note that F = Fy + F—y + F>y.
We also write F<y = Feyp + F—y and F>p = F_p + Fsy.

Atobe attached a symbol to each extended multi-segment £ ([Ato22b, §3]). For example,
when € = {([A, B],,[,n)} is a singleton, the symbol is as follows

B B+1-1 B+l A-l A-l+1 A
- << 9 o006 b ->b
l l P

Here, ®--- ® represents an alternating sequence of @ and ©, starting with @ if n = 1 (resp.
© if n = —1). When & is not a singleton, we stack each row vertically. See the following for

an example:

Example 2.9. Let p be the trivial representation of GLi(F'). The symbol

1 2 3
< @ ©
p

corresponds to the extended multi-segment € = {([3,0],,1,1),([3,2],,1,1),([3,3],,0,—1)} of
Spsa. The associated local Arthur parameter is e = pR Sy ® Sy+ p R Sg® S+ p R S7 R S.

[(ORVARY

Given an extended multi-segment £, one can use the algorithms in [HJLLZ25] to compute
the representation 7(€). In particular, there are necessary conditions on £ for 7(€) to be
of Arthur type. This relies on the implementation of various operators on extended multi-
segments as follows.

The first operator is called the row exchange. It is used to change the admissible order of
an extended multi-segment, but does not affect the corresponding local Arthur parameters.
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We say that k < k + 1 are adjacent in a total order set (,, >) if there does not exist i € I,
such that k <7 <k + 1.

Definition 2.10 ([Ato22b, Section 4.2], Row exchange). Let £ € @(Pl) with

E, = {([As, Bil,, Ly mi) Yie(r,,>)-

Assume that k < k + 1 are adjacent in (I,,>). Let > be the total order on I, defined by
k>k+1 andif (i,7) # (k,k+ 1), then i> j if and only if i > j.
If > is not an admissible order on 1,, then we define Ry(E€) = E. Otherwise, we define

Rk<5p) = {([4,, Bi]p: lé, U;)}ie(lp,>>),
where (I;,n;) = (l;;m;) for i # k,k+1, and (I},,n,) and (I}, ,,m,.,) are given as follows.
Denote € = (—1)% Brepmy .
(1) Assume that [Ak, Bil, D [Aks1, Bry1lp. We set (U1, mhiq) = (legr, (1) Brmypy)
in this case.
(a) If e =1 and by, — 21, < 2(bpy1 — 2lk41), then
(s mie) = (b = (ke + (byr = 2ipa)), (= 1)1 Prrigy);
(b) If e =1 and by, — 21, > 2(bgr1 — 2l41), then

(U 1) = (I + (Drr = 2l ), (= 1)~ Bty ),

(c) If e = =1, then (I),,n},) = (lx — (bpy1 — 2py1), (—1) A= Brsatlpy
(2) Assume that [Ay, By), C [Aks1, Brial,. We set (1, n) = (I, (= 1)1 Brevip ) in this
case.

(a) If e =1 and byy1 — 211 < 2(b — 2lg), then

(Ts1s Meyr) = (brr — (et + (b — 20)), (1) Prag);
(b) If e =1 and byyq — 2lp11 > 2(by — 2ly), then

(l;c+17 ?71/€+1) = (lk+1 + (bk - Qlk)7 (_1)Ak73k+177k+1);

(c) If e=—1, then (L1, M) = (e — (b — 20), (1) Pt ney).
Finally, we define that R, (E) = EP U Ri(E,).
If > is another admissible order on I,,, then we deform £, into {([As, Bilp, (li)s, (1)) Yie(r,,>)
by applying a sequence of row exchanges on &,. We shall denote the resulting extended multi-
segment by &, .

Next, we recall the definition of the operators sh?, add}i on extended multi-segments. These

operators can be useful in constructing new extended multi-segments.

Definition 2.11 (Shift, Add). Let & = U {([As, Bilp, li, i) Yier,>) be an extended multi-
segment. For j € Iy and d € Z, we define the following operators.

1. Define sh?(é’) = U {([A%, Blps lis i) Yie(r,,>) with

g, = At & Bitd, ifp=plandi=,
1) P [Az,Bz]p

otherwise.

Set shf, = Zjelp, shi and sh® .=} , shy,.
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2. Define addf(€) = U,{([A}, Bl i, m:) Yier,.>) with

‘ o , S L
([A/ B’ ]p’ l;) _ ([Az + da Bz d]p) lz + d) pr p and i 7,
([As, Bil,, ;) otherwise,

Set addl, = Zjelp, add] and add® := )" , adds,.

It is immediate that the operators commute with each other, so, we denote the composition
by summation. We only use these notations in the case that the resulting object is still an
extended multi-segment.

The next operator is called the union-intersection, which would change the corresponding
local Arthur parameters if acting non-trivially.

Definition 2.12 ([Ato22b, Section 5.2|, Union-intersection). Let £ be an extended multi-
segment with £, = {([As, Bilp, li, i) Yie(1,,>)- For k < k + 1 adjacent in (I,,>), we define an
operator wiy, called the union-intersection, on & as follows. Denote € = (—1)4Brnyun, 1. If
Agi1 > Ay, Bry1 > Br and any of the following cases holds:

Case 1. e =1 and A1 — ly1 = Ax — U,

Case 2. ¢ =1 and Byy1 + lpo1 = B + Iy,

Case 3. ¢ = =1 and By + lgy1 = A — I + 1,

we define that wix(E,) = {([A}, Bil,, li;n}) Yie, >), where ([A}, Bil,, Ui, mi) = ([Ai, Bilp li, i)
fori # k,k+1, and [AZ;?B/] [Aks1, Bilp, [Ak+17Bl/c+1]p = [Ak, Bry1]p, and (l;wnllc?l;c—&-l?nllc-f—l)
are given case by case as follows:

(1) in Case 17 (Z;CJ 771;7 l;<;+17771,g+1) (lka Nk, lk+1 - (Ak+1 - Ak) ( )Ak+1 Ak"]kﬂ);
(2) in Case 2, if by, — 21, > Agr1 — Ay, then

( ;mn]/gv ;g—f—lanllf—i—l) = (lk + (Ak—H - Ak)7 Nk lk-l-l? (_1)Ak+l_Ak77k+l)7

and if by—2lk < App1—Ak, then (U, 0 Uy s Mewr) = k=i, =1y Lgr, (= 1)1k )
(3) in Case 3, if lyr1 < li, then (L, my, Uty Mosr) = (Lo Wiy Lo, (—=1)A+1=Akn. 1), and if
b1 > Uy then (U, 0, Uy s Thgy) = (Lo M Ly (—1) A=A )

(3') if we are in Case 3 and l, = lyy1 = 0, then we delete ([A} 1, Bl 1lps ly1> Moyr) from
Ulk(5p>

The union-intersection operator can be extended to non-adjacent extended segments as
follows.

Definition 2.13. Let £ be an estended multi-segment with &, = {([Ai, Bil,, li, i) Yie(r, »)-
Given 1,7 € 1,, we define that ui; ;(E,) = &, unless the following conditions hold:

1. A, < Aj, B; < Bj, and j > i are adjacent under some admissible order > on I,.
2. The operator ui; is applicable on &, ..

In this case, we define that wi; ;(€,) := (ui;(E,))>, so that the admissible order of ui; ;(E,)
and &, are the same (if the ui; is of type 3', then we delete the j-th row). Finally, we define
Ulz,](g) = gp U Uii,j(gp)'

We say that wi; j is applicable on & if ui; ;(E) # €. Furthermore, we say that ui, ; is of
type 1, 2, 3, or 3" if the corresponding operator ui; is of type 1, 2, 3, or 3', respectively, in
Definition 2.12.
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Let m be an irreducible admissible representation of GG,,. Aubert showed that there exists
e € {£1} such that the virtual representation defined by

= 52 D4R IdSm (Jacp(r)))

is an irreducible representation ([Aub95]). The above sum is over all standard parabolic
subgroups P of G, where Ap denotes the maximal split torus in the center of the Levi
subgroup of P, and Jacp denotes the Jacquet module along P. We say that 7 is the Aubert-
Zelevinsky dual or Aubert-Zelevinsky involution of .

The next operator is known as the dual, which sends a representation corresponding to
an extended multi-segment to its Aubert-Zelevinsky dual.

Definition 2.14 ([Ato22b, Definition 6.1], Dual). Let £ = U,{([Ai, Bil,, li, i) }ie(,,>) be an
extended multi-segment such that the admissible order > on 1, satisfies (P') for all p. We
define

dual (&) := U, {([Ai, = Bi],, li, 2)}ie([pv>/)7

as follows:
(1) The order > is defined by i >' j if and only if j > i.
(2) Set
o l; + B; if B; € Z, d o= (—1)>t+Bin;  if B; € Z,
‘ li+ Bi + 5(—=1)%n; if B; ¢ Z, ' (=1)tPitly, it B, ¢ Z,
where o; = Z]GI i aj, and B; = Zjel-p’jﬂ bj,a; =A;+B;+1,b;=A,— B; + 1.

(3) When B; ¢ Z and l; = %, set 1, = (—1)~ 1.
Finally, we define dual(&,) := (dual(£)),.

—

Theorem 2.15 ([Ato22b, Theorem 6.2]). Let £ € @(Pl). Then m(dual(€)) = w(E) holds.
The last operator we introduce is known as the partial dual.
Definition 2.16 ([HLL22, Definition 6.5], Partial dual). Let £ € @(Pl), and let

F o= 5p = {([Ai7 Bi]pa lz‘,m)}z’e(lp,>)-
Fori e 1,, denote
a;=» (A4;+B;+1) and B =) (A;—B;+1).
Jj<i j>t
Assume that there exists k € I, such that
(1) By, = 3,1, =0;

@) (1= 1,
(3) for anyi <k, B; < 3.

Then we define dual)f (F) as follows. We write the decomposition
F = ]:1 + {([Akn 1/2]pa 077716)} + ]:2a
where F1 = Foiy2 and Fy = Fs1)2, and then write

dual(F) = Fy + {([Ar, =1/2],,0, (=1)%)} + F,
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where Fy = (dual(F))<—1/2 and Fi= (dual(F))s—1/2. Next, write

dual(F) = dual(Fy + {([4.1/2],,0, (-1} + F) = F + {([ A ~1/20,.0.~n)} + Fo,

where Fy, = (dual(F'))<—-1/2 and Fo= (dual(F'))s—-1/2. Then we define

dual}f (F) = %1 + {([Ak, —1/2],,0, =) } + Fo,

and say that dual}f is applicable on F.
Assume that dual(F) satisfies above conditions (1) — (3). Then we define

dual; (F) := dual o dual o dual(F),

and say that dual,, is applicable on F. We call this operators dual)’, dual, the partial dual,
and denote by dualy, if there is no ambiguity.
Finally, we define dual,(£) := £P U duali(E,).

Next, we introduce certain collections of the operators defined above. Note that one can
easily construct the inverses of the add, shift, union-intersection, and dual operators, when
they are applicable on an extended multi-segment.

Definition 2.17.

(1) We say that an operator T defined above is a raising operator if it is of the form

uii_,jl, dual o uij; o dual, or dual, .

(2) We say that an extended multi-segment £ € Rep is absolutely maximal if there is no
raising operator applicable on E. -

The definition of raising operators is used to exhaust Arthur packets in [HLL22]. In
later sections, they will be used to restrict the possible forms of extended multi-segments
corresponding to representations of Arthur type, which allow us to exhaust the Arthur dual.

2.7. Preservation of irreducibility and unitarizability. In this subsection, we recall
some important technical results regarding when and how irreducibility and unitarizability
of a representation are preserved. We begin with an irreducibility criterion of Tadi¢, which
is useful when considering parabolic inductions with a supercuspidal representation. For any
7 € II(G,,), let supp(7) denote the supercuspidal support of w. Let D denote all irreducible
essentially square integrable representations of GL, (F), n > 1, and e(J) denote the exponent
of any representation § € D. Let M (D) denote all finite multi-sets of representations in D.

Theorem 2.18. [Tad23, (2.23)] Let o € C% 7w € 1I(G,). Suppose now that supp(r) does
not contain p|-|* or p|-|~*. Assume that all members of supp(w) are contained in {p|-|*** :
k € Z}, for some fized x € 3Z. Write m = L(d), for some d € M(D). Denote by d~o (resp.
d<o) the multiset consisting of all 6 in d such that e(5) > 0 (resp e(d) < 0), counted with
multiplicities. Then, if  is a ladder representation or if < 1 and all members of supp(r)
are contained in {V**%p;k € Z}, then holds

(2.9) L(d) x o is reducible <= L(dso) X L(d-o)™ is reducible.

Next, we recall some basic notation on the support of representations, leading up to the
result of Jantzen decomposition.

Definition 2.19. Let X be a subset of C.
(1) X 1is self-contragredient if for any p € X, the contragredient of p is also in X.
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(2) For an irreducible admissible representation 5 of GL4(F), we say that § is supported
on X if the supercuspidal support of B is contained in X .

(8) Let w be an irreducible admissible representation of G,, that appears as an irreducible
subquotient of 01 x --- x 0y x 0, where 8; € C and 0 € Cy. We say that 7 is supported
on X U{c} for some self-contragredient X CC if 0; € X fori=1,...,r.

(4) Fiz a supercuspidal representation o of G, and a self-contragredient subset X C C.
We denote by Irr(X; o) the set of irreducible admissible representations m of Gy, with
n > m such that 7 is supported on X U{c}.

(5) Suppose that X is self-contragredient. Let X = X; U X5 be a partition of X. Such a
partition is called reqular if X1 is self-contragredient and

0 e X = 9||1 g Xo.
That is, there 1s no reducibility among X, and Xs.

The following results are on the Jantzen decomposition, which give us another criterion
to determine irreducibility.

Theorem 2.20 ([Jan97, Theorem 9.3]). Let X be a subset of C that is self-contragredient
and X = X1 U Xy s a reqular partition. Let o € Cg.

(i) For any m € Irr(X;0), there exist irreducible admissible representations (y, B2 of
general linear groups and X, (), Xo(m) of lower rank classical groups such that
e [3; is supported on X; and X;(m) is supported on X; U{c}; and
e there are injections

T [ X Xo(m) and 7w By x Xq(m).

The representations X;(m) are uniquely determined by .
(ii) The map

Irr(X;0) — Trr(Xy;0) x Irr(Xy; 0),  with m— (X(7), Xa(7))

s a bijection. We denote the inverse map by ¥y, x,.

(i1i) Fori = 1,2, let 5; be an irreducible admissible representation of a general linear group
supported on X; and ; € Irr(X;; 0). Here we allow f5; to be the trivial representation
of GLo(F). Then

(B1 X B2) X Vx, x,(71,72) is irreducible <= both (; x v; are irreducible.

(iv) For anym € Irr(X;0), 7 is tempered (resp. square-integrable) if and only if X, (m), Xo(m)
are both tempered (resp. square-integrable).

To end this subsection, we recall when and how unitarizability of representations of G,
are preserved. These techniques provide the basic tools for our classification of the corank 4
unitary dual and motivate the definition of H%m(Gn). They can be used to prove or disprove
unitarizability.

Proposition 2.21. Fiz a standard parabolic subgroup P = M N of G with M = GL,,, (F') X
<o X GLp,, (F) X Go. Let 1; € Irr(GL,, (F)), mo € Irr(Gy) and set iy =1 K-+ K7, K €
Irr(M).
(1) (Unitary induction (UI)) If myr is unitary, then Ind%(myr) is a direct sum of irre-
ducible unitary representations of G.
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(2) (Unitary reduction (UR)) If my is hermitian and if Ind$G(may) is irreducible and
unitary, then my is also unitary.

(3) (Complimentary series (CS)) Let x1(t), ..., z,.(t): [0,1] = R be continuous functions,
and set

T, = 710 x e [ ® 0 .

If 11; is irreducible and hermitian for 0 <t < 1, and if 1l = IndIGD(WM) 1S unitary,
then all irreducible subquotients of Il are unitary for 0 <t <1.

(4) (Beyond the first reducibility point (RP1)) Suppose that

e k=1;
o 71 = X!_,Sp(pi, ¢i, d;) is a product of unitary Speh representations with p; = p;
for1 <i<r;

e o 1S of Arthur type of good parity.
Let oy € U(M) be an A-parameter with my € Iy, and let Rp(w, ma,Yn) be
the normalized intertwining operator defined by Arthur [Art13, Section 2.4] with
w € W(M,G). Assume further that Rp(w,mar,¥ar) is not a scalar (so in partic-
ular Ind$(my) is reducible). Then T|-|° x my is not unitary for sufficiently small
s> 0.

2.8. Definition of I1;(G,) and II%(G,). In this subsection, we recall the definitions of
I14(Gy) and the unitary dual candidate set IT2(G,,).

Definition 2.22. (a) For k € Zso, we define subsets H%)(Gn) of I1,(G,) inductively
as follows. Set H(ZO)(G”) = la(G,). Fork > 1, and any © € 11(G,,), we say that
T E H%)(Gn) if there exists a triple

(2.10) (I, =y, 2y = up, (a1, b1) )" X -+ X u,, (as, bs)|

satisfying the following conditions

(1) A € Tagp(Gy) for some m < n, and the p;’s are irreducible unitary supercusp-
idal representations of the general linear groups (not necessarily self-dual).

(2) The point y lies in the set U := {x € R°|IL, is irreducible and Hermitian} and

“xmy € Rz ERY)

I, = 7 x 7*=1 for some unitary representation T of GLg(F) and 7~V ¢
Y (Ga).

(3) The points z lies in the unique connected component of U containing y and
T = 11,.

: k
Finally, we let HZ(Gn) = UkeZZO H(Z)(Gn).
(b) We say that w € TI™(G,,) if there eists a triple as in (2.10) satisfying condition (1)

in Part (a) and

(2°) The point y lies in the open set U := {z € R°|ll, is irreducible} and II, €
HZ(Gn)

(8°) The point z lies in the closure of the unique connected component of U con-
taining y and 7 is a subquotient of I1,.

3. CLASSIFICATION OF TEMPERED REPRESENTATIONS OF CORANK 3 OF GOOD PARITY

As motivated by Definition 2.22, the first step to construct the unitary dual of corank
4 would be to construct the Arthur dual of corank 4. To do so, the first natural step is
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to classify all representations of Arthur type that are of good parity. In this section, we
classify all tempered representations of corank 3, which will be used in the next section
on the classification of non-tempered representations of corank 4. Let us first recall the
notation in [HJLLZ25, Section 7| regarding tempered representations of good parity, that
are in particular not supercuspidal. From now on, we let my(p ® S,) be the multiplicity of
p ® S, inside the L-parameter ¢, and let the set U(m) be the set of A-parameters ¢ such
that m € Hw.

Theorem 3.1. [HJLLZ25, Theorem 7.1] Let m = mw(¢p,e) be a tempered representation of
good parity. The representation w is not supercuspidal if and only if at least one of the
following holds for some p and x € %ZZO. Denote m := my(p ® Sazy1) for short.
(I) Suppose that x > 0, my(p ® Sazt1) > 0 and e(p @ Sopy1)e(p ® Saz—1) # —1. In this
case, there exists a unique tempered representation Tiem, of smaller rank such that
T <—>\pH$ X oo X p[-]’ixﬂtemp,

-~
m Ccoples

and we write ™ = T¢, (Tiemp). More precisely, we have Tyempy = 7(¢', ") where

¢ =0 — (p® Sa41)"™ 4 (p ® Saa1)®™,
and
e(p® Sazt1) i P @S = p® o,
5/(0/ ® Sa) =40 Zf Pl ® Sy = P& S2x+17
e(p ® S,) otherwise.

(II) Suppose that x > 0, my(p ® Sazt1) > 1 is odd and e(p @ Saz+1)e(p @ Sop—1) = —1.
In this case, there exists a unique tempered representation Tiem, of smaller rank such
that

7 L - X P Xy,
m—1 copies

and we write ™ = T{7 . (Ttemp). More precisely, we have Tiemy = 7(¢', ') where

¢/ = ¢ - (p ® SQx-i-l)@m_l + (P ® S2x—1)®m_1a
and €'(p) @ S,) = e(p ® S,).
(I11) Suppose that x > 0, my(p @ Sazt1) > 1 is even and e(p ® Sazt1)e(p @ Sop—1) = —1.
In this case, there exists a unique tempered representation Tiem, of smaller rank such
that

m s ol pLE ) T ol X Ty
mfltopies

and we write ™ = Tfr; . (Tiemp). More precisely, we have that e, = (¢, &) where

¢ =& —(p® Ss0i1)¥" + (p® Soz1)¥" 72,

and €'(p) @ S,) = e(p ® S,).
(IV) Suppose that © = 0, mg(p @ S1) > 1 is odd. In this case, there exists a unique
tempered representation Tiem, of smaller rank such that

= P75 Xl XMooy,

—~—
(m—1)/2 copies
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and we write T = Tpy,. (Tiemp). More precisely, we have that Tyemy = 7(¢', ') where

¢ =¢—(p® Sopir)®™

and €'(p) @ Sa) = €(p @ Sa).
V) Suppose that © = 0, m ® S1) > 1 1s even. In this case, there exists a unique
( pp ,» mg(p ; q
tempered representation Tiem, of smaller rank such that

7 pF7 X -+ X D7 Xy
m/2\c,opies

and we write 1 = T{E/STZ@SI)(memp). More precisely, we have that Tiepm, = (¢, €") where

¢ =¢—(p® Say1)™,
and
0 if P ®S, = p® S,
e(pf ®S,)  otherwise.

e ®S.) = {

The five cases above will give us a way of describing all tempered representations. By
definition, they are only well-defined up to certain restrictions. We include these conditions
below.

Remark 3.2. [HJLLZ25, Remark 7.3] Let ey = m(¢',€’).

o The representation T}, (Temp) is well-defined if and only if my (p ® Sazq1) = 0 and
m¢/(,0 ® ng_l) >m.

o The representation Tfy ,, (Tiemp) is well-defined if and only if my(p @ Sop1) = 1,
My (p ® Soz—1) > m, and €' (p & Saz+1)e'(p ® Sop—1) = —1.

e The representation Tfy; ., (Tiemp) is well-defined if and only if my (p @ Szpy1) = 0 and
m¢/(p ® Sop—1) > m — 1.

o The representation Ty, (Tiemp) is well-defined if and only if mg(p ® S1) = 1.

e The representation Ty, (Tiemp) is well-defined if and only if my(p ® S1) = 0.

With these tools we can classify tempered representations of good parity of arbitrary
corank. Fix some p € C. In this section we classify all tempered representations of corank 3
of good parity, and in section 7, we do the same for tempered representations of corank 4.
Suppose 7 € 114 4,(G),) is tempered of corank 3. Then we split into three cases:

(A) m = p|-|" X Tiemp, Where Tyem, is tempered of corank 2. Then 7 is of the form
T[w’1<7rtemp)> TIV,S(Wtemp) or T‘:/%Q (’ﬂ—temp)~
(B) m <= p|-|* X p|-|** X Ttemp, Where Tiem, is tempered of corank 1. Then 7 is of the
1

form Tfiz(ﬂtemp)v Tlxl,s(ﬂtemp)a TIEII,Z(WtemP)v T1v,5(Ttemp) OF T\j/fz;(ﬂtemp)-
(C) m = p|-|"™ x p|-|*> x p|-|*3 ¥ 74, where 7. is supercuspidal. Then 7 is of the form

T;C,S(WSC)a TIIH,2 (7s¢)s Trv,r(Tse), T\fﬁ (Trse)-

3.1. Case A : m = p|-|" X Tiemp, Where mpp,, is tempered of corank 2. We begin
with case (A). For the rest of this section, let m,. denote some self-dual supercuspidal
representation and let oo = a, ., be its reducibility point. By [HJLLZ25, §10], here are the
possible representations 7, of corank 2:

TICHH (Tlcfl (Tse)), Tﬁfl (Tﬁl (Tse)), TIV,3(TICfl (Tse)),
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1 1
T\ﬁ/f2 (Tll,l (7se))s Tll,l (T\f2 (Ts¢)), T1272 (Tse), TIZI,B (Tse),

1
T1211,2<7Tsc)a Trvs(Tse), T\j/fz; (Tse)-

There are 10 possibilities, so there are 30 cases in total in case (A). First we consider the
case Let Tyemp = T71 (TF(mse)). From the classification in [HJLLZ25, Proposition 10.1],

this is well-defined only when o > 0.
Proposition 3.3. Let miemp = Tﬁfl(Tﬁl(ﬂsc)) for a> 0.

(i) The representation T} |(Tiemyp) is well-defined if and only if v = o+ 2 for a > 0, or
r=a—1 fora>1.

(i) The representation T} (Tiemp) 5 of critical type when ¥ = o + 2 for a > 0, or
r=a—1 fora>1.
(117) Let x € {o+ 2,0 — 1}, and define

8a+2 = {([a - 27 Ep]m 07 77)7 ([a + 27 o+ 2]7 O? (_1)a717€p7])}7
504—1 = {([Oé - 37 Ep]m 0777)7 ([Oé - 17 o — 1]7 07 *)7 ([Oé + 17 a + 1]7 07 (_1)a_1_6p77)}'

Then we have 7(E,) = T7 | (Temp). Here are the associated symbols:

€ - a—2 a—-1 a a+l a+2
b= !
€ v a—=3 a—-2 a—-1 a a+l

® .- ®
ga—l = © .
O}

Proof. Part (i) follows directly from Remark 3.2. The condition o > 1 for x = o — 1 follow
from the definition of T7,. Parts (ii) and (ii7) follow from definition. O

Proposition 3.4. Let miemp = 177 (17 (7sc)) for oo > 0.

(i) The representation Trys(Tiemp) is well-defined if and only if o € Z~;.
(11) The representation Trys(Tiemp) i not of critical type.
(ZZZ) Deﬁne &= {<[07 O]P> 07 77)7 ([Oa O]Pa 07 77)’ ([a o 27 O]P’ 0’ 77)7 ([Oé+ 17 a+ 1],07 Oa (_1)(1—177)}'
Then w(E) = Trvs3(Ttemp). Here is the associated symbol:

0 -+ a—2 a-1 o a+1

E =

ONONO)

O)
©

Proof. Let ¢ be the L-parameter associated with me,. By Remark 3.2, Ty 5(7tem,) is well-
defined if and only if my(p ® S1) = 1, which happens only when a # 0, 1. This proves part
(7). Parts (4i) and (i7i) follow from the definition. O
Proposition 3.5. Let Tiempy = T[Cffl(TI‘fl(ﬂsc)) for a > 0.

7 € representarion Ttemp) 1S WELI-AENINEA 1] ana oMWY 1] & = 1.
) Th tation Ty (Memp) is well-defined if and only i 1
(4 en a = 1, € representatrion Ttemp) 1S O] CTiticatl type.

i) Wh 1, th tation Ty (Tremp) i tical t
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(#ii) Define
= {([07 0]7 0, il))2> ([27 Q]a 0, 77)}

Then m(€x) = T‘j/f2(7rtemp). Here are the associated symbols.

0 1 2 0 1 2
S S
E.= | @ , &= |o .
© O]
Proof. The proof is similar to Proposition 3.4, which we omit. OJ

Now let us consider the case mem, = 177" (15 (7s)). By the classification in [HJLLZ25,
Proposition 10.1], this is well-defined only when o > 1.

Proposition 3.6. Let miem, = T]‘ffl(Tﬁl(ﬂsc)) and o > 1.
(i) The representation T7 | (Tiemp) is well defined if and only if v = a — 2 and o > 2, or
r=oa+1.
(ii) The representation T} | (Tiemp) is of critical type, when v = a—2,a > 2, orx = a+1.
When © = o + 1, the representation Tﬁl(memp) 15 the same as the representation
TP (TP (T (mse)) described in Proposition, 3.3.
(i1i) Define
E ={(Jo —4,¢),,0,m), (o, &« — 2],,0, —n}.

Then () = T7' *(Tiemp). Here is the associated symbol.

& - a—4 a—-3 a—-2 a-1 «
€= ( © ® @)'
Proof. The proof is similar to Proposition 3.3, which we omit. OJ

Proposition 3.7. Let miemp = Tﬁfl(Tﬁl(ﬂsc)) and o > 1.

(i) The representation Trys(Tiemp) i well-defined if and only if a € Z~s.
(i1) The representation Trys(Tiemp) i not of critical type.
(#ii) Define

&= {([07 0][’? 07 77)7 ([07 O]P? Oa 77)7 ([Oé - 37 0]P7 07 77)7 ([Oé, a — 1]P7 07 (_1)04727])}.

Then m(E) = Trv3(Ttemp). Here are the associated symbols.

0 a—3 a—2 a—-1 «
O]
_ ©
&= © ©
O] O]
Proof. The proof is similar to Proposition 3.4, which we omit. 0

Proposition 3.8. Let miem, = T[‘ffl(TI‘fl(wsc)) and o > 1.

1 € representatrion Ttemp) 1S WELI-AENINEA 1] ana oMWY 1] & = 4.
) Th tation Tyy(Temp) is well-defined if and only i 2
(4 en & = 4, € representatrion Ttemp) 1S O] CTiticatl type.

i) Wh 2, th tation Ty (Temp) i tical t
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(#ii) Define
gi = {([07 0]7 07 :i:1>27 ([27 1]7 07 77)}
Then m(Ex) = Tyo(Ttemp). Here are the associated symbols.

0 1 2 0 1 2
&b S/
Er= | , E&.=|8o )
®© © ®© O
Proof. The proof is similar to Proposition 3.5, which we omit. O

Now we consider the case Tyemp = Trva(T1(7s)). By the classification in [HJLLZ25,
Proposition 10.2], this is well-defined only for « € Z-;.

Proposition 3.9. Let Temp = Trva(T7(mse)) for a € Zsy.

(i) The representation T7 | (Tiemp) is well-defined if and only if v = a +1 or a — 1.

(ii) When x = o + 1, the representation T} (Tiemp) s mot of critical type and is the
same as the representation Tyys(T7 (T (ms))) described in Proposition 3.4. If
r=a—1, and a # 2, then the repr’esentation 171 (Ttemp) is not of critical type and
T (Ttemp) = T]V’3<TIO:1_1(T1631(7TSC))) described in Proposition 3.7.

(iii) When oo = 2, the representation w(E) = T7y  (Tiemp) is of critical type, where .

1 2

0
©
E= (o .
© ©
() The representations Trv,s(Tiemp) and T‘:/lfz(ﬂ'temp) are not well-defined.

Proof. The proof of parts (i) through (7ii) is similar to Proposition 3.3, which we omit. Part
(iv) follows from the fact that me(p ® S1) = 2, where ¢ is the L-parameter associated with
Ttemp- ]

The next case iS Tiemp = T‘:}fz(T}’l(TSC». By [HJLLZ25, Proposition 10.3], this is well-
defined if and only if o = 1.

Proposition 3.10. Let 7, = T‘}%Q(T}’l(ﬂsc)) and a = 1.

+ . . .
omp) 15 well-defined if and only if x = 2.

(7,
(ii) The representation T¢(wi,,,) is of critical type.
(iii) Define

(i) The representation T,

&+ ={([0,0],,0,£1),([0,0],,0,£1), (2, 2],,0,7)}.
Then m1(Ey) = T?1(Tigmp). Here are the associated symbols.

(iv) The representations Trv,s(Temp) and T‘%(ﬂtemp) are not well-defined.
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Proof. The proof is similar to 3.9, which we omit. O

The next case to consider is Tiem, = T}’I(T‘%(WSC)). By the classification in [HJLLZ25,
Proposition 10.5], this is well-defined only when a = 0.

Proposition 3.11. Let m,,, = T}t ,(Ty,)(ws) and a = 0.

i) The representation TF, (7 15 well-defined if and only if x = 2.
1,1\ temp
i) When x = 2, the representation T%,(mi 15 of critical type.
I,1\""temp

(iii) Define
Ex = {([0, O]W 0,%1), ([2, 2]/)? 0,£1)},
then m(€1) = Tfl(ﬂimp). Here are the associated symbols.
0 1 2 0 1 2
_ (® _ (®

(e (e (1))
Proof. The proof is similar to 3.10, which we omit.
Proposition 3.12. Let 7, = T}, (T, (7)) and o = 0.

(i) The representation Trys(Tiemp) 15 well-defined.

(11) The representation Trys(Tiemp) 5 of critical type.
(#ii) Define

gﬂ: = ([07 O],Ov Oa i1)37 ([17 1]07 07 j:]-)}
Then m(Ex) = Trvs(Tiemp). Here are the associated symbols.

0 1 0 1

_f_*'s
|
DD
o
I
(ONORO)

52 S
(iv) The representation T&Q(Wtemp) is not well-defined.

Proof. The proof is similar to 3.9, which we omit.

O

) 1
The next case to consider is Tyem, = Tf2(7rsc). By [HJLLZ25, Proposition 10.6], this is
well-defined only when a = %

1

Proposition 3.13. Let Tyemp = To(mse) and o = 3.

(i) The representation T{\(Tiemp) is well-defined only when x = 3
3

V]

1) The 76]97”6867125@257;0% ,_Z_YE Ttem 18 of critical t pe.
1,1 P )
3

3 3
(i1) The set W(T7 (Tiemp)) is a singleton, and we have T | (Tiemp) = 7(E), where

£ = ( @).

(iv) The representations Trv,s(Tiemp) and T‘:/lfz(ﬂ'temp) are not well-defined.

[SJ[98)

P o=

Proof. The proof for parts (i) and (i) is similar to Proposition 3.3, which we omit. Part
(i77) is easy to verify. For part (iv), since & = 3, the good parity condition implies that
T E % + Z, so by definition the two representations are not well-defined. O
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Now we consider the case Tiem, = TI%73(WSC). By [HJLLZ25, Proposition 10.7], this is
well-defined if and only if a € % + Z~y.

1
Proposition 3.14. Let e, = T]2173(7rsc) and let o € % + Zwo
(i) The representation T7 | (Tiemp) is well-defined if and only if v = a.
(i4) The representation Tt (Tiemp) is of critical type if and only if o = %
(#ii) Define
&= {<[1/27 1/2]Pa O) _1)7 ([1/27 1/2]97 07 _1)7 ([Oé - 27 1/2]07 07 _1)7 ([Oé, Oé], 07 77)}
Then (E) = T§(Tyemp). Here is the associated symbol for v > 3.

a—2 a—-1 «

g:

O O @ wi=

For a = % the associated symbol is

1
2
©
E= | o )
S

(iv) The representations Trv,s(Tiemp) and Tva(Tiemp) are not well-defined.

Wi

Proof. The proof is similar to Proposition 3.9, which we omit. O

1
The next case to consider is e, = Tf]m(?rsc). By [HJLLZ25, Proposition 10.8], this is

well-defined only when a = %
1
Proposition 3.15. Let Tyemp = T 5(mse) and o0 = 3.
(i) The representation TT | (Tiemp) is well-defined if and only if v = 3

3
(ii) The representation T} (Temp) is of critical type.
(11i) The following is a complete list of extended multi-segments € (up to row exchanges)
3

such that w(€) = Tﬁl(ﬁtemp);
3
2

(e (e é@)}-

(iv) The representations Trv,s(Tiemp) and T‘:}f2(71'temp) are not well-defined.

D roi=

Proof. The proof is similar to Proposition 3.9, which we omit. O

Now we consider the case Tiemp = Trvs(mse). From [HJLLZ25, Proposition 10.9], this is
well-defined if and only if a € Z,.

Proposition 3.16. Let memp = Trvis(mse) and o € Zy.
(i) The representation T} (Tiemp) is well-defined if and only if v = a.
(ii) The representation T (Tiemp) is of critical type if and only if o = 1.
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(#ii) Define
€ ={([0,0],,0,n)", } + {([a — 2,0],,0,7), ([ov, ], 0, =) }.
Then w(E) = T (Ttemp). Here is the associated symbol.

a—2 a—1 «

™
I
ONONONONORS

O]
©

(i) The representations Trv,s(Tiemp) and T‘%(memp) are not well-defined.
Proof. The proof is similar to Proposition 3.9, which we omit. O

The final case in case (A) iS Temp = T %4(71%), which is well-defined only when oo = 0 by
[HJLLZ25, Proposition 10.10].
Proposition 3.17. Let 7, = T\f (Tse), and o = 0.

(i) The representation T} (i mp) 18 well-defined if and only if v = 1.
(ii) The representation T} 1(7Ttemp) is of critical type.
(11i) The set \II(T‘h(WSC)) is a singleton, and w(Ex) = T} (Tigy,), where

1

ORONORS

0

D

b
5+: ® ,57:
2] S

(iv) The representations Trvs(Tiemy) and Tva(Tiemy)t are not well-defined.

Proof. The proof is similar to Proposition 3.9, which we omit. 0

3.2. Case B : 7 < p|-|* X p|-|"* X Tyemp. This concludes our discussion of case (A). Now
we move on to case (B). The three possible tempered representations of corank 1 are
17 (mse), Trv3(mse) and T%(WSC). First we consider the case T} (7). By [HJLLZ25, Propo-
sition 8.1], this is well-defined if and only if o > 0.
Proposition 3.18. Let Ty = 11 (7se), a > 0.

(i) The representations T7o(Temp) and Tf 3(Tiemp) are not well-defined.

1
(ii) The representation Tpy; o(Tiemp) s not well-defined.

Proof. Part (i) follows from the fact that the parameter ¢ corresponding to iepm, is mul-

tiplicity free. To see part (ii), suppose THL2 is well-defined, then we must have either

r=a-—1= 2, orr=a+1= % For the first case, we have a = 2, which means that the
multiplicity of p ® S5 in the parameter ¢ is 0, so it is not well-defined. For the second case
we have o < 0, which is impossible. This completes the proof. O

We check the remaining two possibilities for this tempered representation.

Proposition 3.19. Let T, = 11 (7se), a > 0.
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(i) The representation Try5(Tiemp) is-well-defined if and only if o € Z~o. It is the same
as the representation 17 (Trvs(msc)) described in Proposition 5.16.
(i1) The representation Try5(Temp) 5 of critical type if and only if « = 1.

Proof. Let ¢ be the L-parameter corresponding to m,.. To ensure my(p ® S1) = 1, we need
a € Z. The rest follows from definition.

Proposition 3.20. Let e, = T (7se), a > 0.

(i) The representations T‘j,f4(7rtemp) are well-defined if and only if o = 1.

(ii)) When o = 1, the representations T‘}LA(memp) are of critical type.
(i7i) When a =1, define

€+ = {([0,0],0,+1)", ([1,1],0, £1)}.
Then m(€Ex) = ij/f4(7rtemp). Here are the associated symbols.

1 1

&=

QOB D o
ORONORONS)

2] S

Proof. To ensure S(p® S7) = 1, we must have & — 1 = 0 or 0 > «, this proves part (i). The
rest follows from definition. O

The next case to consider in case (B) iS Temp = Trv3(mse), which is well-defined if and
only if a € Z~o by [HJLLZ25, Proposition 8.2].

Proposition 3.21. Let miemp = Trvs(mse), and a € Zwg
(i) The representations Tfy(Tiemp) is well-defined if and only if o« = x = 1.
(i) When a = x = 1, the representation T} o(Tiemp) is of critical type.
(i1i) When o = x =1, define
&= {([Oa O]pa Oa 77)7 ([17 1]p7 07 77)2}
Then n(E) = T} o(Tiemp). Here is the associated symbol.

0 1

- (o)

Proof. Let ¢ be the L-parameter associated to Tyemp. To ensure my(p ® SQ($_1)+1) >m =2,

we must have x = 1. In this case if a # 1, then my(p ® Sop11) # 0. This proves part (7).
The rest follows from definition. O

Proposition 3.22. Let ey, = Trvs(ms.) and o € Zy.

(i) The representation T} 3(Tiemp) s well-defined if and only if v = 1.
(i) The representation T}; 4(Tiemp) is of critical type.
(i1i) Define
&= {([Oz -1, 0]p> 0, 77)7 ([1’ l]p’ 0, _77)7 ([L 1]7 0, _77)}'
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Then m(E) = T}y 5(Tiemp). Here is the associated symbol.
a—1

g:(® Q)

1
(iv) The representations TIQH,Q(memp), Trvs(Tiemp) and T‘J;Ll(wtemp) are not well-defined.

ONOCNONCS

Proof. Let ¢ be the L-parameter associated with mep,,. To ensure mg(p®Soz—1)+1) > m = 3,

the only possibility is x = 1, in which case we can check it’s well-defined. This proves part

(7). Parts (i) and (iii) follow from definition. For part (iv), the good parity condition tells
1

us that T, , is not well-defined, and since my(p @ S1) = 3, Tyv,5(Tiemp) and Ty 4 (Tyemp) are
also not well-defined. O

The last case to consider in case (B) 1S Tyemp = T 54(7%@)- This is well-defined if and only
if =0 by [HJLLZ25, Proposition 8.3].

Proposition 3.23. Let 7, = T‘:}fz(ﬂ'sc) and a = 0.

(i) The representations TEQ(WimP) are well-defined if and only if x = 1.
(i) The representations TIIQ(?Timp) are of critical type.
(iii) Define
Si = {([17 1]P7 07 il)Q}

Then m(Ey) = T} 1(Tigmy). Here are the associated symbols.

1
(iv) The representations Tfy (Srenp), Tsy o(Tremp)s Trvs(Tiemp) and Ty (Tiemy) are all not

well-defined.
Proof. Part (i) follows from Remark 3.2. Parts (i7) and (iiz) follows from definition. Let
¢ be the L-parameter associated with mep,. Then no summand of ¢ has multiplicity > 3,

50 Tf; 3(Tiemp) is not well-defined. By the good parity condition T7; , is not well-defined.
Finally, since my(p @ S1) = 2, Trvs(Tiemp) and Tv4(Temp) are not well-defined. This proves
part (iv). O

This concludes our discussion of case (B).

3.3. Case C' : m <= p|-|"* x p|-|** x p|-|* X ms., Where 7, is supercuspidal. Now let’s
move onto case (C'). As listed above there are 6 total situations to consider. In the cases
below we let m,. = m(¢,€). Then ¢ = &, @f‘:_; PR Saiiq

Proposition 3.24. (i) The representation T} 3(7sc) is well-defined if and only if (v, o) =
(3:3)-

1
(it) When oo = %, the representation T4(ms.) is of critical type.
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1
(iti) When oo = 3, we have that 7(€) = T74(Tsc), where

g:().

Proof. Since 7. is supercuspidal, ¢ must be multiplicity free. For T7;(ms.) to be well-defined

we must have my(p ® Sa,—1) > 3, which can only happen when = = % We also require

mg(p® Sazi1) = 0, which additionally force o = % by the good parity condition. This proves
part (7). Parts (7)) and (i4i) follow from definition. O

P D P o=

Proposition 3.25. (i) The representation T} o(Tsc) is well-defined if and only if a = 1.
(i) When a = 1, the representation T}y 5(ms.) is of critical type.
(iii) When a =1, define:
g = {([07 O]p7 07 77)7 ([17 1][)7 07 _77)7 ([17 1],07 07 _7]>7

then m(E) = Tiy; o(mse). Here is the associated symbol.

0 1

()

Note that this is different than the symbol in Proposition 3.21 since by definition, the
signs in the first and second column of the symbol of T}, ,(ms) must be different whereas
in Proposition 3.21 they are the same.

Proof. Part (i) follows from Remark 3.2. The rest follows from definition. O

Proposition 3.26. (i) The representation Tryv7(ms.) is well-defined if and only if o €
Z>O.
(i1) The representation Try7(mse) is not of critical type.
(i1i)) When a € Z~y, define

5 = {([07 0]P7 07 77)67 } + {[O{ - 17 O]P7 07 77)}
Then w(E) = Tryq(ms.). Here is the associated symbol.

0 a—1
®
O]
®

E=|o
®
O]
® ®

Proof. The proof is similar to Proposition 3.23, which we omit. O

Proposition 3.27. (i) The representation T‘j/fﬁ(wsc) is well-defined if and only if o = 0.
(i1) When a = 0, the representation T&L:G(Wsc) is of critical type.
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(i1i)) When o =0, the set \I/(T‘Jfﬁ) is a singleton and m(€y) = W;G(ﬂ'sc), where

€+:

DODDDD o
™
I
(ONONORONONORS

Proof. The proof is similar to Proposition 3.23, which we omit. 0

This concludes our classification of all tempered representations of corank 3.

4. CLASSIFICATION OF NON-TEMPERED REPRESENTATIONS OF CORANK 4 (f(m) =1)

Now that we have the list of all tempered representations of corank 3, it is possible to give
all 7 € I1,(G,,), which are non-tempered of corank 4. In particular, we will identify whether
or not such representations are of Arthur type.

To exhaust all such representations 7, we will classify them using the number of segments
in their L-data, denoted by f(7). By definition, the maximum value for f(r) is 4 and the
case f(m) = 0 corresponds to the case when 7 is tempered, so it suffices to consider the case
where f(7m) =1,2,3,4. In this section, we will focus on the case f(m) = 1.

To determine exactly when a non-tempered representation 7 is of Arthur type, we will
reduce the number of segments in their L-data to obtain a representation 7”~ of smaller
corank, and use the known algorithms in [HJLLZ25, Section 6]. We state the relevant
definitions below.

Definition 4.1. [HJLLZ25, Definition 6.2] Suppose = € II(G,) is non-tempered. Write
= L<Aﬂl [‘Tla —y1], AR Apf [va _yf]; W(gba 6))
(1) We define "~ to be the representation whose L-data is obtained by removing all
copies of Aylx,—y| from m such that

r = min{z;|z; — y; = min{z; — y;|p; = p}}

y =« —min{z; —y;lp; = p}
We write m = 7~ + {(A,[z, —y])"}, where r denotes the multiplicity.

