ERRATUM TO “ON THE NON-VANISHING OF THE
CENTRAL VALUE OF THE RANKIN-SELBERG
L-FUNCTIONS”

DIHUA JIANG AND BAIYING LIU

ABSTRACT. We complete the proof of Proposition 5.3 of [GJR04].

In this note, we complete the proof of Proposition 5.3 of [GJRO04]
which is stated as follows.

Proposition 0.1 (Proposition 5.3, [GJR04]). If the period, defined in
(5.2) of [GJRO4],

Pr,r—l(¢a7 5;, Sol)a

does not vanish for some given ¢, € V, and 5; € Vz, then the integral

/ qf)m(;)@g(mk‘)}"w(aﬂw(;)@);)(mv_(pl)wk)dmdpldk,
KXMatrfl,?r (A) ><Plv[?r,l

does not vanish for some choice of data ¢r, (9o € Apy,myFwe and

Pry (P27 € AﬁQT,T,m (F)@7,0°

The proof of Proposition 5.3 of [GJR04] is reduced to the proof of
the non-vanishing of the following integral (see (0.15) below)

/ 605150 M) F (G707 (™ () by
Matr_l,g,« (A) X PMQT’Z

for a proper set of sections, which was not complete in [GJR04]. In
this note, we complete this proof by proving Proposition 0.3 below.
Notation in the above proposition will be explained in Section 0.1.
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0.1. Notation and the main result in Section 4 of [GJR04]. Let
F be a number field. We will use the notation from [GJR04] freely.
Let Ap,, , x, ("o be the set of functions

¢ : M27’7l(F)UQTJ(A)\SP4T+21(A) — (Ca

such that ¢ is right Kg,, ., (A)-finite, and for each k € Kgp, ., (A),
the function ¢y : m — ¢(mk), m € My, ;(A), belongs to m,(7T) ® 0. For
¢ S APQT,ZJW,(F)@O'J let

D(-,5,0) = ¢(-) exp(s + PPy HPzr,z(')>'
Then

{@(7 S, Qb) : ¢ S APQr,lﬂrw(?)@)U}

is equivalent to I(s,m,(7) ® o). Similarly, let jﬁzr
of functions

o (F)@F be the set

& ¢ Moy, (F) Uy (A)\Spg, (A) = C,
such that ¢ is right Ksp, (A)-finite, and for each k € Kg,, (A), the
function ¢y, : m — ¢(mk), m € My, ,(A), belongs to my(7T) ® 7. For
5 € ./1132T7T’7%(;)®;, let

(-, 5,0) = 6(-)yu(det(-) expls + pp,  Hp, ()-
Then
{CT)(, s, 5) pe .Zﬁ%r’m(;m;}
is equivalent to I(s, (T) ®T).

The goal of Section 4 of [GJR04] is to compute the period
(0.1)

PST,T7Z<E ('7¢)7E1('7$)7902T+l):/ E

1
2 (SP4ryai]
where, ¢ = ¢r,Fae € APy, my(Foo E%(.7¢) is the residue at s = % of

the following Eisenstein series

E(9787¢> = Z ®(7g787¢)7 g € Sp47‘+2l<A);

YEPor 1 (F)\Sp gy 2, (F)

(9.0)FL,  (Er(-,0))(9)dg.

N

gz~5 = 5%(;)@; € jﬁ%h%(;m;, El(,g) is the residue at s = 1 of the
following Eisenstein series
E(g,s,¢) = (79, 5,9), g € Spg,(A);

'VGPQT,’!'(F)\SPGT(F