Definition 4.2. [HJLLZ25, Definition 6.8] Suppose m is a rep of G, of good parity, and
m ="+ {(Aplr, —y]")}-
(1) We denote by W (n”~; Aylx, —y|,r) the set of local Arthur parameters such that

o TPT € Hw

e Ify—a—1>0, then v contains v copies of p @ Syiyt1 @ Sy_z-1;

o Any summand of ¢ of the form p®S,® Sy, satisfiesb < y—x+1, anda > x+y+1

ifb=y—x+1
For any ¢ € ¥ (n"~, Ay, —y],r), we define

YT =1 — (P @ Spryr1 @ Sy—a-1)T" + (P @ Spys1 @ Sy—at1)®”

(2) We denote by & (7~ ; Az, —y|,r) the set of extended multi-segments £ € @(P/)
such that m(€) = m*~ and e € V(77 Az, —y|, 7). Foreach & € &(m"~; A, [z, —y], )
we define EPT as follows.
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(a) If y — x = 1. then we define E7F by inserting r copies of ([x,x —1],,1,1) in €
with admissible order > on 1, U {j,...,J,}, where ji corresponds to the k-th
jr >>jr—1 > ... >>j17
copy we inserted, as follows: { a> <= a > f3 fora,Bel,

a> gy B,>x—-1 foracl,
(b) [fy —x > 1, then change the admissible order if necessary so that there exists
Ji---gr €1, such that
o j1 < -+ < Jr are adjacent under the admissible order on I,,
[A.717B ] - [A]MB ] [y_lwx_’_l]P
S wingi € 1)B, = B, ).
e Ajy — Bj, +32> A;— B;+1 foralli € 1,, and the equality does not hold
for 1< J1.
Then we define £/% ="} _, add}, (€) € Rep'”

We will mostly be concerned with the reduction from 7 to 7#~, so the following result is
crucial.

Theorem 4.3. [HJLLZ25, Theorem 6.10] The rep 7 is of Arthur type if and only if (7~ A, [z, —y], )
is nonempty. Moreover, for any € € &(n7~; Az, —y|,r), we have 7 = w(EPT). In other
words, for any ¢ € U(nP~; A, [z, —y],r), we have Y+ € U().

Explicitly, this gives us a way to construct the extended multi-segment corresponding to
7 if we know the representation 7”~ is of Arthur type.

The following theorem gives certain restrictions on the L-data of n”~ for the original
representation 7 to be of Arthur type. Here, we make no distinction between a representation
and its L-data.

Lemma 4.4. [HJLLZ25, Lemma 7.8] Suppose m € Il ,(G,) and 7 = 7~ + {A,[z, —y] }.
Then 7 is of Arthur type only if y — x = 1 or there exists at least s copies of {p|-|* }y
in |Q(777),.

To show that certain representations are not of Arthur type, we state and prove the fol-
lowing lemma using the definition of raising operators. This is a generalization of [HJLLZ25,
Lemma 4.23].

Lemma 4.5. Suppose £ € Rep with £, = {([Ai, Bilp, i, 0i) bier,>) + {([ Xk X], 0, %)%}
satisfying the following conditions:

(1) Xk>%f0r1§k§n

(2) Foralll<k<nandiecl, X;>A +1.
Then any extended multi-segment £ such that w(E') = w(E) must also contain sy copies of
([ Xk, Xk]p, 0, %) and does not contain any extended segment of the form ([ Xy, —Xk],, *, *).

Proof. Tt suffices to check that if T or T~ is a raising operator, then T'(€) or T~1(&) satisfies
the given conditions. We use induction on n. When n = 1, this is exactly the same statement
of [HJLLZ25, Lemma 4.23].

Now assume the statement holds for n — 1 segments of the form ([X, X],0,*), then
applying the raising operators wi; ], dual o uij; o dual, or dual, or their inverses to the
segment ([X,,, X,,],0,%) will give back another segment of the form ([X,, X,],,0,%*), and
there will be no segments of the form ([X,,, —X,],, *, %), since the two conditions guarantee
that the segment [X,,, X,,] is separated from the other segments. This completes the proof [

|z+1]
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When f(7) = 1, we have the following four cases:

(A) m = L(A,[—x, —x]; Ttemp), where x > 0 and 7, is tempered of corank 3.

(B) ™ = L(A,[—2, —x — 1]; Tyemp), where & > —1 and Tyen, is tempered of corank 2.
(C) m= L(A,[—x, —x — 2]; Temp), where & > —1 and Tyepm, is tempered of corank 1.
(D) m = L(A,[—z, —x — 3];my.), where > —2 and T, is supercuspidal.

4.1. Case (A): m = L(A,[—x, —]; Tiemp). Let us begin with case (A). According to our
classification of tempered representations of corank 3, there are many situations to consider.

Proposition 4.6. Consider the representation
Ty = L<Ap[_x7 —ZE], 7Ttemp)u

where Temp = TP (TP (T (7se))) for >0 and o> 0 as described in Proposition, 5.3.
(i) The representation m, is of Arthur type if and only if% <z<a-—1 when a> %, or
T=a=41.
(ii) The representation 7, is of critical type when x € {a — 1, o, + 1, + 2, + 3}.

(iii) Define &, in various cases as follows. Then m, = w(E;). When a > 2, set
Ex = {(lz, =2, [z, (=1)*n), ([ — 2,€:],, 0, —n)}
+ {2, 2, 0. (1)) =g + {(la + 2,0+ 2],,, 0, (=1)*"n) }.

Here is the associated symbol.

-z —(z-1) -+ ¢ -+ -2 z—-1 2 -+ a—-2 a—-1 a a+l a+2
<] <] P P ‘> D |>
® e @
©
& =
©
©

2 i)>

Proof: We first show part (7i7). When a < 2, the assertion can be easily verified. For
a > 2, Proposition 3.3 tells us that w(add;'(€,)) = memp after applying a sequence of
operators (e.g. take the dual of the first row and take the union-intersection of the first two
rows) on 7(add; '(E,)). Therefore by Theorem 4.3, we obtain:

(&) = m(add; M (£,) + {A, |-z, —a]}) = 7.

This proves part (7i7) and the sufficient direction of part (7).

Now let’s show the necessary direction of part (z). Since |Q|(Ttemp) = {p|:]Y 1 ¢, <y <
a—2}+{p|-|*"?}. By Lemma 4.4, the representation , is of Arthur type only in one of the
following situations:

(1) =1 and a € Z.,,
2) 3<z<a—landa>32,
(3) z=a+3 with a € x + Z.

tn
[NIE
|
VRS
A
YV v
52
N———
Y
=3
™D
¥2)
=
m\sq
|
N
A
V v
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Therefore it suffices to show that 7, is not of Arthur type in situation (3). Let x = a+3 and
a € x + Z. A priori, we have an extended multi-segment &y, listed in Proposition 3.3 (iii)
such that m(Eiemp) = Wtemp. Then by Lemma 4.5, there does not exist any multi-segment &
that contains ([a 4 2, —ar — 2], %, x) such that 7(€) = Tiemp.

However, by Deﬁnition 4.2, any element in V(myepp, Ay[—2, —2], 1) must contain 1 copy of
PR S| ® Saqrs, which is equivalent to saying that the corresponding extended multi-segment

must contain some element of the form ([a + 2, —av — 2],, %, *). This implies that the set
U(Tpemp; Ap[—2, —2], 1) must be empty, so 7, is not of Arthur type by Theorem 4.3. This
completes the proof. O

Next we consider the case myemp = 171 1(Tff;r 1(Tfjl (Tse)))-
Proposition 4.7. Consider the representation
Ty = L(A =2, —2]; Temp),
where Tiemp = Tﬁfl(Tﬁfl(Tﬁl(ﬂsc))) forx >0 and o > 1 as described in Proposition 3.5.

: , , - 1 5

(i) The representation . is of Arthur type if and only if 3 <z < o —2 when a > 3, or
when r = a = %

(ii) The representation 7, is of critical type when x € {a —2,a — 1, o, + 1, + 2}.

(i) When <z <a—2fora>2 orz=a=2, define

= (k. =2 Lz, (-1, ([ = 2 €0l 0, =)} + {([2, 2], 0, (1) “rm) 22
= 1= 1,0, (~1" ), (o + Lo 10, (1)),

Then m, = w(&,). Here is the associated symbol.

-z —(z—-1) -+ ¢ -+ -2 z—-1 2z -+ a—=3 a—2 a—-1 o a+l
< < ® - > > >
o ... O]
£ = ©
©
©
Proof. The proof is similar to Proposition 4.6, which we omit. OJ

The next case to consider is Tyemp = Trv,s(T77 (TIO‘1 (7se))) for a € Z;.

Proposition 4.8. Consider the representation
Ty = L(Ap[—x, —2]; Temp)

where Tiemp = TIV,3(Tfffrl(Tffl(7Tsc))) forx >0 and o € Z~1, as described in Proposition 3./.
(i) The representation 7, is of Arthur type if and only if 1 <z < a — 1.
(ii) The representation 7, is of critical type when (x,«) = (1,2).
(i1i)) When 1 <z < a—1, define
= {([x, —2],, [z], (=1)*n )} +{([0, 0], 0,7))*} + ([z — 2,0],,0, 1)}
+ {<iz7ziﬂ707( D)}y + {(la+ La +1],0, (=1)***n}.
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Then 7, = w(&,). Here is the associated symbol.

-z —(x—1) 0 xr—2 z—1 = -+ a—2 a—-1 a a+l
< < © > > >
©
©
© ©
€= O]
O]
©

Proof. The proof for parts (i) and (iii) is similar to Proposition 4.6, which we omit. Part
(1) follows from Proposition 3.4 (ii). O

Now we consider the case Temp = Ty (T7, (17 (msc))).-
Proposition 4.9. Consider the representation
Wa% = L(AP[_xv —QZ’]; ﬂ—imp)a

where 7, =T (T?, (T} (7s.))) and o = 1, as described in Proposition 3.5.
temp ve\dri\4r1 P

(i) The representation w=
(ii) The representation w=
(#ii) Define

1s of Arthur type if and only if v = 1.
is of critical type for x € {1,2,3}.

5i - {([_1’ _1]7 1’n)}{([070]’07i1)>3’ } + {([272]70777)}7

Then it = m(£x). Here are the associated symbols.

0 1 2 0o 1 2
a4 0 > a4 o >
D S
g+ = D ) E = ©
b S
O} O]
Proof. The proof is similar to Proposition 4.6, which we omit. U

The next case is Tiemp = 177 2(TI‘1’1’ NI (Tsce)))-
Proposition 4.10. Consider the representation
Ty = L(Ap[—x, —2]; Temp)

where Tyemp = 177 (TP (T (7sc))) for & >0 and a > 2 as described in Proposition 3.6.

(i) The representation 7, is of Arthur type if and only if 0 < x < a— 3 for a > %
(ii) The representation 7, is of critical type when x € {a — 3, — 2, — 1, ,  + 1}.
(#ii) Define

o = {([z, =2, [=], (=1)*n), ([£=2. €], 0,m), ([a—4, 2],,, 0, (=1)""*n), ([, 0= 2], 0, =) }.
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Then 7, = w(&,). Here is the associated symbol.

-z —(z—-1) € -2 z—-1 = -+ a—4 a—-3 a-2 a—-1 «

< < O R = > >
O] ©

&=

O]
© © ©
Proof. By Lemma 4.4, it suffices to prove that m, is not of Arthur type when x = a—1, a, a+1.
If z = a — 1, then by Proposition 3.6 and Lemma 4.5, there does not exist any extended
multi-segment & that contains ([ — 2, —a + 2|, %, *) such that (&) = Tremp-

However, by Definition 4.2, any element in W(7yepmp, A [—2, —2], 1) must contain 1 copy of
p® 51 ® Soq_1, which means that the corresponding extended multi-segment must contain a
segment of the form ([a—2, —a+2],, *, ). Therefore the set V(mepyp, Ay[—2z, —2], 1) must be
empty, so m, is not of Arthur type by Theorem 4.3. This completes the proof for z = o — 1.
The cases are © = a, o + 1 are exactly the same. O

Now we consider the case Tiemp = Trva(Tr 7 NI (7se))-
Proposition 4.11. Consider the representation
T = L(Ap[=2, —=2]; Tiemp),
where Tyemp = TIV73(TI‘TI_1(T;T1(7TSC))) for x>0 and o € Z~4, as described in Proposition 3.7.

(i) The representation m, is of Arthur type if and only if 0 < x < o — 2.
(11) The representation 7, is of critical type when (x,a) = (1, 3).
(11i)) When 0 <z < a — 2, define

gﬂc = {([CL’, _x]Pv L‘TL (_1>2x77)7 ([07 O]IN 07 U)Qa ([x - 27 0]P7 07 77)7
([O‘ - 3’ x]p? 07 (_1)x77)a ([Oz - 1’ o — 1]p7 07 _77)’ ([Oz, a]p> 07 77)}

Then ©(&,) = m,. Here is the associated symbol.

-z —(z-1) -~ 0 ... z2—-2 z—-1 2 -+ a=3 a—-2 a—-1 «
< < ®© > > >
©
O]
© ©
& = O]
©
©
©

Proof. The proof for parts (i) and (i7i) are similar to Proposition 4.8, which we omit. Part
(i7) follows from Proposition 3.7. O

The next case is Tyemp = T%Q(T}’l(TIZ’I(wSC))).

Proposition 4.12. Consider the representation

Tr;:t - L(Ap[_xa —(L’], 71-z?émp)7
where i, = T‘:}T2(T1~1’1(T1~2’1(7T56>>> for x>0, a =2, as described in Proposition 3.8.

(1) The representation ©= is of Arthur type if and only if v = 1.
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(2) The representation ©= is of critical type for x € {1,2,3}.

(3) Define
£ 1= (1L 1) L0, (0.0, 0517 (21,0,

Then w(Ex) = 7f. Here are the associated symbols.

-1 0 1 2 -1 0 1 2
< D > 4 6 >
&y = ® , &E_= o :
® o o o
O

Proof. The proof is similar to the proof of Proposition 4.9, which we omit

Now we move onto the case 7., = 17} 1(T‘}—LQ(TI 1(Ts¢)))-

Proposition 4.13. Consider the representation
oy = LA, [, —a]: micy,),
where Ty, = T? (TEN(T} (7)) for @ > 0 and a = 1, as described in Proposition 5.10

(i) The representation 7, is of Arthur type if and only if x = 1.
(i1) The representation 7, is of critical type when x € {1,2,3}.

(#ii) Define
Ex = {([1,=1],, 1, %1), ([0,0],, 0, 1), ([2, 1],, 0,m)}-

Then 7(Ex) = 7. Here are the associated symbols.

-1 0 1 2 -1 2

1
< @ D < >
€+: D 5 g_: .
© ©

Proof. The proof is similar to the proof of Proposition 4.12, which we omit

(ONOES

Now we consider the case Tyempy = T71 (T} (Tyo (7).

Proposition 4.14. Consider the representation
+

ﬂ_;:t = L(AP[_x’ —ZC], Wtemp)’

= Tfl(T}l(T‘ij(Wsc))) for x >0 and a = 0, as described in Proposition 3.11

where Tyep,, = Tf
(i) The representation © is of Arthur type if and only if v = 1.

(ii) The representation 7= is of critical type when x € {1,2,3}

(#ii) Define
gﬁ: - {([ ]071711) ([2 2]070 :tl)}‘

Here are the associated symbols.

Then 7(Ex) = 7.
-1 0 1 2

-1 0 1 2
£, = (<1 ® > @)7 £ - (<1 e > e)'
Proof. The proof is similar to that of Proposition 4.13, which we omit
The next case is Tyemp = TIV,3(T},1(T%2(7TSC))).
Proposition 4.15. Consider the representation
Ty = L(Ay[~, —a]; mic,),
0, as described in Proposition 3.12.

= Trvs(T}(Tia(mec))) for o =

+
where Tyep,, =
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is of Arthur type if and only if x = 1.
is of critical type when x € {1,2}.

(i) The representation w=
(ii) The representation m=
(#ii) Define

Er = {([17 _1]p? L, :i:l)v ([07 O]p’ 0, il)a ([L 1],0’ 0, :i:l)},
Then 7(Ex) = 7. Here are the associated symbols.

-1 0 1 -1 0 1
SINON= 4 O >
_ © _ O]
&y = p , &= o
3] S
Proof. The proof is similar to that of Proposition 4.14, which we omit. 0

31
Now let’s look at Tiemp = 171 (T7(Tsc))-

Proposition 4.16. Consider the representation

Ty = L(A =2, —2]; Temp)
1
27
(i) The representation m, is not of Arthur type for any x.
(it) The representation 7, of critical type when x € {5,232}

31
where Tiemp = T71(T7o(Tse)) for x>0 and a = 5, as described in Proposition 3.13.

Proof. By Lemma 4.4, 7, can only be of Arthur type if z = g When z = g, we see from

Proposition 3.13 that the support of the extended multi-segment corresponding to 7, does
not include %, so by Definition 4.2 and Theorem 4.3, it cannot be of Arthur type. U

1
: _ T« 2
The next case we have is Tyemp = 17 (177 5(7sc))-

Proposition 4.17. Consider the representation

Ty = L(Ap[_x> —fﬂ]; 7Ttemp)a

1
where Tyemp = 114 (T121,3(7Tsc)) forx >0 and a € % + Z~q, as described in Proposition 5.14.

(i) The representation m, is of Arthur type if and only Zf% <z<a-1.

(it) The representation 7, is of critical type when (z,a) = (3,3),(2,2),(5,3) or (3,5).

2:2/)7\27 2
(i1i) Define

&, ={([z. 2, L), (—~1)"*E), (5, 2],.0,—1)%

575]/)’ )

3 ol a1l
([1] -2, 5]/3707 1)7 ([O& - 271;]177 0, (_1> +2)7 ([a7a]ﬂ707 (_1) 2)}
Then (&) = m,. Here is the associated symbol.
-z —(x—1) 12 o 2-2 2-1 z - a-2 a-1 «
< < S > > >
S}
S
— @ ©
& = 5
©
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Proof. The proof is similar to Proposition 4.14, which we omit. O

3 1
_ Tz (T3
Now we move onto the case Tiemp = 17 (T775(7sc))-

Proposition 4.18. Consider the representation
Ty = L<Ap[_x> —27]; Wtemp)a

31
where Tyemp = TP (T 5(Tse)), for &> 0 and o = 5, as described in Proposition 3.15.
(i) The representation 7, is of Arthur type if and only if v = % or %

(i) The representation , is of critical type when x € {%, %, g}

(i) For x € {3,%}, we have n(&,) = 7,, where &, are given as follows.

1 1 3
2 3 3 3 _1 1 3
4 6 > 2 2 2 2
= ( o ), Es = (<1 ® o l>)‘
2 o 2 S

Proof. By Lemma 4.4 and Proposition 3.15, the only possible x for 7, to be of Arthur type
are r = %, %, g By Definition 4.1, the set ¥ (7temp, [—2, —2], 1) is nonempty if and only if it
contains some parameter ¢ containing p ® S; ® Sy, _1, or that the corresponding extended
multisegment contains the segment ([x — 1, —(z — 1)],, *, *).

Looking at the possible extended multisegments in Proposition 3.15, this only happens
when 2 = 3, 2. By Theorem 4.3, this is exactly when m, is of Arthur type. This proves part

(7). Part (ii) follows from definition, and part (ii7) follows from Proposition 3.15 (ii7). O
The next case is Tiemp = 17 (T1v5(Tse))-
Proposition 4.19. Consider the representation
Ty = L(A =2, —2]; Temp),
where Tyemp = 111 (Trv,5(7mse)) for >0 and a € Zo, as described in Proposition 3.16.
(i) The representation m, if of Arthur type if and only if 1 < x < a—1 fora > 2, or
when r = a = 1.
(i) The representation m, is of critical type when (x,a) = (1,1) or (1,2).
(i1i) Define
Ex ={([z, =], [z], (=1)"n), ([0, 0],, 0, n)°,
([1’ -2, 1]p> 0, _77>7 ([Oz -2, $]P> 0, (_1)9677)7 ([0‘7 a]ﬂ? 0, (_1)a7177)}'

Then (&) = m,. Here is the associated symbol.

-z —(z-1 -~ 0 1 -+ 2z2-2 2z—-1 2z -+ a—=2 a-1 «
< < o & .- > > >
O]
©
© ©
E = ®
©
©

Proof. When z = o = 1, it’s easy to verify that m, is of Arthur type. The rest of the proof
is similar to Proposition 4.17, which we omit. U
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_ 1
Now we move onto the case Tiemp = 17, (T 4(7sc))-

Proposition 4.20. Consider the representation

77':(:i = L(AP[_xa _x]; Wzimp)a

where T, = T}J(T‘i(wsc)) for x >0 and o = 0, as described in Proposition 3.17.

temp
(i) The representation w is of Arthur type if and only if v = 1.
(ii) The representation m; is of critical type when x € {1,2}.
(iii) We have that m(E+) = =, where

s

-1 0 1 -1 0 1
< b > < e b
D ©

D ©

Proof. The proof is similar to Proposition 4.18, which we omit.
The next relevant case is mem, = ij/f4 (T} (7sc)).-

Proposition 4.21. Consider the representation

Wa% = L(AP[_$7 _x]; ﬂ—imp)a

where m=, = TE, (T} (1)) for x > 0 and o = 1, as described in Proposition 3.20.
temp VA\+1,1

(i) The representation 7= is of Arthur type if and only if x = 1.

(ii) The representation w= is of critical type for x € {1,2}.
(iii) We have n(Ex) = 7=, where

-1 0 1 -1 0 1

< 8 D < e b
b S
(‘:4_: D y E = ©
b S

3] S

Proof. The proof is similar to that of Proposition 4.20, which we omit.
Now we move onto the case Ty =T },Q(T v3(Tse))-

Proposition 4.22. Consider the representation
Ty = L(A =2, —2]; Temp),
where Temp = 17 o(T1v,3(mse)) for x>0 and a = 1, as described in Proposition 3.21.

(i) The representation m, is of Arthur type if and only if x = 1.
(ii) The representation 7, is of critical type when x € {1,2}.

(i1i) We have w(€) = m, where
0
< O
E= :

Proof. The proof is similar to Proposition 4.22, which we omit.

(ONCAAR

The next case to consider is Temp = T} 5(Trv3(msc))-
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Proposition 4.23. Consider the representation
Ty = L(Ap[—l’, _$]; 71—temp)a
where Tiemy = T]1[73(TIV,3(7TSC)); for x >0 and o € Z~q, as described in Proposition 3.22.

(i) The representation 7, is of Arthur type if and only if 1 <z < a.
(ii) The representation 7, is of critical type when (z,a) = (1,1),(2,1),(2,2).
(ili) Define
gx 2:{([$, _x]pv Lva (_1)177)7 ([I - 27 O]Pv 07 _77>7
([17 1]/17 07 _77)27 ([a - 17 x]p? 07 (_1>x77)}'

Then 7(&,) = m,. Here is the associated symbol.

-z —(x—-1) -+ 0 1 r—2 xz—1 =z -+ a-—1
< < EEENORNO > > >
© © ®©

O]
& = ®

O]

©
Proof. The proof is similar to Proposition 4.19, which we omit OJ

. . _ 1 +
. There are four more cases to consider in Case (A). Next we have Tiemp = 17 o(Ty5(7sc))-

Proposition 4.24. Consider the representation

7'('2: - L(AP[_xa —l’], 71-?;mp)7

where i, = T}’Q(T‘Z(ﬂsc)) for x>0 and o =0, as described in Proposition 3.25.
L

~ s not of Arthur type for any x.
+

is of critical type when x € {1,2}.

(i) The representation
(i) The representation 7

Proof. This follows from the fact that the set \If(wtﬂ;mp) is a singleton and it doesn’t contain
the interval [1, —1]. O

' _ 7l
The next case is Tiemp = Tiryo(Tse)-

Proposition 4.25. Consider the representation
Ty = L<Ap[_l’7 —ZL‘], 7"-temp)a
where Tiemy = T}U’Q(WSC) for a =1, as described in Proposition 3.24.

(i) The representation m, is of Arthur type if and only if x € {1,2}.
(ii) The representation 7, is of critical type when x € {1,2}.
(i1i) We have that 7(E,) = 7., where

-1 0 1 -2 -1

0 1 2
< O > < <4 © > >
51: © 1, 52: ®© .
© O}

Proof. By Lemma 4.4, the only possible x for m, to be of Arthur type are x = 0 or 1. It is
easy to verify that both cases hold. The rest follows from definition. O
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1
We continue to the case mTyepmp = Tﬁg(wsc), which is well-defined if and only if a = % by
Proposition 3.24.

Proposition 4.26. Consider the representation

Ty = L(Ap[_x> —fE]; 7Ttemp)a

1
where Tiemy = Tf3(7rsc) and o = %, as described in Proposition 3.24.

27
(i) The representation 7, is of Arthur type if and only if x =
(ii) The representation 7, is of critical type if and only if v =

(iii) W have W(S%) = w1, where

_3
07”1’—2.

SN

_1 1
2 2
a4 >
_ o
£y = o
S
Proof. Part (i) follows directly from Theorem 4.3. Parts (ii) and (¢i7) follow from definition.
L]
Two more cases remain in Case (A). The next one is ey = Trv7(Tse)-
Proposition 4.27. Consider the representation
Ty = L<Ap[_x> —23]; 7rtemp)a
where Temp = Trv7(mse) for x > 0 and o € Z~g, as described in Proposition 3.26.
(i) The representation m, is of Arthur type if and only if 1 <z < a.
(i1) The representation is of critical type when (x,«) = (1,1).
(iii) Define
gx ::{([ZE, _x]pa LxJa (_1)%7)7 ([07 0]07 0, 77>67 ([‘T -2, 0]07 0, _77)7
([Oé - 17 x]ﬁ? 07 (_1)177>}
Then w(E,) = m,. Here is the associated symbol.
-z —(x—1) 0 xr—2 z—1 = - a-—1
< < o O - > > >
©
O]
©
& = ©
©
O]
© ®©
@ o @
Proof. The proof is similar to Proposition 4.23, which we omit. 0

The final case remaining in case (A) iS Temp = T‘fﬁ(wsc).

Proposition 4.28. Consider the representation
Tri = L(AP[_xu —LC] v )7

T ; 71-temp
+

where Tyep,,

= T‘:}fﬁ(ﬁsc), for x >0 and o = 0, as described in Proposition 3.27.
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(i) The representation © is of Arthur type if and only if v = 1.

(ii) The representation 7= is of critical type when x = 1.

(iii) We have w(Ex) = 7, where
-1 0 1 -1 0 1
4 & > 4 6 >
b S
_ D _ S)
&y = o , &= o
@ S
b S
Proof. The proof is similar to Proposition 4.21, which we omit. 0

This concludes our discussion of Case (A). Now let ’s move onto Case (B).

4.2. Case (B) : m = L(A,[—x, —x — 1]; Temp)- In this case, we are interested in the rep-
resentation m_, _, 1 = L(A =z, —x — 1]; Tyemp) Where Tyem, is tempered of corank 2. By
Langlands classification we have the restriction x > —%.

Similar to what we’ve done during the classification of tempered representations, there are
10 total cases to consider. We start with the case Tyemp = T71 (TF (Tsc)).-

Proposition 4.29. Consider the representation
T—z,—x—1] = L<Ap[_l’> —T — 1]) 7Ttemp)v
1
27
(i) The representation T 51 is of Arthur type if and only if €, < v < a — 2 when
a > 2, or when (z,a) = (0,1).
(ii) The representation T, __1) s of critical type if and only if v € {a —2,a —1,,a+
1,a+2}.
(iii) Define E_y _z—1) in various cases as follows. When o > 2, let

5[_17_1_1] ::{([37 + 1, _x]pa LxJ7 (_1>x77)7 ([.Z' -2, GP]P’ 0, 77)7
(Ja — 2,2 +1],,0, (=1)"""%n), (o + 1, + 1], 0, (=1)*n) }.

Here is the associated symbol.

for x > —3, where Tiem, = Tfjil(Tﬁl(wsc)) for a > 0.

-z —(z—-1) -+ € -+ -2 z—1 z z+1 -+ a—2 a—-1 a a+l
< < O > > > >
@ e @
g[—xa—l’—l] = ® ce ®
©}

When (z,a) = (0,1) , let
0 1 2

Eo,-11 = (4 © Z)

Then we have T(E_g,—z-1]) = T—g,—a—1)(Ttemp)-

Proof. The sufficient direction for part (i) can be proven in a similar way as Proposition 4.6,
which we omit. For the necessary direction, we see that [HJLLZ25, Lemma 7.8| gives us the
restriction that m_, _,_1) is of Arthur type only if

(1) z=0



42 BAIYING LIU, CHI-HENG LO, AND BRIAN WEN

(2) z = 5 and |Q|(7temp), contains {p||%}

(3) & > 1 and [Q(Temp), contains {p|-[*~L, p|-]*}.
Since |Q(Temp), = {p||Y : €, <y < a—2} U {p|-|*"}, we can easily check that the three
cases combined gives us the criterion in (7). This proves part (i). Part (i) and (éi7) follow
from definition. This proves the proposition. 0

DN [ =D [ =

Now we move onto the case myemp =17 NI (Tse).
Proposition 4.30. Consider the representation
T—z,—x—1] = L<Ap[_x7 —T — ]-]7 7Ttemp)’
for x > =3, where Tyepy = T (7 (ms)) and a > 1.
(i) The representation m_y .1 is of Arthur type if and only if e, < x < a —3 for
a >3, or when (z,a) = (0,2).
(ii) The representation m_ 1) s of critical type if and only if v € {a—2,a—1, a,a+1}.
(iii) Define E_y _x—1) in various cases as follows. When o > 3, let
5[—z7—$—1] I:{([SC + 1a _x]pﬂ Lva (_1)x77)7 ([SL’ - 27 6P]P? 07 77)7
([Oé - 37 T+ 1]P> 07 (_1)m+1_6p77)7 ([Oé - 17 o — 1]P7 07 (_1>a_6pn)7
([Oé, a]p? 0, (_1)a_1_6p77)}'

Here is the associated symbol.

-z —(z—-1) - € -+ -2 z—-1 z z+1 -+ a—-3 a—-2 a-1 «
< < B O J > > > >
@ [N @
5[_1,7_35_1} = ® .- o)
©
©

When (z,a) = (0,2) , let

0 1 2
4 60 b

5[07_1] = © .
O]

Then we have T(E—g,—z-1]) = T—a,—a—1](Ttemp)-

Proof. The proof is similar to Proposition 4.29, except that we also have to eliminate the
case where = « for @ > 3. This can be done in the same way as the proof of Proposition
4.6, which we omit. O

The next case is Tyemp = T[‘/’g(Tlofl (Tse))-
Proposition 4.31. Consider the representation
T—z,—2x—1] = L<Ap[_x> —Tr — 1]7 Wtemp)7

for x > —%, where Tyemp = Trv3(T7 (7)) and o € Zsy.

i) The representation m_, .11 18 of Arthur type if and only if 0 < x < a — 2.
[-=, ]
(ii) The representation m_g _,—1) 15 of critical type if and only if (x, o) = (0,2) or (1,3).
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(#ii) Define
5[_357_3;_1] 22{([&3 + 17 —SL’]p, \_IJ, (_1)9077)7 ([07 O]Pv 07 77>27 ([x - 27 O]Pv 07 77)7
([Oé - 27 T+ 1]7 07 (_1)1—1—1—597])’ ([av a]pa 07 (_1)a_1_€p77>}'

Then m(Ez,—2-1)) = T—a,—a—1](Ttemp). Here is the associated symbol.

-z —(x—1) 0 r—2 z—1 =z z+1 -+ a—2 a—-1 «
< < ® > > > >
O]
5[—:2,—37—1} = g ®
O]
Proof. The proof is similar to Proposition 4.30, which we omit. O

Let’s look at the next case, which is Tyemp = Ty (T} ()

Proposition 4.32. Consider the representation
nE = L(A,—x,—x — 1];75,,.),

[—z,—z—1] 1 Ttemp
for x> =1, where mi,,, = Ty (T (ms)) and a = 1.
(i) The representation W[i_x’_z_l
Esc(p & SS) = :F]-
(i) The representation 7r[lix " of critical type if and only if x € {0,1,2}.

(iii) When x = 0, we have 77(5[?5,71]) =t
1 1

[0771]7
5[3,_1]: ( @), 6[57_1}: ( @).
® o

When x =1 and €s.(p ® S3) = F1, we have 71'(5[%1772]) = W[de], where

s of Arthur type if and only if xt =0, or x = 1 and

where

Ob Db =
SSHONONES]

~1 0 1 2 ~1 0 1 2
+ _ (<9 < > > - _ (< <« > >
Elig = ( o ) Erio = ( & >
Proof. By Lemma 4.4, the representation 7, _,_1 can only be of Arthur type when x = 0
or 1. When x = 0, it’s easy to verify that the representation is of Arthur type.
When x = 1, Definition 4.2 and Theorem 4.3 tells us that m_; _g is of Arthur type if and only
if the segment [1, 0], is contained in the extended multi-segment corresponding to mep,. By

[HJLLZ25, Proposition 10.3], this can only happen when you can apply the ui operator on
the second and third row, and by [HLL22, Definition 3.23], we have the condition stated. [

The next case is Tyemp = T4 (Tv2(7sc))-

Proposition 4.33. Consider the representation

ﬂ—[:Ex,—z—l} = L(A |-z, —z — 1] Wimp>,

for x> —3, where m;,,, = Tt (T, (7)) and o = 0.

(i) The representation 7T[jE

—x,—r—

1 is of Arthur type if and only if x = 0.

(ii) The representation 7T[jE ) s of critical type if and only if x € {0,1,2}.

—x,—r—
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(11i) We have W(E[ﬁ_l]) = W[%y_l], where
0 1 0 1
E* _ © o - _ (e &
0-1" \e &)’ 0-1 " \® o)
Proof. By [HJLLZ25, Proposition 10.5], the set \I/(ﬂtiemp) is a singleton, and it does not

contain the segment ([1,0],,*,%), so when x = 1, the representation m_, _,_q is not of
Arthur type. The rest of the proof is similar to Proposition 4.9, which we omit. O

1
Now we move onto the case Ty, =T 1272(#56).

Proposition 4.34. Consider the representation
T—z,—x—1] = L<Ap[_x7 - — 1]7 7Ttem;D>7

1
1 _ 3 1
for x > —35, where ey = Tm(ﬂsc) and o = 3.

(i) The representation T_, _,_1) s of Arthur type if and only if x = %
(ii) The representation T, 1] is of critical type if and only if x € {%, %}
(iii) We have that W(g[féﬁg]) =M1 _3), where
b= (<2 %)
77§]

Proof. The proof is similar to Proposition 4.33, which we omit. OJ

D=
V i

D D -

&

N

1
. . . 5
The next case to consider is e, = 17} 1,3(7@0).

Proposition 4.35. Consider the representation
M—z,—x—1] = L<AP[_557 - = 1]; Wtemp)?

1
for x > —%, where Tiemy = Tfm(ﬂsc) and o € % + Ziwy.

(i) The representation T_y _,_1) s of Arthur type if and only z'f% <z<a
(ii) The representation m_q _5—1) is of critical type if and only if (x, o) = (%, %), (%, %), (%, g )
(iii) Define

a1l 1
8[—%—95—1} ::{([x + 17 _x]m ijv (_1) +2)7 ([57 5],07 07 _1)27 ([SL’ o 2’ §]p> 07 _1>7
([ = 1,2 +1],,0, (=1)*"2)}.
Then m(E_y,—2-1)) = T—g,—a—1]. Here is the associated symbol.
-z —(x—-1) : x—2 z—-1 2 z+1 -+ a-1
< < ® > > > >
©
g[fx,fxfl} = ©
© ©
© O]
Proof. The proof is similar to Proposition 4.31, which we omit. OJ

1
. . . . 5
Three cases remain in Case (B). The next one is myepmp = T 1’2(71'30).
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Proposition 4.36. Consider the representation
T—z,—x—1] = L<Ap[_1’7 —T — 1]) 7Ttemp)v

1
1 _ 3 1
for x> —35, where Tepmy = THLQ(WSC) and o = 3.

1

2
(it) The representation T|_y 1) s of critical type if and only if x € {3,3}.
(iii) We have m(E_1 _3)) = m_1 3y, where

272 2072
_1 13
2 2 2
_ 4 6 b
fopep= (" 27)
Proof. The proof is similar to Proposition 4.30, which we omit. OJ

The next remaining case is Tiemp = Trvs(Tse)-
Proposition 4.37. Consider the representation
T—z,—x—1] = L<Ap[_x7 —T — ]-]7 7Ttemp)’

for x > —%, where Temp = Trvs(Tse) and a € Zy.

i) The representation m_, _._11 s of Arthur type if and only if 0 <z < a — 1.
(i) p [~z,—2—1] yp Y
1) The representation m_, _,_11 s of critical type if and only if (x,a) = (0,1),(1,1), or
[~=, ]

(1,2).

(iii) Define
5[*%*1*1] ::{([I + 17 _:E]p7 Lva (_1)%7)’ ([07 O]pv 07 77)4’ ([‘T - 27 O]pa 07 77)7
([O‘ - 17 T+ 1],07 07 (_1)95-1-177)}‘

Then m(E_y,—z-1)) = T—g,—a—1]. Here is the associated symbol.

-z —(z—1) 0 r—2 z—-1 2 z+1 -+ a-—1

< < ® > > >
©
©

5[—96,—1:—1} = ©
©
© O]
O] ©}
Proof. The proof is similar to Proposition 4.29, which we omit. 0

The final case to consider in Case (B) iS Tiemp = 1 ‘}—LA(WSC).

Proposition 4.38. Consider the representation

7T[i_$7_$_1} = L(A,[—z,—z —1]; wimp),

L = T&Z(ﬂ'sc) and o = 0.

for x> —5, where

71-ifemp

(i) The representation 7T[jE

—x,—r—

1 is of Arthur type if and only if x = 0.

(ii) The representation 7T[jE

—x,—r—

) s of critical type when x € {0,1}.
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(11i) We have W(E[ﬁ_l]) = W[%y_l], where

—_

1
>

Epo1) = 01 =

DD DA
ODODOODA =

Proof. The proof is similar to 4.33, which we omit. U
This concludes our discussion of Case (B). Now we move onto Case (C').

4.3. Case (C): m = L(A,[—x, —2—2]; Tjemp). In this section we will consider representations
of the form 7, 9 = L(A,[—x, = — 2](Tiemp)), Where Tyem, is tempered of corank 1.
By the classification in [HJLLZ25, Section 8], there are three total cases to consider. By
Langlands classification we have the natural restriction 7 > —1.

The first case is Tyemp = T (Tsc)-

Proposition 4.39. Consider the representation
T—z,—x—2] — L<Ap[_x> —T — 2]7 Wtemp)7
for x> —1, where Tyemp = 17 (7se) and o > 0.

(i) The representation T_, 59 s of Arthur type if and only if one of the following
cases hold:
((l) Tr = _%7
(b) v =0 and o € Z=o \ {2},
(¢) x =3 and a € § + Lo,
(d) e,+1<x<a-3 fora>1l.
(ii) The representation m_, 9 is of critical type if and only if x € {o — 3,0 — 2,00 —

La,a+1}.

(ii) Define & — x,—x — 2] in various cases as follows. For x = —1%, let
% % a—2 a-1 «
©

_ |9 >
8= | o °
O]
Forx =0, let
01 2 ... a=2 a-1 «
©
_|< o >
8[07—2] o ® ®
O]
For x = %, let

® N[
® wiw
© V wio

a—2 a—1 «
<
frt-p =

O] .
©
Fore,+1<xz=a—3 and o > 1, define
g[*%*ﬂ”*?] :{([.T + 27 _:E]pa O, (_1)96_6/377)7 ([Ep, Ep]pa Oa 77)7
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([a - 27 T+ 2][)7 O, (_1)‘%76’)7))7 ([Oé, Oé]p, 07 (—1)%6”))}-

Then we have T(E 3 —p—2)) = T—g,—a—2). Here is the associated symbol.

—x € z+2 ... a—2 a—-1 «
< c o @ P D
©
g[*xﬁx*ﬂ = ® AN ®
©

Proof. Part (iii) and the sufficient direction of part (i) can be proven in a similar way as
Proposition 4.29, which we omit. For the necessary condition, we have the following restric-

tion from Lemma 4.4: 7 is of Arthur type only if z = —3 or the set {p|-|z}§;"1ﬂ:+1‘ lies in
| (Tsemp). FOT Tiemp = T (mse) We have that [Q|(iemp) = {p|-|V}5=2 U {p|-|*}. Therefore
we reduce to the four cases listed in the proposition. Part (i7) follows from definition. [

The second case in Case (C) iS Temp = Trv3(Tse)-
Proposition 4.40. Consider the representation
T—z,—x—2] — L<Ap[_x> —T — 2]7 Wtemp)7

for x > —1, where Tiemp = Trvs(Tse) and o € Zsy.

(i) The representation m_ 59 is of Arthur type if and only if one of the following
cases hold:
(a) v =0 and o € Z~1,
(b)1<z<a-2 fora>3.

(ii) The representation m_, .9 is of critical type if and only if

(ZE, Oé) = (07 1)> (07 2)7 (17 1)7 (17 2)7 (17 3)
(iii) Define £y 59 in various cases as follows. For x =0 and o € Zy, let

1 2 - a-1

AOOO o

bo-2 = o >
@ N @

Forl1 <z <a-—2and a > 3, define
g[*:ﬂ,*x*ﬂ Z:{([ZE + 2, _x]m 0, (_1)3677)’ ([07 O]pv 0, 77)27
([Oé - 17 x + 2]P7 07 (_1)ZW)}

Then we have T(E 3 —p—2)) = T[—a,—2—2)- Here is the associated symbol.

— - 0 .. 242 o a—1
< ® >
_ ©
5[71,7172] - o
@ [P @
Proof. The proof is similar to Proposition 4.39, which we omit. U

The final case in Case (C) i8 Tyemp = T‘:/%(ﬂ'sc).
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Proposition 4.41. Consider the representation

* = L(A,|—z,—x — 2];75,..),

ﬂ—[fx,fa:fﬂ s Themp
where w5, = Tyro(Tse) for x> —1 and o = 0.

(i) The representation W[:Ex S is not of Arthur type for any x.
(ii) The representation W[:Ex S is of critical type if and only if x € {0,1}.
Proof. This follows from Lemma 4.4 and the fact that |Q|(7rtj;mp) is the singleton {p}. O

This concludes our discussion of Case (C). Let us now move onto the final case when

f(m)=1.

4.4. Case (D) : m = L(A,[—z, —x — 3|, ms). In this section, we are interested in representa-
tions of the form 7, _,_3 = L(A,[—2, —x—3], ms). The natural restriction from Langlands
classification in this case gives us = > —%.

Since we are working with supercuspidal representations, we will introduce the following
result to simplify our computations.

Proposition 4.42. [HJLLZ25, Proposition 8.4] The representation (of good parity)
™= L(AP[ZL‘, _y]; 7Tsc)

1s of Arthur type if and only if xt —y = —1 or y < a. Note that x is not arbitrary since we
require x —y < 0 for the Langlands classification.

From this, we can easily derive the following result.
Proposition 4.43. Consider the representation
Mea,—a—3) = L(Ap[—x, —x — 3]; 74,
where x > —%.

1) The representation m_g _,_3 is of Arthur type if and only if v = —1 or —% <z <
[, ] 2
a— 3.
(2) The representation m_ _,_3) s of critical type if and only if v € {a—3,a—2,a—1, a}.
(3) Define Es. and £y _,—g) in various cases as follows. Then m(E) = Tse and w(E—z,——3)) =
T—w,—2—3]. When v = —1, let
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ANEORNIE)
wlw

Ol

5[71,7173] =

When 0 <z < a — 3, define:
Eo ={([+2, =2+ 1], [z = 1], (=1)""n), ([z — 4,5, 0,7m),
([ = 1,2 +1],0, (=1)""=n) },
Elea a3 ={([z + 3, —zl,, 2], (=1)""n), ([x — 4, €], 0,7),
([ = 1,2 +1],,0, (=1)""=n) }.
Here are the associated symbols.

r—4 z—3 z—2 xz—1 =z zz+1 x2+2 -+ «a-—1

—z+1 [
< c e @ c e PR c e cee D
Ese = ( © .- © ) )
@ @ e @
—Tr - € zx—4 z—-3 z-2 z—1 =z z+4+1 z4+2 z+3 -+ a-1
5[_x7_x_3] = ( © - ®© )
© O] O] e O]
Proof. From Proposition 4.42, we see directly that m_, _, 5 is of Arthur type if and only
if z = —1or x+3 < «a. This proves part (i). Part (ii) follows from definition and part
(#ii) can be proven using the similar kinds of calculation as Proposition 4.6 for supercuspidal
representations. We omit the details. 0

This concludes our discussion for the case f(m) = 1.

5. CLASSIFICATION OF NON-TEMPERED REPRESENTATIONS OF CORANK 4 (f(m) = 2)

In this section we will look at non-tempered representations with two segments in their
L-data, which are of corank 4. Under the restriction imposed by Langlands classification,
here are the different cases we need to consider:

(A) m = L(A =21, —x1], Ay[—22, —To]; Tiemp), Where 21 > 5 > 1 and Tyem, is tempered

of corank 2.
B) 7 = L(A, |-z, —x], A [—2, —x]; Tiemp), Where > 1 and 7, is tempered of corank
P p P 2 P
2.
C) m =LA, [—x1, —21 — 1], A [—29, —Zs]; Temp ), Where 1 > —2 29 > 0,29 — 27 < 2
o P p 2 2
and Tyem, is tempered of corank 1.
(D) m = L(A,[—z1, —21], Ap[—22, =22 — 1]; Tiemp), Where z1 > %,JJQ > —%, Ty — Tg > %

and Tyem,, is tempered of corank 1.
(E) m = L(A,[—21, —x1 — 1], A [—22, =29 — 1]; T4), Where xq, x5 > —% and 11 > x,.
(F) m= L(A [—x1, =21 — 2], A [—xa, —22]; Ts.), Where 21 > —1, 29 > %, and xo — 11 < 1.
(G) m= LA, [—21, —x1], Ap[—22, —29 — 2]; Ty ), where 21 > %, 29 > —1and 7 — 29 > 1.
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5.1. Case(A) : m = L(A,[—x1, —21], Ay [—T2, —T2]; Tiemp). We begin with Case(A), where
m = L(A,[—x1, —x1], A, [—2, —T2]; Tiemp) fOr Tiem, tempered of corank 2. We can assume
x1 > x9 in this case, and the natural restriction imposed by Langlands classification tells
us i, Ty > % The case of 1 < x5 will be equivalent, since it is well-known that the
representations A, [z, y1] and A, [z2, yo] commute when the segments [z, y1] and [z, yo] are
not linked ([HLL22, Lemma 2.1]).

Therefore, similar to before, there are a total of 10 subcases to consider. Let us start with

Tiemp = 111 (Tf ()
Proposition 5.1. Consider the representation

7T:1:1,a:2 = L(Ap[—$1, _331]7 Ap[_x% _332]; Wtemp)a

where x1 > x5 > & and Tyemp = T1 (T () for a > 0.
(i) The representation Ty, 4, is of Arthur type if and only z'f% <zo <y <a-—1or
(21, 22) = (@, a0 — 1) when a > 2, or when (21,22, ) = (3,3, 3).
(i1) The representation my, ., if of critical type in the following cases:
o (x1,22) = (a—1,a—2) fora > 2,
o (x1,22) = (o, — 1) when o > 3,
* (1’1,.1'2) = (Oé—Fl,Oé), <05+2705+1): (CY+3,0(+2),(CY—Fl,Oé—l),(CK—I—Z,Oé),(Oé—i-
2, —1) fora > %
(111) Define €., 4, in various cases as follows. Then (&) 4y) = Ty wy- When a >
%§x2<x1§0z—1, define

53317332 I:{([$1, _xl]pw Lm1J7 (_1)I1+1_6p77)a ([xQ -2, Ep]pa 0, _77)a
([Oz - 27 xQ]pv 07 (_1)$2+1_6p77)7 ([Oz + 17 a 1],07 O’ (_1)04—5,,77)}'

3

5, and

Here is the associated symbol.

-1 € To—2 T9o—1 9 -+ a1 -+ a—2 a—1 a a+1
< “ o @ P “ee P P oo D
_ © ®©
gw1,$2_ ® OIEEE ®
©

When a > % and (z1,x2) = (o, — 1), define

gzl,zz ::{([xla _xl]pv Lxljv (—1)x1+1_6p77)> ([a -3, Eﬂ]/)’ 0, _77)7
([a+1,a+1],,0,(=1)*n)}.

Here is the associated symbol.

-« a—3 a—2 a—1 a a+1

q PN PN PN |>
511712 - © .
©

Finally, when (x1, 22, ) = (%, %7 %); let

ONORY

® V olw
SN——

M
Nl
ol
|
TN
A
A
YV wi=
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Proof. Let us first show the sufficient direction for (7). The case (z1,z2,a) = (2,1, 2

515, 5) is easy
to verify. Now consider the case when a > % and z9 +1 = 21, 19 < a — 1. Here we can

construct an extended multi-segment &,, of the form:

—Ty ot €y 0 Tp—2 xz—1 22 ... a—-2 a-1 a a+l
< ® >
5932: ® - ®
©

such that &, lies in & (70,7, ; Ay[—21, —11], 1), and thus by Theorem 4.3, 7, ., is of Arthur
type with 7, 5, = 7(€4"). Now when z; + 1 < 2y < a — 1, we see from the discussion in
[HJLLZ25, Section 9], that there exists a multi-segment &’ containing (o — 1,0 — 1], 0, )
in its bottom row such that

W(gl) = L(Ap[_xh —1), Ap[—$27 —Ta; Tse)

Define a new multi-segment £ which is identical to £ except that the bottom row is now
replaced with (a4 1, a+1],,0, ). It follows that 7(€) = 7y, 4,, and thus 7., ., is of Arthur
type. This concludes the proof of the sufficient direction.

Now we show the necessary direction. By definition we have

7le),lj$2 = L(AP[_xQ) _:L‘Q]v 7T-temp)

Then Theorem 4.3 suggests that 7, ,, is of Arthur type only if 727 is also of Arthur type.
By [HJLLZ25, Proposition 11.1], this happens when % <2y <a—1when a > %, or when

I'QZ%ZQ{.

Furthermore, we have
QU(r2,2,) S Lol e <y < a =22 U{pl[* U {p]|™, pl [}

Lemma 4.4 gives the constriction that 7,, 4, is of Arthur type only if 2y = 3 or p|-|"~! €
Q2[(7#7). Since 1 > 1 by definition, we may conclude that 7#~ is of Arthur type only if
one of the following holds:

e+ 1< <a—1,or

e 1 =a+2 or

e =a—1, 11 =0«
It suffices to show that 77~ is not of Arthur type when z; = a + 2. We resolve this case
in the same way as we did before. When x; = a + 2, by Lemma 4.5, there does not exist
any extended multi-segment £ containing the segment ([ov 4+ 1, —(av + 1)],, *, %) such that
7n(€) = w0, . By Definition 4.2, this means that the set (7%~ A 1, —21],1) is empty,

T1,T2° 1,227

SO Ty, 4, 18 DOt of Arthur type by Proposition 4.3. The rest follows from definition. O
Now we move onto the case myemp = 177 NI (Tse).
Proposition 5.2. Consider the representation
Txy,00 = L(Ap[_xla —x1], Ap[_m% —3); 7rtemzo)v
2
(i) The representation Ty, 4, is of Arthur type if and only zf% <z <1y < x—2 or

(z1,22) = (@ — 1,0 — 2) when o > 2, or when (xy,x2, ) = (3,3, 2).
(i) The representation is of critical type in the following cases:

where 11 > 19 > L and Tiempy = Tff;l(Tfjl (7se)) for o > 1.
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o (21,32) = (@ — 2,0 —3) fora>1

o (x1,29) = (a—1,a —2) fora > g,
¢ (e1,22) = (@,0-1). (a+1 ). (a+2.a+1), (a+1L,a=1), (a,a~2), (a+ L,a=2).

11) Define &, 5, in various cases as follows. Then w(&,, . When o > 2 5, and
1,L2 1,L2
%§x2<x1§a—1, define
gzl,m 2:{([—1‘1, xl]m Llea (_l)wﬁ_l_epn)u ([1‘2 - 27 Ep]m 07 _77)7
([a - 3’ xQ]P’ O’ (_1>z2+1_€p7])’ ([aa a]p? 07 (_1)0{4—1—6,)77)}‘

= TMxy,zq-

Here 1s the associated symbol:
a—3 a—-2 a—-1 «

T € To—2 x9—1 29 -+ 14
< oo @ “en ‘>
89017552: ® [ONERE ®
O]

When o > % and (z1,x2) = (o — 1,0 — 2), define
8I17I2 32{([—1’1, xl]pa Lxlja (_1):61“_6”7)7 ([Oé - 47 Ep]pa Oa —77)7

([aa a]p? 07 (—1)%1_5’)77)}'

Here is the associated symbol:
—(a—1)

€y
< O >
511’12: ® - ® .
©

the same extended multi-segment
5)

a—4 a—3 a—2 a—1 «

When (z1, x2, ) = (%, %, %), then define E;, 4,

to be
defined in Proposition 5.1, when (zq, 2, o) = (3,1,

2

Proof To prove the necessary direction, we note that 72,7 is of Arthur type if and only if

t<a<a-2fora>3$ or(z,a) = (3 3) by [HILLZ25, Proposition 11.3]. The rest of
0

the proof is similar to Pr0p0s1t10n 5.1, which we omit.

The next case i Temp = Trvs(T T (Tse))-

Proposition 5.3. Consider the representation
L(Ap[_xh —[El], Ap[_x% —ZEQ], 71-tem;r))a

May,20 =

where x1 > Ty > % and Temp = Trva(T1(7se)) for o € Zsy.

(i) The representation Tz, 4, is of Arthur type if and only if 1 < x5 < 21 < a—1, or

(x1,22) = (a0, — 1).
(ii) The representation Ty, 4, s of critical type when (x1,22,c) = (2,1,2), (2,1,3),

(3,1,2).
(i1i) Define &, 5, in various cases as follows. Then m(Ey, wy) = Taywy- When 1 < x5 <

1 < a—1, define
Eares =1, —21]p, [21], (1)), ([0,0],, 0, =n)?, ([

) -2 €p]pa07 -1),
([a = 2,2],,0, (=1)" = n), ([, al,, 0, (=1)*F 7).
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Here is the associated symbol.

-z - 0 - 29—2 13—-1 29 - X - a—2 a-1 «
< © >
©
— ©
leny_ ® ®
© © ©
©

When (z1,22) = (o, — 1), define
53617962 ::{([_xla xl]p’ Llea (—1)““_6”77)7 ([07 0]9’ 0, _77)27
([O./ - 37 ep]Pa 07 —7))7 ([O./, a]m 07 (_1)a+1_€p77)}~
Here is the associated symbol.

—Q a—3 a—2 a—1 «

... ep ...
Eormn = o .- ® )
©)

Proof. To prove the necessary direction, we note that «f:~ ~is of Arthur type if and only
if 1 < 2y < o —1 by [HILLZ25, Proposition 11.3]. The rest of the proof is similar to
Proposition 5.1, which we omit. 0

_ okl
Now we move onto the case e, = TV,2(TI,1(7TSC))-

Proposition 5.4. Consider the representation

Wai,a:g = L(AP[_‘CCD —331], AP[_:CQ? _x2]7 ﬂ-tj;mp)a

where T > x5 > & and 7it,,, = T%2(T]171(7r5,3)) for a=0.

is of Arthur type if and only if (x1,22) = (2,1).

(it) The representation w, . is of critical type if and only if (x1,32) = (2,1) or (3,2).
(iii) We have w(EF) = ﬂéfl, , where

(i) The representation 7@17“]

-2 -1 0 1 2 -2 -1 0 1 2
+_ (< < & > > -_ (< < &6 > >
e=(T ) e=(0"287)

Proof. By [HJLLZ25, Proposition 11.4], the representation (7 , )"~ = L(A,[—z2, —Za]; Tiemp)

is of Arthur type if and only if 2o = 1. The additional require:lfnent from Lemma 4.4 tells us

that we must have x; = 2. By Theorem 4.3, this is the only case where 71';:1,902 is of Arthur

type. The rest follows from definition. 0
The next relevant case is mem, = T}’l(T‘j/f2 (Tse))-
Proposition 5.5. Consider the representation
Ty me = LA (=21, —a1], Ap[ =2, —a]; T ),

1,22

where 11 > w9 > 1 and ﬂtﬂ;mp = T}J(T‘:/tg(ﬂ'sc)) for a=0.

2
. . :t
(i) The representation m, ,,

+

= 18 of Arthur type if and only if (x1, 22) = (
(ii) The representation 7,

2,1).
| is of critical type if and only if (x1,22) = (2,1

1) or (3,2).
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i) We have m(EF) = 7y, , where
2,1

-2 -1 0 1 2 -2 -1 0 1 2
+ (< <9 @ > > - _ (< <« o > >
er= ") = 2 )

Proof. By [HJLLZ25, Proposition 11.5], the representation (73, )"~ = L(A,[—x2, —Za]; Tiemp)
is of Arthur type if and only if 9 = 1. The rest follows from the same argument as Propo-

sition 5.4, which we omit. [l

1
We move onto the next case, which is e, = TIQ,Q(TFSC).
Proposition 5.6. Consider the representation
Ty ,x0 — L(Ap[—ﬂil, —331], Ap[—QZQ, —332], ﬂ-temp);

1
1 _ 3 1
where 11 > w3 > 5 and Tyemp = TI’Q(WSC) fora = 3.

(i) The representation 7y, 4, is of Arthur type if and only if (x1,22) = (
(i1) The representation my, ., is of critical type if and only if (x1,x2) = (
(iii) We have w(€) = ™3 1, where

Proof. By [HJLLZ25, Proposition 11.6], the representation (7, 4,)”~ = L(A,[—%2, —Z2]; Ttemyp)
is of Arthur type if and only if x5 = % The rest follows from the same argument as Propo-

sition 5.4, which we omit. 0

Q)
I
//
A
P D V o=

1
Now let us consider e, = Tfm(wsc).
Proposition 5.7. Consider the representation

Te1,x0 = L(Ap[_xlv _x1]> Ap[_x% —$2], 71-1femp);
1
where x1 > Ty > % and Tiemp = Tfm(ﬁsc) and o € % + Z~y.
7 e representation T, 4, 1S O rthur type if and only iof = < x9 < 1 < « or
(i) The rep ' Lz 05 of Arthur type if and only if § < <
(x1,22) = (a+ 1, ).
(i1) The;’eg)risentation Ty s 18 Of critical type if and only if (z1,xs, ) = (2,3, 2), (
or (57 2 §)
(i1i) Define E;, », in various cases as follows. Then w(Eyy 2y) = Ty zn- When % <r <
r1 < a, define
11 , 1
53317332 2:{<[l‘1, _xl]m Lxljv 1)7 ([57 §]p7 07 1) ) ([I2 - 27 5];77 07 1)?

(o = 1,2],,0, (=1)"*2).
Here 1s the associated symbol.

—x To—2 To—1 a9 -+ X -+ a-—1

<

gxl,wQ =

D DD D=
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When (z1,22) = (o + 1, ), define

11 1
5331@2 I:{([—l’l, Il]p, Ll‘d, 1), ([5, é]p, 0, 1)27 ([Oé — 27 é]p, 07 1)}
Here is the associated symbol.
—(a+1) 3 a—-2 a-—1 a+1
< b
5331,332 = g
D O]
Proof. By [HJLLZ25, Proposition 11.7], the representation 75~ = L(A,[—x2, —T2]; Tiemp)

is of Arthur type if and only if % < x5 < . Since

1 X —X
TS 2n)p S A" 5 Sy <a—13U{p] ", o7}

the necessary direction follows from Lemma 4.4 and Proposition 4.3. The rest of the proof
is similar to Proposition 5.1, which we omit. U

1
. . . . _ 5
There are three remaining cases we need to consider. The next one is miepmp = 175 1’2(71'30).

Proposition 5.8. Consider the representation
Tey,x0 — L(Ap[_mla _-Tl]v Ap[_m% _372]; Wtemp)a

where x1 > 19 > % and Tiemp = TI%H,Q(WSC) for a = %

(i) The representation 7y, 4, is of Arthur type if and only if (x1,22) = (
(i1) The representation 7y, ., is of critical type if and only if (xq1,x2) = (
(1) We have ©(E) = Ty, 4,, where

[S[SSLI[SY
N —=N =
S~—

S

=
S
NSNS
NI
N—

~—

3 _1 1 3
2 2 2 2
4 a9 > >
g%,% - (S) 9
S)
5 .3 _1 1 3 5
2 2 2 2 2 2
Es s — ( 4 4 0O O > I>).
505 =)

Proof. By [HJLLZ25, Proposition 10.8], the representation 7,7 = L(A,[—Z2, —T2]; Tremp)

is of Arthur type if and only if x5 = % or 3 The rest of the proof is similar to Proposition
5.4, which we omit. O

The second last case is Tyemp = Trvs(Tse)-
Proposition 5.9. Consider the representation
gy, = L(Ap[_xh —[L'l], Ap[_x% _:EZ]a 71-temp)a

1
where x1 > x5 > 5 and Tiemp = Trvs(Tse) for a € Zsyg.

(1) The representation Ty, 4, is of Arthur type if and only if 1 < xo < z1 < a, or when
(x1,79) = (a+ 1, ).
(11) The Ty, 4, 15 of critical type if and only if (x1,22, ) = (2,1,1) or (2,1,2).
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(i1i) Define &, », in various cases as follows. Then w(Eyy vy) = Tuyawy- When 1 < 9 <
1 < «, define
5961,362 ::{qxh _‘Tl]m Lxlja <_1)x1+177)’ ([07 O]p: 07 _77)4’ ([*IQ - 2’ 0]/)’ 07 (_1)$2_177)7
([OZ o 17 xQ]pv 0’ (_1)z2+177)}

Here is the associated symbol.

-1 e O 1:2_2 1:2_1 T T e a—1
Q PR @ PR PR PR P P D
©
©
Earon = ©
©
© ©
® ®

When (z1,22) = (a + 1, ), define
gﬁvl,ﬂcz ::{([—1’1, xl]pv Lxljv (_1)0477)7 ([07 O]P? 07 _77>47 ([Oé - 27 O]m O? (_1)(17177)}'

Here is the associated symbol.

a—2 a—1 a+1
>

—(a+1)
<

0
O]
®
O]
5:61@2 - o
O]

© ... ©

Proof. By [HJLLZ25, Proposition 11.9], the representation 70~ = L(A,[—x2, —T2]; Tremp)
is of Arthur type if and only if 1 < 29 < a. The rest of the proof is similar to Proposition
5.7, which we omit. O

The final case we need to consider in Case (A) is Tiemp = T, ‘%4 (Tse)-

Proposition 5.10. Consider the representation
+ ot
Mot 2o — L(AP[_Ih _I1]7 AP[_I27 _IQ]’ 71-temp)7

1 + +
where 1 > 19 > 5 and T, = Ty, (mse) for a = 0.

2
(i) The representation 7, ,, is of Arthur type if and only if (x1,x2) = (2,1)
(it) The representation s, . s of critical type if and only if (1, 22) = (2,1)

(iii) We have n(£F) = 7T2i71, where

-2 -1
< <

1 2
> B> < <

Et = , & =

QOO D o
ONONORONS)

Proof. By [HJLLZ25, Proposition 11.10], the representation (7 , )"~ = L(A,[—x2, —%a]; mc,ny)
is of Arthur type if and only if 25 = 1. The rest of the proof is similar to Proposition 5.5,
which we omit. 0

This concludes our discussion of Case (A).
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5.2. Case (B) : m = L(A,[—x,—x], A)[—%, —x]; Ttemp). In this section we will consider
representations of the form 7, = L(A,[—z, —z], A,[—, —]; Tiemp), Where z > % and Tiemp
is tempered of corank 2. Therefore we consider the exact same representations as Case (A).
The first case is Tyemp = TI“;F I(Tﬁ1 (Tse))-
Proposition 5.11. Consider the representation
T, = L(A =z, —z], A =2, —2]; Temp),
for x > 3, where Ty = T7TH(T7 (7se)) and o > 0.
(i) The representation 7, is of Arthur type if and only if © = %
(ii) The representation 7, is of critical type if and only if v € {a — 1, , a + 1, e + 2}.
(1) We have w(€) = m1 where

a—2 a—1 a a+1

S

g:

® V V v

©
©

Proof. The sufficient direction is easy to check. For the necessary direction, by Lemma
4.4, the representation m, is of Arthur type only if z = % or |Q|(7emp) contains 2 copies
of p|-|*~t, but [Q|(memp) is multiplicity free, so the conclusion follows. The rest of the

proposition follows from definition. O
The next case is Tyemp = 117 (Tf4(msc)), which is similar.
Proposition 5.12. Consider the representation
Ty = L(Ap[_xv —xl, Ap[_xv —]; Tiemp)»
for x> 3, where myemy = T77 (17 (7se)) and o > 1.
(i) The representation 7, is of Arthur type if and only if x = %

(ii) The representation 7, is of critical type if and only if v € {a — 2, — 1,0, v + 1},
(11i) We have w(€) = m1, where

a—3 a—2 a—1 «

® V V vi=

©
O]

Proof. The proof is similar to Proposition 5.11, which we omit. 0
The next case we have is Tyemp = Trv3(T7 (7se))-
Proposition 5.13. Consider the representation
Ty = L(A =z, —z], A=, —2]; Temp),
for x > %, where Tyemp = Trv3 (17 (7se)) and o € Z,.

(i) The representation m, is of Arthur type if and only if x = 1.
(i) The representation m, is of critical type if and only if (x,a) = (1,2).
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(11i) We have w(E) = m where

-1 0 1 a—2 a—1 «
<4 O >

. <4 O >

&= ® O ©)

O]

Proof. By Lemma 4.4, m, is of Arthur type only if |Q|(7emp) contains 2 copies of pl|-|*!.
This is only possible if x = 1. The rest is easy to verify. O

_ ot (1
Now we move onto the case Tiemp = Ty (171 (7se))-

Proposition 5.14. Consider the representation

7T:|: = L(Ap[—ff, —.I'], Ap[—l’, _I]a Wiimp)’

xT

for x > 1, where ermp = T‘}—L’Q(T}vl(mc)) and o = 1.

(i) The representation m, is of Arthur type if and only if x = 1.
(i1) The representation 7, is of critical type if and only if v € {1,2}.
(iii) We have n(E*) = 7, where

-1 0 1 -1 0 1
a4 o > 4 6 >
Ef= |« o], €=« o >|.
O} O]
Proof. The proof is similar to Proposition 5.13, which we omit. U

. . o 1 :l:
The next case to consider is e, = TLl(Tm(wsc)).

Proposition 5.15. Consider the representation
W;t - L(AP[_$’ _'T]v Ap[_x> _x]; W;Emp)’

for x> 1, where m,,, = Tl,l(T‘j/fQ(ﬂsc)) and a = 0.

(i) The representation m, is not of Arthur type for any x.
(i1) The representation 7, is of critical type if and only if © € {1,2}.

Proof. Since |Q(Tiemp) = {p, p|-|'}, the conclusion follows from Lemma 4.4. O

1
We move onto the case e, = T 12’2(7@0).

Proposition 5.16. Consider the representation

My = L(Ap[_'f? —il?], Ap[_xa _33]7 Wtemp),

1
1 _ 3 1
for x > 5, where Tyem), = TI’Z(’/TSC) and o = 3.

1

2
(ii) The representation 7, is of critical type if and only if x € {%, %}
(11i) We have that w(€) = m1, where

S DBV Vw-
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Proof. The proof is similar to Proposition 5.11, which we omit. O

1
The next case iS Tiemp = Tng(mc).
Proposition 5.17. Consider the representation

Ty = L(AP[_J;7 _I]a Ap[_xa —ZL'], 7Ttemp)»
1
for x > %, where Tiem,y = T121,3(7Tsc) and a € % + Z~y.
(i) The representation 7, is of Arthur type if and only if x = %
(i) The representation m, is of critical type if and only if (x,a) = (%, g)
(i1i) We have that w(€) = m1, where

a—1

o
I
OO OV Vwi-

©

Proof. The sufficient direction is easy to verify. By Lemma 4.4, the representation 7, can
3

only be of Arthur type if x = % or x = 5. Therefore, to prove the necessary direction, it
suffices to show that the case z = % is not of Arthur type.

Suppose it is, then by Definition 4.2, the extended multi-segment corresponding to mTiemy
must contain at least two segments of the form ([, —3],, %, *). If this is true, then by looking
at Q(Tyemp), We see that there can be at most 1 more segment of the form ([A4;, B;],, *, *)
with B; = % This contradicts [HLL22, Proposition 3.5] since 7y, has an order 2 nonzero
derivative at x = % This proves part (7). The rest follows from definition. U

1
. . _ E
Three more cases remain. The next one is Tyepmp = 175 172(71'80).

Proposition 5.18. Consider the representation
Ty = L(Ap{_'x? —SL’], Ap[—l’, —IE'], 7Ttemp);

1
for x > %, where Tiepmp = TI2H’2(7TSC) and o = %

O O V Vwi=

Proof. The proof is similar to Proposition 5.17, which we omit. O
The next tempered representation of corank 2 is myemp = Trvs(msc).
Proposition 5.19. Consider the representation
Mo = L(Ap[—x, —x], Ap[=2, —2]; Tiemp),

for x > %, where Tiemp = Trvs(Tse) and a € Zsy.



60 BAIYING LIU, CHI-HENG LO, AND BRIAN WEN

(i) The representation 7, is of Arthur type if and only if x =1
(ii) The representation v, is of critical type if and only if (x,a) = (1,1).
(i1i) We have that m(E) = m, where

-1 0 1 a—1
4 60 >
4 0 >
&= ®
©
@ @ e @
Proof. The proof is similar to Proposition 5.13, which we omit. O

The final case in this section is Tiep, = T‘}—LA (Trse)-

Proposition 5.20. Consider the representation
T = LA [—2, —z], A [—z, —x]; 75,),

T Wtemp
for x> 1, where m,,, = T‘j/f4(7rsc) and a = 0.
(1) The representation 7, is of Arthur type if and only if x = 1.

(2) The representation m, is of critical type if and only if x = 1.
(3) We have n(EF) = 7, where

-1 0 1 -1 0 1
< D b < O D>
+ _ < D D> - g 6 >
ET = S , & = o
(&) ©
Proof. The proof is similar to Proposition 5.14, which we omit. [l

This concludes our work in Case (B). Now we move onto Case (C').

5.3. Case (C): m = L(A,[—x1, —z1 — 1], A [—%2, —22]; Ttemp). In this subsection we are
concerned with representations of the form 7, 5, = L(A,[—z1, —x1—1], A, [—22, —22]; Wtemp)
where ey is tempered of corank 1. Here we require x; > 0,29 > % and 1y — 73 S by
Langlands classification of classical groups. We assume our representations are of good
parity, so the last condition can be rewritten as zo < 1

Since we're dealing with tempered representations of corank 1, there are three cases to
consider. Let us begin with e, = 17 (Tse)-

Proposition 5.21. Consider the representation
Tgy,x0 = L<Ap[_x17 —T1 — 1]; Ap[_x% _x2]; 7Ttemp)v
where x1 > 0, 19 > %, Ty < @1, and Tiemp = T1(7se) for a > 0.

(i) The representation ., ., is of Arthur type if and only zf% <z <a—-3,¢+1<
1 < a—2 and x1 > 1o for a > %
(11) Tz zy 18 Of critical type when (z1,13) = (a—2,a—3), (a—2,a—2), (a—1,a—1), («
La=2),(0,a),(c,a—1), (a+1L,a+ 1), (a+1,a), (a+1 a—1)o (a+2 a+1).
(111) Define &E;, 4, in various cases as follows, then we have T(Ey  4,) = Tuy - When
%szga—& e +1 <z <a—2andx; =29+ 1, define

89017902 ::{([xl + 17 ]p? |_'CE1J ( )xﬁ_l ) ([ml - 3? 6p]p70>77)7 ([xl - 17371 - 1],070, <_1)x1_5p77)7
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([ov = 2,21 + 11,0, (=1)" =), ([or, al,, 0, (1))}

Here is the associated symbol.

-ry € 0 1 —3 v1—2 -1 v M+l - a-2 a-1 «
< “e @ ce P P P >
@ “en @
Enrwy = ®
@ e @
©

When%ﬁ@ﬁa—?), ept+1<z <a—2andx; — 21 > 1, define
gxl,xg ::{([xl + 17 _ml]m I_lea (_1)x1+177)’ ([x% _xQ]pa I_xQJa (—1)“_6"77)7
([(L’g -2, 0]P7 0, _7]>7 ([171 -2, ‘IQ]W 0, (_1)127])7
([Oé - 27 1 + 1]/’7 Oa (_1)I1+177>7 ([Oé, a]ﬁv O’ (_1)$2+17])}

Here is the associated symbol.

—r1 e+ —X9 €p To—2 x9—1 29 -+ 1—2 27—1 29 2141 -+ a—2
< < O] > .. > > > >
< ®© >
O} O}
gxl,xgz ©
@ P @

Proof. The sufficient condition can be proven in a similar way as Proposition 5.11, which we
omit. Let us now show the necessary direction. First by definition we must have:

7T£717_I2 = L(AP[_:E% _xQ]; 71-temp)a

which is of Arthur type if and only if % <z9g < a—1fora> %, or Tn = = %, which is not
possible in this case. Furthermore, since

QU8 2,) SHAplY e, <y <a =23 U{pl*}U{p]]™2, pl-| ™}

we must have either

s, +1 <z <a—2 or

ex;=axpand e, <z —1< v —2
It suffices to show that the case x1 = x5 will not give a representation of Arthur type. Suppose
the contrary, then there exists some segment ([x1, —z1 + 1],, *, %) inside the extended multi-
segment &, ,, corresponding to m,, ,, by Definition 4.2. This is impossible since the first
segment inside &, ,, is of the form ([x1, —x1], 1], %), and applying the raising operators
will not produce the desired segment. The other segments will contain a gap at 1y — 1, so
producing a segment of the form ([xq, —z1+1],, %, *) is impossible. This proves the sufficient
direction. Considering our restrictions on x1, x5 gives the desired conditions. This proves
part (7). Part (ii) follows from definition. O

The next case iS Temp = Trv3(Tse).
Proposition 5.22. Consider the representation
7T(I?1,(E2 = L<Ap[_x17 —x — 1]; Ap[_x% —562]; 7Ttemp)v

where x1 > 0,19 > %, xy < x1, and Tiemp = Lrvs(Tse) for a € Zsy.

a—1

«
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(i) The representation my, ., is of Arthur type if and only if 1 < x; < a—1and 1 <
To < a— 2 with 9 < x1, or when r1 = 19 = 1.
(11) The representation my, 4, is of critical type if and only if (z1, z2, ) = (2,1,3),(2,1,2),(2,1,1), (.

(i1i) Define Ty, 5, in various cases as follows, then we have m(Ey  4y) = Tuy - When
<z <a—-1,1<a3<a—2and z; =22+ 1, define
Euvs =1 + 1, —m1ls L), (—1)7 ), (0,0, 0,m)2, (1 — 3, 00,,0,1),
([.%‘1 - Lz - 1]/)7 0, (_1>x17]>7 ([a — L+ 1]/)7 0, (_1)x1+177>'

Here is the associated symbol.

-z -+ 0 - -3 1—-2 x1—-1 21 z;;+1 -+ a—2 a-—1
< © > > > >
©
_ ©
811712_ ® ®
©

When%ﬁxgg&—ii, e+ 1<z <a—2andx; — 21 > 1, define

5$1,SE2 2:{([1’1 + 17 _xl]p’ Lxlja (_1)11-{-177)’ ([x% _x2]p7 Lxﬂv (_1)1277),
([O’ O]P’ 07 _77)27 ([IQ - 27 0]/37 07 77)7 ([ml - 27 xQ]p? 07 (_1)96277)7
([Oz - 17$1 + 1]07 0, (_1)x1+177)}'

Here is the associated symbol.

—xy o —xy -+ 0 - x9—2 x9—1 29 - 1—-2 29—-1 ;1 Z;+1 - a—2 a-—1
< < ® > .- > > > >
<] @ .« o [>
© ©
gxhxz: o
@ - @
©) O} O}

When x1 = x5 = 1, we have that w1 = w(&11), where

-1 0 1 2 ... a—-1 «
< © B>
_ 40 0 ... > >
€11 = :
® ... O] ©

Proof. From [HJLLZ25, Proposition 10.13], we see that the representation

W;];TxQ - L(AP[_x27 _x2]7 ﬂ—temp)

is of Arthur type if and only if 1 < 29 < a. The rest of the proof is similar to Proposition
5.21, which we omit. 0

The last tempered representation of corank 1 is e, = T‘:/tz(ﬂ'sc).

Proposition 5.23. Consider the representation
T = LA [—21, —21 — 1], A [—22, —32); 7E,00),

x1,T2 ; Trtemp
1

where 11 > 0,13 > 3,

To < x1, and Wimp = T‘:/;(ﬂ'sc) for a = 0.



UNITARY REPRESENTATIONS OF CORANK 4 63

i) The representation m _(my.) is not of Arthur type.
T1,T9 Y

(ii) The representation 7= _ s of critical type if and only if (x1,z2) = (2,1) or (1,1).

1,22

Proof. By [HJLLZ25, Proposition 10.14], the representation

(thxg)p’f = L(A,[—2, —wz];ﬂimp)

is of Arthur type if and only if #; = 1. In this case, U((r7, ,,)”~) are singletons with

QLA [~22, —22)s i) € {pl 1Y, =1 <y < 1} Uo7, pl- 772}

From Lemma 4.4, the only possible z; for Wim to be of Arthur type is 21 = x5 = 1, but

this case can also be eliminated by Definition 4.2 and Theorem 4.3. This proves part (7).
Part (i7) follows from definition. O

This concludes our discussion of Case (C'). Now let’s move onto Case (D).

5.4. Case (D) : m = L(A,[—x1, —21], Ap[—2, =22 — 1]; Tyemp). In this subsection we con-
sider representations of the form 7., ,, = L(A,[—z1, —21], Ay[—22, =22 — 1]; Tiemp), Where
Temp 18 tempered of corank 1. Here the situation is similar to Case (C') except the orders of
the segments are exchanged. Because the two segments can be linked, they are not neces-
sarily commutative. Just like in Case (C'), we have z; > 0,25 > —% and 1 — T9 > % by the
Langlands classification of classical groups. By the good parity condition, the last statement
can be translated to x; > zs.

We'll work with the same three cases as before, starting with e, = Tﬁl(ﬂsc).

Proposition 5.24. Consider the representation
Ty ,x0 = L(Ap[_'rla _x1]7 Ap[_x% —T2 — 1]7 7Ttemp)
where 11 > 19 > 0 and Tyemp = 17 (7se) for a > 0.

(1) The representation Ty, ., is of Arthur type if and only if €, +1 < 27 < a, 0 <
To < a—2and vy —x9 > 2 for o > 3, or (x1,x22) = (1,0) for « € Zwy, or
(1, T, 0) = (g, %, %) and €s.(p ® S9) = —1.

(i1) The representation Ty, ., is of critical type if and only if (z1,22) = (a—1,a—3), (a—
La—2),(a,a—2),(a,a—1),(a+1,a—1),(a+1,a),(a+2,a), (a+2,a+1), (a+
3,a+1).

(1it) Define &, 5, in various cases as follows, then (&, 4,) = Ty 2o When e, +1 < a1 <
a—1,0<z<a—2andx —x9 > 2 for a > 3, define

gml,mg ::{([xla _'rl]pv LIIJ ) 77)7 ([‘rQ + 17 _x2]p7 LI2J7 _TI)J <[$2 - 27 6p]p7 07 77)7
([a - 27 Ty + 1]/37 07 (_1)124-1—5,)77)7 ([Oé’ a]pv 07 (—1)%6’377)}-

Here is the associated symbol.

—r1 e —X9 €p To—2 To—1 29 290+1 -+ x1 -+ a—2 a—1 «
< -0« ® > > > > P
< ® > > > >
Erimo = ® ®
O}

When (z1,22) = (1,0) and o € Z~1, define
Eoree ={([1, =15, 1,m), ([1,0],, 1, =n), ([ — 2,1],, 0,m),



64 BAIYING LIU, CHI-HENG LO, AND BRIAN WEN

([, @], 0, (=1)""n)}

Here 1s the associated symbol.

-1 0 1 a—2 a—1 «
< O >
<1 D
85517552: ® ®

When (z1, 2, 0) = (2,4, 2) and es.(p ® Ss) = —1, let

_ < < & ©
81'171'2 - ( < >

I
ol
V woles
AV

)

Proof. The sufficient direction can be proven in the same way as Proposition 5.1, which we
omit. Now we show the necessary direction. By Proposition [HJLLZ25, Proposition 11.11],
the representation

7.[-97_ —= (Ap[—LEQ, _xQ - 1]) Wtemp)

is of Arthur type if and only if 0 < 25 < a—2 for a > 2, or when (22, ) = (0,1) or (29, ) =
(%, %) Matching this with our restrictions gives the condition on x,. For the restrictions on
x1, we see from Lemma 4.4 that either €,4+1 < 21 < a—1, or x; = a. Therefore, it remains
to show that the case xo = x; — 1 is not of Arthur type, when x; > 1,29 > 0 satisfies the
restrictions above.

Suppose T, 4, is of Arthur type in this case. By Definition 4.2, there exists an £ with
m(€) = L(A,[—x2, —x3 — 1]; Temp) that contains a segment of the form ([zq — 1, —(z1 —
1)],, *,*). However, any such £ must have the first segment (by the admissible order) be of
the form ([z1, —(x; — 1)],, *,%). This strictly contains our desired segment, and we cannot
reduce the segment any further by definition, which gives a contradiction. This proves the

necessary direction and part (7). Parts (i) and (i4i) follow from definition. O

The next case iS Temp = T1v,3(Tse).
Proposition 5.25. Consider the representation
711,12 = L<Ap[_$17 _:Ul]a Ap[_x% —X2 — 1]7 Wtemp)a

where 1 > x9 > 0 and Tiemp = Trvs(mse) for o € Zsyp.

(i) The representation Ty, 4, is of Arthur type if and only if 2 < x; <, 0 <z9 < a—2,
and x1 — x9 > 2, or when (x1,22) = (1,0) or (o + 1,0 — 1).
(11) The representation my, 4, is of critical type if and only if

(21, 22,0) = (1,0,1),(2,1,1),(3,1,1),(2,1,2),(3,1,2), (3, 1,3).

(i1i) Define &, », in various cases as follows, then m(Eyy 4y) = Tuyzy- When 2 < xq <
a,0 <z <a—2 and x1 — x9 > 2, define

511,12 ::{([ch, _xl]pv Lle ) 77)7 ([va _352][)7 Lxﬂv _77>? ([07 O]p? 07 77)2
([IQ - 27 O]l)ﬂ 07 77)7 ([a - 17 Zo + 1]P7 07 <_1)x2+177)}'
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Here is the associated symbol.

@y e —my e O e @9—2 ao—1 Ty T+l e oxy e a—1
< < © > > > > >
< © > > >
_ O]
8551@2_ ®
O] ©
© ®©

When (x1,22) = (o + 1,0 — 1), define

5951,9[:2 ::{([xlv _171]07 Lle ) 77)? ([x% _x2]07 L'r?J’ _77)7 ([O’ O]P’ 07 77)2
([22 —2,0],,0,1m)}.

Here 1s the associated symbol.

—r1 —a —s 0 To—2 To—1 9 a x
< < < ® > > > > D>
< © > > >
Envwo = ©
®
® ®

When (x1,22) = (1,0), define
51?17172 ::{<[17 _1]P7 17 77)7 ([07 O]P? 07 77)27 ([Oé - 17 0]P7 17 _77)7 ([17 1]P7 07 77)}

Here 1s the associated symbol.

le,xz =

AOOO o

©
©
Proof. From [HJLLZ25, Proposition 11.12], we see that the representation

7T£,17_I2 = L(Ap[—xg, —T2 — 1]) 7Ttemp)

is of Arthur type if and only if 0 < 9 < a — 1. From here, the rest of the proof follows the
exact same way as Proposition 5.24, which we omit. 0

The last tempered representation of corank 1 is e, = T‘:/lfg(ﬂ'sc).

Proposition 5.26. Consider the representation

71—;:‘:1,1:2 = L(AP[_xl’ —1'1], AP[_xQ’ —T2 — 1]7 ﬂ_tj(:imp)?

where x1 > 19 > 0 and Wtiemp = T‘:/tz(’/TSC) for a = 0.

(i) The representation W;th is of Arthur type if and only if (z1,29) = (1,0).
(ii) The representation W;thm is of critical type if and only if (x1,22) = (1,0), (2,0).

i) We have m(EF) = ns,, where
0,1

£ = (

—_

D DD o
@ \%
N~ —
i
I
~/
A
(ORORON=]
57 Y
N~ —
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Proof. This follows immediately from [HJLLZ25, Proposition 11.13], which states that the
representation

(ﬂ-i )p,— - L(Ap[_‘r% —T2 — 1]a ﬂ—?;mp)

1,22

is of Arthur type if and only if 2o = 0. U

This concludes our discussion in Case (D). In the next subsection, we will look at Cases
(E), (F), (G) together.

5.5. Cases (E),(F),(G) involving supercuspidal representations. In this subsection,
we will look at the remaining three cases together, since they all involve supercuspidal
representations. The first case we’ll examine is Case (E), where m,, 5, = L(A,[—21, —21 —
1], Ap[—xa, —x2 — 1]; Tse).

From Langlands classification we obtain the bounds z, x5 > —% and z; > x5.

Proposition 5.27. Consider the representation
Ty ,x9 — L(Ap[—ml, —Xr1 — 1], Ap[—l'g, —T9 — 1};71'56),

for xq,x9 > —% and T1 > Ta.

(1) The representation Ty, 4, is of Arthur type if and only if 1 <z < a—1 and xy > x9,
or when (x1,x2) = (0,0) or (o, v — 1).

(2) The representation Ty, ., is of critical type if and only if (z1,22) = (a—1,a—3), (a—
La=2),(a—1,a-1),(a,a—2), (a,a—1), (o, @), (a+1,a—1), (a+1,a), (a+2,a).

(8) When 1 <zy < a—1 and 1 > x5, define

59517952 ::{([xla _ml]pa Lle ) 77)7 (["EQ - 2’ ep]m 07 77)7 ([a - 17 To + 1]p, 0, (—1)$2+177).

Then m(Eyy 2y) = Ty uy- Here is the associated symbol.

—xr7 - —Xy - € v fIf2_2 fIf2_1 To %-2+1 T a—1
q e < “ee @ “ee D D D D “ee D
8.171,.%2: © [O) .

Proof. The sufficient direction can be proved in the same way as Proposition 5.1, which we
omit. For the necessary direction, first note that from Proposition 4.42, we have that the
representation

b = LA, =z, —x9 — 1]; 7sc)

1,2
is of Arthur type if and only if 2o < a — 1. Furthermore, Lemma 4.4 gives us the constraint
that either (z1,22) = (o, a—1),(0,0) or z; < a—1 since we have |Q|(7,s.) = {p|-|Y 1€, <y <
a — 1}. Therefore, it suffices to show that the case x; = x5 does not give a representation of
Arthur type.

Suppose on the contrary that m,, ,, is of Arthur type when x; = x5. Then by Theorem
4.3, there exists an extended multi-segment € containing 2 copies of the segment ([z1, —z1 +
1], %, *) such that 7(€) = ms. However, we know that |Q|(7s.) is multiplicity-free, which
gives a contradiction. This proves part (7). The rest follows from definition. O

Now we move onto Case (F'), where 7y, », = L(A [—x1, —21—2], A [—22, —22]; 75 ), Where
the Langlands classification gives us the natural constraint x; > —1, x5 > % and x9—x; < 1.
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Proposition 5.28. Consider the representation

Tg1,x0 = L(Ap[_xla —X1 — 2]7 Ap[_‘r% —.%'2], 7Tsc)7

1

2

(1) The representation Ty, ., of Arthur type if and only if e, +1 < 7 < a — 2 and

To < I71.

(i1) The representation Ty, ., is of critical type if and only if (z1,22) = (a—2,a—3), (a—
2,a—2),(a=2,a—1),(a—1,a=2), (a—1,a=1),(a—1,a), (o,a—1), (o, @), (o, a+
D, (0 + 1,0

(11t) Define &, 5, in various cases as follows, then m(Eyy 4,) = Ty 2o When e, +1 < a1 <
a—2 and x9 =1 — 1, define

‘9331,:132 ::{<[$1 + 27 _:Ul]pﬂ Lle ) 77)7 ([1'2 - 27 ep])m 07 77)? ([1’1 - 17 $2]p> 07 (_1)x2+1_€p77)>
([or = Ly +2],, 0, (=1)" 7).

where x1 > —1,29 > = and v9 — 1 < 1.

Here is the associated symbol.

-y -+ —Xg € To—2 x29—1 29 -+ 1—-1 29 2941 2¢4+2 -+ a-—1
£ _ ®© ®©
T1,T2 @ @
@ ce @
When e, +1 <z <a—2 and 1 —x2 > 1, define
811@2 ::{([xl + 27 _'Tl]ﬂa Lx1J> <_1)1176p77>7 ([1‘2, _xQ]P’ Lx2J7 (_1>I276p77)7
([ZBQ - 27 ep]pa 07 77)7 ([331 - 27 {Eg]p, 07 (_1)902—5[,77)’
([O‘ - 1? T+ 2],07 0’ (_1)x1+176pn)}7
Here is the associated symbol.
—r1 . —Xo €p To—2 x9—1 29 -+ 1—2 21—1 27 :14+1 294+2---
< < ® > - > > > > >
gxhxz = © ®
O]

Proof. The sufficient direction can be proven in a similar way as Proposition 5.27, which we
omit. Now we show the necessary direction. Assume zy = 7 + 1, and 7, 4, is of Arthur
type, then by Definition 4.2 and Theorem 4.3, there exists an extended multi-segment &
that contains two segments of the form ([x1, —21],, *,*) and ([z1 + 1, —(z1 — 1)],, %, *) such
that w(€) = mg. This is impossible, since the L-parameter of 7y, must be multiplicity free.
Similarly, we see that the representation 7, ,, where z; = x5 cannot be of Arthur type.
Therefore, it follows that o < 1. Furthermore, by Lemma 4.4 and Theorem 4.42, we have
that m,, 5, is of Arthur type only if €,4+1 < 27 < a—2. This proves the necessary direction.
The rest follows from definition. O

To wrap up the case where f(m) = 2, we look at the final subcase, Case (G), where
Tarze = L(Ap[—x1, —21], Ap|—22, —x2 — 2]; ). The natural restriction from Langlands
classification gives us x; > %, To > —1and x; — 29 > 1.

a—1
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Proposition 5.29. Consider the representation
Ty ,x9 — L<Ap[_x17 _l‘l]a Ap[_x% —X2 — 2]7 71-sc)v

where x1 > %,xz >—1 and xr1 — 19 > 1.

(1) The representation Ty, 5, is of Arthur type if and only if €, +1 < 21 < a and
o < 11 — 3, or when (x1,25) = (a+ 1, — 2) or (1,0).

(2) The representation T, ., is of critical type if and only if (x1,22) = (o — 1,0 —
2), (v,a—2), (e +1,a—2),(c,a—1),(a+1L,a—1),(a+2,a—1), (e +1,a), (a+
2,a), (a+3,a), (a,a — 3).

(3) Define &, », in various cases as follows, then (€ 2y) = Tuy 2y Whene,+1 <z <
and ro = x1 — 3, define

Earar ={([x1, —21]p, 1], 1), ([21 — 2, = (21 = 3)]),, 0, =), ([21 = B, €, 0, =),
([Oé - 17 Ty — 1]/)7 07 (_1>x2+17€p77)‘

Here is the associated symbol.

-z —(x1—1) —(x1—2) —(21—3) €p x1—5 o x;—2 -1 3 - a-—1
< < < < © > > > >
< © > >
5331,962 = O] ®
®© ®©
O] O] O}
When e, +1 <z < o and xy — 29 > 3, define
g-’ﬂl,-'ﬂ2 ::{([Ilv _Il]m LI1J7 (_l)xl_epn)v ([x2 + 27 _x2]97 Lxﬂ? (_1)12_6‘777)7
([:CQ - 27 Ep]pv 07 77)7 ([1'1 - 27 To + 2]p7 07 (_1>$276p77)7
([a - 17 ml]pa 07 (_1>x1+176p7])'}
Here 1s the associated symbol.
Iy e @y e €y e g —2 e 2 e =2 ;i —1 a3 - a—1
< ® >
5901,»’62 = © ®
O} O]
O] O}

When (z1,22) = (o + 1,0 — 2), define
g:vh:vz = {([1’1, _xl}pv L$1J ’ 77)’ ([xl - 2a —(331 - 3)])p’ O? _77)7 ([Il - 47 eﬂ]p’ O’ _77)}'

Here is the associated symbol. Here is the associated symbol.

—T1 —(.’L’l — 1) —(.’L’l — 2) —(ZEl — 3) s Ep Ty — 5 Ty — 4 Ty — 3 Try — 2 Ty — 1 T
< < < < ®© > > > > > >
Erimo = < ® > > > >
O] O] O]

When (x1,22) = (1,0), define
&= {([L _l]p’ L, )a ([a -1, O]pv L, _77)7 ([27 2]07 0777)}-
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Then w9 = 7(E). Here is the associated symbol.

-1 0 1 2 ... a-1
4 0 >
Enrmn = 460 6 ... > |
O}
Proof. The proof is similar to Proposition 5.27, which we omit. O

With this, we are done with the classification of non-tempered representations m with
f(m) = 2. We will move onto the cases f(7) =3 and f(7) = 4 now.

6. CLASSIFICATION OF NON-TEMPERED REPRESENTATIONS OF CORANK 4 (f(m) = 3,4)

In this section, we consider non-tempered representations m of corank 4, where there are
exactly 3 or 4 segments in the L-data of w, i.e. f(m) = 3,4.

6.1. The case f(m) = 3. We begin with the case where f(7) = 3. With these restrictions,
we can group them into the following subcases:
(A) T = L<AP[_x17 _xl]aAp[_x% _xQLAp[_:U& _x3];7rtemp>7 where Ty > T2 > T3 > %
and Tyem, is tempered of corank 1.

(B) m = L(A,[—z1, —x1], Ap[—x1, —21], Ap|—22, —2]; Tiemp), Where xq7 > 29 > %, and
Temp 15 tempered of corank 1.
(C) m = LA, [—21, —x1], Ap[—x2, —xa], A [—T2, —T2]; Ttemp), Where x1 > x5 > %, and

Ttemp 15 tempered of corank 1.

(D) m = L(A,[—z, —z], Ay[—z, —z], Ay [—x, —2]; Ttemp), where z > 3 and e, is tem-
pered of corank 1.

(E) m = LA, [—21, —21 — 1], Ay [—x2, —xa], Ap[—2x3, —x3]; 75 ), Wwhere 21 > 29 > 3.

(F) m = L(A =21, —21], Ap[—xa, —x2 — 1], A [ =23, —23]; W), Where 21 > 25 > x3.

(G) m= LA, [—z1, —21], Ap[—22, —x2], A [—2x3, —x3 — 1]; s ), where z1 > 29 > 5.

6.2. Case (A) : m = L(A [—xa, —2], Ap[—21, —21], Ay [—23, —23]; Tiemp). We begin with
Case (A), where we denote 7y, 4y 05 = L(A,[—x1, —21], Ap[—22, —22], Ap[—x3, —3]; Tremp)
for 1 > x9 > 13 > % and Ty, tempered of corank 1. There are 3 cases to consider. The
first one is Tiemp = 11 (Tse)

p

Proposition 6.1. Consider the representation
ey, 0,23 — L(Ap[_xla _:Ul]a Ap[—l‘g, —1‘2}, Ap[—l‘g, _x3];7rtemp)7

for xy > x9 > 13 > %,
(1) The representation Ty, 4, 2, 1S of Arthur type if and only if one of the following holds:
ce, 1< <a—-1 and%§x3<x2§a—2.
o (1,29) = (0, —1) and 3 < z3 < a — 2.
o (21, 22,m3) = (@ + Lo, = 1).
o (@1, 20,25,0) = (3,2,3,3).
(11) The representation Ty, 4,2, 15 of critical type in the following cases:
* (1.17'1'271'3) (Oé—l @—2,04—3).
. (1’1,1'2,5173) ( —1 CY—Q)
o (21,29, 13) = (oz+1 a,a—1).
(a:l,xQ,xg) (a+ 2, a+la) r(a+3,a+2,a+1).

where Tyemp = 11 (Tse) and o > 0.



70 BAIYING LIU, CHI-HENG LO, AND BRIAN WEN

(111) Define Eyy 2yus in various cases as follows. Then 7(Exy zy ) = Taywsms- When
eptl<az <a+l and%§x3<x2§a, with x1 = x9+ 1 = x3 + 2, define

8361,332,333 2:{[1‘1, _xl]/)? Lxlj ) n)? ([x?: -2, GP]W 0, _77)7
(lor = 2,22, 0, (=1)"7n), ([av, ], 0, (=1)* ") }.

Here is the associated symbol.

—T7 € T3—2 - Ty x7 -+ a—2 a—1 «
<] PN @ PPN |> PPN [> [>
_ © ®©
896173627903_ o © --- ®
©

When e, +1<x; <a+1 and%§x3<$2§a, with r1 = 1o+ 1 > x3 4+ 2, define

5x1,x2,x3 ::{[1‘1, _$1]p? |_$1J ) 77)7 ([x37 _x3]p’ Lx3J> _77)’ ([3:3 - 27 Ep]m Oa _77)7
([xQ - 27 x3]p7 07 (_1)x3+176pn)7 ([a - 27 xQ]pv 07 (_1)90276’)77)7 ([Oz, a]m 07 (_1>a76p77)}'

Here is the associated symbol.

—xy - —X3 € - x3—2 w3—1 x3 -+ w2—2 wy—1 3 T -+ a—-2 a-—-1 «
4 -« © > > > e > > > > >
<] oo @ P ‘> ‘> ‘>
_ @ e @
5171,$2,$3 - ® e ®
© O O]
©

Whenep+1§x1§a—1and%§x3<x2§o¢—2, with 1 > x9 + 1 = x3 + 2,
define

5961,362,363 ::{[513'1, _:Cl]pa Lle ) 77)7 ([x% _xQ]pv LxZJu _77)7 ([xi’) - 27 €p]p7 07 _77)7 ([xl - 27 x3]p7 Oa (_1)x3+176p77)7
([Oz - 27 ml]p? 07 (_1):01_6/377)7 ([O" a]pv Oa (_1)a_€p77>}'

Here is the associated symbol.

—x1 - —Xo € -+ x3—2 x3—1 x3 T3 -+ -2 ;-1 7T - a-2 a-1 «
< e« © > > > > e > > >
SO N > > >
£ _ ® O]
x1,2,T3 @ @ - @
©

Whenep—i-lgxlgoz—land%§x3<x2§0z—2, with 1 > x9 + 1 > x3 + 2,
define

Earwams =1 X1, —21]p, (1], M), (w2, =22, [22], —1), ([, —23],, 23], 1), ([3 — 2, €,]5, 0, —1)
([#1 = 2, 23], 0, (=1)"F ), ([22 — 2, 23], 0, (=1)%7%), ([21 — 2, 22],, 0, (=1)*7°n),
(o = 2,21),, 0, (=1)"~n), ([, @], 0, (= 1)*m)}.
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Here is the associated symbol.

=Ty ot =Xy e =T33 v €, r3—2 x3—1 x3 -+ x9—2 x9—1 a9 -+ x7—2 27—1 29 -+ a—2 a—1 «
< < < © > > > > > > > > >
< < © > > > > > >
< © > > >
g — ® - ®
T1,22,T3 ® .- ®

©

©

Il
VRS
A
A
A
D V wi=
V wnlw
V ol

)

Proof. The sufficient direction can be proven in a similar way as Proposition 5.1, which we
omit. Now let’s show the necessary direction.
First, by [HJLLZ25, Proposition 11.15], we have that:

7T£71,_352,I3 = L(AP[_x27 _xQ]v Ap[_x?n _173]§ ﬂ—temp)

is of Arthur type if and only if 1 < x5 < 23 < a—1, (22,23) = (o, — 1) or (w2, 23,0) =

(%, %, %) Furthermore, if 7., 4, », is of Arthur type, then by Lemma 4.4, we require that

21 =1 € (7o) a5 (Tsc)” ™) S {pl" 1 € <y < =2 U{pl-[*FU{p|-[".p[-| 72, pl-[**, p|-[ 7}
We conclude that 7y, ;, », is of Arthur type only if one of the following holds:

. ep+1§x1§a—1and%§x3<x2§a—2.

e (1,2) = (a,0—1)and 3 < a3 < a—2

* (331,33'2,333) = (O[ + 1,05,& - 1)

-x1:a+1and%§x3<x2§a—1.
Therefore it suffices to eliminate the last case. This follows from the exact same argument
used in Proposition 5.1, which we omit. This proves part (i) of the proposition. Part (i)
follows from definition. O

The next case to consider is memp = Tv,3(Tse).
Proposition 6.2. Consider the representation

Wml,mg,mg = L<Ap[_x17 —56'1], Ap[_x% _xﬂ’ Ap[_x?n _:C3];7Ttemp>7

for xy > 19 > a3 > %, where Tiemp = Trvs(Tse) and a € Zy.

(i) The representation Ty, 4y s(Tse) is of Arthur type if and only if one of the following
holds:
el <y <aandl<zz3<zy<a-—1.
o (r1,29) = (a+1,a) and 1 <z3 < a—1.
o (x1,79,23) = (a+2,a+1,a).
(11) The representation Ty, 4,2 (Tse) is of critical type in the following cases:
o (z1,29,23) = (v, — 1,0 — 2) for a = 3.
o (z1,20,23) = (o + 1,0, — 1) for a=2.
o (z1,20,23) = (@ +2,a+ 1,a) fora=1.
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(111) Define Eyy 2yus in various cases as follows. Then 7(Exy zy ) = Taywsms- When
1<z <a+2andl <zz3<azy<a+l, withr =xs+1=uz3+2, define

5:61,372,6173 ::{[Ila _‘Tl]pv Lle ) 77)’ ([07 O]pv 07 77)27 ([xB - 27 0]/)7 07 —77),
([a - 17x2]p7 07 (_1 1277)'

Here is the associated symbol.

—I 0 r3—2 -+ Ty wm - a—1
©
5:01,:52,:53: ©
© ©
@ @ [P @

Whenl <z <a+1andl <x3<xy<a, withry =29+ 1> 23+ 2, define

8171,302,903 ::{[‘7;17 _‘rl]pﬂ LJ:IJ ) 7])7 ([Ig, _I3]p7 Lx3J7 _77)7 ([07 O]W 07 _77)27 ([x3 - 27 O]P? 07 _77)7
([mQ - 27 x3]p? 07 (_1)$3+177)7 ([a - 17 Ig]p, 07 (_1)”7])'

Here 1s the associated symbol.

—x7 -+ —I3 0 r3—2 x3—1 x3 -+ a9—2 x9—1 29 27 -+ «a—1
< < ® > > > - > > > D>
< O) > > >
©
gth,ﬂﬁs: O]
© ©

When 1<z <a—-1and 1l <x3<xy<a—2, withx; >xs+1=2x3+2, define

gxl,xz,xs ::{[xb _xl]pv |_$1J ) 77)7 ([1’2, —1’2],0, Lx2J> _77)’ ([07 0]p> 0, _77>2a ([333 -2, O]p’ 0, —77),
([£1 = 2,23],, 0, (=1)" ), ([a = 1,21, 0, (=1)"n) }.

Here is the associated symbol.

—T —T9 0 l’372 Ig*l T3 I9 .T1*2 Ilfl X a—1
< < © > > > > e > > >
< ®© > > > B>
©
5171@2,:63: ©
© O]
© © ©}

When 1<z <a—1and 1 <x3<xy <aa—2, withxy > x4+ 1> x3+ 2, define
5961,:627:63 ::{[‘rl? _ml]p’ Llen)? ([5(12, _xQ]pv L$2J, _77)7 ([m37 _:E3]p7 in‘d ) 77)7 ([l‘fﬂ - 27 0]p7 07 _77)
([xl - 27 x3]pa 07 (_1)x3+1n)7 <[$2 - 2’ x3]p’ 07 (_1>x3_ep)’ ([1‘1 - 2’ xQ]p’ 07 (—1)36277)7
([Oz - 17 xl]ﬂ? 07 <_1)xln)'
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Here is the associated symbol.

—Ty =Ty o =Ty € r3—2 w3—1 3 o xe—2 we—1 xy - =2 ;-1 29 - a—1
< < < © > > > > > > > > >
< < © > > > > > >
< © > > >
5-'1717-772»-773 = © ©
© - ©}
o} o}
O] ©

Proof. By [HJLLZ25, Proposition 11.16], we know that the representation

7T£717_ﬂ¢2,ﬂ¢3 = L(AP[_$27 —$2], Ap[_x3a _xS]Q 7Tltemp)

is of Arthur type if and only if 1 < 23 < 23 < a or (x9,23) = (v + 1, ). The rest of the
proof follows in a similar way as Proposition 6.1, which we omit. U

The last case to consider in Case (A) is Tyemp = 1 %2(7@0).

Proposition 6.3. Consider the representation

ﬂ-i’x%xg = L<Ap[_:c17 _xl]a Ap[_x% _:C2L Ap[_x?n _:C?)];Trimp)?

1
27
(1) The representation m= is of Arthur type if and only if (x1,x9,x3) = (3,2,1).

for xy > x9 > x3 > 5, where Wimp = Tya(mse)™ and a = 0.

Z1,T2,T3
(2) The representation 7T?:)t72’1 is of critical type if and only if (x1, 22, 23) = (3,2,1).
4 _
(8) We have m(EF) = Ty 4y 2y, Where
-3 -2 -1 0 1 2 3 -3 -2 -1 0 1 2 3
+_ (<9 < <4 @& > > > -_ (< <@ < &> > >
e srrr) e ST

Proof. This follows immediately from Lemma 4.4 and [HJLLZ25, Proposition 11.17], which
state that the representation

(ﬂ.jl’x%g%)p,* = L(AP[_x27 —fﬂg], AP[_’x?)? —fﬂg], 71-zi:mp)
is of Arthur type if and only if (zq,z3) = (2,1). O

This concludes all the cases in Case (A). Now we move onto Case (B).

6.3. Case (B) :m= L(A,[—x1, —21], Ap[—x1, —21], Ay [ =22, —%2]; Tyemp). In this subsection
we will investigate representations of the form

Ty ,x9 — L(Ap[_xla —I‘l], Ap[_xla —{['1], Ap[_x% —ZL'Q], 7Ttemp)

for x1 > z9 > % where e, is tempered of corank 1. Again, there are three cases to consider.
The first one is Tyemp = 17 (Tse)-

Proposition 6.4. Consider the representation

Tay,x0 = L(Ap[_Ila _J:l]7 Ap[_xly —151], Ap[_x% _IZ]a 71-temp)a

1

for xy > 29 > 5, where Ty = 15 (7o) and a > 0.

(i) The representation 7y, ., is of Arthur type if and only if (x1,x2, ) = ( )
(ii) The representation T,, ., is of critical type if and only if (z1,x2) = (a+2,a+1), (a+
La),(a+1,a—1),(,a—1) or (a —1,a—2).
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(iti) When o = 3, we have 7(€) = ™3 1, where

3 _1 1 3

2 2 2 2
= < ©®© © >

4 6 60 )

Proof. We only need to show the necessary direction. By [HJLLZ25, Proposition 10.12], the
representation

T e = L(Ap[ =22, —a]; Wiemyp)
is of Arthur type if and only if % < x9 < a—1when o > %7 or Ty = % = «. On the other
hand, Lemma 4.4 tells us that 7, ., is of Arthur type only if [Q2|(72:",,) contains two copies

of p|-[**~1. We know that:

Q(7, ) Al 0 <y <a—2}U{pl-*} U{p|[* ol 7"}

By our assumption we cannot have x; = 1. Therefore, from this we may conclude that 7, 4,
can only be of Arthur type in the following cases:

. 1§x2§a—2andx1:x2+1f0ra2%

° (xla Ta, OZ) = (%7 %7 %)
We will show that the first case fails. Suppose 1 < 29 < a — 2 and 21 = 29 + 1 for a > %
and 7, ,, is of Arthur type. Then by Theorem 4.3 and Definition 4.2, there exists an
extended multi-segment & that contains two segments of the form ([xq, —22],, *, *) such that
m(€) = L(A,[—2, —22); Tiemp). However, by [HJLLZ25, Proposition 10.12], the multiplicity
of x5 — 1 inside the extended multi-segment £ can only be 1, so we reach a contradiction.
This proves part (i). Part (i7) follows from definition. O

The second case we need to consider is Tyemp = Trv,3(Tsc)-

Proposition 6.5. Consider the representation
Tay,x0 = L(Ap[_qjla _1:1]7 Ap[_xly —371], Ap[_x% _372]; Wtemp)a

or x1 > X9 > 1, where Tomy = Trvs(mse) and o € Zy.
f ) P ) >
(i) The representation 7y, ., is not of Arthur type for any 1, xs.
(i1) The representation 7y, ., is of critical type if and only if one of the following holds:
o (z1,22) = (a+1,0) and o = 1.
o (r1,29) = (o, — 1) and a = 2.

Proof. From [HJLLZ25, Proposition 10.13], the representation

ﬂ-g,l;& - L(AP[_’:L'Q? _$2]7 7Tte'mp)

can only be of Arthur type when 1 < 25 < . On the other hand, Lemma 4.4 tells us that
Ty 18 Of Arthur type only if [Q|(72:~, ) contains two copies of p|-|**~!. We know that:

T1,T2

Q(725,) C Lol 0 <y <a =1y U{p,p} U{pl-[*, pl-| 7.}
By assumption we cannot have z; = 1, which means that 7, ,, can only be of Arthur type
ifl <y <a-—1and x; = 29+ 1. However, by the same argument as in the proof of
Proposition 6.4, we can disregard this case as well. Therefore 7, 5, is not of Arthur type for
any i, To. OJ

The last case to consider is ey = T%Q(ﬂsc).
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Proposition 6.6. Consider the representation

7T;:t1,x2 - L(AP[_"Eh _x1]7 AP[_xh _x1]7 AP[_‘r27 _‘TQ]J ﬂf;mp)a

for x1 > x9 > 1, where Wimp = T&Q(WSC) and o = 0.

1) The representation ™= _ is not of Arthur type for any 1, Ts.
1,22

(2) The representation my, 4, is of critical type if and only if (x1,x2) = (2, 1).
Proof. By Lemma 4.4 and [HJLLZ25, Proposition 10.14], the representation 7= , can only

Z1,T2

be of Arthur type if 1 = 2,29 = 1. It’s easy to verify that this case does not work. This
proves the proposition. [

This concludes our discussion in Case (B). We move onto Case (C').

6.4. Case (C) : m = L(A,[—z1, —x1], Ap[—x2, —22], Ap[—xa, —2]; Temp). In this subsec-
tion, we will consider representations of the form
Ty,@0 = L(Ap[—l‘h —x1], Ap[—@, —T], Ap[—@, —Ta); Wtemp)>

where x; > x5 > % and Tyem, is tempered of corank 1. This may look similar to the previous
case, but since the Steinberg segments do not commute in general, we need to deal with
them separately. The first case to consider is Tiepy) = IS (Tse)-

Proposition 6.7. Consider the representation
Txy,20 = L(Ap[_:’:la —x1], Ap[_mb —Ta], Ap[_aj% —3); 7rtemzo)v
where x1 > 19 > % and Toemp = T1 (7se) for a > 0.
(i) The representation my, 4, is of Arthur type if and only if (x1,22) = (3,1), or if

13
ro=35,5<x <a—1

(i1) The representation 7y, ., is of critical type if and only if

(x1,22) = (a+2,a+ 1), (a+1,0), (e +1,a—1),(,a—1),(a —1,a — 2).
(11i) We have m(Es 1) =3
e a—1
L)
Proof. The sufficient direction is easy to verify. Now we show the necessary direction. By
[HJLLZ25, Proposition 11.18], the representation

® V V v
V wlw

T we = L(Ap[—22, —2a], Ap[—22, —T2]; Tremp)
is of Arthur type if and only if x5 = % By 4.4, the representation 7, 5, is only of Arthur
type when the set |Q[(72,,,) contains p|-|**. This happens only when z; = 2, 21 < o — 1,
or 1 = a+ 1. The last case may be eliminated via a similar argument as before. 0

The next case to consider is memp = Trv,3(Tse)-
Proposition 6.8. Consider the representation
Tay,00 = L(Ap[—%, —351], Ap[—$2, —552]7 Ap[—332, —552]; ﬂ-temp)a

1
where 1 > x5 > 5 and Tiemp = Trva(mse) for a € Zsyg.
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(i) The representation T, ., is of Arthur type if and only if 1 <1 < a—1 and x5 =1,
or when (x1,x2) = (2,1).
(11) The representation my, 4, is of critical type when (x1,xq9, ) = (2,1,1) or (2,1,2).
(i1i) Define &, 4, in various cases as follows. Then T(Ey  zy) = Tuywy- When (21, 22) =
(2,1), define
-2 -1

< <
5271 = <

When xo = 1,21 > 2, define
51717I2 = {([‘rl’ _‘rl]m Lleﬂ,])’ ([17 _1]p7 ]-7 77)2’ ([xl - 27 0]p7 07 T]>7 ([Oé - 17x1]p7 07 (—1)“77)

Here is the associated symbol.

(ONONONRS

(ORVARVAR

©

©
~_

-z - =1 0 1 -2 -1 =7 --- a-—1
< 4 O > > > >
SO
Envwo = 4 0 >
© © ©] ©] ©]
® - ®

Proof. The sufficient direction is easy to verify. The necessary direction follows from Lemma
4.4 and [HJLLZ25, Proposition 11.19]. The rest follows from definition. O

The final case we need to consider in Case (C') iS Tiemp = T %2(7@6)

Proposition 6.9. Consider the representation

W:i-tl,xg = L(A,[—21, —21], Ap[—29, —22], Ay[—22, —22]; Wtjémp)a

L and Wtiemp = T%Q(?TSC) for a = 0.

2
(i) The representation thm is of Arthur type if and only if (x1,22) = (2,1)
(i) The representation W;th is of critical type if and only if (x1,x2) = (2,1)

i) We have m(EF) = ns,, where
2,1

where x1 > xq9 >

-2 -1 0 1 2 2 -1 0 1 2
_ (< < & > > _ (<2 < e > >
& = ( a4 8 > >’ £ = ( 4 e > )
Proof. This follows directly from [HJLLZ25, Proposition 11.20] and Lemma 4.4. U

This concludes our discussion of Case (C'). Now we proceed to Case (D).

6.5. Case (D) : m = L(A,[—z, —x], A,[—z, —x], A, [—x, —x]; Ttemp). In this subsection we
will consider the situation where all three segments inside the L-data of 7 are identical, i.e.
when 7, = L(A |-, —z], A [—x, —z|, A=z, —2]; Temp) for o > % and Tyenm, is tempered

of corank 1. As usual, there are three cases to consider. First is miemp = 174 (7sc)-

Proposition 6.10. Consider the representation
T, = L(A,[—x, —z], A=z, —x], Ay [—2, —2]; Tiemp),
where x > % and Tiemp = T1 (Tsc) for a > 0.

(i) The representation m, is not of Arthur type for any x.
(i) The representation , is of critical type when x € {a — 1, o, + 1}.
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Proof. Part (i) follows directly from Lemma 4.4. The key point is that mep, is multiplicity-
free. Part (i7) follows from definition. O

The next case iS Temp = Trv,3(mse), which will give us the only nontrivial case in this
section.

Proposition 6.11. Consider the representation
Ty = L(Ap[_'ru _I]J Ap[_xv —.73], Ap[—l', —LL’], 7T-temp)a
where x > % and Temp = Trvs(mse) for o € Zsyp.

(i) The representation 7, is of Arthur type if and only if x = 1.
(i) The representation m, is of critical type if and only if v = a = 1.

(iii) We have w(€) = w1, where

a—1

g:

AN A
(ONONONRS
©VVV k-

®

Proof. By Lemma 4.4, the representation 7, is of Arthur type only if there exists three copies
of p|-|*~! inside |Q|(7%~). This can only happen when x = 1. This proves the necessary
direction. The sufficient direction is easy to verify and the rest follows from definition. [

The last case we have is Tiem, = T%(wsc).

Proposition 6.12. Consider the representation
ﬂ-i = L(Ap[—ZE,—l'],Ap[—l', _‘T]7Ap[_x7_x] . ])a

T ; 7Ttemp

1
2

(i) The representation m, is not of Arthur type for any x.
(i) The representation m, is of critical type if and only if x = 1.

where x > L and 7, = T\j/fz(ﬂsc) for a =0.

Proof. This follows directly from Lemma 4.4. 0

This concludes our discussion of Case (D). Now we are ready to move on to Cases
(E), (F), (G), where the three segments inside the L-data of m exhaust the corank of 7 by 4.

6.6. Cases (F), (F),(G) involving supercuspidal representations. The last three sub-
cases in this section all involve supercuspidal representations. We start with Case (E), where
= L(A)[—x1, —x1 — 1], Ay [—x2, —22], Ap[—23, —x3]; 75 ), Wwhere 1 > 29 > 23 by Langlands
classification and the good parity condition.

Proposition 6.13. Consider the representation
7TJ:1,J:2,.7:3 == L(Ap[_xla —T — 1]7 Ap[_an _1:2]7 Ap[_x?n _373]’ 7TSC)7
where x1 > x9 > T3 > %
(1) The representation Ty, 4, 2, i of Arthur type if and only Zf% <az<wzp <z <a—1,
or (:Bla 33'2,273) = (%7 %7 %) or (%7 %a %)
(11) The representation Ty, 4,2, 1S of critical type if and only if (1, 2, 23) = (o, @, @), (o, o, a—
1), (c,a—1,a—1), (a,a—1,a—2), (a—1,a—1,a—1), (a—1,a—1,a—2), (a—1,a—
2,a—2), (a—1,a—2,a-3), (a+1, o, @), (a+1,a, a—1), (a+1, a+1, a), (a+2, a+1, ).
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(111) Define Eyy 2yus in various cases as follows. Then 7(Exy zy ) = Taywsms- When
%§x3<x2<x1 <a-—1,and ry =xo+ 1 =23+ 2, define

g$1,$2,$3 ::{([xl + 17 _xl]m Lxlj ) 77)7 ([Ifﬂ - 27 60]97 Ov 77)7 ([xl - 17 x3]pv O’ (_1)13_%77)7
([Oz - 17 T+ 1],07 O’ (—1)““_6”77)}

Here 1s the associated symbol.

Ty o € 0 x3—2 T3—1 w3 - -1 W I+ - a-—1
_ © .- O}
5361,362,963 - ® .- ®

When%§x3<x2<x1§a—1, and x4 > o + 1 = x5+ 2, define

5561,132,:L‘3 ::{([331 + 1? _xl]p’ Lle ) 77)? ([3:‘2, —-1'2],), L:UQJ ) 77)’ ([333 - 27 Ep]m Oa 77)7
([r1 = 2, 23], 0, (=1)"~n), ([a = 1,21 + 1], 0, (=1)" 1 =%0m) .

Here is the associated symbol.

—x, - —Xy €p r3—2 x3—1 23 29 -+ x1—2 21—1 29 2141 -+ a—1
< < O] > > > > e > > > >
< O] > > > D
Exrwams = © ©
© O ®
® O]

When%§x3<x2<x1§a—1, and x1 > xo+ 1> 23+ 1, define

5961,372,373 ::{([Il + 17 —$1]p, Lxlj ) 7])7 ([x% _x2]p7 LJfQJ ) 77)7 ([x?n _I?)]P? LI3J ) 77)7 ([I3 - 27 Ep]m 07 7])7
([I2 - 27 x3]pa 07 (_1)m3_€pn>’ ([1’1 - 27 xQ]p’ 07 (_1)m2_€p7]>’ ([04 - 1’ T+ 1]p7 07 (_1)11-1—1—5,,77)}.

Here is the associated symbol.

=Ty ot =Ty ot =Ty € - ow3—2 x3—1 w3 o wg—2 wo—1 xy - -2 -1 1 M;+1 - a-—1
< < < © > > > > > > > > > >
< < © > > > > > >
< © > > >
Enimazs = © ©
© ©
O] ©
o 0
_ (1 11
When (21,22, 73) = (5,5, 3), let
1 1 3
—2 2 3 a—1
< B
g o < >
T1,T2,3 ~ < ®

OV
©
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When (1,2, 23) = (3,3, 3), let

3 1 1 3 5
—3 T3 2 3 3 a—1
4 <9 0 > D>
4 >
59!:1,3?2,563: o)

Proof. The sufficient direction can be proved in a similar way as Proposition 6.1, which we
omit. Now we show the necessary direction. First assume z; = x5 and 7., 4, 4, is of Arthur
type. Then by Definition 4.2 and Theorem 4.3, there exists an extended multi-segment
£ containing a segment of the form ([z, —(x — 1)],,*, *) and another segment of the form
[z — 1, —(z — 1)], such that 7(£) = ms). This cannot happen since the L-parameter of 7y,
is multiplicity-free. Thus we may conclude that x; > x,.

Then by [HJLLZ25, Proposition 9.12], the representation

71—571;2,963 = L(Ap[_x% _mQ]v Ap[_wSa _x3]; 7750)

is of Arthur type if and only if one of the following holds:

e 3 <3<y <a

o (z9,23) = (a+ 1,0a),

* <x2ax3> = (Oé,Oé - 1)7

® To = T3 = %
Combining these conditions with Lemma 4.4, we may conclude that 7, 4, », is of Arthur
type only when % <3< 29 <21 <a-—1and when z9 = 23 = % In the second case, we
must have z; = % or %, since otherwise there exists an extended multi-segment £ containing
a segment of the form ([z1, —(z; —1)], such that 7(£) = L(A, (-1, —3], A [—3, —1]; mse) with
x> %, which cannot happen. This proves part (7). The rest follows from definition U

This concludes our discussion of Case (£). Now we move on to Case (F'), where
™= L<AP[_:C17 _xl]v Ap[_x% —T2 — 1]7 Ap[_x& _xB]a 7Tsc)7
for 1 > x9 > 3.
Proposition 6.14. Consider the representation
7T$1,$2,I3 - L(Ap[_'xl; _x1]7 Ap[_x27 —To — 1]7 Ap[_x?)v —.I'3], 7TSC)7
where x1 > x9 > 15 > 3.
(1) The representation Ty, 4, 2, 1S of Arthur type if and only if one of the following holds:

v, 1< <a, %§x3<x2§a—2 and x1 — 19 > 1.
o (x1,22) = (a+1,a—1), and 5 < x5 < z5.
hd (1‘1,I2,$3) = (%’ %7 %) a’nd OAS % + Z>U'

(i1) The representation Ty, 4, 2, 15 of critical type if and only if (z1,x2,23) = (@ + 3, +
La)(a+2,a+1,a), (a+2,a,a), (a+2,0,a—1), (a+1,a,a), (a+1,a,a—1), (a+
La—l,a=1),(a+lL,a—1,a-2),(q,a—1,a—1), (q,a—1,a—2), (0,0 —2,a —
2), (0,0 — 2,0 — 3).

(11i) Define Eyy 4pus n various cases as follows. Then 7(Eyy 1pws) = Taywoms- When
e+ 1<m <o,11 — 29 =2, and% <zg=1x9— 1< a—3, define

gxhxz,x:a ::{([3317 _ajl]m |_'T1J ) 77)7 ([x% _x2]pa |_3$2J, _77)a ([373 -2, ep]m 0, 77)7
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([z3, 23], 0, (=1)™7n), ([a — 1,2 + 1],,, 0, (=1)™=“n) }.

Here 1s the associated symbol.

—T1 o+ —Xo € r3—2 x3—1 a3 29 x1—1 27 -+ a—1
< < © > > > D> > >
< © > > > D>
Enr wows = © ®
©
O] ® O]

When e, +1 <z < a,21 — 29 > 2, and%§$3:$2—1§a—3, define
5171,132@3 ::{([371, _‘rl]ﬁh Lxlj 9 77)7 ([xQ + ]-7 _IQ]pa Lx2j7 _77)7 ([ZL’3 - 27 6p]p7 07 _77):

([I37 x3]p7 07 (_1>x376p77)7 ([xl - 27 Zo + 1],07 07 (_1)95275,)7])’ ([a - 17 xl]ﬂ? 07 <_1)217€p7])}‘

Here is the associated symbol.

—Ty - —Ta € o x3—2 x3—1 x3 T3 W1 - -2 ;-1 3¢
< < e ®© > > > D> > > > >
< e © e > > > > >
— © ©
6361,362,963_ ©
@ e @
O]

When e, +1 <z <o,z — 2 > 2, and%§x3<x2—1§a—3, define
Earwaws ={([21, —21]p, [21],m), ([22 + 1, =22, [32], —7), ([22 — 2, =], 0, (1)),
([ws = 2,605, 0, =n), ({22 — 2, 23], 0, (1)), ([x1 — 2,22 +1],,0, (=1)" "),
(la = 1,21]p, 0, (=1)" 1)}

Here is the associated symbol.

Ty o =Ty € - ox3—2 w3—1 w3 -+ x9—2 wy—1 wy m+1 - ;-2 ;-1 T - a-—1
< < D) > > > - > > > > > > >
< ® > > > > >
(C: — ® .- ®
x1,22,T3 ® .- ®
®© ©
© ©

When (x1, 2, x3) = (%, %, %) and o € % + Zo, let
1

2
< <
‘9931,932,% = <

Proof. The sufficient direction can be proved in a similar way as Proposition 6.13, which we
omit. Now we show the necessary direction. First, for x5 > %, we assume that xr1 = x9 + 1,
and Ty, 4,25 is of Arthur type. Then by Definition 4.2 and Theorem 4.3, there exists an
extended multi-segment & that contains a segment of the form {[zq — 1, —(x; — 1)],, *, *}
and another segment of the form ([z2, —(x9 — 1)],, *, *), such that 7(£) = ms. This gives a
contradiction since the L-parameter of m,. is multiplicity-free. Thus, we may conclude that
T — X9 > 1.
Now by [HJLLZ25, Proposition 11.21 and 11.22], the representation

" = L(Ap[—2a, —22 — 1], Ap[—x3, —x3]; 7sc)

T1,22,T3

MY

a—1
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is of Arthur type if and only if one of the following holds:

-%§x3<x2§a—1,
'272:1’3:%&11(10{>%.

In order for 7, 4,2, to be of Arthur type, we must also have ¢, +1 < z; < a for the first
case, or (z1,r2) = (@ 4+ 1,0 — 1) by Lemma 4.4. In the second case, if 21 > 2, then my, 4, 4,
is of Arthur type only if there exists an extended multi-segment £ containing the segment
([#1 — 1, —(z1 — 1)],, %, %) such that 7(£) = L(A,[—3, 3], A,[—3, —1]). You can show that
this cannot be the case by exhausting the possible Arthur packets the representation can
appear in, using the algorithm described in [HLL22]. This proves the necessary direction.

The rest follows from definition. O

This takes care of Case (F'). Now we will tackle the final case, Case (G), where
T = L(A [—x1, —21], Ay =22, —22], Ay [ =23, —23 — 1]; 7sc).
Proposition 6.15. Consider the representation
T zams = L(Ap[—x1, —21], Ap|—22, —20], Ay [—23, —25 — 1]; Ts0),

where x1 > x5 > 13 > 0.

(1) The representation Ty, 4, 2, is of Arthur type if and only if one of the following holds:
el <3+ 1<y <z <q,
e (z1,20) =(a+1,a) and 0 < w3 < a—1,
o (r1,29,23) = (@ + 2,0+ 1,a—1).
o (z1,29,23,0) = (2,1,0,1).
(i1) The representation Ty, 4, 2, 15 of critical type if and only if (v1,22,23) = (@ + 1, +
La),(a+2,a+1,a),(a+2,a+2,a),(a+3,a+2,a),(0,0,a— 1), (a+ 1,0, —
1), (a+lLa+l,a—1),(a+2,a+1,a—1), (0,0, — 2), (a0 — 1, — 2), (v, « —
La—3),(a+1,a,a—2).
(111) Define Ey, 1y 24 0 various cases as follows, then we have m(Expy 4y .24) = Tay zp.05- When
1<a3+2=xy=21—1<a+1, define

5931,162,163 2:{([1’1, _xl]pv Lle ) 77)? ([x37 _:U3]p> Lx3J7 _77)7 ([x3 - 27 6P]p? 07 77)
([Oz -1, xQ]p? 0, (_1)90275,,7})

Here is the associated symbol.

—Ty —X2 —T3 €p r3—2 x3—1 23 X9 11 --- a—1
< < < O] > > > > D>
E _ < © > > >
T1,%2,T3 ~ ® ®
(ONNO) ©

When 1 <xz3+2<xy=x1—1< a, define

5961,962,363 ::{([3717 _:Cl}m Lle ) 77)? ([xi’r + 1? _x3]p? LxSJv _77)7 ([x?r - 2? Ep]m 07 77)
([x2 - 27 Z3+ 1]97 07 (_1)w3+176pn)7 ([a - 17 x2]p= 07 (_1)%76/)77)}'
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Here is the associated symbol.

-y -+ —T3 € - x3—2 x3—1 23 13+1 -+ w—2 wy—1 3 7 -+ a-—1
< < © > > > > > > > B>
S O B~ > > D>
gml,mg,mgz © O}
© ©
© © ©

Finally, when 1 < x3+4+2 < xy <x1 —1 < «, define
5361,902,953 ::{([xb _xl]m Lle ) 77)7 (['T27 _'TQ]pv LxQJa —77)7 (['ZC?) + 17 _'T3]P7 LI3J7 _7])7 ([Zﬂg - 27 Ep]pa 07 77)
([IQ - 27 T3+ ]‘]P? 07 (_1)363“_6[’77)7 ([xl - 27 x2]97 07 (_1)x2+1_6p77)7 ([Oé - 17 xl]pu 07 (_1)361_6”7)-

Here 1s the associated symbol.

B B 2 S 7 S c ox3—2 w3—1 w3 w3+1 - w9—2 wo—1 29 -+ ;-2 ;-1 3 -+ a-—1
< < < O} > > > > > > > > > >
< < © > > > > > > >
< © > > >
5171,$2,$3 = © O]

©
® -

Proof. The sufficient direction can be proven in a similar way as Proposition 6.13, which we
omit. Now we prove the necessary direction.

Suppose Ty, 4,2, 1S of Arthur type, then we must have x; > x9. Otherwise, by Definition
4.2 and Theorem 4.3, there exists an extended multi-segment £ containing two copies of
([z1 — 1,—(z1 — 1)], such that m(€) such that 7(£) = ms. This is impossible since the
L-parameter of m,. is multiplicity-free.

Next, by [HJLLZ25, Proposition 11.23 and 11.24], the representation

P = L(A [—xg, —x2], Ay [—23, —23 — 1])

x1,22,T3

is of Arthur type if and only if 1 <23+ 1 < 29 < a or (29,23) = (+ 1, — 1). Combining
this with Lemma 4.4, we see that 7, 4, 2, i of Arthur type only if one of the following holds:

el <+ l<za<z <a

e (z1,)=(a+1l,a)and 0 < a3 <a—1

o (x1,29,23) = (a+2,a+1,a—1)

o (z1,29,23) = (2,1,0) and a =1
This gives the desired condition and proves the necessary direction. The rest follows from
definition. 0

This concludes our discussion of Case (F') and of all the non-tempered representations 7
of corank 4 with f(m) = 3.

6.7. The case f(m) = 4. We move onto the final case in this section, where there are 4
segments in the L-data of w. This situation is a lot easier to deal with compared to the
previous cases, since the number of segments match the corank of 7w, we must have

Ty, x0,23,24 — L(Ap[_xlv _$1]7 Ap[_x% —£C2]7 Ap[_x?n _:CS]a Ap[_'x47 —$4], 7Tsc>

There is a way to directly characterize which one of such representations lie in an Arthur
packet, introduced as Condition (A) in [HJLLZ25]. We reference their result below. In
general, we consider representations of the form

(6.1) T = L(A[—x1, —x1|™, A [—xp, —x ] W),
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where % < xy < --- < x;. Here the multiplicities m,,s are the multiplicities of a given
segment inside the L-data. For continuity, we set m, = 0 for = € %Z if x # x; for any

1<i<f.

Definition 6.16. [HJLLZ25, Definition 9.1] Suppose the L-data of w is of the form (6.1).
We say the L-data of m satisfies condition (A) if the following holds.

o [fa>1, then for any 1 < x < «, we have [%J < L%J
e For any x > a, we have m, < my_1.

The characterization is given as follows.

Theorem 6.17. [HJLLZ25, Theorem 9.2] A representation © of the form (6.1) is of Arthur
type (hence unitary) if and only if its L-data satisfies condition (A).

This theorem handles all representations m where f(m) = corank(r7). In particular, we can
apply it to the case where corank(m) = 4.

Proposition 6.18. Let
Ty, x0,23,24 — L(Ap[_mla _331]7 Ap[_x% _$2]7 Ap[_x?w _xS]a A,0[_:1:47 —$4], 7T3C>

with Ty > x9 > x3 > x4 > 0 be of good parity.

(1) When x1 > xy > T3 > T4, Tuyayasas 15 0f Arthur type if and only if one of the
following holds:
e 1 < q,
 (z1,22) = (@ + 1,0,
o (x1,79,23) = (a+ 2,0+ 1,a),
o (1,29, 23,14) = (a+3,a+2,a+1,a).
It’s of critical type when (x1,x9,x3,24) = (@ +3,a+2,a+1,a), (a+2,a+1,a,a —
), (a+ 1,0, —1,a—2), (0, — 1,0 — 2, « — 3).
(2) When x1 = x3 > T3 > T4, Tay yxs.0, 05 N0t of Arthur type. It is of critical type when
(x1,29,x3,24) = (@ + 2,0+ 2,a+ 1,a), (a+ 1L,a+ 1,a,a — 1), (e, — 1,0 — 2).
(3) When x1 > To = T3 > T4, Tuy ay.as2, 1S N0t of Arthur type. It is of critical type if and
only if (x1, T2, x3,24) = (@+2, a4+ 1, a+1, ), (a+1, 0, 0, a—1), (o, a— 1, 0 — 1, «—2).
(4) When x1 > x93 > T3 = T4, Tay myus.ms 1S Of Arthur type in the following cases:
U (1/>].,%:l’3:l'4<l'2<l'1§0[+17
¢ o= %7 (xla T2, .1’3,1'4) = (ga %7 %7 %)
It is of critical type if and only if (x1,z9,23,74) = (@ + 2,0+ 1,,a), (a+ 1,0, a0 —
La—1),(o,aa—1,a—2,a—2).
(5) When x1 = x9 = T3 > T4, Tay zg2s.24 05 N0t of Arthur type. It is of critical type when
(21,29, x3,24) = (0, ,c,aa — 1) or (a+ 1,a+ 1,a+ 1, ).
(6) When x1 = x3 > T3 = T4, Tay 2yxs.2, S N0t of Arthur type. It is of critical type when
(x1, 29,23, 24) = (,a,a — 1L,a—1) or (a+ 1,4+ 1,a, ).
(7) When x1 > x93 = T3 = T4, Tuy xyus.a, S N0t of Arthur type. It is of critical type when
(21,29, 23,24) = (,a — L,a— L,a—1), (a+ 1,a,a, a).
(8) When x1 = Ty = T3 = T4, Tay py2s.04 05 N0t of Arthur type. It is of critical type when
(1, T2, w3, 24) = (v, @, v, ).

Proof. This follows directly from Theorem 6.17. 0J
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With this, we are done with the characterization of all non-tempered representations of
corank 4 that are of Arthur type. In the next few sections, we will verify Tadic’s conjecture
and prove that the representations of critical type, good parity, but not of Arthur type are
not unitary. Using this, we will write down the unitary dual for representations of corank 4
and show that it is equal to the closure constructed in [HJLLZ25, Section 5]. Before then,
we want to give a complete list of all representations of corank 4 that are of Arthur type and
of critical type. To do this, we first need to classify all tempered representations of corank
4, which we’ll do in the next section.

7. CLASSIFICATION OF TEMPERED REPRESENTATIONS OF CORANK 4 AND OF GOOD
PARITY

In this section, we will classify all tempered representations of corank 4 and of good parity,
following a similar procedure as we did in section 3. Combined with the previous section,
this will give us the full list of good parity representations of corank 4. By Theorem 2.7,
this allows us to construct the full Arthur dual of corank 4. In particular, we can identify
independently within the admissible dual which representations are of Arthur type and which
representations are of critical type. This will form the basis of our main results later.

Again, we fix some self-dual p € C. Let @ = «,, and suppose that 7 € Il4,4,(Gy) is
tempered of corank 4. Then there are four cases to consider.

(A) m = p|-|"* X Tiemp, Where Tiem, is tempered of corank 3. Then 7 is of the form
T]Jil(ﬂ'temp)a TIV,3(7Ttemp) or T\:/lfg(ﬂ'temp);

(B) ™<= p|-|** % ||** X Ttemp, Where Ty, is tempered of corank 2. Then = is of the form

1

T o (Teemp)s Tir 3 (Teemp)s Trr o (Teemp)s Trvs(Toemp) o8 Tiy (Teemp)

(C) = pl-|™ » |-|*2 X || X Tyemp, where Tyemy, is tempered of corank 1. Then 7 is of
the form Tlm,?,(”temp)a TIIH,z(Wtemp)a Trvs(Teemp), ij/:,6(7rtemp)?

(D) m <= p|-]™ x |-]*2 x |-|*8 X |-|** X 7g., Where 7y is supercuspidal. Then = is of the

3 1
form Tf,4(7TSC>a TIII,5(7TSC>a TI2H,2(7TSC)a TI2H,4<7TSC)a Trvo(mse), T\j/fs (Trse)-

7.1. Case (A) : ™ = p|-|"* X Tyemp, Where Ty, is tempered of corank 3. We will begin
with Case (A). In section 3, we classified all tempered representations of corank 3. These
are given below:

I(Tﬁl( e))), TIV,3<T;:T1(Tﬁ1(WSC)))a T\ﬁ/f2 (TI2,1 (Tll,l (Tse))),

TP (T (T (7)), Ty (T
T (T (T (7)), Trva(Try (T (7)) T (Tra (T7 1 (mse))), T (Tya (T (c))),

)

31 1 31
TI2,1(Tll,l(T\j/fQ(Wsc)))TIVB(T]l,l(T, (7s¢))), 2,1(T1%2(7Tsc))aTlofl(TIZI,s(WSC))aT12,1(T1211,2(7780))7
T71(Trvs(mee) ), Tra(Tya(7ae))s Ty (T 1 (mse))s Tra(Trva(mse))s T (Trvia(mae))s Tra (T (mse)),
T}II,Q(WSC)a Trvr(mse), T\;_L,6(7TSC)

There are 22 possible tempered representations of corank 3, so there are 66 cases to consider
in Case (A). We begin with men, = T71 (171 (T (7sc)))

)

Proposition 7.1. Let e, = T}fo(T}ffl(Tffl(wsc))) for a > 0.

(i) The representation T} |(Tiemyp) is well-defined if and only if v = a+ 3 for a > 0, or
r=a—1 fora>1.



UNITARY REPRESENTATIONS OF CORANK 4 85

(i) The representation T} (Tiemp) 5 of critical type when ¥ = o + 3 for a > 0, or
r=a—1 fora>1.

(111) Let x € {o+ 3,0 — 1}, and define
‘9a+3 = {([O‘ -2, ep]m 0, 77)7 ([a +3,a+ 3]9? 0, (_1>a7176p77)}>

Ea1 :={([a —3,€,],,0,m), (Ja = 1, ¢ — 1], 0, (=1)* "), ([w + 1, o« + 1], 0, (—1)*"“’m) }.
Then we have 7(Ey) = TF(Tiemp). Here are the associated symbols. .

€ - a—2 a-1 a a+l a+2 a+3
@ “ee @
b= !
€ v a—=3 a=-2 a—-1 a a+l a+2

® .- ®
gafl = © .
®

Proof. Part (i) follows from Remark 3.2 and definition of TF,(memp). Parts (i4) and (i7)
follow from definition. O

Proposition 7.2. Let e, = T}fo(T}ffl(Tffl(wsc))) for a > 0.

(i) The representation Trys(Tiemp) is well-defined if and only if v € Z~;.
(11) The representation Trys(Tiemp) 45 of critical type if and only if « = 1.

(iii) Define
&= {([07 0]P7 07 77)27 ([Oé - 27 O]P7 07 77)7 ([Oé + 27 a+ 2]P7 07 (_1>a_177)-}
Then (&) = Trv,3(Temp). Here is the associated symbol.
0 a—2 a-1 a a+l a+2
©
_ ©
&€= ® ]
©

Proof. Part (i) follows from Remark 3.2. Parts (i) and (éi7) follow from definition.
Proposition 7.3. Let e, = T}ffz(T}ffl(Tftl(ﬂsc))) for a> 0.

(i) The representation T@(memp) is well-defined if and only if « = 1.

(ii) The representation T;Q(Wtemp) is of critical type when o = 1.
(11i)) When o = 1, define

&y = {([O’ O]P’ 0, :l:>2> ([37 3]/)7 0, 77)}

Then m(€y) = T%Q(Wtemp). Here are the associated symbols.

0
©
© .
®
Proof. Part (i) follow from Remark 3.2. Parts (i7) and (ii7) follow from definition.

We move onto the second case, which is myemp = 171 1(TI°fIL1(T 71(7se)))-

Proposition 7.4. Let memy = 177 (T7H (T (7)) for a > 1.
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(i) The representation TT | (Tiemp) is well-defined if and only if one of the following holds:

cer=a+2,
e =aq,
erx=a—2 fora>2.

(ii) When x = a+ 3, x = «a, or v = a — 2 for a > 2, the representation T} (Tiemp) is of

critical type.
(111) Let x € {a+ 2, 0,0 — 2}. Define
Eara = {([a = 3,¢,],,0,m), ([ — 1, — 1], 0, (=1)*"°n), ([ + 2, + 2] ,, 0, (=1)* ' ~%m)},

ga = {([Oé - 3a 6,0]07 07 77)7 ([Cl/, a]P’ O? (_1)04—5,077)7 ([O./ + 17 o+ 1]P’ 07 (_1)0[_1_5,077)}'
When o > 2, define

ga*2 = {<[a - 47 Ep]m 07 77)7 ([Oz - 2’ Q= 2],07 07 (_1)&—1—6;)77)’ ([Oz + 17 a+ 1]p> 07 <_1)a_1_6p77)}'

Then we have w(Ex) = T} (Ttemp). Here are the associated symbols.

€ o+ a—=3 a—-2 a—-1 a a+l a+2
@ - @
ga+2: © )
®©
€ v a—3 a—2 a-1 a a+l
goc: © )
O]
6 - a—4 a-3 a—-2 a—-1 a a+l
@ - @
ga—2: © .
®©
Proof. The proof is similar to Proposition 7.1, which we omit. 0

Proposition 7.5. Let e, = Tfjl_l(Tfffl(Tffl (se))) for o > 1.
(i) The representation Trys(Tiemp) is well-defined if and only if a € Z~s.
(i1) The representation Trys(Tiemp) i not of critical type.
(#ii) Define
&= {([07 0]P7 07 77)27 ([06—3, O]Pu 07 77)7 ([Oé—]., a_l]ﬂ7 07 (_1)62—17])7 ([a+17 a+1]p7 07 (_1>a_177)}'
Then we have w(E) = Trv5(Tiemp). Here is the associated symbol.
0 a—3 a—2 a—1 a a+1
©
©
E=|o

©
O]

Proof. The proof is similar to Proposition 7.2, which we omit. O
Proposition 7.6. Let memy = 177 (T7 (T (7)) for a > 1.

1 € representatrion Ttemp) 1S WELI-AENINEA 1] ana oMWY 1] & = 4.
) Th tation Ty (Temp) is well-defined if and only i 2
(4 en & = 4, € representatrion Ttemp) 1S O] CTiticatl type.

i) Wh 2, th tation Ty (Temp) i tical t
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(i1i) When a =2, define
gi = {([07 O]pa Oa i1)27 ([17 1]/)7 07 77)7 ([3’ 3},07 07 _77)}

. Then (&) = T‘fz(memp). Here are the associated symbols.

0o 1 2 3 0 1 2 3
3] S
57 _ S/
= ® , &= ®
O] ©
Proof. The proof is similar to Proposition 7.3, which we omit. 0

The next case to consider is e, = Tlv’g(Tf"fl(Tfjl (Tse)))-

Proposition 7.7. Let Tempy = Trvs(T71 (11 (7)) for a € Zy.

(i) The representation T} (Tiemp) s well-defined if and only if v = a — 1 or a + 2.
When v = o — 1 and a € Zsy, then T7 (Tiemp) is the same as the representation
TIV73(TIO7‘1_1(Tﬁfl(Tﬁl(ﬂsc)))) defined in Proposition 7.5.

(i) The representation T, (Tiemp) is of critical type only when (v,a) = (1,2).

(iii) Let x € {a — 1,0 + 2}. Define
Ea1 1= {<[07 O]IN 0, 7])27 ([a—3, O]P? 0, 77)7 ([Oé—l, a_l]p7 0, (_1)(17]), ([a+17 OH—l]m 0, (_1)04—17])}7

5a+2 = {([07 O}PJ 07 77)27 ([Oé - 27 0]P7 07 7])? ([a =+ 27 o+ 2]/)7 07 (_1)0{7177)}’

Then we have 7(Ey) = TF 1 (Tiemp). Here are the associated symbols.

0 a—3 a—2 a—1 a a+1
©
©
Ca1= | ® ®
O]
©
0 a—2 a—-1 a a+l1 a+2
©)
- ©
ga+2— o o

O]

(i) The representations Tryvs(Tiemp) and T‘Z(memp) are not well-defined.

Proof. The proof of parts (i) through (iv) is similar to Proposition 7.5, which we omit. Part
(iv) follows from Remark 3.2, since my(p ® S1) > 2, where ¢ is the L-parameter associated
to Ttemp- O

Now we move onto the case Ty = T‘Z(T (T (), which is well-defined only when
a = 1, by Proposition 3.5.

Proposition 7.8. Let m,,, = Ty, (T7, (T} (7)) for a = 1.

(i) The representation Tj’fl(ﬂtﬂ;mp) is well-defined if and only if v =1 or x = 3.
(ii) When x =1 or 3, the representation T | (m,,,) is of critical type.
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(i1i) Let x € {1,3}. Define
Er,e = {([0,0],,0, 1), ([1,1],,0, 1), ([2,2],,0,m)},
&3+ = {([0,0],,0,£1)* ([3,3],,0,m)}.
Then we have (&€, +) = T}fl(ﬂimp). Here are the associated symbols.

0 1 2 0 1 2

57 ©
5174,_ = S s 517_ = S)
© ©

1 2 3

0
S
Eyr= | , &=
O]

(iv) The representations Trv,s(Temp) and T‘:/lf2(7Ttemp) are not well-defined.
Proof. The proof is similar to Proposition 7.6, which we omit.

The next case we want to consider is mem, = Tﬁfg(Tgfl(Tﬁl(wsc))).

Proposition 7.9. Let miem, = TﬁfZ(Tffl(Tﬁl(ﬂsc))) for a> 2.
(i) The representation T} (Tiemp) is well-defined if and only if v = a — 3 and o > 3, or

r=oa+1.
(ii) When x = a — 3 and o > 3, or when x = o+ 1, the representation T} |(Tiemp) is of

critical type.
(1it) Let v € {oe — 3,a+1}. When a > 3, define

804—3 = {([O& - 57 Ep]m 07 77)7 ([a - 37 a — 3]07 07 (_1)a_6p7])’ ([av a — 2]/)7 07 (_1)(1_1_6,)77)}7
Eat1 = {([a —4,6],,0,n), ([a — 1,0 —2],,0, (_1)a_1_6p77)a ([a+1,a+1],,0, (_1)a_1_6p77)}'

Then we have 7(E,) = TT | (Ttemp). Here are the associated symbols.

€, -+ a—>5 a—4 a—3 a—2 a—-1 «
@ “e e @
5a73: © )
©) ©) ©)
€ -+ a—4 a-3 a-2 a-1 a a+l

Ear1 = © © .
®

Proof. The proof is similar to Proposition 7.1, which we omit.

Proposition 7.10. Let miep, = Tﬁl_z(TI‘fl_l(Tffl(ﬂsc))) for a> 2.
(i) The representation Trys(Tiemp) is well-defined if and only if a € Z~3.
(1t) The representation Ty s(Tiemp) is not of critical type.
(iii)) When o € Z~3, define
€ = {([0,0],,0,m), [o = 4,0],, 0, m), ([ev, & = 2],,, 0, (=1)*"").
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Then m(E) = Trv3(Tiemp). Here is the associated symbol.
0 a—4 a-3 a—-2 a—-1 «
O]
_ O]
€= ® ®
©} O} O}
Proof. The proof is similar to Proposition 7.2, which we omit. U
Proposition 7.11. Let men, = 1772 (157 (T (7se))) for a > 2.

(i) The representation T‘j/f2(7rtemp) is well-defined if and only if o = 3.
(ii)) When o = 3, the representation T‘Z(ﬂtemp) is of critical type.
(i7i) When a = 3, define

&+ = {([0, 0]p> 0, i1)27 (3, 1]/)? 0,-n)}.

Then we have (€x) = T@%Q(Wtemp). Here are the associated symbols.

0 1 2 3 0 1 2 3
2] S
(C/'+ - D y 87 - S) .
© O O © 6 O
Proof. The proof is similar to Proposition 7.3, which we omit. 0J

Now we move onto the case e, = Trvs(T I YT 71(7sc))). By Proposition 3.7, this is well
-defined if and only if a € Z~s.

Proposition 7.12. Let ey = Trvs(T77 (17 (7se))) for a € Zss.

(i) The representation T7 | (Tiemp) is well-defined if and only if v = a —2 or a + 1.
(ii) The representation T} |(Tiemp) is of critical type if and only if (z, o) = (1,3).
(111) Let x € {o — 2,« + 1}. Define

504—2 = {<<[07 0]/37 07 77>27 [a _47 0]p7 07 77)7 ([Oé— 27 o — 2]97 07 (_1)a_177)7 ([a7 o — 1]0’ 07 (_1)a77)}7

5Oc+1 = {(([07 0]07 0, n)Qa [O[—?), O]Pv 0, n)v ([&—17 a_1]07 0, <_1)a77)7 ([Oé+1, a"'l]m 0, (_1)a_177)}-
Then we have 7(Ey) = TF1(Tiemp). Here are the associated symbols.

0O -+ a—4 a—-3 a—2 a—-1 «
O]
©
ga_g = ®© O] )
O]
O]
0 a—3 a—2 a—-1 a a+1
O]
O]
Cai1= | ® ®
©
O]
Proof. The proof is similar to Proposition 7.1, which we omit. OJ

The next case we'll ook at is Tyemp = Tyo (17 (T (msc))), which is well-defined only for
a = 2, by Proposition 3.8.
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Proposition 7.13. Let 7, = Ty (T}, (TF (7)), and o = 2.
(i) The representation T} (my,,,) is well-defined if and only if x = 3.

(ii)) When x = 3, the representation T}, (m,,,) is of critical type. In this case, it is

the same as the representations Ty o (T}, (T} (T} (msc)))), as described in Proposition
7.0.
(iii) The representations Ty s(Temp) and T%(memp) are not well-defined.

Proof. The proof of part (i) is similar to Proposition 7.6, which we omit. Parts (i) and (i)
follows from definition and by comparing the resulting extended multi-segments to the ones
given earlier. 0

A similar case to the one above is Tyempy = T (T, (T} (msc))), which is well-defined only
for o = 1.

Proposition 7.14. Let 7, = Tfl((T%QT}J(WSC))) and a = 1.

(i) The representation T} 1(7Ttemp> is well-defined if and only if v =1 or x = 3. When
x =1, then T} 1(7T,5emp) is the same as the representation Tj’fl(T‘j/fQ(Tﬁl(T}J(WSC)))),
as descmbed i Proposition 7.9.

(i) When x =1 or x = 3, the representation T (mc,,,) s of critical type.

(i1i) The representations Ty s(Temp) and TVZ(Wtemp) are not well-defined.

Proof. Part (i) follows from Remark 3.2, and by comparing the resulting extended multi-

segments of T’ Ll(ﬂ?;mp) and the ones shown in Proposition 7.9. Part (ii) follows from defini-

tion. 0
Another similar case would be Tyemy = T71 (T} (T 5(7se))), which is well-defined if and

only if a = 0.

Proposition 7.15. Let ,,, = T7,(T},(Ty,(ms))) and a = 0.

(i) The representation T} (my,,,) is well-defined if and only if v =1 or x = 3.

(ii) When x =1 or x = 3, the representation T} 1(7rtemp) is of critical type.
(i1i) Let x € {1,3}. Define

gl,ﬁ: = {([17 1]07 0, il)v ([27 2]p7 0, il)}:
Es = {([0,0],.0, £1), (3,3],, 0, =1)}.

Then we have that ©(&€, 1) = Tfl(wtemp) Here are the associated symbols.

1 2 1 2
_ (D _ (©
fn () e (O
01 2 3 0 1 2 3
_ (© _ [(©
&v= ( o) G o)
Proof. This follows from Proposition 3.10 and remark 3.2. U

Proposition 7.16. Let 7, = T7,(T} (T, (7)) and a = 0.

(i) The representation Try3(Tiey,) is well-defined and of critical type.
(ii) The representation T‘Z(ngmp) is not well-defined.
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(#ii) Define
Ex = {([0,0],,0,£1)% ([2,2],,0,£1)}.

Then m(Ex) = Trv3(Ticym,). Here are the associated symbols.

0 1 2 0 1 2
@ o
_ D _ S
= la b= g
52 S
Proof. This follows from Proposition 3.11 and Remark 3.2. O

Another tempered representation of corank 3 is e, = Tv, 3(T1 (T‘j/fg(wsc))), which is also
well-defined only when o = 0.

Proposition 7.17. Let ;,,, = Trvs(T} (Ty5(s))) and o = 0.

(i) The representation T11(7Ttemp) is well-defined if and only if x = 2. The represen-
tations Tfl(ﬂtemp) are the same as the representations Trys(T7 (T} (T4 (7se)))), as
described in Proposition 7.16.

(ii) The representation T? 1(7Ttemp) is of critical type.

(111) The representations Trvs(Tiemp) and T‘:}fz(ﬂtemp) are not well-defined.

Proof. Part (iv) follows from Proposition 3.12 and Remark 3.2. By comparing the resulting
extended multi-segments, we get the result in part (¢). Part (ii) follows from definition. [

1

31
We now proceed to the case Tem, = Tﬁl(TIfQ(WSC)), defined only when o = 1

|

31
Proposition 7.18. Let Tyemp = T (T75(7sc)) and o = 3
(i) The representation Tfil(ﬁtemp) is well-defined if and only if v =3
(ii) The representation T7 (Tiemp) 15 of critical type.

5
(11i) The set \II(TI 1 (Ttemp)) is a singleton, and we have T7 | (Tiemp) = 7(E), where

£ = ( @).

(i) The representations Trvs(Ttemp) and T&Q(memp) are not well-defined.

(NI
oot

P v

Proof. The result follows directly from Proposition 3.13 and Remark 3.2. U
The next case is Temp = 114 (TI%73(WSC)), defined for o € % + Z~y.

1
Proposition 7.19. Let Tyemp = T1 (T 5(7se)) for o € § + Z.

1) The representation TF(Tiemp) 1S well-defined if and only if t =a+1, orx =a —1,
11 P
and o > 5

(ii) The representatwn TP (Tiemp) if of critical type when o € {3,3}. The representation
5

sy I(ﬂ'temp) is of critical type only when a = 3.
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(iii) Let x € {o+ 1,0 — 1}. Define
11 1 _
5a+1 = {([57 5],07 07 _1)27 ([C( - 27 §]p7 07 _1)7 ([Ck + 17 o+ 1]P7 07 (_1)a
When o € % + Z~y, define
11 1 il
gafl = {([57 §]P7 07 _1)27 ([a o 3’ §]p7 07 _1)7 ([au o — 1]P7 07 <_1) +2)}'

Then (&) = TT 1 (Tiemp). Here are the associated symbols.

I

)}

a—2 a—1 o a+1

DO O @ v

ga—i—l -

a—3 a—2 a—1 «

[ORORORNIE

5&—1 - ®

© ©
() The representations Tryvs(Tiemp) and T&Q(memp) are not well-defined.

Proof. The proof of parts (i) through (7ii) is similar to Proposition 7.7, which we omit. Part
(1v) follows from definition and the good parity condition. O

31
Another case to consider is memy = 17 (Tf;,), which is well-defined only when o = 3,
by Proposition 3.15. This will not appear in our Arthur type list later on, since it involves
negative supercuspidal support, but we will include it here for completion.
31
Proposition 7.20. Let Tyemp = T (T ,) and a = 3.
(i) The representation Tfy(Tiemp) is well-defined if and only if x = 3.
5
(i4) The representation T (Tiemp) is of critical type.

(i1i) The following is the set of extended multi-segments € (up to row exchanges) such that
3

m(€) = T1§,1 (Ttemp)
{ ( e)) (@ o

() The representations Trv,s(Tiemp) and T;Q(Wtemp) are not well-defined.

D roi=
S]]
N

Proof. Parts (i) through (7i¢) follows from Proposition 3.15 and Remark 3.2. Part (iv) follows
from the good parity condition. 0

The next case to look at is Tiemp = 17 (Trv,5(7sce)), Which is well-defined if and only if
a € Z~g, by Proposition 3.16.

Proposition 7.21. Let Ty = 17 (T1vs(mse)) and o € Zsy.

(i) The representation T7,(Tiemp) is well-defined if and only if v = a+1, or v = a — 1,
and o > 1.
(ii) The representation T7 | (Temp) is of critical type if and only if (v, o) = (1,2) or (2,1).
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(iii) Let {x € o+ 1,0 — 1}. Define
ga—i-l = {([07 O}pv Oa 7))4> ([Oé - 27 0]07 07 77)7 ([O{ + ]-7 a+ 1],07 O’ (_1)a_177)}-
When o > 1, define
506—1 = {([07 0]07 07 77)4’ ([a - 3’ O]pv O’ 77)7 ([a - 1? o — 1]/)’ 07 (—1)%7): ([a7 a]p? 07 (_l)a_ln)}'
Then we have 7(E,) = T7 | (Ttemp). Here are the associated symbols.

a—2 a—1 a a+1

Sonrl =

(ONONONONOMS

a—3 a—2 a—1 «

goa—l =

ONOCNONOROMS

©
O]

(i) The representations Tryvs(Tiemp) and T&Q(Wtemp) are not well-defined.
Proof. The proof is similar to Proposition 7.19, which we omit. O

We now move onto the case Temp = 17, (T ‘j/f4(7rsc)), which is well-defined if and only if
a=0.

Proposition 7.22. Let my,,, = Tt (T (7)) and a = 0.

(i) The representation Tf | (my,,,) is well-defined if and only if x = 2. In this case, it
is the same as the representation ng(TIQ’l(T}’l(T%(Wsc)))) described in Proposition
7.16.

(ii) The representation T¢,(Ti,,,) is of critical type.

(11i) The representations Ty s(Tiemp) and T%(memp) are not well-defined.

Proof. The result in part (i) follows from comparing the extended multi-segments in Propo-
sition 3.17 and Proposition 7.16. Part (i7) follows from definition and part (ii7) follows from
Remark 3.2. U

The next case is Temp = Ty, (17 (msc)), which is well-defined only for o = 1, by Proposition
3.20
Proposition 7.23. Let my,,, = Ty, (T} (7)) and a = 1.

is well-defined if and only if x = 2.
£ ) is well-defined if and only if v = 2
mp) 15 of critical type.

(i) The representation T7,(m;

(i) The representation T}, (;
(iii) Define

ml‘FmI-F

&y = {([07 0]/” 0, :l:1>47 ([27 2]P> 0, :l:l)}'
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Then we have 7(Ex) = T# (Tjemy). Here are the associated symbols.
0 1 2 0 1 2
2] S
3] ©
€+ - @ y g_ - S
3] ©
b o

(iv) The representations Tyv,s(mi,,,) and T‘:/EQ(Wimp) are not well-defined.

Proof. The proof is similar to Proposition 7.16. which we omit. O

By Proposition 3.22, we have another tempered representation of corank 3 which is only
well-defined at a = 1, namely Tyemp = 17 5(Trv3(Tsc)).

Proposition 7.24. Let Tyemp = T} o(Trv3(mse)) and a = 1.
(i) The representation T7 | (Tiemp) is well-defined if and only if v = 2.
(i1) The representation T} (Tiemp) is of critical type.
(i1i) Define
{([ O] )7([171]P70777)7([272]P707n)}

Then we have 7'('( ) T} \(Tiemp). Here is the associated symbol.

0 1 2
®
£ = o) .
O]
Proof. The proof is similar to Proposition 7.13, which we omit. O

Remark 7.25. Note that despite their similarities, the extended multi-segment in the propo-

sition above is not the same as the extended multi-segment of T}J(T‘}:Q(Tﬁl(T}J(WSC)))), as
shown in Proposition 7.8, due to the sign restrictions.

Proposition 7.26. Let mep, = TII’Q(TW’;;(WSC)) and o = 1.

(1) The representation Trys(Tiemp) is well-defined and of critical type.

(i) Define

& :={([0,0],,0,m),([1,1],,0,7)*}.
Then m(E) = Trv3(Ttemp). Here is the associated symbol.

(iii) The representation T@(Wtemp) is not well-defined.
Proof. The proof is similar to Proposition 7.16, which we omit. 0

Five more cases remain to wrap up Case (A). The next one is ey = T}Lg(ijg(ﬂsc))
which is well-defined only when o € Z~q, by Proposition 3.22.
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Proposition 7.27. Let Tyemp = T} 5(Tivs(Tse)), and a € Zsg.
(i) The representation TT | (Tiemp) is well-defined if and only if v = a.
(ii) The representation T (Tiemp) is of critical type only when o € {1,2}.
(iii) Define
&= {([O& -2, O]IJ’ 0, 77)’ ([17 1]/?7 0, _77)2’ ([av a]pv 0, *)}

Then we have 7(E) = T} (Tiemp). Here is the associated symbol.

0 1 e a—2 a—-1 «
o ®
&= 0]
®
Proof. The proof is similar to Proposition 7.24, which we omit. [l

Proposition 7.28. Let Tyemp = T} 5(Tivs(Tee)), and a € Zsg.

(i) The representation Trys(Tiemp) is well-defined.
(11) The representation Ty s(Tiemp) 5 of critical type if and only if a = 1.
(#ii) Define

& = {([0, O]pv 0, 77)2> ([a =1, O]m 0,7), ([1, 1]/77 0, _77)2}'

Then we have (E) = Trv3(Tiemp). Here is the associated symbol.

0 1 - a-2 a-1
®©
©
E = @ .- ®
©
®©

(iv) The representation T%(memp) is not well-defined.
Proof. The proof is similar to Proposition 7.10, which we omit. 0

The next case we need to consider is e, = T}Q(T‘fz(ﬂsc)). This is well-defined if and
only if & = 0, by Proposition 3.23.
Proposition 7.29. Let 7, = T},(Ty, (7)) and o = 0.

(1) The representation Tf,(Tiemp) is well-defined if and only if v = 2. When x = 2,
these are the same as the representations Tll,l(TIQ’l(T}yl(T‘fQ(WSC)))), as described in
Proposition 7.15.

(2) The representation Tfl(memp) is of critical type.

(3) The representations Trys(Tiemp) and T‘fz(ﬂtemp) are not well-defined.

Proof. The result follows from comparing the extended multi-segments in Propositions 3.23
and 7.15. ]

Three more cases remain in Case (A). The next one to consider is Myemp = Tir7o(Tsc),
which is defined only when o = 1, by Proposition 3.25.

Proposition 7.30. Let Tyemp = 1117 5(Tse) and a = 1.
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(i) The representation T} (Tiemp) s well-defined if and only if v = 2. When x = 2, the
representation T’ ﬁl(ﬂtemp) 18 of critical type, and is the same as the representation
T7(T75(Trvs(mse))), as described in Proposition 7.24.

(i1) The representation Ty s(Tiemp) is well-defined and of critical type. It is the same as
the representation Trys(T}o(Trvs(Tse))), as described in Proposition 7.26.

(iii) The representation T@(Wtemp) is not well-defined.

Proof. The result follows from Remark 3.2 and a direct comparison of the respective extended
multi-segments. 0

The second last case in Case (A) iS Temp = Trv7(se), which is defined only when o € Z,
by Proposition 3.26.
Proposition 7.31. Let Tiemp = Trvr(mse) and o € Zy.
(i) The representation T} (Tiemp) is well-defined if and only if v = «.
(ii) The representation T7(Tiemp) is of critical type if and only if o = 1.
(iii) Define
&= {([07 O]P? 07 n)67 ([a - 27 0][’7 07 77)7 ([Oé, a]ﬂv 07 (_l)ailn)}'

Then we have 7(E) = T} (Tiemp)- Here is the associated symbol.

0 -+ a—2 a—-1 «
®
©)
O}
_ ©)
€= ©
©)
©} O}
©

(iv) The representations Tryv.s(Ttemp) and T&Q(Wtemp) are not well-defined.
Proof. The proof is similar to Proposition 7.23, which we omit. 0

Finally, the last case in Case (A) is Tyemp = 1 %6(71'86), which is defined only when o = 0,
by Proposition 3.25.
Proposition 7.32. Let 7, = Ty4(ms) and a = 0.

(i) The representations Tfjl(ﬂfémp) are well-defined if and only if x = 1.
(m

ii) The representations T} = are of critical type.
I,1\""temp
(#ii) Define

5:|: = {([07 O]Pa 07 :l:]-)sa ([17 1]97 07 j:l)}
Then w(€y) = T}J(?T?;mp). Here are the associated symbols.

1

™
I

O DDDD o
M
I

ODODOOO =
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(iv) The representations Tyvs(i,,,) and T‘%Z(ﬂ-tjémp) are not well-defined.

Proof. The proof is similar to Proposition 7.31, which we omit. O

This concludes all our discussion of Case (A). We move onto Case (B).

7.2. Case (B) : m = p|-|™ X p|-|* X Ttemp, Where myn, is tempered of corank 2.
In this section, we consider the possibility when © < p|-|** X p[-|"> X Tiemp, Where Tiemy

is tempered of corank 2. Here there are five possibilities for the form of 7, namely 7 =

l .
T [g€2(7rtemp>7T[x]73(7Ttemp)aT ]2[[72(7Ttemp)u Trv5(Ttemp), and T, ‘f4(wtemp). We use the same list of
tempered, corank 2 representations that is provided at the beginning of Section 3.
We begin with the case TP (TF (mc)).-
Proposition 7.33. Let miem, = Tﬁfl(Tﬁl(wsc)) fora >0
(i) The representation T7o(Tiemp) 18 well—dleﬁned if and only if v = %, and o € {3, 3}.
(it) When oo € {3,3}, the representation TP,(Tiemyp) is of critical type.

1
(i) When o = 5, we have that W(EL%) = T75(Ttemp), where

3
2

1

2

S

@ .
S

1

2

2]

(&) .

S

(iv) The representation Tf; 5(Tiemp) is well-defined if and only if x =

[J[9%)
Nt

and o € %+Z>1.

1
27
1
In this case, it is the same as the representation T7{ (T7 (T 5(msc))), as described
in Proposition 7.19.

1
(v) The representation Tf; o(Teemp) is well-defined if and only if o € {3,3}.
1
vi) When a € {1, 3Y the representation T, o(Tiemp) 15 of critical type.
202 11,2 P

1
(vii) When o = 5, we have that T(Er1,1) = i o(Tiemp), where

1

2

o

S) .
@

Nl

98]
ot
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(viii) The representation Try5(Tiemp) is well-defined if and only if o« € Z~y. In this case, the
representation is the same as the representation T (T7(Trvs(7se))), as described
i Proposition 7.21.

(ix) The representation T‘a(wtemp) is well-defined if and only if « = 1. In this case,

the representation is the same as the representation T%4(T}’1(7rsc)), as described in
Proposition 7.235.

Proof. Define

g = {([O{ - 27 6/)]07 07 n)7 ([a + 17 o+ ]-]Pa 07 (_1)a—1—5pn)}
Then we have 7(€) = Tyemp. Here is the associated symbol.

€ - a—2 a—-1 o a+l

o <@ e . >

As shown, the extended multi-segment is multiplicity free. In order for 77, to be well-defined,
we need to have x = %, since by convention the multiplicity my(p ® Sp) = co. We also need
that my(p ® S2) = 0, which can only happen when « € {3, 2}. This proves part (i). Parts
(77) and (zi7) follow from definition. Following a similar argument, we can prove parts (v) to

(vid).
Parts (iv), (viii) and (iz) follow from comparing the extended multi-segment above to the
one given in previous propositions. This completes the proof. 0]

The second case is Tyemp = 17 1(Tffl(wsc)), defined for a > 1.

Proposition 7.34. Let e, = Tﬁl_l(Tffl(ﬂsc)) and o > 1.
(i) The representation T} (Tiemp) is well-defined if and only if (z,a) = (3, 3).
1
(ii) When o = g, the representation T y(Tiemp) is of critical type.

(iii) Let o = 3. Then we have w(Er) = Th 5 (Wiemp), where

()

(iv) The representation T} 5(Tiemp) is well-defined if and only if © = 5 and o € 5 + Zs.

1
In this case, it is the same as the representation T (T7(TF 5(7se))), as defined in
Proposition 7.19.

1
(v) The representation Tf; o(Tiemp) is well-defined if and only if o = 3.

IS
oot

D D v

1
(vi) When o = 3, the representation Tjy; 5(Tiemp) is of critical type.

(vii) Let o = % Then we have w(Eryr) = Tflm(memp), where

=
g[[] = o .
© ©

N

N[ —=
nojot
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(viii) The representation Tryvs(Tiemp) is well-defined if and only if a € Zss3. In this case,

it’s the same as the representation T (17 (Trvs(7se))), as described in Proposition
7.21.
(ix) The representation T\:/lf4(7Ttemp) is well-defined if and only if « = 2. In this case, define

€ = {((0,0],,0,£1)", ([2,1],,,0,m)}
Then we have w(€x) = T‘ﬁ(memp). Here are the associated symbols.

1 2 1 2

8+: s 87:

QOO D o
ONORONONS

© O © O

(z) The representations T7o(Tiemp), 117 3(Teemp) are not well-defined.
Proof. The proof is similar to Proposition 7.33, which we omit. U
The next case to consider is Tyemp = Trva(17(7se)), defined for o € Zo.

Proposition 7.35. Let Tiemp = Trvs(T1(7se)) and o € Zsyp.
(i) The representation T{o(Tiemp) is well-defined if and only if (v, o) = (1,2).

(1) When a = 2, the representation T} o(Temp) is of critical type.
(iii) Define

g = {([Oa O]Pa 07 77)([17 1]97 Oa 77)2> ([2a Q]Pa O) 77)}
Then n(E) = T} (Tiemp). Here is the associated symbol.

0 1 2
O]

_ ©
&€= ©
®©
(iv) The representation Ty 3(Tiemp) is well-defined if and only if x = 1. In this case, it

is the same as the representation T7'(T7; 3(T1v,s(mse))), as described in Proposition
7.27.

1
(v) The representations TIQH,Q(?Ttemp),va,5(7Ttemp),T§4(7Ttemp) are not well-defined.
Proof. Let ¢ be the L-parameter associated t0 Tyemp. For T7o(Tiemp) to be well-defined,
we need my(p ® Saz—1) > 2 and S(p ® Saz+1) = 0. By examining the extended multi-
segment, we see that this is only possible when (z,a) = (1,2). This proves part (i). Parts
(4), (ii7) and (v) follows from definition. For part (iv), we see that T7; 5 is only well-defined

when my(p ® Saz—1) > 3, which means that £ = 1. The result follows by comparing the
corresponding extended multi-segments. This concludes the proof. O

We now move onto the case mepm, = T% (T} (7sc)), which is well-defined only for o = 1.

Proposition 7.36. Let ey, = T\:/EQ(T]lJ(ﬂ-sc>> and o = 1, then the representations Ty (Tiemp)

1
77 3(Temp) Tf]m(mem},),T[V75(7rtemp) and T‘f4(ﬁtemp) are all not well-defined.
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Proof. Let ¢ be the L-parameter corresponding to ey, then we have that my(p ® S1) =
2,mg(p® S3) =1, and my(p ® S,) = 0 otherwise for a € Z. This proves that

T]xg (Wtemp) ’ TJEEI,3 (ﬂ—temp) ) TIV,5 (Wtemp) ) T\:/‘fg (Wtemp>
are not Well—ldeﬁned.

Finally, T7;; 5(Tiemp) is not well-defined by the good parity condition. O

A similar case to the one above iS e, = T}J(T%(mc)), which is well-defined if and only
if a = 0.

Proposition 7.37. Let Tyemp = T} (Ty5 (7)) and oo = 0.

(i) The representation Trys(Tiemp) is well-defined and of critical type. It is the same as
the representation T}J(T‘%(ﬂ“)), as described in Proposition 7.32.

1
(i4) The representations Ty (Temp)s Tt 3(Ttemp) T12H72<7Ttemp) and T‘}—LA(m@mp) are not well-

defined.
Proof. Part (i) follows from a comparison of the resulting extended multi-segments. The
proof of part (ii) is similar to Proposition 7.36, which we omit. O

1
The next case we have is Tyeppy = Tf’z(wsc), which is defined only when o = %

Proposition 7.38. Let e, = 175 (Tse) and a = %

)

NI

(i) The representation T7o(Tiemp) is well-defined if and only if v = %

3
(ii) The representation Ty (Temp) is of critical type.

(i1i) We have w(E) = TI%Q(Wtemp), where

5:().

1
(iv) The representations Tf; 5(Tiemp), T1211,2(7Ttemp)v Trvs(Temp), and T‘ﬂ%‘l(memp) are all not
well-defined.

Proof. The proof is similar to Proposition 7.35, which we omit. 0

D D viw

1
The next case to consider is Tyepp = T 121’3(7190), which is well-defined only when o € %+Z>0.

1
Proposition 7.39. Let T, = Tfl’3(7rsc), and o € % + Zi~g.
(i) The representation Tf[,?;(ﬂtemp) is well-defined if and only if v = 3.

3
(i4) The representation T} 5(Tiemp) s of critical type.
(#ii) Define
1 33

&= {([a -1, 5],0’ 0, _1)7 [§> §]P> 0, 1)2}'

1
Then 7(E) = T} 5(Ttemp). Here is the associated symbol.

a—1

3

S
I
/
D roi=
P D P e
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1
(iv) The representations ijQ(Wtemp),T[2H?2(7rtemp),TIV75(7rtemp) and T‘f4(ﬁtemp) are all not
well-defined.
Proof. The proof is similar to Proposition 7.38, which we omit. U
1

. . . . E
There are three more cases to examine in Case (B). The next one is Tiemp = 177 5(Tse),

which is well-defined only when o = %

1
Proposition 7.40. Let myemp = Ty o(7se) and a = I

(i) The representation T7o(Tiemp) is well-defined if and only if x = %
3

11) The representation T7,(Temp) 1S of critical type.
12 p

3
(iii) We have that 7(£) = T7y(Tiemp), where

3
2

£ = (g)

1
(iv) The representations TIII,?)(Wtemp)? TIZH,z(Wtemp)a Trvs(Tiemp) and T\a(ﬂtemp) are all not

well-defined.
Proof. The proof is similar to Proposition 7.38, which we omit. 0
The second last case in Case (B) iS Temp = Trv5(mse), which is well-defined if and only if
Proposition 7.41. Let memp = Trvs(7se), and o € Zg.
(i) The representation T7o(Tiemp) is well-defined if and only if (x,a) = (1,1). In this
case, T} 5 (Tiemp) is of critical type and is the same as the representation T} o(Trvs(Tsc)),
as described in Proposition 7.26.
(i4) The representation Tf; 5(Tiemp) s well-defined if and only if v =1, and o € Zy. In
this case, the representation T}[,g(ﬂtemp) s not of critical type, and it is the same as
the representation Trvs(T}; 3(Trvs(7se))), as described in Proposition 7.28.

1
iii) The representations TZ ;o (Temn)s Trvs(Tremp)s and T, (Tremy) are all not well-defined.
1112 P : P VA P
Proof. The proof is similar to Proposition 7.38, which we omit. 0

The final case in Case (B) iS Ttemp = T‘:/l'f4<7rsc)7 which is well-defined if and only if a = 0.

Proposition 7.42. Let 7y, = T‘“,—LA(WSC) and a = 0.
(i) The representations T y(Tis,,,) are well-defined if and only if x = 1.
(ii) The representations T} ,(m,,,) are of critical type.
(i1i) Define
gi = {([07 0]07 07 j:l)27 ([L 1],07 Oa il)z}
Then w(€y) = T}72(7rtiemp). Here are the associated symbols.
0 1 0 1
S
g—‘r = @ ) & =

OXO;

O O



102 BAIYING LIU, CHI-HENG LO, AND BRIAN WEN

Proof. The proof is similar to Proposition 7.38, which we omit. O
This concludes our discussion of Case (B). We will now move onto Case (C).

7.3. Case (C) : 1 = p|-|"™* X p|-|" X p|-|** X Tiemp, Where e, is tempered of corank
1. In this subsection, we consider representations 7 of the form

T}fg(wtemp), T}H,Q(Wtemp)a Trv,r(Tiemp), T&G(ﬂ-temp)
where e, is tempered of corank 1. Since there are three tempered representations of
corank 1, namely 17 (7, ), Trv,5(7sc) and T‘:/%Z(Wsc). There are 12 total cases to consider. We
begin with e, = 17 (7se), which is defined if and only when o > 0.

Proposition 7.43. Let ey = 11 (7se), for a > 0.

(i) The representation T}y o(Tiemp) is well-defined if and only if o = 2. When a = 2,
the representation T}H’z(ﬂtemp) is of critical type. It is the same as the representation
T} (Trvs(T7 (7)), as described in Proposition 7.35.

(i1) The representation Try7(Tiemp) is well-defined if and only if a € Zwg. It is the same
as the representation T (Trvz(mse)), as described in Proposition 7.31, and it is of
critical type only when a=1.

(iii) The representations Tj’fg(ﬂtemp),T‘fG(wtemp) are not well-defined.

Proof. Parts (i) and (i7) follows from definition, and by comparing the resulting extended
multi-segments to the ones given in previous propositions. Part (iii) follows from the fact
that o > 0, and ¢ is multiplicity free, where ¢ is the L-parameter corresponding to myep,. [

The second tempered representation of corank 1 i e, = Trv,3(7s.), which is well-defined
only when a € Z+.

Proposition 7.44. Let ey = Tivs(7s.), and o € Z.
(i) The representation T} 3(Tiemp) is well-defined if and only if (v, o) = (1,1).
(ii) When o = 1, the representation T}yg(ﬂtemp) is of critical type.
(iii) When o =1, we have w(E) = T} 3(Tiemp), where
1

()

(iv) The representation Tjrpo(Tiemp) s well-defined if and only if a = 1. In this case,
it is of critical type, and is the same as the representation Trys(T} o(T1v,s(mse))), as
described in Proposition 7.26.

(v) The representations Trvq(Temp) and T‘f().(ﬂtemp) are not well-defined.

Proof. Let ¢ be the L-parameter corresponding to myepmp,. Then my(p® Saz+1) > 3 only when
x = 0. If TF3(memp) is well-defined then we also need mgy(p ® Saz41) = 0, which is only
possible when o« = 1. This proves part (i). Parts (i) and (iii) follows from definition.

For Ti;1 o (Tiemp) to be well-defined, we need mg(p® Ss) = 0, which can only happen when
a = 1. By comparing the corresponding extended multi-segments in this case, we prove (iv).
Part (v) follows from definition and the good parity condition. 0J

The last tempered representation of corank 1 is e, = T‘Z(mc), which is well-defined if
and only if a = 0.
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Proposition 7.45. Let 7, = T‘%Q(ﬂ'sc) and a = 0.
(i) The representations T}y o(Tie,,) are well-defined and of critical type.
(ii) Define
Ex = {([0,0],,0,£1)* ([1,1],,0,F1)*}.

Then we have that 7(Ex) = Tiy; o(Tiep,), where

0 1 0 1

® o

® o
€y = e &= @
o ®

(i4i) The representations T} 3(Tiemp), Trvir(Tiemp) and T&G(memp) are not well-defined.
Proof. The proof is similar to Proposition 7.44, which we omit. 0

This concludes Case (C'). We now move onto the final case in our classification of tempered

representations of corank 4.

7.4. Case (D) : 7 < p|-|"* x p|-|"* x p|-|"® x p|-|"* % 75, where 7, is supercuspidal. By
Theorem 3.1, there are 6 total possibilities to consider in this case, as listed in the beginning
of the section. Let 7, = 7(¢,€), then ¢ must be multiplicity free.

The first case is 17 4(7sc)-

Proposition 7.46. Let my. = 7(¢,€) and o = .
(i) The representation T} y(ms.) is well-defined if and only if (z, ) = (3, 3).
(i) When o = %, the representation TT ,(ms.) is of critical type.

1
(iii) When o = 3, we have that n(£) = T2, (ns), where

g:

O DD D

Proof. T} y(Tiemp) is only well-defined when my(p ® Sa,—1) > 4. Since ¢ is multiplicity free,
this can only occur when x = % Additionally we need that mg(p ® Saz41) = 0, which means
that o must be 1. This proves part (i). Parts (i) and (iii) follow from definition. O

The second case is Tiemp = 177 5(Tsc)-
Proposition 7.47. Let my. = (¢, €) and o = a.
(i) The representation Tf; 5(my.) is well-defined if and only if v = 5 and o € 5 + Zo.
1
(it) When o € & + Z~q, the representation 17, 5(7se) is not of critical type.
(iti) When o € 3 + Zso, define

£ = (13, 31»0.-D" (o~ 1. 3],,0.- D).
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Then we have w(E) = Ty 5(7s). Here is the associated symbol.

a—1

g:

(ONONONORORSIS

©

Proof. The proof is similar to Proposition 7.46, which we omit. O
3
The third case is Tiemp = Ty o(Tse)-
Proposition 7.48. Let m,. = 7(¢,€) and a = a.
3
(i) The representation T7; o(ms.) is well-defined if and only if o = 3.
3
(it) When oo = 3, the representation Tf; o(Teemp) is of critical type.
(iii) Define
! 5 3 3 5
£ = (([g. gl 0 (13 21,0, -0}

3
Then we have 7(E) = Ty o(7s). Here is the associated symbol.

o
&= o|l.
®

3
Proof. By Remark 3.2, T, (ms.) is well-defined if and only if mg(p @ Ss) = 0, and my(p ®
S5) > 1. This can only occur when a = 2, which proves part (¢). Parts (i) and (iii) follow
from definition. U

Nl

1
We move onto the case T7; ,(Tsc).
Proposition 7.49. Let my. = 7(¢, €) and o = .
1
(1) The representation Tf;; ,(7s.) is well-defined if and only if o = %
1
(2) When o = 3, the representation TFip4(Tse) is of critical type.

(3) We have that w(€) = TI%HA(’/TSC), where

g:

(ONONORORTS

Proof. The proof is similar to Proposition 7.46, which we omit. 0
The next case to consider is the representation e, = Trv,o(Tsc).

Proposition 7.50. Let ms. = 7(¢, €) and o = .

(i) The representation Tryo(ms.) is well-defined if and only if o € Zy.
(i1) The representation Tryo(ms.) is not of critical type.
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(#ii) Define
€ = {([0,0],,0,m)°, (lr = 1,0, 0,m) }.

Then we have w(E) = Trvo(mse). Here is the associated symbol.

0 a—1
O]
O)
O]
O)
E=|o
®
O]
®
O] ©
Proof. This follows directly from definition and Remark 3.2. [l

The final case to consider is the representation miep, = T‘j/fg(ﬂsc).

Proposition 7.51. Let my. = 7(¢, €) and o = .
(i) The representation m,,, = T‘fg(ﬁsc) is well-defined if and only if a« =0
(ii) When o = 0, the representation Wimp is of critical type.

(iii) We have that w(Ex) = i, where

0

0
+
I
POPODDDDD
™
I
CRONCRONONOCRONOIIS

Proof. This follows directly from definition and Remark 3.2. 0J

With this we have classified all the tempered representations of corank 4. Combined with
the non-tempered representations of corank 4 which we classified in Section 7?7, we can give a
complete list of all representations of corank 4, which are both of Arthur type and of critical
type. This will be given in the next section.

By Theorem 2.5, we can conclude that that all of the representations listed in Proposition
A.1 are unitarizable. Furthermore, the list contains all representations of G(F') of corank 4
that are unitarizable and of critical type.

8. OPEN CONNECTED COMPONENTS IN THE UNITARY DUAL OF CORANK 4

In this section, we will use the lists given in §A and §B to give the full list of unitary open
connected components in corank 4. This will be the first step to constructing the full unitary
dual. To this end, we will use the algorithm to compute II4(G,,) introduced in [HJLLZ25,
§8] to determine inductively the unitarity of a given open connected component.

Using the technique of unitary reduction in step 3 of algorithm 8.1, we will later on prove
that certain connected components are non-unitary. In fact, we highlight that there are five
main methods to prove that a certain connected component in C' C R” is non-unitary. Four
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of them are given in steps (3-1) to (3-4) of Algorithm 8.1, respectively. The last method is to
show directly that there exists a point on the boundary of C' which contains non-unitarizable
subquotients.

The steps to construct the full unitary dual of corank 4 is as follows: First, in Proposition
8.3, we give a list of open connected components, which we prove to be unitary. Then, in
subsections 8.2 to 8.4, we show that all other connected components are non-unitary, using
Algorithm 8.1 together with Tadic’s techniques of dimensionality reduction in [Tad23]. Ex-
plicitly, this means that we characterize all possible connected components of dimension 3
that can possibly appear on the boundary of a unitary open connected component of dimen-
sion 4. This provides a necessary condition the open unitary connected components must
satisfy, which allows us to show that the list of open connected components in Proposition
8.3 is complete.

Later, in §9 and §10, we append to the unitary dual all representations which appear
as part of a lower-dimensional complementary series (in this case those with one or two
parameters), as described in Step 2 of Algorithm 8.1. This will give us the list of all possible
unitarizable representations of corank 4.

8.1. Algorithm for computing I14(G,).

Algorithm 8.1. [HJLLZ25, Algorithm 8.5] Let my. be an irreducible supercuspidal represen-
tation of G, p be an irreducible self-dual supercuspidal representation of GLy4(F'), and let
r € Z>o. In this algorithm, we output the set
g (mse, py 1) = g (Grra) N Irr( X, mse).
Write o = oy, for short.
Step 1. Compute 114 gp(Tse, p,s) for 0 < s <r. Let Q4.4 = Up<s<rlla gp(Tse, ps 5).
Step 2. For 0 < s <1’ <r, initiate R(ms., p,7’,5) to be the empty set. Repeat the following
steps for each ma € 114 gp(7se, p, 5):
(2-1) Let V(r'—s) be the collection of ordered tuples of pairs 1 = ((a1,b1), ..., (), biw))) €
(Z2 )W) 1(¢) € Zy, such that Zé(:wl) a;b; = r' — s. By convention, let U(0) :=
{0}.
(2-2) Suppose that ' —s > 0. For each ¢ € VU(r' — s), let H(,m4) denote the set
consisting of the following reducibility hyperplanes in RI¥):
o {x; =1t | uy(ai, b;)|-|" ¥ w4 is reducible},
o {m; £xy =t | uy(a;,b)]-|" X uy(az,b;) is reducible, 1 < i < j <I(¢)}.
(2-3) If ' — s > 0, let R(¢,ma) denote the (finite) set of connected components of
RN (UreppmnH). For each C € R(,m4), append the triple (C,v),74) into
R(7e, p, 7', 8). If r' — s =0, then append {(R°, 0, 74)} into R(mse, p,7’,5).
Step 3. Let R := Up<s<rr<r R(Tse, py 1, 8) U {—1}. Define an equivalence relation ~ on R as
follows. Let (C,v,74) € R(mge, p,1r',8) where C C R,
(8-1) Suppose that C' is unbounded. Then we define (C ¢, ma) ~ —1.
(3-2) Suppose that CN{x; =0} # (. Define = by removing (a;, b;) from 1. Take any
point y € C N {x; = 0} and define y~ € R~ by removing the i-th coordinate
(if 1)) = 1, then set y~ = 0). Let (C~,4~,m4) be the unique element in R such
that y~ € C~. Then we define (C,1h,wa) ~ (C~, 9™, 7 4).
(3-8) Suppose that C N {x; = t} # O for some t € (a + %) + Z. Let nfy =
uy(ai, bi)||" X w4, which is irreducible and of good parity. If 7} is not in Q4 gp,
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then define (C ¢, ma) ~ —1. If 74 € Qayp, then define ¢~ and take a point
y € RW)=1 gs in the previous case. Let (C~, ¢, 7h) be the unique element in
R such that y~ € C~. Then we define (C,1p,ma) ~ (C~, 07, m}).

(3-4) Suppose that (a;,b;) = (a;,b;) with i # j and C N{z; = xx;} # 0. Define ¢~
by removing both (a;,b;) and (a;,b;) from 1. Take any pointy = (y1,...,y) €
CNn{x; = ta;}. If |yi| > 3, then define (C,,ma) ~ —1. If |y;| < 1/2, then
define y~ € R{)=2 by removing the i-th and j-th coordinates (if [(1)) = 2, then
set y= =0). Let (C7,¢7~,ma) be the unique element in R such that y~ € C~.
Then we define (C,,mya) ~ (C~, 007, 7a).

Let R be the collection of (C,1,ma) € R such that (C,,wa) ~ (R°,0,7'y) for some
ﬂJA < QA,gp'
Step 4. For each (C,v¢ = ((a1,b1), ..., (aiy), biw))), ma) € R, let

()
H<C7¢7 7TA) = {X up(a’i7 bz)||yl XN TA | (yla B ayl(dl)) € C} )
i=1
if 1() > 0, and TI(R®, 0, 7w4) := {ma}. Then
T (Tge, p, 7) = U T(Cv,ma) | NTL(Grira)-
(Cyp,ma)ERZ

Remark 8.2. Note that to compute the set 114 4,(Tse, p, s), we repeat the steps from Sections
3 to 7, which can be done by induction for any arbitrary corank r.

8.2. Unitarizability for the regular components. For the rest of this section, we will
follow Tadic’s notation in [Tad23, Chapter 8]. For brevity, let z = (z1,29,x3,24) and
I, = Iy, 4o 25,2, Lt

Ri, ={zeR":0< 2 <xy <m3 <4}

Then II, is reducible if and only if z lies on one of the following singular affine hyperplanes:

v, =*xa, 1=1,2,3,4,

1
(8.1) pitr; =41, 1<i<j<A4

We say that z € R?* is regular if it does not lie on any of these planes, and denote the set of

such elements as R},,. Define

4 4 4
Ricgort+ = Rieg MR .

reg

We also say that a point z € R* is strongly unitary (resp. strongly non-unitary) if all
irreducible subquotients of II, are unitarizable (resp. non-unitarizable).

Similarly, let R}, be the set of (1,5, 23) € R? that lies in the complement of the hyper-
planes

T, =xa, 1=1,2,3,

2 .

3 _ T3 3
and Ry, ., =R}, NR

reg*
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We wish to classify all unitary representations of corank 4. To begin, we will consider
the case where z is regular, in which case II, is either strongly unitary or strongly non-
unitary. Denote the group of signed permutations by W. Since the property of being
strongly unitary/non-unitary depends only on the W-orbit of z, it suffices to consider the
region Ri 4

We say that an open connected component {2 C Rfeg 4 is unitary if for all points z € €2, 11,
is strongly unitary. For convenience, we do not distinguish between the connected component
and the inequalities defining the connected component.

Proposition 8.3. The following open connected components of Rfeg’H_ are unitary. For
a>1,

(8.1a) T3+ x4 < 1.
(8.1b) rotaz3<l, z4g—x3>1, x4<a (a>1).
(8.1c) Tot+a3<1, Tag—wo<1l, xy—21>1, 24<a (a>1).
(8.1d) To—mx1 >1, myg—wo>1, wy—x3>1, 14<ca, (a>3).
(8.1e) r1t+ae<l, z3—xe>1, xy—w3>1 xy<ca, (a>2).
(81f) m+ae<l, xit+a3>1, z3—11<1, T4—23>1, 24<ca, (a> g)
(8.1g) Tot+a3<1l, Ti+as<]l, xo+mxy>1, x4<an
(8.3)
For « :%
(8.10) < .

2
For a =
(8.1j) w3+ a4 < 1.

Consequently, any point x € RY | that lies in the closure of the above region is also strongly
unatary.

Proof. For a > 1, note that the non-empty connected components defined by (8.1a) to
(8.1g) are all mutually disjoint. When « # 0, Il is unitarizable and thus so is its connected
component, which is given by (8.1a) when a > 1 and (8.1i) when a = 1.
For a = 0, we want to show that the connected component (8.1j) is unitary. In this case,
note that the condition
T3+ 14 <1

implies 0 < x1 < 2y <23 < x4 < % We take the intersection of (8.1j) with the hyperplane
r3 = x4, which is nonempty. Applying step 3-4 of Algorithm 8.1, we reduce to the connected
component

1
0§ZE1§ZL‘2<§

in corank 2, and using Theorem 8.5, one can conclude that (8.1j) is indeed unitary.
Assume now that a > 1. Let us consider the complementary series

Mgy = Ap[_l‘éh —1'4] N Tge,
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which is irreducible and unitarizable for 0 < z; < a. We will use it to prove that the
connected components (8.1b) to (8.1g) are unitary one by one.

(1)

(2)

Assume o > 1 and fix 1 < x4 < o Then (0,0,0,24) € R}, |, is strongly unitary by
considering 7,,. Since (8.1b) is the connected component of (0,0,0,x,), it must be
unitary.

Let a>1 Fixl<uazy< % Then 7., is unitarizable. Now fix 2, — 1 < 23 < %, then
the complementary series

Apl—x3, —x3] X Ay|—x3, —3] X Ty,

is irreducible and unitarizable. Finally, if we take x1 < x4—1, then the complementary
series

Ap[—ilfl, —iL‘l] X Ap[—l'g, —1'3] X Ap[—l'g, —1'3] X gy

is irreducible and unitarizable. The set of such points (xi,z3,x3,x4) lies in the
connected component (8.1¢), so the component must be unitary.
Let a > 3. Fix 3 < x4 < a and construct the complementary series

A [—x3, —x3] X Ty,

for 0 < x3 < x4 — 1. Fixing 2 < x3 < x4 — 1, we can construct the complementary
series

Ap[—x9, —xa] X Ap|—x3, —3] X Ty,
for 0 < a9 < x3—1. Now fix 1 < 9 < 1 —x3 and construct the complementary series
Ap[—x1, —21] X A =g, —x9] X A,[—x3, —x3] X 7Ty,

for 0 < xy; < x5 — 1. The corresponding (x1, z3, x3,z4) is unitary and is contained in
the connected component (8.1d). Therefore (8.1d) must be unitary.
Let a > 2. Fixing 2 < x4 < «, we can construct the complementary series

Ap[—xg, —xg] XN Ty,

which is irreducible and unitarizable for 0 < 3 < 24 — 1. Now fix 1 < 23 < 24 — 1
and consider the complementary series

Ap[—xg, —xa] X A,[—x3, —T3] X Ty,

This is irreducible and unitarizable for 0 < x5 < x3 — 1. Subsequently, fix 0 < x5 <
mim(%7 x3 — 1), the complementary series

Ap[—xl, —xl] X Ap[—xg, —372] X Ap[—xg, —Z’g] N Ty

is irreducible and unitarizable for 0 < x; < x5. The connected component containing
such (x1, xg, x3,14) is (8.1e), so (8.1e) must be unitary.
Let a > % Fixing % < x4 < a we can construct the complementary series

AP[—LUg, —Zﬁg] X Ty,

which is irreducible and unitarizable for 0 < x3 < x4 — 1. Now fix % <xz3<xy—1.
The point (0,0, x3,x4) is now strongly unitary. This point lies in the connected
component (8.1f), so (8.1f) must be unitary.
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(6) Let @« > 1. Then the connected component (8.1g) has nontrivial 3-dimensional
intersection with the hyperplane z; = 0. The intersection can be described by the
inequalities

Tot+ T3 <1, x4<1, xog+a4>1.

4 .
For (x1,xe,x3,24) € Rieg 1+ the representation

X x X
Mows.azes = p X pl-[7 X p|[" x p -
is unitarizable if and only if the representation
— ) €3 x4
Moy aes = [-7 X pl-|* X pl |
is unitarizable. Since above 3-dimensional region is contained in one of the connected

components listed in Proposition 8.9, it follows that (8.1g) is unitary.
O

In §8.5 below, we show that the other open connected components in Ri 4 are not unitary.
To this end, we need to consider the cases where x is not regular, beginning with the singular
affine hyperplanes.

8.3. Unitarizability for the irregular components - slanted hyperplanes. As de-
scribed in step (3-3) and (3-4) of Algorithm 8.1, there are two types of reducibility hyper-
planes, which we will classify in this and the following subsection. In this subsection, we aim
to to perform the inductive process described in step (3-4) of Algorithm 8.1. To begin, let
us consider the hyperplane

Hsla:{£€R4Z.CE2—$1:1}.

We call the W-orbit of Hg, the set of slanted hyperplanes, which is precisely the set of
hyperplanes defined by equations of the form

Let © = a1 + 5,y = 3, 2 = x4, then clearly «(z,y, z) : R® — Hy, defined by
1 1
L(ZE,y,Z) - (Qf - Eax_‘_ anaz)
is an affine isomorphism.
Consider all reducibility hyperplanes which intersect Hg, non-trivially. These are precisely
the set of hyperplanes described in (8.1) other than x5 —z, = £1. We define R}, ;. C R
to be the complement of the hyperplanes

xiy:i%, :L“:l:Z::l:%, ZE:ﬂ:%,
rry=43 ztz==43 ytz==l,

y==Fa, z=Fa, r=2a-1), 1=Ha+}).

Note that R} ., .t = {(z,9,2) € R}, 4,10 < 2 <y < 2} is the complement of the

following hyperplanes:

yim:%,zimz

ytr=3 ztx=3 zxy=1,

y=a, z=a, z=|a—1i, z=a+3.
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Then ((R3 ) = Hg, NRZ

vreg,sla reg’
For (z,y,z) € R*, we can decompose II,(;, ) in the Grothendieck group as
HL((E,y,Z) - Wa»yvz) + ﬂ.(_x’yvz)’
where

+ T 1 1

7T(m,y,z) = || AP[é? _5] X AP[_y7 _y] X AP[_Z7 _Z] X Tse,
. i 11, . 11

Mgy = LB (=5 =51 Bpl5, 51) X By, —y] X Ayl =2, —2] ¥ e

Now, let R? C R? be the complement of the hyperplanes

reg,sla
rry=+43 sdtz=243 ytz==I1,

1 1
y=+a, z=+a, $:ﬂ:(a—§), x:j:(a+§).

) are both irreducible if and only if (z,y, z) € R3

+ —
Then, ™ and 7 reg sla-

(x7y7z) (I7y7z
for (z,y,2) € R? t(x,y, z) is strongly unitary (resp., strongly non-unitary) if and only if

reg,sla’
both 7 and 7,
(%,y,2) (=

Denote

In other words,

,.») are unitarizable (resp., non-unitarizable).
Wya = {w € W w(Hga,) = Hga}-
Then Wy, = {11}3, and Wy, can be generated by the signed permutations
(1'1, X2,T3, x4) = <_x27 —T1, T3, .I'4),
(:L‘h To, X3, 1'4) — (mla Lo, —I3, .ZU4)7

(l’l, X2, T3, SC4) — (xlu X2, T3, —334).

We say that a point (z,y,2) € R, , is unitary™ (vesp., unitary =) if 7l (vesp., 7, )
is unitarizable. We say that a point (z,y,z2) € Rf’eg@la is unitary™ if it is both unitary™ and
unitary~. We say that a connected component is unitary™ (resp., unitary~, unitary®) if
every point in it is unitary™ (resp., unitary~, unitary®).

Recall that R? = {(z,y,2) €e R* : z,y,2 > 0}, R3, = {(z,y,2) e R*: 0 <z <y < z},
and let R . = RY NRY, G R, o = R, NRY, .. We start by looking at the
preimage of the slanted hyperplane boundaries of the regions described in Proposition 8.3,

under the isomorphism ¢. In the proposition below, we denote the connected components

(8.1a) to (8.1g) defined in Proposition 8.3 by C,, Cy, C, Cy, Ce, Cy, Cy, Ch,.

Proposition 8.4. For a > 1, any connected component of R}, .. . is either fully con-

tained in one of the following regions in R3 |, or has empty intersection with each of them.
Moreover, in the former case, that component is unitary™ :

1
(L/1> $+Z<§,
(L%) .73+y>l z—yc<1 y+z<l1 x<1.
2’ 2’ ’ 2
For a > 1:
1 3
(L%) x—l—y<§, i-z>5, z2<a
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For a > %
, 3 1
(L)) x+y<§, z—y>1, :L‘<§, 2z < a,
(LY) x+ >3 z—x> a:<1 z <«
5 y 27 27 27 )
3 3 1
(Ly) x+y<§, z—x>§, x>§, z <«
For a > 3:
3
(L%) y—x>§, z—y>1, z<a.
Furthermore, for each of the connected components L; € {L, ..., L.}, there ezists some

w; € Woand X; € {Cy, Cy, C, Cq, Ce, C, Cy, Ch} such that t(L}) is contained in O(w;(X;)).
Proof. For a > 1, consider the region L}, defined by
x+z<%, 0<z<y<z

Take X; = C,, which is defined by the equation

r3+xs <1, 0< o <9 <3 <y
The boundary of the connected component X; is the region defined by

r3+rs=1 0< 21 <29 <123 < 240
Now let w; be the map defined by

wy (21, T2, T3, x4) = (—x3, Ty, T1,T2) = (7, T5, T4, X)).

Then the boundary d(w; (X)) becomes

/ ! / / / /

Introducing the transformation (z, 4, 24, 2}) = (z—1,z+3

on the coordinates translates to

.y, z) denoted as ¢, the condition

OSySZS—erlSa:Jrl.
2 2
We see then clearly the region L} satisfies these constraints, and thus is contained in the
boundary d(wy(X1)). It follows that any connected component of R} . that is fully
contained in L} is unitary *. This proves the statement for i = 1. Now consider

X2 - Oga wa ([[‘17.1'2,563,1'4) — (—.Tl,xg,x47x2),

X3 =Cy, ws: (x1,x9,23,24) — (—T1, 23,21, Tq),
Xy =Cf, wy: (21,29, 23,24) = (—21, 23, T2, Ty),
X5 =Cy, ws: (x1,22,23,24) = (—21, 23, —T2, Tq),
Xo =Cf, we: (T1,22,23,24) — (21,23, T2, T4q),
X7 =Cyq, wr: (x1,29,x3,24) — (21, T2, T3,24)
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Using these X;s and w;s, we can prove the statement for ¢ = 2,...9 in an analogous way. [

Using this result, we can find all of the unitary connected components of Rreg datr- 1O
do this, we need to invoke our classification of critical points in the previous sections.

Let us first recall Tadic’s result on the unitary dual of corank 2:

Proposition 8.5. [Tad23, Proposition 7.2] The irreducible unitarizable subquotients of 11,
where x = (x1,x2) € R%,, are the following:

(1) (« > 1) All irreducible subquotients when x1 +1 < x5 < av.

(

(2) (a # 3) All irreducible subquotients when xy + x5 < 1.

(3) (a = 1) All irreducible subquotients when x5 < 1.

(4) (a > 0) The irreducible representations T[Offl(Tffl(ﬂsc)) and L([—a, —a], [-a—1, —a—
]77TSC>

Let us now give the list of the unitary components inside R}, . | ., which we will prove to
be the complete list using a method of exhaustion. Note that one can use various computer
algorithms, such as Sage, to determine the possible bounded connected components in a
region, given a set of hyperplanes separating the components.

Proposition 8.6. The unitary™ connected components of R3 L are precisely gien by

reg,sla,+
(8.6a) y+z2<1, (a>1,a=0)
3
(8.6b) x+z<§, z—y>1 z<a, (a>1)
3 3 3
(8.6¢) x+y<§, x+z>§, 2T <, z—y>1, (a>1)
3 3
(8.6d) x+y<§, z—x>§, 2—y>1, z<a, (oz>§)
3 5
(8.6e) y—o>g, z—y>1 z<a, (oz>§)
1 1
8.6f < = =-).
(3.66) sy (a=3)
Proof. For a > 3, the following are all the possible bounded connected components of
Rfeg,sla,—i——l— :
(C>371) y+z <1,
3
(Cs3.2) $+z<§, y+z>1, z2—y<1,
3
(Coss) phr<s, amy >,
3 3 3
(Css.4) :c—l—y<§, T4z > 3 2TT<g, z—y <1,
3 3 3
(Css5) a:—l—y<§, x+z>§, z—:z:<§, z—1y>1,
3 3
(Cs36) x+y<§, =T > g, z—y <1,
3 3
(Css7) r+y<-=, z—x>-, z—y>1 z<a,

2’ 2’
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1 3 3
(Css8) :E<oz—§, z < a, x+y>§, z—y <1, z—m<§,
1 3
(Cs39) x<a—§, y < a, z—x<§, 2> z—y<l,
1
(C3,10) ZB>CM—§, z < a,
1
(Css11) x>oz—§, y<a, z>a z2-—y<I,
1 1 3
(Cs312) a—§<x<a+§, z—x<§, z—y<l1l, y>a,
3 3
(Cs3,13) z—y>1, z<aq, 93+y>§, z—x<§,
3 1
(C>3,14) y<a, z—y>1, Z—I<§, x>oz—§,
3 3 3
(Cs315) z—a:'>§, z < «, x—l—y>§, z—y>1, y—:c<§,
3 3
(Cs3.16) z—x>§, y < a, y—a:<§, 2>a, z—y<l,
3 1 3
(Css17) z—x>§, ac<oz—§, y—x<§, z—y<l1, y>a,
3 1 1 3
(Cs3.18) z—x>§, a—§<x<a+§, y—x<§, z—y <1,
3 3 1
(C>3,19) Z—ZE>§, y—x<§, z—y <1, x>a+§,
3 3 3
(Cs3.20) 21>, z—y>1, z<a, x+y>§, y-z <y,
3
(C>3,21) y—x>§, <o, z—y<lI,
3
(Cs302) y—o>g, y<a, z>a, z-y<l
3
(Cs323) y—x>§, z—y>1, z<a.

One can verify through direct computation that Cs3; C UJ7-:1L;~ for:=1,3,5,7,23. We now
show that the other connected components are not unitary. In the case a > 3, there are 6
points that gets mapped to not strongly unitary points in R% , under ¢:

1 1 1
(a+§,0z+2,a+3), (04—5,04—1-1,044—2), (a—a,a,a—i-l),

3

3
(a—ﬁ,a,oﬁ—l), (a—§,a,a), (a—ﬁ,a—l,a).

One can easily verify that C.3,; contains at least one of the above critical points on its
boundary for 7 = 8,9,11,12,13...,23. The only components remaining are Cs3; for ¢ =
2,4,6,10.

For ¢« = 2,4,6, the connected component Cs3; has nonempty 3-dimensional intersection
with the hyperplane x = 0. Applying step (3-2) of Algorithm 8.1, one can see that the
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representations
i 1 1
oy = Dolg —5) X Dol =yl X A=z, —2] X,
_ 1 1 11
W(o,y,z) = L(Ap[_ﬁa _5]7A [2 2]) x A [ y] X Ap[_z’ —Z] X Tge.

are unitarizable if and only if II(,,) = A,[—z, —x] x A,[—y, —y] X 7, contains only uni-
tarizable subquotients. By Proposition 8.5, the representations (g, .) is not unitary for
(y,2) = (3,2) or (3,2). However, the points (0, 2, %) lies in C-3 and the point (0, 3
in Cs36. Therefore these two connected components cannot be unitary®.

For C.310, consider the critical point (o — 5, @, «), which lies on the boundary. By

Proposition B.1, the point

3 3) lies

27

Lo — %,a,a) =(a—1,a,a,0)
is not strongly unitary for a > 3. Thus the connected component Cs3.11 is not unitary®.
Finally, for C.3 4, we split into two cases. When a € 3 + Z, the point (0, g, %) is a critical
point that lies on the boundary of C.34. By Proposmon 8.5, (2, 5) is not in the unitary
dual of corank 2, so the representations (0, g’, %) is not strongly unitary, which means that
(534 is not unitary®.
Now consider the case a € Z~3. In this case, the connected component C.3 4 contains no

points of good parity. Instead, we consider the point (2, , 1) which lies its boundary. The

representations
1 1 1
7Té,l,l) = |'|2AP[§7_§] X p||1 X p||1 X Tses
_ 1 1 1 11
WGJJ):’|2L@5A—§7—§L pl— 3 ﬂ)x;ﬂ\lxp|ﬁ>4w“,

are irreducible. Consider now the complementary series
1 1

T(—;:l»l) - ||wAP[§7_§] X p||1 X p||1 AN Tse,
_ . 1 1 11
7—(ac,l,l) = || (AP[_§7 _5]7Ap[ 2 2]) X p| |1 X p| |1 X Tse,

which is irreducible for 0 < x < % When x = 0, we can apply step (3-2) of Algorithm 8.1
again to conclude that 7 1y is non-unitarizable, since (1,1) does not lie in the unitary dual

of corank 2. Therefore it follows that 7i° is non-unitarizable, which means that Cssyq is
27 K
not unitary *. This proves the claim for o > 3. When a = 3, the number of connected

components and their descriptions are completely identical to the case o > 3. The critical
points for o = 3 also matches the description for the critical points for a > 3. The proof in
this case is exactly the same as above, so we omit it.

Now consider the case a = g In this case the list of possible bounded connected compo-
nents in RY,, ;. ., is as follows:

(C%J) y+Z < 17

3
(Cs ,) z+z<yg, y+z>1, z—y<1,

PR
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3
x+z<§, z—y>1,
T+ <3 :1:—|—z>3 z <1, =z :c<3
y 27 27 y ) 27
+ <3 + >3 > 1 <3
T - TH+z>-=, z- z—x < =
y 2’ 2’ y ) 27

<3 >3 <1
T+ = zZ—XT = Z —
Yy 27 2) Y )

3 3
x+y<§, z—x>§, z—y>1, z<a,
1

3 3
93<Oz—§, z <« :E—l—y>§, z—y <1, z—:v<§,

1 3
x<a—§, y < a, z—x<§, 2>, z2—y<lI,

1
:1:'>04—§, z < a,

1
$>04—§, y<a, z>a z—y<lI,

1 1 3
a—=-—<zr<a+-=-, z—r<-=-, z—y<l, y>aq,

2 2 2
3 3
z—y>1, z<a«a x+y>§, z—x<§,
> 1 < <3 > L
z — (0 zZ—X - x o — =
y 7y ) 27 2
>3 < + >3 <1 <3
Z—XT - z (0] x - Z — — X -
27 ) y 27 y Y y 27
3 3
z—x>§, y < a, y—x<§, z>a, z2—y<l,
>3 < L <3 <1 >
zZ—X — X o — = — X — zZ — (6%
27 2’ y 27 y Y y Y
>3 1< < +1 <3 <1
Z—x 5 a 5 T <« 5 Yy—x 5 zZ—y ,
3 3
z—x>§, z—y>1, z<a, x+y>§,
>3 <
— X — z «
y 27 Y

3
y—x>§, y<a, z>a, z—y<lL.

In this case, one can verify that C’gﬂ- - U?:1Lj/ for 1 = 1,3,5,7. By Proposition B.1, there

are 6 points that get mapped to not strongly unitary points in R, under ¢, which are

1 1 1
(oz+§,a—|—2,oz—|—3), (a—=,a+1,a+2), (a—a,a,a—kl),

2

3 3
(o —z,a,a+1), (a— =, a,a), (a—ﬁ,a—l,a).

2 2’
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The proof of non-unitarity for the other regions is identical to the case a > 3, which we
omit.

The next case to consider is o = 2. In this case, the list of possible bounded connected
components is as follows:

(C21) y—+2z <1,
3
(Ca2) x+z<§, z—y<l1l, y+z>1,
3
(Ca3) x+z<§, z—y>1,
3 3 3
(Ca4) x+y<§, x+z>§, z—y<l1, z—x<§,
3 3
(Cas) :1:—|—y<§, 2—y>1 z<a, $~|—z>§, -w <y,
3
(Cap) x+y<§, z>a, 2—y<l,
3
(Car) z—x>§, z—y>1, z<a,
1 3 3
(Cag) r<a—g, z<a x+y>§, z—y <1, i-w <y,
1 3
(Cap) x<a—§, y <a, z—x<§, z>a, z—y<l,
1
(02,10) :L'>C¥—§, z < «,
1
(Co11) x>0z—§, y<a, z>a, z—y<lI,
1 1 3
(C212) Oz—§<x<oz+§, z—y<l, y>a, z—x<§,
3
(Cy,13) z—y>1, z<a, Ty >3,
1 3
(02,14) $>Oz—§, y<ao, z—y>1, z—x<§,
3 3 3
(Ca.15) -r>g, 2<a, x+y>§, y-z <y,
3 3 3
(02,16) Z—$>§, y <o, x+y>§, z>a, z—y<l, y—:c<§,
1 3 3
(C217) m<a—§, z—m>§, y—x<§, z—y<l1l, y>a,
1 1 1 3
(C2.18) a—§<x<a+§, 2>, z—y <1, y-z<g,
3
(02,19) y—x>§, z < «,
3
(Ca,20) y—x>§, y<a, z>a z—y<l.

One can verify that Cy; C U?ZIL; for i = 1,3,5,7. Note that (Cy7) is exactly the same as
(8.6d) when ov = 2. By considering the critical points described in Proposition B.1 and using
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step (3-2) of Algorithm 8.1, we can prove the non-unitarity for all regions Cs;, except when
1=4.
For i = 4, we consider the point (%, 1,1), which lies on the boundary of (Cy4). When
a = 2, the point
1
L(§, 1,1)=(0,1,1,1) e RY,
is not strongly unitary, since it contains the representation

L(A,[-1,—-1], A -1, -1],A,[0, —1]; 7sc),

which is not of Arthur type and hence not unitarizable by Proposition 2.5. Suppose (C34)
is a unitary connected component in Ri’egﬁla’ +4» then ¢(Cy4) must be lie in the W-orbit of a
unitary connected component in R*. However, this is impossible since the point (0,1, 1,1)
lies on the boundary of (Cy4). Therefore (Cs4) is non-unitary. This proves the Proposition
for a = 2.

Two cases remain. Let us now consider the case o = 2. The list of possible bounded

5-
connected components in R? in this case is as follows:

reg,sla,++
(C%l) y+2<1,
3
(0372) x+z<§, z—y<l, y+z>1,
3
(0373) x+z<§, z—y>1,
3 3
(C%A) :U—l—y<§, z < a, :c+z>§, z—y <1,
3 3
(C%S) :13+y<§, z—a:<§, 2>a, z—y<l,
3
(C'%ﬁ) z—y>1 z<a, x+z>§,
3 3
(C%j) x+y<§, z—y>1, z—a:<§, Z >,
3 3
(0378) $+y<§, z—a:>§, z—y <1,
1 3
(C%Q) x<oz—§, 2z < a, Jc+y>§,
1 3 3
(03710) :c<04—§, y < a, x+y>§, z2>a, z—y<l1, z—:c<§,
1
(C'%’H) z>a-g, z<q,
1
(C%m) r>a-g5, y<a, z2>aq z—y <1,
1 1 3
(03713) a—§<x<a+§, z—a:<§, z—y<l1, y>a,
1 3
(C'%’M) r>a-g, y<a z—y>1, - < g,

3 3
(Cs 45) mr>o, y<a, ry> o, z—y<l,
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3 1 3

(03,16) z—x>§, :E<oz—§, y—x<§, z—y<l1, y>a,
3 1 1 3

(C%H) z—x>§, a—§<x<a+§, y—:c<§, z—y <1l

In this case, we have Cs ,
3,

€ U?ZIL; if and only if « = 1. From Proposition B.1, there are 3

points that get mapped to not strongly unitary points in Ri 4 under ¢:

1 1 1
(05 a+2,0+3), (a—5a+la+t2), (a—aa+l)

These points lie on the boundary of C’%,i for © = 10,12,13,...17. For ¢ = 3,6, O%,z‘
has nonempty intersection with the hyperplane x = 0. Applying unitary reduction, one can
conclude that (C's 5) and (C's ) are unitary®. Similarly one can also show that (Cs2)),(Cs 4),

(0378) are not unitary®. It remains to show that (C%A))’ (C’%j)), (C’%jg)) are not unitary™.
For (C% 1)) consider the point (0,2, 3) which lies on its boundary. We have that

’ 999
3 3 1133
[’(07 57 5) - <_§7 57 57 5)7

and
Hesrsp = Hassy
contains non-unitarizable subquotients by Proposition B.1 and 2.5. Therefore (C% 4) must
be non-unitary.
Similarly, for (C's 7)), consider the point (0
%, %, %) under . We have that

I

1 3

,5>5) which lies on its boundary and gets

mapped to (—%,
5 =1

111 1113
—3531%) 5151515))
which contains non-unitarizable subquotients by Proposition B.1 and 2.5. Therefore (C’% 7)
must be non-unitary.

Now consider the point (1, 2,2). This point lies on the boundary of (C%’g) but

3 3 1333
o5 =G99
contains non-unitarizable subquotients by Proposition B.1 and 2.5. Therefore (C’% o) is not
unitary®.

This proves the claim for o = 5. Now suppose a = 1. In this case, the list of possible
bounded connected components of RY,, ., ., is as follows:

N

(01,1) y+z<1,
1
(C1,2) JJ<O¢—§, z<a, y+z>1,
3

(Cy3) x+z<§, y<a, z>a, z—y<l,

3
(Ci.4) m+z<§, y > a,

3 1
(Ci5) rtz<g, z>a-g,
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3
(Ci6) x+z<§, z—y>1,
1 3 3
(Cy7) :c<oz—§, y < a, x+z>§, z—y <1, z—x<§,
3 3 3
(Cis) :B—l—y<§, .r~|—z>§, -w <y,
3 3
(01,9) x+y<§, z < «, x+z>§,
3 1
(01,10) x+y<§, x>a—§, z>a, z—y<l,
3 1 3
(Cia1) a:+y<§, z—y>1, :E>a—§, z—a:<§,
3
(Cri2) ima>gy<a zoy<l
3 3
(01713) £L'+y<§, Z—$>§, Z—y<1, Yy >,
3
(01,14) x+y>§, z < «,
3
(Cr15) y < a, x+y>§, z2>a, z—y<l,
1 1 3
(Cy.16) a—§<x<a+§, 2—y <1, y>a, 2w <y,
3 3
(01,17) y<a, z—y>1, x+y>§, z—x<§,
1 3 3 3
(01,18) fL’<Oé—§, Z—l’>§, l’+y>§, Z_y<]-7 ?/—I<§7
1 1 3 3
- —_ _ — _ 1 _ _
(Cy.19) Q 2<$<04+2, z x>2, z—y<l1, y £L‘<2,
3 1 3
(Ci,20) z—x>§, :E>oz+§, z—y <1, y—x<§.

By Proposition B.1, the following critical points are not strongly unitary:

—, a, Q).

1 1 1
(a+5,@4_27054_3)7(04_§7a+1,a—|—2),(a—5,04,044—1),(04— 2

One can easily verify that all the other regions contain at least one of the critical points
above in their boundaries except for the region (C ).
This region has nonempty 3-dimensional intersection with the hyperplane x = 0 inside

R3, qat4- Applying step (3-2) of Algorithm 8.1, we can conclude that the region is not

unitary *, since for example, the point (0, %) does not lie in the unitary dual of corank 2,
but (0,0, %) S (01,6)'
Now let o = % By Proposition B.1, the following points are not strongly unitary:

1 1 1 1
(a—i—5,04—1—1,a—|—1),(a+§,a+1,a+2),(a+§,a+1,a+2),(a+5,04—1—2,044—3).



UNITARY REPRESENTATIONS OF CORANK 4 121

Using these points, by the same method as before, we can eliminate all connected components
except for the following:

1
(Chy2,1) Z<§,
1
(01/272) Yy + 2z < 1, z > 5,
3 1
(Ciy2,3) THr<g, y<g zoy<l oy+z>l
3 1
C <=, y>=,
( 1/2,4) T+ z 5’ Y 2
3
(Ch/25) T+ z< 3 FTY> 1,
1 3
(01/276) y<§7 .T+Z>§, Z_Z/<1>
3 1 3
(01/2,7) x+y<§, z—y <1, y>§, z—az>§
1 3 3
(01/2,8) y<§, z—y>1, x+z>§, z—x<§,
3 3 1
(01/29) r+y<—-, z—y>1, z—x <=, y>—,
’ 2 2 2
3 3
(01/2,10) $~|—y<§, z—:v>§, z—y <1

Using step 3-2 of Algorithm 8.1 and Proposition 8.5, we can conclude that (C/;) is not
unitary * for i = 2,3,4,5,7,10.

For i = 6, 8,9, consider the point (0, %, %) which lies on its boundary of (C/2,). Under ¢,
this gets mapped to

Hepsid = Hassy
By Proposition B.1, this point is not strongly unitary, and thus (Ci/2,) are not unitary® for
i =6,8,9. One can easily prove that (C/5) is unitary by mapping it to the boundary of
(8.1i).

Finally, let a = 0. In this case, by Proposition B.1, the points

1 1 1 1
(Oé—|—Q,Oé—i-1,0(+1),(Oé+§705—|-1,05+2),(06+5,0&4—2,0{4—2),(064—5,014—2,04—'—3)

are not strongly unitary. Using these points, we can eliminate all connected components
other than

(Con) y+z<l1,
3
(Coz) THz<g 2my>1

By applying step 3-2 of Algorithm 8.1 and using Proposition 8.5, one can show that (Cj )
is not unitary® and (Cp;) is unitary®. This concludes the proof.
O
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3

Corollary 8.7. For a > 1, the unitary™ connected components of R 4 are exactly as

vreg,sla,+
follows:
1
(L1> .1'—|—Z<§,
1 1
(Ls) y+z<l1, :E+z>§, z—:p<§,
1
(Ls) y+z<1, 2-T >3
3
(Ly) x+z<§, z—y>1, (a>1)
1 3
(Ls) T <3, z—y>1 x4+z>—, Z-T< g, (a>1)
1 3 3
(Lg) x>§, :c—l—y<§, z—y>1 z2<a, (oz>§)
1 3 1 3
I - _ 2 _ - hd
(L7) 93<2, z 93>2, Y 93<2, z < a, (a>2)
3 3
(Ls) :E—I—y<§, y—x>~=, z—y>1 z<a, (oz>§)
3
(L) x+y<§, z—x>=, z<a, x>—, (a>2)
1 3 5)
(L10) r<=, y—x>=, z—y>1 z<a, (a>=)
2 2 2
1 3
(L1y) T>5, Yy-T>g, z—y>1, z<a (a>3).

Proof. The regions above are obtained by slicing up the regions (8.6a) to (8.6e) using the

reducibility hyperplanes inside Rgregﬁla’ ++- The result follows directly from Proposition 8.6.
O

8.4. Unitarizability for the irregular components - level hyperplanes. In this sub-
section we will perform the inductive process described in step (3-3) of Algorithm 8.1. In
particular, we will consider reducibility hyperplanes which are contained in the W-orbit of
H,,, where

Hyew ={z €R*: 24 = a}.

We call these the set of level hyperplanes. Similar to the slanted hyperplanes case, for any

z € Hey, we can decompose Il , . ) in the Grothendieck group as T(J; ) T Ta.z) where
T(Jgrc,y,z) = A=z, =] X Ap[—y, —y] X Ap[—z, —2] X T (7sc),
Tays) = A=z, —x] X A=y, —y] X A [—z,—z] x L(A,|—a, —al; 7s),
when « # 0, and
Té,%z) = A [z, —x] X A [—y, —y] x A [—z,—2] x T&Q(ﬂ'sc)
when o = 0.
Similar to before, define R§eg,1ev to be the complement of the singular affine hyperplanes

other than Hy,. In other words, if we identify (z,y, z) with (z1, x2, x3), it is the complement
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of the hyperplanes
itz =€ v, =%(a+e), e==x1, i=1,2,3, i<j.

3
reg,lev

We say that a point (z,y,2) € R is unitary™* (resp., unitary ~) if 7T(_;y7z) (resp., T w2)

is unitarizable). We say that a point (z,y,2) € R}, is unitary™ if it is both unitary™
and unitary~. We say that a connected component is unitary®™ (resp., unitary~, unitary®)
if every point in it is unitary® (resp., unitary~, unitary®). Then, ’7'(—; gz and T are
veglev- Lherefore, for all (z,y,2) € R}, ., i(v,y,2)

is strongly unitary (resp., strongly non-unitary) if and only if both T(;yz)

irreducible precisely when (z,y,z) € R

and T are

)
7y72
unitarizable (resp., non-unitarizable).

Let R? —R:NRS, .., R?

reg,lev,+ reg,lev’ “reg lev,++
the unitary® connected components of R

=R3_ NRZ, ... The following proposition describes

reg,lev
3

reg,lev,++-

Proposition 8.8. The unitary™ connected components of R?,, ., . are as follows:

(8.4) (@>3) y—x>1, z—y>1, z<a-—1,
(8.5) (a>2) z4+y<l, z—y>1, z<a-—1,
(8.6) (a>1) y+2z<1, z<a-—1,
3

(8.7) (a>§) r+y<l, z4+z2>1, z—z<1, z<a-1,

1 1
(8.8) (a—§) <3
(8.9) (a=2) z+y<l1l, z—x<1, z>a-1,

3

(8.10) (a:§) y+z<1, z>a—1.
(8.11) (a=0) y+2<1

Proof. The connected components (8.6), (8.8), (8.11) are precisely the connected components

that contain the origin, in the cases a > 1, = %, a = 0 respectively, so they are unitary™.

Now let us assume o > % Define the representations
J+ = T[Ojl(ﬂ-sc)a
o~ =LA, [—a,—a]; 7).

Consider the complementary series

T, = A [—2,—z] x 0%,
which is irreducible and unitary for 0 < z < o — 1. First let us look at the complementary
series
A=z, —x] x Aylz, x] X 7,

for 1 < 2z <min(3,a —1) and |1 — z| < z < 1. This gives us an irreducible unitarizable

representation I, .y = Il ;). Since (8.7) is the connected component of

1 1 3
{(z,z,2): |1 —z|<x < 3 3 <z<min(§,o¢—1)}.

It must be unitary®.
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Now assume o > 2. Fix 1 < z < a — 1. Clearly the representation p x p x 7, is irreducible
and unitary. It follows that (0,0, 2) is unitary®. Since (8.5) is the connected component of
(0,0,2) for 1 < z < a — 1, it must be unitary *.

Now assume a > 3. First fix 2 < z < a — 1. Construct the complementary series

Ap[_ya _y] X Ty,
for 0 <y < z—1, which is irreducible and unitarizable. Now fix 1 < y < z—1 and construct
the complementary series
A=z, —z] X A =y, —y] x 7,
which is irreducible and unitarizable for 0 < x < y — 1. Since (8.4) is the connected
component containing such (z,y, z), we may conclude that it is unitary®.
Let a =2 Fixl<z< % Then the complementary series 7, is irreducible and unitary.
Now pick z —1 <z < % Then the complementary series
pl* X pl-[* %,
is irreducible and unitarizable. Since such (z,x,z) is contained in (8.9), the connected
component must be unitary™.
Let v = 2. By applying step (3-2) of Algorithm 8.1 and using Proposition 8.5, one sees
that (8.10) is unitary®. This proves that all connected components listed in the proposition
are unitary®.

The proof that these are the only unitary®™ components is similar to Proposition 8.6, which
we omit. U

8.5. Final list of open unitary connected components. In the previous two subsec-
tions, we've completed Step 3 of Algorithm 8.1, which means we are now ready to prove the
list of unitary connected components in Proposition 8.3 is in fact the full list of connected
unitary components. First, let us recall Tadic’s result on the unitary dual of corank 3:

Proposition 8.9. [Tad23, Proposition 8.3] The following connected components of Rf’,eg’++
are unitary.

Fora>1:
(8.12a) To + w3 < 1,
(8.12Dh) Ty +ae <1, Jx3—ax9>1, Jx3<ca, (a>1)
(8.12¢) T +we <1, ,mp+a3>1, z3—x1 <1, ,13<a
(8.12d) To—x1>1, jx3—19>1, z3<a (a>2).

(The constraint 3 < a in (8.12¢) is redundant unless a = 1.)

Foroz:%:

(8.13) T3 < 3.

Consequently, any x € R in the closure of the above regions (i.e., changing strict in-
equalities to non-strict ones) is strongly unitary.

By [Tad23, Proposition 8.12], this list is exhaustive. Now we are ready to prove the same
for our list in corank 4.

Proposition 8.10. The unitary open connected components of R%H are exactly those listed
in Proposition 8.3. In particular, there are no unitary connected components for a = 0.



UNITARY REPRESENTATIONS OF CORANK 4 125

Proof. Let C be a unitary connected component of ]Rfeg’ 44 Let € be the unitary connected
component of R% , containing ¢. C' and ¢ must be bounded, and their boundary must be
contained in the union of all reducibility hyperplanes. In other words, any three dimensional
volume in the boundary of % must be contained in a W-translate of H., or Hg,, since all
slanted /level hyperplanes are in the same W-orbit of Hg,/Hey.

Consider the case a = 0. If the boundary of € is contained entirely in the union of level
hyperplanes, then ¢ cannot be bounded. Therefore there exists some unitary® 3-dimensional
volume in the boundary of ¥ contained in a slanted hyperplane. By Proposition 8.6, the
boundary must lie inside W-orbit of the component

To—x1 =1, x3+24 <1.

We take the unique w € W such that the image of the above component under w has

nonempty intersection with R} ,, which is

w: (xlv T2, X3, $4) - (2737 Ty, —T1, x?) = <y17 Y2, Y3, 94)7
under which the transformed boundary becomes the region
ity <l, ys+y=1

The two connected components in R* sharing this boundary are (8.1j) and some unbounded
region. This proves that when a = 0, the only unitary connected component in R? | is (8.1j).

For all o > 0, using Proposition 8.6 and 8.8, we can conclude that
€ cCcl{reR vl <a,i=1,234}

reg *
and
CcAx ERfeg’++ txy < af,

by passing them to the boundary. For o = 1. we can conclude that C is exactly the

component given in Proposition 8.3. ’

For the rest of the proof we consider the case @ > 1. Now suppose some 3-dimensional
volume on the boundary of % lies in a level hyperplane. Up to W-translation, we may
assume this to be Hy,. It suffices to consider the unitary* components of R} ev it
By Proposition 8.8, there are 6 possible unitary™ components in this case. Let us first

consider the case a > 2. The first possibility is the region

y—xz>1, z—y>1, z<a-—1,
for &« > 3. Ome can easily show that this is contained in the closure of the region (8.1d), by
considering the affine isomorphism (x1, zo, x3) — (21, 2, T3, @). Moreover, (8.1d) is the only
connected component that contains (8.4) and is contained in the region {z € R}, : 24 < o}
Thus we can conclude that C is (8.1d). Similarly, the region (8.5) described by

r+y<l, z—y>1, z<a-—1,

for a > 2, is contained in the closure of (8.1e). By the same reasoning, we may conclude
that C is (8.1e).
Now let’s look at the region (8.6), described by

y+z<1, z<a-—1,

for @« > 1. For a > 1, this is contained in the closure of (8.1b).
Lastly, we consider the region (8.7), described by

r+y<l, z4+2z2>1, z—z<1, z<a—1,
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for @ > 3. This is contained in the closure of the connected component (8.1f). By the same
reasoning as above, we can conclude that C' can only be the connected component (8.1f).

When a = 2, (8.9) is contained entirely in the boundary of (8.1g). When o = 2, (8.10) is
contained entirely in the boundary of (8.1a). In both cases, we can conclude that they are
the only possibilities for C.

It remains to consider the case where the boundary of C' is contained entirely in slanted
hyperplanes. Take H to be a slanted hyperplane that contains a 3-dimensional volume in
the boundary of C. Fix we € W such that we(H) = Hyg,. It follows that we(9(C)) € Hya
and

wed(C) = d(we(C)) D v(w;Ly),
for some 1 < i < 11 and w; € W. This implies that

It suffices now to show the following: For all 1 < ¢ < 11, for all w; € W such that
t(w; L;) N Ri + is nonempty, out of the two connected components in ]Ri 4 which share the
common boundary that contains ¢(w;L;) N R} |, one is unitary if and only if it is listed in
Proposition 8.3. In fact, by definition of R? ,, one can show that such w; is unique.

We begin with the case a > 1. For the component (L), the only possible w; € W such
that

L(wlLl) ﬂRi_,_ 7£ @,
is the map
wy (561,1752,353,334) — (353,554, —551,1132) = (y17y27y37y4)-

Under this map, the resulting boundary can be described by

1
Yz +ys =1, Ogé_y3§y1§92'

Clearly this is the subset of the boundary of the connected component (8.1a). Denote the
only other connected component in R% . sharing this boundary by C, o Then C, 4y can
be described by

To+ x4 <1, a3+ 24> 1.

This connected component has 4-dimensional intersection with the hyperplanes 1 = 0 and
xo = 0. Applying step (3-2) of Algorithm 8.1 twice, one can conclude that C,,,, is non-
unitary, since, for example (0, 0, %, %) is contained in Cj opp, but (%, %) is not contained in the
unitary dual of corank 2.

The only possible ws is

wy : (1, Ta, T3, Tg) > (T1, T3, T4, T2) = (Y1, Y2, Y3, Ya)-
In this case, the transformed region in Ri + can be described by
1
Yotys<l, ya—yi =1, ys—u1 <1, 0§y1+§§y2§y3-

This region has empty intersection with Ri 4, SO we may ignore it.
For : = 3, we must have:

ws : (11, T2, 73, 74) > (T3, —T1, T2, T4) = (Y1, Y2, Y3, Ya)-
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Then the transformed region in R% . is

1
y2t+ys=1, y1 +ys <1, w+m>1,0§m—§§m§yy

There are two possible connected components with this boundary. Call them C5; and Cj o,
defined by
Cspiyptys <1, yit+wya<l, ypt+uyu>1,
Cip:iyptys>1, y1+ys <L
(5, is the same as (8.1g), which is unitary. C5 has nontrivial 3-dimensional intersection
with the hyperplane y; = 0. The intersection can be described by
Yatys>1, ya <l

One can easily verify that this region is not contained in any of the connected components
listed in Proposition 8.9, so (5 is non-unitary by step (3-2) of Algorithm 8.1.
Now let o > 1. For ¢ = 4, the only possible w, is
wy 1 (21,2, T3, T4) = (T3, =1, T2, T4) = (Y1, Y2, Y3, Ya)-

The transformed region in Ri , is now

Yot+ys=1, -y <1, ya—pr1>1 Ogyg—%§y1§y4.
This is contained in the boundary of (8.1b). The other possible component containing this
region in its boundary is

13 <1, xpg—x1>1, zp—20<1, 20+2a3>1, 24 <au
Using step (3-2) of Algorithm 8.1 and Proposition 8.9, this connected component is non-

unitary.
For ¢+ = 5, the only possibility is

Ws - ($1,$2,$37l’4) = ($3; —$171’2,I4) = (y17y27y3ay4)‘

The transformed region in ]Rfl|r 4 I8

yot+ys=1, y3s—y2 <1, yu—y2>1, ys—ys <L
This is contained in the boundary of (8.1g). The other possible component can be described
by

To+x3>1, 23— <1, T4p—a0>1, 24 —123<1.
By applying step (3-2) of Algorithm 8.1, one can conclude that this connected component is
non-unitary.

Now consider o > % We must have
we : (21, T2, T3, Ta) — (21,23, Lo, Ta) = (Y1, Y2, Y3, Ya)-

The transformed region in Ri L8

1
=L ntp<l m-p>1l <o 0sy—g <y Sy
This is contained in the boundary of (8.1f). The other possible component can be described
by
T1+axo <1, x3—x21>1, 24 —29>1, 23—22<1, 24 <au.

This is non-unitary by step (3-2) of Algorithm 8.1 and Proposition 8.9.
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For i« = 7, we have

wry : (131,932,353,534) — (—33175537%2,934) = (yl,yz,y:s,yzx)-

The transformed region in R% , is

1
htys=1 yu—ys>1, p+y<l1 y4<a,0§y3—§§y2§y4.
This is contained in the boundary of (8.1f). The other component containing with boundary
containing the above region is
T1+a3 <1, xpg—x3>1, zo+a3>1, 24 <0
which is non-unitary by the same reasoning as before.
For : = 8, we have
ws © (71, Ty, T3, T4) = (—T1, T2, T3, 74) = (Y1, Y2, Y3, Ya)-

The transformed region in Ri L8

1
yity=1, y3s—un<l, yitys>1, wu—ys3>1 yu<a, 0§y2—§§y3§y4-

This is contained in the boundary of (8.1f). The other component with boundary containing
the above region is

T1+xo>1, x3—x21 <1, z14+23>1, 24—23>1, 24 <au

When a € Z, then (0,1,1,2) is a point of good parity contained in the boundary of the
connected component above. By Proposition 6.18, this point contains subquotients that are
not of Arthur type and hence it is not strongly unitary by Proposition 2.5. When a € % + 7,
then (%, %, %, %) is a point of good parity in the boundary of the above component. It also
contains subquotients that are not of Arthur type by Proposition 6.18. Thus,in both cases,
we can conclude that the above component is non-unitary.

Now we move onto the case a > 2. For i = 9, we have

Wy - (91717352,553,954) — (33'1,91737352,334) = <y17y27y3ay4)'

The transformed region in Ri L s

1
3= =1, yi+yp<l, yu—ys>1, y1+ys>1, ys<a, 0§y3—§§yz§y4-

This is contained in the boundary of (8.1f). The other component with boundary containing
the above region is

T+ <1, z3—21>1, T3—22<1 x4 —29>1, x4 —23<1, 24 <qu

Using step (3-2) of Algorithm 8.1 and Proposition 8.9, we can conclude that the above
component is non-unitary.
Now let o > g For + = 10, we have

wig : (T1, T, T3, 4) > (—X1, T2, T3, T4) = (Y1, Y2, Y3, Ya)-

The transformed region in R% , is

1
yitye=1, -y <1, y3—y2>1, ya—y3>1, 0§y2—§§y3§y4.
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This is contained in the boundary of (8.1e). The other component with boundary containing
the above region is

Ty—2T3>1, 1 +a2>1, x3—21 <1, 24 <au

Using the same method as the case : = 8, we can prove show that the above component is
non-unitary.
Finally, let o > 3. For ¢ = 11, we have

Wi - (xl,x2,$37x4) — (I17x2,x3,$4>.

In this case, the transformed region in R’ | is

To—x1=1, Z1+x2>1, 23—29>1, 24 —23>1, 24 <0, 0§m2—§§x3§x4.

This is contained in the boundary of (8.1d)). The other component with boundary containing
the above region is

T1+axo>1, xo—21 <1, 23—29>1, 24 —23>1, 24 <a.

When « € Z, the point (1,1,2,3) is a point of good parity contained in the boundary of
the above component. By Proposition 6.18, the point contains subquotients that are not
of Arthur type and hence, by Proposition 2.5, it is not strongly unitary. Similarly, when
a € % + Z, the point (%, %, g, %) is a point of good parity contained in the boundary. It
contains subquotients that are not of Arthur type and hence is not strongly unitary. In
both cases, we can conclude that the above component is non-unitary. This concludes the

proof. O

Remark 8.11. It is clear from our proof that any 3-parameter complementary series within
the corank 4 unitary dual is contained in the boundary of some unitary open connected
component in R*. We expect this to hold for any arbitrary corank n, i.e. within the unitary
dual of corank n, any n — 1-dimensional complementary series should be fully contained in
the boundary of some unitary open connected component in R™.

9. ONE-PARAMETER COMPLEMENTARY SERIES

The proof of exhaustion above gives all unitarizable representations of corank 4 which
appear as part of a 4 or 3-dimensional complementary series. To construct the full unitary
dual, we will also need to include unitarizable representations of corank 4 that appear as part
of a complementary series with one or two parameters, as described in step 2 of Algorithm
8.1. In this section, we will classify all one-parameter complementary series that contains a
continuous family of irreducible, unitarizable representations of corank 4.

9.1. One-parameter complementary series induced from unitarizable represen-
tations. We begin by listing representations inside a one-parameter complementary series,
which emanate from a critical type, unitarizable, irreducible representation of corank 3. Us-
ing Tadic’s results in [Tad23], we have an exhaustive list of such representations. From now
on, we say that an induced representation is unitary if all of its irreducible subquotients are
unitary. Our results can be summarized as follows:

Proposition 9.1. In Table 9.1, we list all possible one parameter complementary series of
the form
Mo = tp(a, b)|-[* x4,
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where ma € 114 g, ts a unitarizable, irreducible representation of the mazximal Levi subgroup,
which is of critical type. For each pair of such representation and its dual (denoted by'), we
list all its complementary series 7, for x > 0 and all its reducibility points. When irreducible,
T, T > 0 is unitarizable up to the first nonzero reducibility point. When reducibility occurs
at 0, there is no complementary series.

Proof. The statement is clear when there is only one reducibility point for m,. When there
are 2 or 3 reducibility points, then it suffices to show that m,, contains a non-unitarizable
subquotient, when g is the second nonzero reducibility point. When there are 4 reducibil-
ity points, then it suffices to show that 7, contains a non-unitarizable subquotient at the
second and third nonzero reducibility point, or the second and fourth nonzero reducibility
point. All the relevant information is given in Table 2, where the particular non-unitarizable
subquotient is denoted by 7. By Aubert-Zelevinsky duality, we only need to consider one
complementary series for each pair. This proves the statement for all cases except for when
N° = 21.

When N° = 21, all irreducible subquotients are unitarizable at both the first and second
reducibility point. In this case, when % <z < %, the one-parameter complementary series
falls within a non-unitary connected component of the two-parameter complementary series

1
LI X A1 5 LA =5, ~ 5], T (m)
with y = % This is proved in Proposition 10.5. This proves the claim for N° = 21.

The fact that the list is exhaustive follows from [Tad23]. It suffices now to show that the
unitarizable representations we provide in Table 2 are indeed non-unitarizable subquotients
of the fully induced representation in Table 9.1. By exploiting Aubert duality and Remark
9.2, it suffices to show this when N° = 30.

When N° = 30, it suffices to consider the case o > % In this case, we need to find a
non-unitarizable subquotient of

I, = L(A,[0, —1], AL, 0)]|* X 7se = L(A, [, |oo — 1]], Ayl + 1, @) X 7.
First, note that
) pPle (M) = A Ja+1,0] X T,

pllo gl fla=1]
where k; is the highest order derivative of I, with respect to p|-|*. In particular, we have
ko = k(ja—1)) = 1. The above fully induced representation has a subquotient

LA [—a+ 1, —a+ 1]; 17 (7)),
which is of Arthur type and unitarizable. Further more, we have

S ST (LA [~ + 1, —a + 1] Tf (1)) = LA [—a, —a = 1], A, [—|a — 1], —al; 7).

pl 1%l a1l

This implies that L(A,[—a, —a—1], A, [—|a—1|, —a]; 7,) is a subquotient of 11, as desired.
It is non-unitarizable since it is not of Arthur type.
O
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TABLE 1. Reducibility data for one parameter complementary series induced

from unitarizable representation

N°| 7y Reducibility points Cases
L | pl- [ T2 (TP (T (se))) a—1,a+3 a> 3
U pl|* ¥ LA [—a =2, —a = 2], A [—a = 1, —a = 1], A y[—a, —al; 1) | —1,a+3 o>
2. pH"ENL(A [—a—1,—a—1],A)[—a+1,—al;ms) la — 2|, 0,0 + 2 a>1
2| pl o TP T (T (mse)) o — 2|, a,a + 2 a>1
3. pl* % L(Ap[—a+ 1, —a + 1 TP HTH (7sc))) o — 2|, + 2 a>1
3. pl " ¥ L(A)—a—1,—a—1],A,[—a,—a], Aj[—a+ 1, —a+1];7.) ||a—2],a,a+2 a>1
4| pl " = T7T Z(T}X11(T10f1(7r80))) o = 3|, + 1 o> 2
4 p|.\w><L(’A,,[ a+2,—a; Tse) lo—3,a+1 a>2
5.0 p* >4L(Ap[—a+2,—a+2];T1°‘1_1(Tfj1(7r50))) o —3|,a—1,a+1 a>2
5.0 pl % LA [—a + 1, —a], Ay[—a + 2, —a + 2J; 7se) la—3l,a—1,a+1 a>2
6.| pl-[* ¥ L(Ap[—a+ 1, —a+ 1], Ap[—a + 2, —a + 2; T} (7sc)) la = 3l,a—1,a,a+1 a>2
6. p||* ¥ L(A,[—a, —a]; Apl—a + 2, —a + 1]; my) la —=3l,a— 1,0, + 1 a>2
7. pl-|* X L(A,[— a+2,—a+1] 17 (mse)) la —3,a,a+1 a>2
7. plF LA —a, —a],A)l—a+1,—a+ 1], A [—a+ 2, —a+2];1) | |a—3],a,a+1 a>2
8.1 p|-|* x L(A,[—2, =2], Ap[—1, =1]; Trv3(msc)) 0,1,3 a=1
8| " 3 Ty (T7 1 (T} 1 (mse))) 0,1,3 a=1
9.1 p|-|* x L(A,[—2,—2], Ap[0, —1]; 7s.) 0,1,3 a=1
9| Pl 2 Ty o (T71 (17, (sc)) 0,1,3 o=

10.| p|-|" x L(A,[~1,—1], A, [0, —1]; 7sc) 0,2 a=1
107 pl-[* > L(A,[0, *1];T11,1(7Tsc)) 0,2 o=

1L plf7 0 L(8 (-1, =1], Ay (=1, ~1]; Trvzs(mac)) 0,1,2 a=

10) |7 50 Ty (Tyva(mse) 0,1,2 a=

12 pl-[* 0 L(Ap[=1, =1]; Ty (T} 1 (7o) 0,2 a=

127 pl-|* x TIH2( v,3(Tse)) 0,2 a=1
13.| pl-|” 2 L(Ap[=1, —1J; T (T (msc))) 01,2 o=

14. sz ( [ 17 ] TIV,S(T‘-SC)) 0,1,2 a =

14’ p|-|* x T;4(TI (7s¢)) 0,1,2 a=

15.] p|-|* % L(AL[0, —1]; Trv.3(sc)) 0,1,2 a=1
157 p|-|* > TV4(TI (Wsc)) 0,1,2 a=1
16. p|-|* = ( [ 7]aA,D[_%a_%]7Ap[_%7_%]§7rsc) %,%,% (e %
167 p|-* > T121(THB( Tse)) 33,3 a=j
17. pHx A L(A [ 2}77750)1 % «Q %
17l 0 LA~ TA ) : a=1}
18. p||x A L(sAp[:%’_%]aAp[_%’ _%]»T[ 1(7Tsc)) %v% Q= %
18" p|-[* x T[2,1(T]272(7r80)) ; . %7% = %
19, 1% % L8, b~ 4 T (T () L o=}
19°. p||1: A L(Ap[_%7_%];TIQQ(7TSC)) %a %7% o = %

T

20.| p|-|* T[2,3(7Tsc) %,% a = %
0" plt* 1 L0~ 38,34 Ayl Yoo ol
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N°| 7, Reducibility points Cases
T

21| P17 ¢ Lol =3, y0 3 4 T ) 13 a=1
217 p|-|* L(Ap[_%, _%] TII 5(7sc)) %7% o= %
22.| p|-|” L(A,,[—%,—%],TIQ(WSC)) 3 a=1
23] pl-[* % L(A,[=2, 2], Ap[—1, =1]; Ty (7sc)) 0,1,3 a=0
23| p|-|* x lel(TIl,l(TV2(7TSC))) 0,1,3 a=0
24,1 pl-[* 0 L(Ap[=2, =2], Ap[ =1, =1]; Ty 5 (7sc)) 0,1,3 a=0
247 p|-|* T}l(T}l(T%(wsc))) N 0,1,3 a=0
25.| p|-|" LS: pl=1, =11, Ap[=1, =1]; Ty 5 (msc)) 0,2 a=0
2570 pl-|" 3 Tr( VQ(T(‘S ) . 0,2 a=0
26.| p[-|" x L(A [ -1, A [ ,—1]; Tlll(TVQ(Trsc))) 0,2 a=0
27.| p|-|* x L(Ap[—1, =1}; T, 74(7750)) 0,1,2 a=0
27| pl-|* >4T}1( V4(wsc)) 0,1,2 a=0
28.| p|[* x L(A,[0, —1]; Tyy(msc)) 0,1,2 a=0
29.| p|-|* T&G(wsc) 0,1 a=0
30.| L(A,[0, =1], Ap[1,0])|-[* x s la —1],a,a+1 all
31. Ap[l,—1]|-|x>4T11(7rsc) o =2, + 1,0 + 2 a#0
317 L(Ap[—l, 1], A [ 0], Ap[L, 1])[-]* % L(A |-, —a; ) la =20, + 1,00+ 2 a#0
32.| A[1, ]||””>4L(A [—a ,—a] Tsc) la —2|, |la—1],0, a0 + 2 a#0
52 L(A (-1 —1 40,01 &, LU} 0 77, () a-2la-1a,a+2 |a£0
33.| AL, —1]]-|* % TV72(7TSC) 0,1,2 a=0
33" L(A,[—1,—1], A,[0,0], A1, 1])]-|* T;FQ(WSC) 0,1,2 a=0
34 8,10, ~1IT % L(&yl—a — 1, —a— 1], A [, —ali 7o) o-Zla-Lat]  |a=}
0] L(8,1-4, ~3) A, 5 A7 0 T (T () a—ia-ta+s |a>]
35. Ap[%,—éwaTaJr (T7 (7se)) la—3la-—%a+3a+3a>1
357, L(Ap[—%,—%] A [2,2])\ [* X L(A)[—a—1,—a — 1], Aj[—a, —a; Tsc) \a—é’],a é a—i—%,a—i-% azé
36.] A3, ?]||x1>4L(A1[10¢+1 allwsc) \afg],oz ga+?,a+gazg
367, L(Alp[_? _5] Ap[le 2])HI s T1,1 (Tﬁ1(ﬂsc)) ‘a - g’va ? o+ gaa‘i‘ 5| = g
37,1 Aplg, =3l |I>4Tfaf (Tlal(ﬂ-sc)) la—5l,a+3z,a+3 a =g
571 L8[, —1) Ayl 3D 5 LS [0 1 —alsm) a-flathati Jax1
38 Agld. ~3117 0 LA [—a+ 1, —a + 177, () o-3la-Sat+latda>?
59| (A1~ 31,8, 1 D7 L(Agl=a + 1,-a+ 1), Apl-a, ~af ) Ja— o~ a+ Lot da> ]
39.] A5, — %]||x>4L(A[ a+1,—a+1],A[—a, —al; mse) \a—g],a ?a—l—?,ow—gazg
89" L(Ap[=5, —5) Aplz, sD " X L(Ap[—a +1, —a + 1]; T} (7)) la—3la—gat+3,a+35a=>3
0.1 Apf3, - %H ¥ % L(A1 [1 —1]; Tiv:%(Tlrsc)) %%é a=1
40 L(Ap[_i, - ] [§ 5])| " TVQ(TIJ(T‘-SC)) PR R a=1
41. Ap[%a %” |x el T+2(T[11(7Tsc)) %7 %,% a=1
41’ L(AP[_%>_ ] [% %]” |a: . L( [ 1];TIV,3(7TSC)) %7%?% a=1
42. Ap[%7 ?” |1E1>4 L(A [0 1] 71-SC) 1 ?727? a=1
427, L(Alp[_?—ﬂ Ap[Qa 2])| " % Ty o (T 4 (7se)) 27202 a=1
43. Ap[?‘%”'ﬁxT\;Q(Tn(ﬂsc)) ?é»% a=1
43’ L(Alﬂ[_?a_zLA olg: 2])\ | . L(A, [1 11];7Tsc) 21979 o 11
4] Dy =3l 17 LA [=5, = 3] Apl=5, — 3] mse) 0,1,2 a=3
447 L(A [ 5, =31, Ap[3, 3D % TEo(mse) 0,1,2 a=1




UNITARY REPRESENTATIONS OF CORANK 4 133

N°| 7, Reducibility points Cases
45. Aplg, —5]1* % TPy (mse) 1,2 a=3
5] L8[~ 1,~21, Apl3, ADH7 % LA -3, ~3) Mgl b —Hima) | 1,2 a=1
16{ Ayl ~ 47 % L&pl= 4~ 45 T, (7o) 12 o=}
46" L(Ap[~3,—3); Ap[% SRR TI§II,2(7TSC) 1,2 a=3
470 Aplg, =517 = TIHQ( c) . 1,2 a=j
AT L(Ap[—5. =5, Apl3, gD % T (msc)) 2 a=3
48,1 AL, —L][-[* % L(A,[0, —1]; 7se) 31535 a=0
] L(81 3, A DL 5 (0, 1) Lis o =0
. Plm2 T 2h Bl ) ¢ y Tsc 772
49. Ap[%,—?n |x1>4 L(A1 [1 1, =1]; T 5 (7se)) 272 a=0
49’ L Alp[_?’ 2]?Aﬁi[§ 5])| | Tlll(T\fg(Trsc)) ?7%)% a=0
50.| Ap[3; —?” |gﬁ1 X T1,11(71\:/Fz(7fsc)) L 293 a=0
50" L(Ap[—3, =53], Apl3, sDI|" X L(A[—1, —1]; Ty 5 (msc)) 21913 a=0

Remark 9.2. In general, when computing subquotients of a fully induced representation of
the form

up(a, b)[-[* X 7,
where w4 € 114 4y and x is a reducibility point of the parabolic induction, the difficulty arises
when there are more than 1 Steinberg segment in the L-data of u,(a,b). When there is exactly
1 segment, the induced representation is of the form

Ap[l‘layl]|'|aC N Ty, = Ap['xl + x, Y1 + x] N Ty,
= p|- " x X p| [T X,
= pl-[" x| [P

All subquotients of the induced representation above have a fized supercuspidal support. By
induction, one can compute all subquotients of the above representation if one can compute all
subquotients of p|-|* xm, for a given point 2’. This can be done using the process illustrated in
Sections 3 to 7, and identifying those representations with the given supercuspidal support.
After that, by Theorem 2.5, one can easily verify if a given subquotient is unitarizable by
verifying if it is of Arthur type.

When there are more than 1 segments which are linked, however, this method is insufficient
as the supercuspidal support of the possible subquotients may not be unique. Such cases must
be dealt with individually.

TABLE 2. Non-unitarizable irreducible subquotients at the reducibility point
Zo

Nl o Cases

LA, Ca—3,—a— 3, T (057 (T (7)) a+3a>]
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N« x Cases
36| L(A[—a—1,—a— 1], A [—a+1,—a]; T7 (7)) a+ia>3
37 LA, = —a — 15 T (17 (7)) ot a3
B8 L(A [~ +2,—a+ 1],A, —a+ 1, —a+ 1]; T (7)) a—3a>2
38| L(A,[—a+1,—a+ 1], Ap[ o, —a — 1], T (7sc)) a+ia>3
39 ) L(A[—a+ 1, —a+1],A—a+1,—a],A,[—a, —a]; Ts) a—3a>3
39| L(A,[—a+ 1, —a+ 1], A [—a, —a], A —a, —a — 1]; 74.) a+ia>3
40 L(A,[—1, —1], A [—1, =2]; Tiv3(mse)) 3 a=1
AL L(A[=1, =20 175 (T4 (msc))) 5 |a=1
42 L(A,[0, —1], A [—1, —2]; 7sc) 3 a=1
43 L(A,[-1, 2]’T‘;2(T11<7Tsc))) % a=1
4. L(Ap[_%’ %]’Af[ 7_5]7Ap[_%’ _%] 756) 2 a = %
45. L(Ap[_%’ g],sz(?Tsc)) ) 2 o= %
46. L(Ap[_%u %];Af[ 29 —3];T1§,1(7Tsc)) 2 « :%
47) LA -3, ~ 3] Ty () 2 |a=}
48 L(A [0, —1], A [—1, —2]; 7sc) 3 a=0
19] L(A,[-1,~1], Ay [~1, 2} Tiy(m.) 2 la=0
50 L(A,[—1, =2]; T} (T 5 (7sc))) 2 la=0

Proposition 9.1 and the two tables above summarize all possible unitarizable one-parameter
complementary series emanated from a unitarizable representation. To finish up our classi-
fication of one-parameter complementary series, we now consider all other families that are
not of the form w,(a,b)|-|* x w4, where m4 € Il4 4,. To begin, we consider all other families
induced from a supercuspidal representation.

Proposition 9.3. For all x € R, let

M0 = LIA[0,0], Ay[3, D" x 7o

2,0 = L(Ap[la O]v Ap[?’? 2])||x N Tse,

T30 = L(Ap[2,0], Ap[3, 3])[* % Tge.
Then for i =1,2,3, m, is reducible if and only if x € {£(a — 3), £(a — 2), £(a — 1), £a}.
When m; , is wrreducible, m; , ts unitarizable iof and only if —a < x < o — 3.

Proof. First let © = 1. The reducibility statement follows from Theorem 2.18. By Proposition
B.1, for o > 2, the representation L(A,[—a+ 1, —a —1],A,[—a + 2, —a + 2]; ms.) is a non-
unitarizable subquotient of 7 ,_o and

L(A,[—«,
is a non-unitarizable subquotient of m ,_1.

This proves that there is no complementary series when x > a — 3. By Proposition A.1
and B.1, all subquotients of Iljq_3q—2,a—1,o are of Arthur type and hence unitarizable for

—Q — 2]7Aﬂ[_a + ]-7 —a+ 1];7Tsc)
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a > 2. Similarly, one can show that all subquotients of II, ;1 ;12 ,+3 are unitarizable, when
r=—a,—(a—1),—(a —2),—(a — 3). This proves the statement for o > 2.

For a = 2, reducibility occurs at 0 so there is no unitary complementary series for x > 0.
When z < 0, the region —2 < x < —1 is unitarizable since when z = —1, all subquotients of
II_1,0,1,2) = I(01,1,2) are unitarizable by Proposition B.1.

For oo = 0, 1, reducibility occurs at 0 so there is no complementary series beyond 0. When
a=1,

L(AP[_L _1]7 AP[O, _2]; 7Tsc)
is a non-unitarizable subquotient of m; _;. When o = 0,

L(Ap[_g) _3]7 Ap[()) _2]7 7Tsc)
is a non-unitarizable subquotient of m; _3, and

L(Ap[_la _1]7 Ap[oa _2]; Tse

is a non-unitarizable subquotient of m; _;.
Now it remains to consider the cases a = %, %, g When a = %, the representation

1 5 1 1
L<Ap[_§a _5]7Ap[_§a —5];71'30)
is a non-unitarizable subquotient of 7 3 and T 1 and

3 3, .1 3

L(A)~=,—2 50 ol Tsc
( p[ 27 2]’ P[27 2]771_ )
is a non-unitarizable subquotient of m; 1 and T, 3.
For a = %,
1 5 1 1
LA —=,—=], A==, —=]; Tsc
( p[ 27 2]7 p[ 27 2],7’(’ )
is a non-unitarizable subquotient of T 1 and
3 7 1 1
LA ==, —= —5 5l Tsc
( p[ 2’ 2]7 P[ 27 2],7T )
is a non-unitarizable subquotient of 7 5.
For a = %, the representation
5 9 3 3
L(A)—=,—= —=,—=];
( P[ 2’ 2]7 P[ 27 2]’7TSC)

is a non-unitarizable subquotient of 7, s; the representation
2

3 7 1 1
57_5]7 p[_§7_§]7ﬂ-sc>
is a non-unitarizable subquotient of m; 1. Same as before, all subquotients of Il ;11 442 2+3

are unitarizable for r = =3, —3

L<Ap[_

5 5> —%, by Proposition B.1 and A.1. This proves the claim for
1 = 1. The proof for ¢ = 2,3 are similar. 0

Proposition 9.4. For x € R, let
Mo = L(A0,01, AL, 1], A,[3, 2] x 7o
Moo = L(A0,00, 4,12, 1], A,[3,3) | » 7.
T30 = L(A,[1,0],A,[2,2], A,[3,3])]|* % 7.
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Then for i =1,2,3, m . is reducible if and only if x € {£(a —2),£(a — 1), £a, £(a + 1)}.
When m; ,, is wrreducible, m; , is unitarizable if and only if —a < x < o — 3.
Proof. The proof is similar to Proposition 9.3, which we omit. OJ
Proposition 9.5. For x > 0, let

Ta = L(A,[0,0], Ap[L, 0], Ap[2, 2])[-[* 4 7o,

mae = L(A,[0,0], A,[2,0]) ]| % 7.
73 = L(A,[0,0],A,[0,0], A2, 1])]-|* X 7.

Then for i = 1,2,3, m;, are irreducible when x € {|a — 2|, |a — 1|,a}. When irreducible,
Tz, T2, Gre non-unitarizable for any x.

Proof. The reducibility statement follows from Theorem 2.18. Let ¢ = 1. For all «, the
representation

LA —a—4,—a—4],A[—a—2,—a — 3], A)[—a — 2, —a — 2]|; )
is a non-unitarizable subquotient of 7 o9, and
LA [—a—3,—a—3],A[—a—1,—a—2],A,[—a—1,—a— 1];m)

is a non-unitarizable subquotient of my ,_;;. This proves the claim for m,. Similarly, we
have that for all «, the representation

LA [—a—2,—a—4], A [—a — 2, —a — 2]; ms)
is a non-unitarizable subquotient of 73|41 and
LA [—a,—a — 2], A —a, —al; Tg)

is a non-unitarizable subquotient of my,. This proves the claim for « = 1. The proof is
similar for ¢ = 2. 0

Proposition 9.6. For x > 0, let
e = L(AP[O’ 0], AP[Qv 1], AP[2> 2] % e,
M0 = L(A,[2,0],A,[2,2]) % 0.
T3 = L(A,[1,0],A,[2,2],A,[2,2]) X Ty,

Then w1, and ., are irreducible when x € {|a — 2|, |a — 1], a}. When irreducible, my 4, 724
are non-unitarizable for any x.

Proof. The proof is similar to Proposition 9.5, which we omit. OJ
Proposition 9.7. For x > 0, let
e = L(A[1,0], AL, 1], AL[2, 2]) |7 % 7y,
Toa = L(A,[2,0], Ap[L ][ % 7ee,
730 = L(A,[0,0], A,[1, 1], A,[2, 1)) ]| % 7.

Then for i = 1,2,3, m;, are irreducible if and only if v € {|a — 2|, |a — 1|, a}, and when
irreducible, m; , are non-unitarizable for any x.

Proof. The proof is similar to Proposition 9.5, which we omit. O
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Proposition 9.8. For a > 0, let
™= Tﬁl (77-50)7
= L(A)|—a, —a]; 7).
For x > 0, consider the complementary series
T, = L(A [z, z], AJr + 2,2 + 1]) x ,
7o = L(A [z, 2], Aple + 2,2 + 1]) x 7.
Then 7, and 7, are not unitarizable for any x > 0.
Proof. By Aubert duality it suffices to show it for 7,. By Proposition 5.21, 7, always contain
a non-unitarizable subquotient, unless €, < x < a — 4. Therefore it suffices to show that for
€, <x < a—4, 7, is irreducible.
Fix e, <x < a—4, and let
X1 = {:l:O{},
Xo ={xz,£(x +1),£(x +2)}.
Then X; U X5 forms a regular partition of the set
X ={fa,fz,£(x+ 1), £(z + 2)}.
Let
B =p|-|%, B2= LAz, z], Az + 2,2+ 1]),
M= TIOjl(ﬂ-SC)a T2 = L(Ap[_x —1,—x— 2]7 Ap[_xa —J}]; 7TSC)’
where Op denotes the trivial representation of GLy(F'). Then by Theorem 2.20, we have that

T, is irreducible if and only if both 5, x v and 8y x ¥, are irreducible. For e+1 <z < a+1,

both representations above are irreducible by Theorem 2.18, so we are done.
OJ

Proposition 9.9. For a > 0, let
™= T[Ojl (ﬂ-sc)a

7= L(A,)[—a, —a]; 7).
For x > 0, consider the complementary series
7o = L(AJx+ 1, 2], AJx + 2,2+ 2]) xm,
7o = L(AJx+ 1, z], ApJr + 2,2+ 2]) x 7.
Then T, and 7, are not unitarizable for any x > 0.
Proof. By Aubert duality, we only need to prove it for 7,, a Let o > 2, then the representation
L(Ap[_a + 2, _O‘];Tlofl (Tse))

is a non-unitarizable subquotient of 7y ,_o (this is proved using the same method as in the
proof of Proposition 9.1).

L(Ap[_a7 —()4]7 Ap[_av —Oé], Ap[_a + 17 —Q 1]7TIO,[1 (WSC))
is a non-unitarizable subquotient of 7 ,_1, and
L(AP[_& - 17 - — 1]7 AP[_a7 _OCL AP[_av _&]7 TIofl (ﬂ-SC))

is a non-unitarizable subquotient of 7 ,. For a > 2, this shows that there is no unitarizable
complementary series.
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For a = 0,1,2 we get reducibility at 0 so there is no complementary series to consider.
Now let a = %, using the same method as before, one can show that the representation

3 3, 1
L(Ap[_§7 —5]5 T73(mse))
is a non-unitarizable subquotient of Ti. Let a = % The representation
3 3 3 3 1, .3
L(AP[_Ea _5]’ P[_§’ _5]7 Ap[_§7 _5]7 TI,1(7TSC))
is a non-unitarizable subquotient of T, and
5 5 3 3 3 3, .3
L(Ap[—57—5]7 p[_ﬁ’_i]’ p[—§7—§];T1,1(7Tsc))
is a non-unitarizable subquotient of Ts. This proves the claim. U

Proposition 9.10. For a =0, let
7T:t = T‘:/%2<7Tsc)7

and let
Tlﬁ,:x = L(A,[r, x], Aplr + 2,2 + 1]) % 7t
TQiﬂC - L(Ap[flj‘ + 17']7]7Ap[$ + 2,37 + 2]) b 7Ti.
Then, fo and fo are not unitarizable for any x > 0.

Proof. This follows directly from Propositions 5.23 and 5.26. 0

Finally, we will consider the one-parameter families induced from non-unitarizable repre-
sentations.

Proposition 9.11. Let
T = L(Ap[—a, —al; Tj'ojl(ﬁsc»v
=LA —a,—a], A [—a, —a]; 7).

For x > 0, consider the complementary series

o = Apfz, x4+ 1] X,

To = Aplz, x4+ 1] x 7.
Then 7, , and 7; , are reducible if and only if v € {|a — 2|, |a — 1|, ¢, + 1}. When they are
wrreducible, T, and T, are always non-unitarizable.

Proof. The proof is identical to Proposition 9.8, which we omit. O

Proposition 9.12. Let
m=L(A)—a—-1,—a—1]; Tﬁl(ﬂsc)),
7= L(A)[—a, —a — 1]; 7).
For x > 0, consider the complementary series
o = Aplz, x4+ 1] X,
To = Aplz, x4+ 1] 4 7.

Then ;. and 7;, are reducible if and only if v € {|Ja — 2|, |a — 1|, v, + 1,0 + 2}. When
they are irreducible, T, and 7, are always non-unitarizable.
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Proof. The proof is similar to Proposition 9.11, which we omit.

O

The previous two propositions resolve the case of a complementary series induced from
a non-unitarizable representation of corank 2. To conclude this subsection, we turn our
attention to complementary series induced from a non-unitarizable representation of corank

3.
Proposition 9.13. Let

x
Ty = PH N T,
where Ty, 1s non-unitarizable representation of critical type and of corank 3. Then 7, s

non-unitarizable when it is irreducible.

Proof. The proof is similar to Proposition 9.1. The relevant data are summarized in Table

9.13 and Table 4. U
TABLE 3. Reducibility data for one parameter complementary series induced
from non-unitarizable representation

N°| 7, Reducibility points | Cases
L pl[® x L(Ay[—a =2, —a = 2], Ay[—a — 1, —a — 1]; T} (7sc)) la — 1|, 0,0 + 3 a>1
| p||* x LA =, —a — 2]; sc) la — 1], 0,0 + 3 a>1
2. p||" ¥ LA [—a — 2, —a — 2], Ap[—a, —a — 1]; msc) la—1|,a,a+1l,a+3a>1
2 pl[* 3 L(Ap[—a — 1, —a = 2], T (T5c)) la—1,0,a+1l,a+3a>3
3. pl|* ¥ L(A)[—a = 2, —a — 2; TO‘H(TLI(WSC)))) la—1l,a+l,a+3 |a>1
3. pl " M L(A)—a— 1, —a — 2], A[—a, —a]; Ts) la—1],a+l,a+3 |a>1
4.0 pl " x L(A)—a—1,—a—1], A )[—a — 1, —a — 1], A ) [—a, —a]; 7)) | — 1], o, 0 + 2 a>1
4| pl|" 2 L(Ap[—a = 1, —a = 1], TP T (mse))) oo — 1], 0,0 + 2 a>1
5| pl-[* x L(A [—a =1, —a = 1], Ap[—a — 1, —a — 1]; T} (7s)) o — 1], 0,0 + 2 a>1
5.0 pl-|* X L(Ay[—a— 1, —a — 1], A p[—a, —a — 1]; 7 la — 1|, 0,0 + 2 a>1
6. p|-[* ¥ L(Ay—a —1,—a — 1], Aj[—a, —a], Ay [—a, —al; Ts) a—lLa+1l,a+2 a>1
6. | p|-|* x L(Ap[—a, a],Tﬁfl(TI‘fl(wsc))) a—la+1l,a+2 a>1
T pl " 2 L(Ap[—a =1, —a— 1], Ap[—a, —a}; T} (7sc)) a—la+l,a+2 a>1
T pl T X LA —a, —a — 1], Ap[—a, —a]; Tse) a—l,a+1l,a+2 a>1
8. | p[[" x L(Ap[—a, —a = 1, TT (msc)) a—1,a+2 a>1
9. p|-[* ¥ L(A,[—a, —a], Ap[—a, —a], Ap[—a, —al; Tee) a—1l,a+1 a>1
9| pl-|* % L(Ap[—a, —al, Ap[—a, —al; TF (7se)) a—1l,a+1 a>1
10| pl-|* x L(Apl—a = 1, —a = 1], Ap[~a + 1, —a + 1; T (7sc)) la — 2|, 0,0 +2 a>1
107 p|-|* % L(Ap[—a, —a = 1], Ap[—a + 1, —a + 1]; 74c) o — 2|, c, 0 + 2 a>1
11| p|-[* % L(A [—a =1, —a = 1], TP T (T (7sc))) o — 2|, 0,0 + 2 a>1
117 p|-|* % L(Ap[—a+ 1, —a — 1]; 7,c) o — 2|, a0 + 2 a>1
12, p|-|" 3 L(Ap[—a, —a], Ay[—a, —a], Ap[—a+ 1, —a+ 1]; 7y la—2[,a—1l,a+1 |a>1
12°) p[-]* % L(Ap[—a + 1, —af; T (7se)) la—2[,a—1l,a+1 |a>1
13. p|-|* ¥ L(Ap[—a, —a, Aj[—a+ 1, —a]; 7se) la—=2[,a—1l,a+1 |a>1
13'| p|-|* x LA [—a, —a; TP (T (7sc))) la—2,a—1l,a+1 |a>1
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N°| m, Reducibility points | Cases

14.| p|-|* ¥ L(A[—a, —a], Ap[—a+ 1, —a+ 1], A [—a+ 1, —a + 1];7ee)| o — 2], 0,0 + 1 a>1

140 p[-]* X L(Ap[—a+ 1, —a+ 1], Ap[—a + 1, —a + 1; T7 (7sc)) la =20, +1 a>1

15.] p|-|* X L(Ay[—a + 1, —a], Aj[—a + 1, —a + 1]; 7ge) la = 2,0, + 1 a>1

15°) p|-|* x L(Ap[—a + 1, —a + 1], TPTHT, (7se))) o — 2|, 0, a0+ 1 a>1

16| o 7 LBy [—2, —2 T (T} 1 (mac))) 0.1,3 o=

17| pl- [ L(Ap[ =1, =2]; Trv3(7sc)) 0,1,3 a=

18.| p|-[* x L(A,[0, =2]; msc) 0,1,3 a=

19.] p|-|* x L(Ap[_%v_%LT[%z(Wsc)) %7 %7% a = %

19°. p| ‘x X L(Ap[_%7_%]vAp[ éa _%] 7rSC) %’ %7% o= %

20.[ p|-|” x L(A,[=2,—2]; T}, Ty, (msc))) 0,1,3 a=0

20°{ pl-[7 % L(AH[~1, ~2], T (mse)) 0,1,3 a=0

21| p||* x L(A,[—2, —2], A,[0, —1]; 7sc) 0,1,3 a=0

217 p|-|* 3 L(A,[0, —2], ) 0,1,3 a=0

22.| p|-|* x L(A,[—1, 1], A,[0, —1]; 7sc) 0,2 a=0

TABLE 4. Non-unitarizable irreducible subquotients at the reducibility point
L1

N°| 1 Cases
LI LA —a—2,—a—2],A ) [—a, —a], A [—a+ 1, —a + 1]; T7 (7)) la—1]a >3
LIL(A[~a =2, —a = 2], A)[~a, —a — 1]; TF (7)) o a>1
2./ LA [—a—2,—a = 2|, A [—a, —a — 1], A [—a + 1, —a + 1]; 7sc) la—1| >3
2./ LA [—a—2,—a—=2],A,[—a—1,—a—1],A[—a, —a — 1];74) a+l|a>;
3 LA~ —2,—a —2],A [—a+1,—a+ 1], Tf‘fl(Tf‘l(wsc))) la—1]a >3
3. LA [—a—2,—a—2],A,[—a—1,—a —1], Tfo‘fl(Tf‘l(WSC))) a+l|a>1
41 LA [—a—2,—a = 2],A[—a—1,—a = 1], A ) [—a, —a], A [—a+ 1, —a + 1]; 7y )| o — 1| a > L
4| LA —2,—a—=2|,A—a—1,—a—1],A [—a, —a], A, [—a, —a]; ms) a a> s
50L(A[—a—1,—a—1],A[—a— 1, —a — 1], A [—a + 1, —a + 1]; T} (7)) la—1|a>1
5/L(A[—a—1,—a—1],A)[~a—1,—-a—1],A[~a, —al; T} (7)) « a>1
6.|L(A[—a—1,—a—1],A[—a, —a], A [—a, —a], A [—a+ 1, —a + 1]; 74)) la—1|a>1
6. L(A)[—a—1,—a—1],A[—a—1,—a—1],A,[—a, —a], A [—a, —a]; ) a+1l|a>1
T LA [—a—1,—a—1],A)[—a, —al; Ty NI (mse))) a—1|a>1
T LA ~a—1,—a—1,A,)[~a—1,—a— 1], A,[~a, —a]; TF (7)) at+1l|a>1
8.1 L(A)[—a, —a—1],A)[—a+ 1, —a + 1]; T} (7s)) a—1|a>1
9. L(A ) [—a, —a], Ay [—a, —a], Ay [—a, —a] A [—a + 1, —a + 1]; 7y a—1|a>1
10| LA [—a—1,—a =1}, A )[—a+ 1, —a + 1], Ay [~a + 2, —a + 2]; T7 (7)) la —2|a>1
10| LA [—a —1,—a— 1], A )[—a + 1, —a]; T (7)) o a>1
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Nl 1 Cases
1L LA [—a =1, —a =1}, A [—a + 2, —a + 2J; TP (T (7sc)) o — 2| >1
1L LA [—a =1, —a = 1], A [—a, —a]; T} (17 (7sc))) o a>1
12] L(A ) [—a, —a], Ay [—a, —a], A —a+ 1, —a+ 1], A [—a + 2, —a + 2]; ) la —2|a>1
12] L(A[—a, —a], Ay [—a, —a, Ay —a+ 1, —a+ 1], A [—a+ 1, —a + 1]; 1) a—1|a>1
13 L(A ) [—a, —a], Ay [—a + 1, —a], A [—a + 2, —a + 2|; ) la —2|a>1
13 L(A ) [—a, —a], Ay[—a+ 1, —a], A [—a + 1, —a + 1]; m,) a—1|a>1
14 L(A)[—a, —a], Ay[—a+ 1, —a+1],A[—a+1,—a+ 1], [—a+ 2, —a+ 2|;ms)| |a = 2| a > 1
4| LA [—a, —a], Ap—a, —a], A)[—a+ 1, —a+ 1], A [—a + 1, —a + 1]; 7y) a a>1
15] LA [—a+1,—a], A [—a+ 1, —a+ 1], A [—a + 2, —a + 2|; Ts) la —2|a>1
15 L(A ) [—a, —a], Ay [—a+ 1, —a], A [—a + 1, —a + 1]; ) a a>1
16 L(A,[—2, —2]; T12,1(ij/[2(780))) 1 Q=

17/ L(A, -1, —2], A [—1, —=1]; Ty 3(mse) 1 a=

18] L(A,[—1, —1], A,[0, —2]; 7sc) 1 a=1

1

19. L(Ap[_%a _%]5T1§3<7TSC)) ) % o= %
19. L(Ap[_%’ _%]’ A, _%7 _%]3TI§,2(7TSC)) % a= %
20| L(Ap[=2, =2); T} o(Ty5(7sc)) 1 a=

21 L(A,[—2, 2], A -1, —1], A0, —1]; ) 1 o=

Now it remains to do the same for two-parameter complementary series. For this, we’ll need
the exhaustive list of all critical type, unitarizable, irreducible representations of corank 2.

This can be found in [Tad23].

10. TWO-PARAMETER COMPLEMENTARY SERIES

In this section, we will classify all possible two-parameter complementary series that con-
tains a continuous family of irreducible, unitarizable representations of corank 4. To begin
our classification of two-parameter complementary series, we consider complementary series

of the form
Wiy = pl* x pl ¥ % 7,
where 7, is unitarizable of corank 2.

Proposition 10.1. Let o > 1 3, and let

= L(AP[_a - 17 —Q = 1]7 AP[_aa _a]; WSC)? = TIOjfl(TIO,él(WSC))‘

Then for 0 < x <y, the complementary series

oy = pl-I* % pl-|? 3 m,
and R

Wy = pl-[* x pl|! x 7
is unitarizable in the following regions:

r+y<l, y<a-—1, (a>§)
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r+l<y<a-—1, (a>2)

y<- (a=2).

Proof. The complementary series p|-|* x 7 and p|-|* x 7 are reducible at | — 1| and « + 2.
The other reducibility hyperplanes are

r+y=1, l[v—y[=1

By Aubert duality we only need to consider the complementary series II(, ,y. The Figures
1, 2, 3, 4, 5 show the unitarizability of the two complementary series in the region R%r =
{(x,y) € R? : 2,y > 0} for the cases a = 3,0 =2,a = %,Oz =1l,a= % respectively.

By repeatedly applying the decomposition algorithm to the critical points, we are able
to classify them as either strongly unitary, strongly non-unitary, or neither (denoted as
black, white, and light gray balls respectively). This proves that list of unitary connected
components we gave is exhaustive for a > 2.

If a connected component contains a non-strongly unitary point on its boundary, then it’s
non-unitary. To prove our claim, it suffices to show that the region C; in Figure 1 is unitary
and the region C in Figure 5 is non-unitary.

First we prove that the region C) is unitary. Consider the line L : {(z,y) € C; : x = 0},
which is nonempty and one-dimensional. By applying step (3-2) of Algorithm 8.1, one can
see that the region C is unitary if and only if any point on L is strongly unitary. This
reduces the problem to the unitarizability of the one-dimensional complementary series

pl-[ 2.

By [Tad23, Proposition 8.1], this is unitarizable for 1 <y < « — 1. The conclusion follows.
Similarly, when o = %, the slanted side of (5 is contains either the complementary series

1., .,
Ap[éa_i]H X,
or
11 11, .
L(Ap[éa_é]aAp[_éaé])H X,

for 0 < < 1. By Proposition 9.1, this is non-unitarizable. This proves that C, is non-

2
unitary.
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Proposition 10.2. Let o > %, and let

m=LA—a+ 1, —a];ms), T= Tffl_l(Tffl(Wsc)).
Then for 0 < x <y, the complementary series
M(ay) = pl[* X pl-| >,
and
Uiy = pl-[* x pl-|! x 7

s unitary in the following regions:
3
r+y<l, (a> 5)

Proof. The proof is similar to Proposition 10.1, which we omit. 0J

Proposition 10.3. Let o > %, and let

T =LA —a+ 1, —a+ 1,17 (7)), =LA [~a+1,—a+1],A)[—a,—a;7)
Then for 0 < x <y, the complementary series
iay) = pl[* > pl-| >,
and
Mgy = Pl X plP x 1,
1s unitary in the following regions:
1 3

< = = -

r+y<l, (a>2).

Proof. The proof is similar to Proposition 10.1, which we omit. Note that when a = 2,
reducibility occurs at the origin so there is no complementary series. U

Proposition 10.4. Let o = %, and let

11 11 .
57_5]7Ap[_§7_§];7rsc)7 7T:CT]QQ(T‘-SC)-

Then for 0 < x <y, the complementary series

™= L(A,[—-

Wiay) = pl-I" x pl-| > 7,
and
ey = pl-* x pl-|P > 7,
s unitary in the following regions:
y<i
2

Proof. The proof is similar to Proposition 10.1, which we omit. O
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Proposition 10.5. Let o = %, and let
1 1, 1 1
™= L(Aﬂ[_§7 _5]7T12,1(7r80))> = TI2H72(7TSC))-
Then for 0 < x <y, the complementary series
ey = pl[* x pl-|¥ xm,
and K
gy = pl-[* x pl-[" 7
1s unitary in the following regions:
1
y<g
Proof. The proof is similar to Proposition 10.4, which we omit. 0J

Proposition 10.6. Let a = 0, and let
T = L(Ap[_lv —1J; ijfz,z(ﬂsc»v A* = Tll,l(T\:/fz(WSC))-

Then for 0 < x <y, the complementary series

Iy = b1 x 1Y e
and )
I, = pl-° X pl[? x 7
1s unitary in the following regions:
r+y <l
Proof. The proof is similar to Proposition 10.5, which we omit. 0]

Proposition 10.7. Let a = 0, and let
7 = L(AL[0, —1]; Tee).
Then for 0 < x <y, the complementary series
Wiy = pl-|" x pl-|! x 7
s unitary in the following regions:
r+y <Ll
Proof. The proof is similar to Proposition 10.6, which we omit. O

Propositions 10.1 to 10.7 gives all possible two-parameter complementary series of the
form p|-|* x p|-|¥ x m,, where 7, is unitarizable of corank 2. Now we turn our attention to
complementary series of the form

up(ar, by)]-|* x uy(ag, b)|-|¥ X Ty

Proposition 10.8. Let

1 1, ., 1 1
Hieyy = Byl =5 17 % Ayl =) 3 e,
and 1 1 11 1 1 11
H(z,y) = L(Ap[—g, _5]7Ap[§7 5])"\96 X L(Ap[—§7 —5}7Ap[§7 5])\'|y X Tge.
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Then for 0 <z <y, I, and f[(x’y) are unitarizable in the following regions:

1
y—x > 2, y<a—§, (a >3)

1 5
l<y—z<2 . (a>2
<y—zr<2, y<a«a 5 (a_2)

3

r+y<l, (>§)
1
y<§7 ( )

Proof. By Aubert duality, it suffices to show this for 1I,,). First note that in the region
0 <z <y, the complementary series

1 1 1 1
Z D Ex A= =2

is reducible precisely when |z —y| = 1,2 or z +y = 1. Let m, = A[3, —1]||" % 7y, then 7,
is reducible when x = |a — %|, a+ % When irreducible, the one-dimensional complementary
series 7, is unitarizable if and only if 0 < z < |a — %\ By unitary induction, one can easily
show that the regions above are unitary, by applying Step 3-2 of Algorithm 8.1. To show

that the remaining regions are not unitary, we can simply consider the subquotient
LA [—a+1,—a],A[—a+ 1, —a]; ms),

which is non-unitarizable for a > % Since

LA [—a+1,—a], Aj[—a + 1, —a];me) < SO, (S, (DD )(Ala, 0 — 1]
X AP[ o — 1] xmg)))
= a-1,a-1);
the conclusion follows. For a = % no regions are unitary since reducibility occurs at 0.

Finally for a« = 0,1, one can use Proposition 9.1 to show that the region

1
T +y <1, y>§

is non-unitarizable (use case N° = 30 in table 9.1). For a = 0, This concludes the proof. [

Proposition 10.9. Let

L 1. 11, 11
ey = Byl =5l % LA =50=3) Al FDHY e
and L . o
ey = LA, [~5,—5], A s A L
@) = LA [=5, =51 Aolg DI X Aplg, =3I > e

Then for 0 <z <y, I, and f[(m,) are unitarizable in the following regions:

1
y—x > 2, y<a—§, (a >3)

DN Ot
~—

1
l<y—x<2, y<a—§, (a >

3
rty<l, (az3)
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1
< = =0,1).
y<g5 (@=01)
Proof. The proof is similar to Proposition 10.9, which we omit. 0

Proposition 10.10. Let
H(ay) = L(A[=1, 1], 5,0, 0, A [1, 1))[-[* x p[-|* >t 7ee,
and X
Wiy = Ap[L =1[[* X p|-]¥ x me.
Then for x,y > 0, I,) and ﬂ(x,y) are unitary in the following regions:

7
r—y>2 z<a-—1, (0425)
r+y<2 z<a-1, (a>2)
)
y—x>2, y<a, (0425)
<3 <1 ( 3)
- <=, (a==
v 2 2
1 1

x,y<§, (a:§)

Proof. Same as before, it suffices to consider II(,,y. First, note that in this case, the re-
ducibility lines in the region z,y > 0 are

lt—y|l=2, z4+y=2, z=|la—1,0,a+1, y=a.
In particular, the connected components are asymmetric in the two coordinates. In the
one-parameter complementary series
L(A,[—-1, 1], A,[0,0], A [1, 1])|-|* x 7,
and
pl|Y X e

respectively, there are no unitarizable points beyond the first reducibility point.

Thus, by applying step 3-2 of Algorithm 8.1, it is straightforward to show that the regions

listed are unitary. To show that other regions are not unitarizable, it suffices to consider the
subquotient

LA, —a, —a], A [—a+ 2, —a]; 7,),
which is a non-unitarizable subquotient of II4_; 4y for a > % This proves the claim for
o> %
When a = 1 or a = 0, reducibility occurs at © = 0, so there are no unitary regions. When
= %, the first reducibility point in x and y are both %, and the component

< 1
T -
Y 2

contains the origin. This proves the claim. 0
Propositions 10.8 to 10.10 characterizes all complementary series of the form
up(ar, by)]-|° x uy(ag, by)|-|¥ X Ty

Next we consider two-parameter families of the form
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wy(ar, by)|-|* X uy(az, be)|-]Y x 74,

where 74 is unitarizable and of critical type. For the corank of the induced representation

to be 4, the only possibility remaining is to have w4 to be of corank 1. We will summarize
the results in the following two propositions.

Proposition 10.11. For z,y > 0, let

1 1 xT o
Mgy = Ap[éa _5]“ x pl[Y TI,1(7TSC>7
and
N 1 1 11 - ’
M) = LBy, 51, Aolg, 2D X ol 1Y 0 L(A [, ~al; )

Then for x,y > 0, I, and ﬂ(x,y) are unitary in the following regions:

3 3
x+y<§, z<a—g, y<a-—1, (a>2)

7
y—ZE>2, y<Oé—]_, (a2§>
x > <o 5 (o> 7)
y ? 27 — 2
<1 < L ( 1)
x - (a=—
) y 27 2
1
z <3, y<1l, (a=0)
Proof. In this case, the reducibility lines are
3 3 3 1
|m—y|:§, x—l—y:§, y=|la—1],a+1, a::|aj:§|,a—l—§.
Similar to before, it suffices to consider the regions bounded by y < |a — 1],z < min(|a —
3|, + 1). The rest of the proof is similar to Proposition 10.10, which we omit. O

Proposition 10.12. For z,y > 0, let

1 1. .
Mieay = Aol — 517 x pb1Y 56 (A~ ~ali ),
and

1 1 11

ﬂ(:c,y) = L(AP[_§7 _é]a Ap[§7 5])||$ X p||y X Tls)jl(ﬂ-sc>‘

Then for x,y > 0, I, and ﬂ(w) are unitary in the following regions:
3 3
:13—|—y<§, :13<|oz—§|, y<la—1|, (a>2)
y—x>2 y<a-—1, (a>3)
- 3 _ 3 (o> 7
xr — - r<a—=, (a>=
y Y 27 — 2

5 )

1
z <3, y<1l, (a=0)

Proof. The proof is similar to Proposition 10.11, which we omit. 0J
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Finally, we conclude by showing that there are no unitary regions in the 2-dimensional
complementary series induced from non-unitarizable representations.

Proposition 10.13. Let

Wizy) = pl-" > pl-[* > T,
where Ty, 15 non-unitarizable, of critical type, and of corank 2. Then when Il is irre-
ducible, it is non-unitarizable.

Proof. This follows directly by considering the unitarizability of the one-parameter family

Pl X T,

when 7,, is non-unitarizable, of critical type, and of corank 2. It is proven by Tadic in
[Tad23, Lemma 8.2] that such families are non-unitarizable whenever they are irreducible.
When I, is irreducible, (x,y) lies in an irreducible component. If the component has
nontrivial intersection with z = 0 or y = 0, then we can use Step 3-2 of Algorithm 8.1 to
reduce the problem of unitarizability to the one-parameter case, which is known. Otherwise,
the connected component will have a boundary point of the form (zg, yo), where zg, yo is the
first nonzero reducibility point of p|-|* X 7, and p|-|Y X 7, respectively. In this case, one
can first show that p|-|* % 7, has a non-unitarizable subquotient 7., of corank 3 at x = xg
by the result of Tadic. Then, using Proposition 9.13, one can show that a non-unitarizable
subquotient p|-|%* x 7, exists. This proves the claim. O

Since the lowest possible corank of a non-unitarizable representation of critical type is 2,
the above proposition gives the only possible two-parameter complementary series induced
from a non-unitarizable representation of critical type. Therefore, this concludes step 2 of
Algorithm 8.1, and we are now ready to state our final result.

11. CONCLUSION

In this section, we will finally compile and state the main results of this paper. In Propo-
sition 11.1, we give the full unitary dual of corank 4 (up to a W-orbit), and in Proposition
11.2, we show that the full unitary dual is indeed equal to the set ITi™(G,,), when restricted
to representations of corank 4. Note that for presentation purposes, some unitarizable rep-
resentations may be listed in Proposition 11.1 more than once.

Theorem 11.1. The irreducible unitarizable subquotients of 11, when x = (x1, x2, T3, x4) €
R% ., are precisely the following:

(1) (o > 1) All irreducible subquotients of I1, when z lies in the closure of the connected
components (8.1a) to (8.1g).

(2) (a > 0) All irreducible subquotients of critical points x listed in Proposition A.1.

(3) (a > 0) All one parameter complementary series of the form w,(a,b)|-|" x w4 listed
in Table 9.1, for 0 < xy < FRP, where FRP 1is the first nonzero reducibility point,
given in the table.

(4) (a = 1) All irreducible subquotients when x4 < 1.

(5) (0> 1)

e x = (21,29, 0, + 1). The complementary series
pl-I"t x pl-|"* x L(A[—a — 1, —a — 1], A [—a, —a; Tse),

and
pl-17 X pl-] 72 > TP (T (),
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for
3
Tt Ty <l ry<a-—1, (a>§)
r+l<ze<a-1, («>2)
1 1
2 < 5, (a:§>'

e (@>3), 2= (x1,2, 0 — 1,a). The complementary series
pl-|™ x pl-|"* x L(A[—a + 1, —a]; ms),
and
Pl > plo 2 X TP (T (me))
for x1 + x5 < 1.

e (@>3), 2= (x1,2, 0 — 1,a). The complementary series

le’l X p’le X L(Ap[_a + 17 —« + 1];T[0:1<7('36)),

and
pHm X psz X L(AP[_Q + 17 —a+ 1]7 Ap[_a7 _a];ﬂsc)a
for
1 3
< = ==
$1+l’2<1, (Oé>2).
(6) (a>0):
e The complementary series
11, 11,
p[§=—§]|'| X Ap[§7—§]|'| P X e,

or its Aubert dual, when

1
To—1x1 >2, To<a——=, (a>3)

2
1 5
1<ay—11 <2, x2<a—§, (azé)
3
T1+ o < 1, (OéZ 5)
1
22 < 5, (a=0,1).
e The complementary series
1 1 1 1 11
A=, —=]|-["* x L(A,[—=, —=], A, [=, =])|-|** s
or its Aubert dual, when
1
To — T > 2, J:2<oz—§, (> 3)

1 )
1<.§l§2—$1<2, .’13‘2<Ck—§, (0425)
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3

T+ a9 <1, (&25)
1

To < 5, (Oé:O,l)

o The complementary series
L1~ 1], A,[0,01 A L1 x o7 5o

or its Aubert dual, when

7
T — X0 >2, 11 <a—1, (QZE)
Tt r<2, nn<a-—-1, (a>2)
To—x1>2, r3<a, (a>3)
< < ! ( 3)
x - -, (a=-=
2 27 1 27 9
1
T, Xy < 2 (v = 5)
e The complementary series
1 1 1 x9 o
AP[§’_§]|’ X pH X TI,l(WSC)a
when
3 3
x1+x2<§, x1<a—§, ro<a—1, (a>2)
To—1x1 >2, Ty<a-—1, (a>3)
> < (v > 7)
Ty — T -, a——=, (a>=
2 1 2; 1 2a =9
1 1
7y <1, 552<§7 (0425)
1
21 <3, re <1, (a=0)
e The complementary series
1 1. . -
Ayl =3Il X o1 % (A [, ~al ),

or its Aubert dual, when

3 3
T+ 29 < =, x1<]a—§|, Ty <|a—1], (a>2)

2
To—x1>2, ra<a-—1, (a>3)
>3 - 3 ( >7)
To—T1>—, T <a——, (a>=
2 1 27 1 27 =9

1
l'1<§, To < 1, (0620)

(7) (a=1),x = (x1,22,3,3). The complementary series

pl|" x pl-[* o,
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wherem = L(A (-1, 3], A [— 1 1 1
when

N[

0<z<y<

l\')l»—t

oz = (21, ;, ;, 2) The complementary series

whereW:L(Ap[—g,—é],Ap[ 22 ] Al [_% _%] )

A
\_/ -
N
~—
/—\
l\DI»—A

L(AP[%u _%]; ﬂ-sc)u L(AP _%7 _%] TI21( ) _%] TIQI(WSC)) or their
Aubert duals.
e 2 =(%,3,23,3). The complementary series
pl" =,
1
for % < x5 < %7 where T = (Ap[—%,—%],Ap[—%,—%];Tffl(ﬁsc)) or its Aubert

dual.
o x = (1,1 3 2, 2) The complementary series

z1
:0|| X,
2072 2
%, %, xy4). The complementary series

x r 1, .1
p|| X L(Ap[_§7_§];T[72(7TSC))J

where T = T]13(7TSC) LA -3, —1], A[—3, —3; Tél(ﬂsc)) or their Aubert duals.

for % <xy < %
(9) (o = 0) All irreducible subquotients when x = (0,0, z3, x4) with x5+ x4 < 1.
(10) (a« =0),2 = (0,29, 23,1). The complementary series

pl-["2 < pl-[** >,

for xo+ x5 <1, where m = L(A,[—1, —1]; T;Q(ﬂsc)), L(A,[0,—1]; ms.) or their Aubert
duals.

Proof. The unitarity of the above representations follow from previous propositions. It suf-
fices to prove that the list is exhaustive, and by symmetry under the W-action, it suffices
to consider the subquotients of II, when z € ]Ri I S ]Ri + is regular and unitarizable,
then it must be contained in one of the connected components (8.1a) to (8.1g), as proven in
Proposition 8.10.

Otherwise, if z € R}, is not regular, then there are two possibilities. The first possibility
occurs when the W-orbit of z intersects the image of a unitary®™ connected component of
RY gty (resp. RY ..., ), under the affine isomorphism ¢ defined in Sections 8.3 (resp.
8.4). In this case, as stated in the proof of Proposition 8.10, x will lie in the closure of the
connected components (8.1a) to (8.1g).

From now on, we assume the second possibility, which is when the W-orbit of x intersects
neither ¢(R%,, g, ., ), nor ¢(R3 ., ). In this case, if an irreducible representation 7 is
unitarizable of corank 4, it must either be a subquotient of II, when z is an isolated point,
or it lies in a continuous family of representations induced from a representation on the
maximal Levi of G,, which is of critical type. Any point 2 € RY, is either a regular point, or

7_%] 71—SC) TIE,Q(WSC)7L(A0[_%7 _%] TI 1(7TSC)) TIEIIQ(WSC);
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it is connected to a point of critical type by a one-parameter family which lies completely in
a reducibility hyperplane. This implies that all isolated points are of critical type. Therefore,
when z is isolated, the unitarizable subquotients of II, are listed in Proposition A.1.

When 2z is not an isolated point, it must be part of a continuous family of hermitian
representations induced from a representation of critical type. By Proposition 8.10 and
Remark 8.11, it suffices to consider families with one or two parameters.

Suppose 7 appears as part of a one-parameter complementary induced from a unitarizable
representation of critical type, then there are a few possibilities. First, suppose 7 lies in a
complementary series of the form u,(a,b)|-|* X w4, where 74 is of critical type and of Arthur
type, then it must be in one of the cases in table 9.1, which are all unitarizable from 0 up to
the first nonzero reducibility point. The endpoints of such complementary series which are
unitarizable are already included in Proposition A.1. One can verify that all of the relevant
complementary series are listed above. Otherwise, we have one of the cases below:

(1) 7 lies in a continuous family of the form 7|-|* x 7., where 7 # wu,(a, b) for any a, b.
(2) m < 7|-|* % ma, where 7, is of critical type and unitarizable of corank 1, and 7 #
u,(a,b) for any a,b.

Case (1) is dealt with in Propositions 9.3 to 9.7, and the relevant unitarizable subquotients
are included. Case (2) is dealt with in Propositions 9.8 to 9.10, where we proved that in this
case none of the subquotients are unitarizable.

Otherwise, 7 is part of a hermitian family induced from a non-unitarizable representation
of critical type. Since there are no non-unitarizable, critical type subquotients of corank 1,
the following two possibilities remain:

(1) m < p|-|* X Ty, where 7y, is non-unitarizable of corank 3.
(2) m < A,z + 1,2] ¥ 7y, where 7, is non-unitarizable of corank 2.

Case (1) is covered in Proposition 9.13, and case (2) is covered by Propositions 9.11 and
9.12. In each case, we proved all subquotients are non-unitarizable.

Now, we consider the two-parameter families. First, consider those 2-parameter comple-
mentary series induced from unitarizable representations. There are three possibilities:

(1) @ < p|-|* x p|-|Y x w4, where 74 is unitarizable, of critical type, and of corank 2.
(2) ™ < wp(a,b)|-|* x p|-|¥ x 74, where 74 is unitarizable, of critical type, and of corank
1.

(3) T < up(alab1)|'|z X up(a27b2)p|'|y X Tsc.
Case (1) is covered by Propositions 10.1 to 10.7. When « > 3, one can check that the
unitarizable regions in these complementary series lie in the closure of (8.1d), and when
2 < o < 3, they lie in the closure of (8.1e). Case (2) is covered by Propositions 10.11 and
10.12, and case (3) is covered by Propositions 10.8 to 10.10.

Finally, consider those two-parameter hermitian families induced from non-unitarizable

representations. Since there are no non-unitarizable, critical type representations of corank
1, the only possibility we have are families of the form

pHm X pHy X T,

where 7, is critical type, non-unitarizable of corank 2. By Proposition 10.13, none of the
subquotients in families of this form are unitarizable. This concludes the proof. [l

Now that we’'ve constructed the full unitary dual for corank 4 representations, we will
show that it is indeed the same as ITi™(G,,), as we conjectured.
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Proposition 11.2. If 7 € I1,(G,) is a unitary representation of corank 4, then m €
I(Gy).  In particular, this implies that 11,(G,) = T(G,) when restricted to corank
4 representations.

Proof. It suffices to show that all representations given in Proposition 11.1 lie in H%m(Gn).
To prove this, we first note that the closure of all irreducible subquotients of II,, where x lie
in the closure of a unitary connected component in R% | lie in II5(G,).

By definition, since all one-parameter complementary series listed in Proposition 9.1 are
of the form w,(a,b)|-|** x 14, where z; lies in an irreducible region, they are contained in
H%m(Gn).

Similarly, the two-parameter families listed in Proposition 11.1 are all of the form

up(ay, by)[-[" X up(ag, ba)|-[" > a,

where (1, z) lies in an irreducible component R? for the given parabolic induction. There-
fore, they all lie in H%m(Gn). This finishes the proof. O

We note that in the definition of H%m(Gn), we take the closure of all unitary connected
components in the last step. An alternative approach would be to take the closure of the
complementary series at each inductive step. That is, we can define H%m(Gn) inductively as
follows:

Definition’ 11.3. (a) For k € Z>q, we define subsets H%m’(k)(Gn) of IL,(G,,) inductively
as follows. Set H%m’(o)(Gn) = 4(Gp). For k> 1, and any m € I1(G,,), we say that
r e i)
A
(11.1) (Mg = Mo, ay = tpy (a1, 1) [™ X - X (as, bs)|[™ X 74,y € R®, 2 € R)

(G,) if there exists a triple

satisfying the following conditions

(1) Ta € Tagp(Gy) for some m < n, and the p;’s are irreducible unitary supercusp-
idal representations of the general linear groups (not necessarily self-dual).

(2) The point y lies in the open set U := {x € R°|Il, is irreducible} and I1, = 7 x
7* =1 for some unitary representation T of GLy(F) and 7*~1 ¢ H%m’(k_l) (Grd)-

(3) The points z lies in the closure of the unique connected component of U con-
taining y and m = 11,.

Finally, we let T2 (G,,) = UkeZZO H%m’(k)(Gn).

We refer to this definition as “Definition’”to distinguish it from Definition 2.22. This
would create a set that contains the H%m as it is currently defined. In the case of corank
4 representations, the two definitions are actually identical. Indeed, under both definitions,
the set TTi™(G,,) is contained in IT,(G,) and we proved that I1,(G,) C I (G,,). Therefore
if we take the enlarged definition of ITW™(G,,), we would still have

H%m(Gn) = Hu(Gn)

as desired, for representations of corank 4.

APPENDIX A.
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LIST OF REPRESENTATIONS OF CORANK 4 THAT ARE OF ARTHUR TYPE AND CRITICAL
TYPE, SORTED BY CUSPIDAL SUPPORT

Let us first consider the induced representation Il 4, 2500 = pl-|"* X p|-|*2 X p||"® X
pl-"* X g for 0 < x; < 29 < 23 < x4. To explicitly construct the unitary dual for
corank 4 representations, we would like a list that tells us exactly which points (1, 2, 3, T4)
correspond to the induced representations which only contain unitarizable subquotients. In
Proposition A.1, we will do so for the critical points. Once this is constructed, we will give
an alternative list in the next section that gives us those representations which are of critical
type but not of Arthur type. These two lists will tell us exactly which critical point contains
non-unitarizable subquotients, which will help us determine whether a connected component
is unitary when we construct the unitary dual later on.

Proposition A.1. Let Il 4y 0500 = P70 X p|-]*2 X p|-|*3 X p|-|"* X e for 0 <z < 29 <
x3 < x4. Then for a given quadruple (x1,xq,x3,24), the following list contains all of the
irreducible subquotients of Il;, 4y 2.2, Which are of Arthur type and critical type.

(1) (a0 =0):
() (0,0,0,1)
* T 1(T 6<7TSC))
L(A[-1, ~1); Tig )
(A [07 ]’T 4(7Tsc>>
(b) (0, 0, 1,1):
o T} o(T7,(7ec))
* T}I,3(T\%4(7TSC)>
° L(AP[_L_ ];Tfl,l(T\:/Z(Wsc)))

¢ (AP[Ov _1];T11,I(T\:/%2(7Tsc>>>

o L(A,[0,—1], A [0, —1]; 7s)

° L(AP[_L_”?AP[_L 1];T\:/‘:,4(7Tsc))

° L(Ap[_la_1]7Ap[07 1];T\:/|f2(7rsc>)
(c) (0,0,1,2):

o T71(T1 (T (7))

o L AP[_27_2]7AP[_1> 1] T\§4(7TSC))
(d) (0,1,1,2):

¢ T11,1(T12,1(T11,1(T\j/f2(ﬂsc))))

o L(A[=1, =1 T7 (T} 1 (T (7sc)))

¢ L(Ap[lﬁ —2 ;Wsc)

o L(A,[—1,-2],A,[0, —1]; ms)

° L(AP[_Qv _2]7 Ap[_L _1]; T\:/‘:,Z(T[l,l(ﬂsc)))

° L(AP[_Qa _2]’ AP[_L _1]7 Ap[_lv _1]; T\:/‘*:,Q(WSC))
(e) (0,1,2,3):

° T13,1(T121(T111(T\§,2<7Tsc))))

° L(Ap[_?’v _3]7Ap _27 _2]’ Ap[_L 1] T\jftz(ﬂsc»
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23
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—~
3
W
3}
N—

LR HE T

° L(Ap[_%v _%]7 Ap[_%’ _%]3 TI?I,3<7TSC))

© L(Ap[=3, =), Apl—3. =3 T7a(msc)) 1

© L(Ap[=3, =53] Apl=3. =53] Ap[—5, =51 T71(7se)
e e e e
27272

° TI%2(TI%1§TI%1 I(Wsc)))

° TI§H72(TI§71(TI§,1(7Tslc))) , )

* L(Ap[—%, —%]5 lel (lel (Tli,l(ﬂ-SC))))

* L(Ap[—%, _%]§T1§71(T1§1,3(7Tsc))))

¢ LM~ 3 Th(m)

i L(Ap[_%v _%];le2<7rsc))

* L(Ap[_%a _%]5T1§H 2(Tse)) .

o L(Ay[=3,—3), Apl=3. =31 T/ (T71 (7))
L3 —3 Adlh —3im)

¢ L4 =3 A5~ 1R T (7))

¢ L(A3 =3 AL ~E T ()

o« L(A[=3, —3) Apl=3. =3 T a(mse)) 1

o L(A[=3, =3) Apl=3. =53], Ap[—5, =5 T71(7se))
e S S
27212/

(T (me)

* TIE,Q(TIEH,Q(WSC))

° L(Ap[_%’ 5] T121(T12U o (s )2) .

o L(A[=3, =3), Apl=3, —3h T7(T7, (7se)))

© L(Ay[=5, =53], Ap[=5, =31, Ap[=5, —3; Tﬁl(wsc)
e e e
21272

¢ Tlil (TI§1 (Téz(ﬂsc»

° TI§,1(TI§,1(TI§H,2(7TS5C)) , )

* L(Ap[_%a _%];Tf,l (Tli,l (Tli,l (7s¢)))) )

° L(Ap[_g’ _%]a Ap[_%7 _%]’ AP[_%> _%] Tlﬁl(ﬂscw
* L(Ap[_%7_g]vAp[_%7_%]vAp[_%7 %] Tse)
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° L(Ap[_§= _5]7 Ap[_§7 _§]= Ap[_lv _l]aAp[_lv _%] WSC)

CREER
T12,1(T12,1(T121(T ,1(7Tsc))))
L(AP[_% _%]7Ap[_g7_g]’Ap[_%> %]7Ap[_% _%]77Tsc)
(3) (a=1):
(a) (0,0,0,1) :
° ij/E,6(TI,1<7TSC))
* L(Ap[_l _1]§TIV,7<7TSC))
¢ L(Ap[oa_ ] TIVS(WSC))
(b) (O 0 1,1).‘
T112(TIV,5(7TSC))

° TI1[,3 (TIV,5 (7786) )
1

° L(Ap[_ ) 1] T$4(T]11(7TSC)))

* L(Ap[oa 1]; T\j/EQ(TIll(Wsc»)

o L(A[0,~1], A0, ~1]; 7o)

° L(Ap[_la_1]7Ap[ 1 _1] TIVB(TFSC))

* L(AP[_l 1] AP[O _1] TIV3<7TSC))
(c) (0,0,1,2):

° ij/E,4<TI,1<T111(7TSC)))

® L(AP[_27_2]7AP[ 1 _1] TIV5(7TSC))

¢ L(Ap[_Q _2] Ap[o _1] TIV3<7TSC))
(d) (0,1,1,1):

¢ T},B(TIV?)(WSC))

¢ L(Ap[_L_1]aT112(TIV3<7TSC)))

© L(A[=1, =1} Ty 5(Trva(msc)))

o L(A,[-1, —1], Ap[—1, —1]; Tviz( 1(Tse)))

o L(A,[-1, 1], Ap[=1, =1}, Ay [=1, =1]; Trva(msc))
(6) (0,1,1 2):

° TX:/tQ(TIl1<TI 1(T[11(7Tsc))))

° T121(T11H 2(Tse))

° L(Ap[_lv 1] ij/fz(le,l(TllJ(Wsc))))

* L(AP[O’ _1]; T12,1(T11,1(7Tsc)))

° L(Ap[_L _2]; T\fQ(T},l(ﬂsc))) with Esc(p ® SS) =71

° L(Ap[ov _2]; Tll,l(ﬂ-sc))

¢ L(AP[L _2];7Tsc)

o L(A[-1,—2], A [0, ~1]; ms0)

o L(An[-2, 2 Th o (Trvs(me)

o L(A,[=2,-2), A [~ 1, =1} Ty, (T}, (7))

o L(A,[—2,—2],A,[—1,—1],A,[0, —1]; 7s)

o L(A,[=2, =2], Ap[—1, =1}, Ap[—1, =1]; Trva(msc))
(f) (0,1,2,3):

* T\:/E2<T131<T121<T[11(7Tsc))))

o L(A,[=3, =3], Ap[—2, =2], Ay [—1, —1]; Trva(msc))

o L(A,[-3,-3],A,[—2,-2],A,]0, —1] Tse)
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! (Tlofl (Ts¢))))

o
I1

! (Tlofl (Tse)))

T

P2

o
11

T
T

T (mse)))

o
11

TP (T,
o L(A[—a+3,—a+2];
o L(A[—a+3,—a+3];

(

R e I S e P

-3

11

— — — — ~ — — ~— Ial[a\} — — — ’7,2[7(

QN Qon N 9 9Qzs K]

o TO

(a) (a — 3,0 — 2, — 1,):

(9) (> 4):



UNITARY REPRESENTATIONS OF CORANK 4 167

o L(A,[—a+3, —a+ 1], TF (7s))
° L(Ap[ o+ 3, —al; Tse)
o L(A)[—a+2, —a—|—2] Ap[—a+ 3, —04+3];T})f1_1(Tff1(7rsc)))
o L(A,[—a,—a],A)[—a+3, —a+ 1]; 1)+
o L(A,[— a+2 —a—i—l] Ap[—a+3,—a+ 3]; 17 (7sc))
o LA [—a+1,—a+ 1], A [—a+ 3, —a+2; T7 (7))
o« LA [—a+1,—a],A[—a+ 3, —a+ 2|; ms)
o LA —a+2,—a],A)[—a+ 3, —a+ 3]; ms)
o LA [~a+ 1, —a+1,A[—a+2,—a+ 2], A [—a+ 3, —a+ 3|; T (7s))
e LA [—a+1,—a],A—a+2,—a+2],A—a+ 3, —a+3];ms)
* L(Ap[ o, — ]7AP[ a+2, —a+ ]7Ap[ CY+3,—O./—|—3];7TSC)
* L(AP[ o, — ]7Ap[ a+l, —a+ ]vAp[ a+ 3, —a+2;my)
o LA, [—a,—a],A)—a+1,—a+1],A[—a+2, —a+2], A [—a+3, —a+
35 Tse)
(b) (a=2,aa—1,a—1,a):
LA a1 —a+ 1], A —a+2,—a + 2 TEH(TE (1.0)))
o L(A[—a+ 1,—04],Ap[—0¢+2,—a+1];7rsc)
(¢) (=2, :

(WSC))

1
p[ o+ 27 —o+ 2]) Tlofl(ﬂsc))

L(A,[~a, —a]
(Ap[=a, =]
(d) (« — 2,0 — L, + 1
Tr NI

al; Apl—a+2, —a+ 1]; T}
Aj—a+1,—a+1],A

¥

« TP (171 (7se))))

« L(Ay[—a+2,—a+ 2l T7 (I7 (] (7))

o LA o +2,—a + 1 T (T (n.0)

o L(A[—a+1,—a+1],A [—a+2,—a+ 2; TP (T (7))

o LA —a—1,—a—1],A[—a+2, —a];7s)

o LA —a—1,—a—1],A)—a+1,—a], A[—a+2, —a+ 2]; 1)

o LIAJ—a—1,—a—1],A[—a,—a], A [—a+ 2, —a + 1]; 7y)

o LA [—a—1,—a—1],A[—a,—a|,A)—a+1,—a+ 1], A [—a+2, —a+
2];mse)

(e) (a —1,a,,x + 1):

« T (T (T7H(T7 ()

e LA 0, —al, Ayl—a+ 1, —a + U TEF(TE (.0)

o LA —a—1,—a—1],A[—a+2, —a];7y)

e LIA)J—a—1,—a—1],A ) [—a,—al, Ap[—a+ 1, —a + 1];7y)
(f) (a —lL,a,a+1,a+2):

¢ Tlal_l(TICXT2(TI£XIH(TIO[1(7TSC)))

L(A, - a+17—04+1]an‘f2(Tf1+1(Tf‘1(7Tsc))))

L(A) [« 2,—a—2],Ap[ a—l,—a 1, A)l—a+ 1, —al;my)

LA —a—=2,—a—=2,A[—a—1,—a—1],A[—a,—a], A [—a+ 1, —a+
1] Tse)

(9) (,a+ 1,0+ 2,0+ 3) :
« TP IR (T (T (7))
o L(A,[—a—3,—a—3], A [—a—2,—a—2],A,[—a—1,—a—1], A, [—a, —a]; Ts)

Proof. This follows directly from Propositions 4.6 to 6.18. 0
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APPENDIX B.
LIST OF REPRESENTATIONS OF CORANK 4 THAT ARE OF CRITICAL TYPE BUT NOT OF
ARTHUR TYPE, SORTED BY CUSPIDAL SUPPORT

In this section, we will give the opposite list as the one given in the previous section,
that is, the list of all representations of corank 4 that are of critical type but not of Arthur
type. This is given in Proposition B.1. Combining the two lists given in Proposition A.1
and Proposition B.1 together will allow us to classify the unitarity of all critical points, a
crucial step in the construction of the unitary dual.

Same as before, we will sort our list of representations as subquotients of I, 4, vy 2, =
pl-|*r x pl-|*2 x p|-|*® x p|-|** X 5. By Theorem 2.5, this list gives exactly the set of repre-
sentations that are of critical type but not unitarizable. Without loss of generality, we may
assume 0 < x1 < x5 < 23 < 74.

Proposition B.1. Let I, 4y 252, = pl-|" X p|-[72 X p|-["8 X p|-|"4 X750 for 0 < 27 < 9 < x5 <
xy. Then for a given quadruple (z1,xq,x3,24), the following list contains all its irreducible
subquotients that are of critical type but not of Arthur type.

(1) (a =0):
(a) (0,0,1,2):
* L(AP[_L _2]7 TX:/E4<7rsc))
° L(AP[_zv _2]; Tfl,l(T\:/E4<7rsc))))
° L(AP[07 —2 ’T‘:/EQ(,]TSC>>
© L(Ap[=2, 2], A,[0, =1, Ty 5(msc))
(b) (0,1,1,1):
* L(Ap[_lv_l]iTIlz(ij/E,z Tse)))
o« LA [-1, 1], A [~ 1, =1} T} (T, (7sc)))
o L(A,[-1,—1],A,[—1,—1],A,[0, —1]; 7s)
° L(AP[_L _1]7 AP[_L _1]’ Ap[_L -1 vT\ﬂ/fz(WSC))
(c) (0,1,1,2):
* L(AP[_L _2]; T\:/lf2<Tll,1<7Tsc))
° L(AP[_QJ _2]; TI1,2(T$,2(7TSC>>))
° L(Ap[_lv _1]7 Ap[ov _2]; 7Tsc)
¢ L(AP[_L _2]7 Ap[_L _1]; T\:/‘:,Q(Trsc))
o L(A,[—2,-2],A,[—1,—-1],A,[0, —1]; 7s)
(d) (0,1,2,2):
o L(A,[—2,—2],A,]0, =2]; ms)
o« L(A,[=2, =2 T7 (T}, (T3 (7))
° L(AP[_27 _2]7 AP[_L _2]; T\:/t,z(ﬂsc))
o L(A,[=2,—2], A, [=2, =2 T (T35 (7))
o L(A,[-2,-2],A,[=2, 2], A [-1, —1]; Ty, ()
o L(A,[—2,-2],A,[—2,-2],A,[0, —1]; 7s)
(e) (0,1,2,3):
o L(A,[0,—3];msc)
¢ L(AP[_L _3]; T‘:/lf2(7r86))
* L(AP[_27 _3]’ T},l(T\:}fQ(Wsc)))
* L(Ap[_?’a =3]; T12,1(T11,1(T§2<7Tsc))))
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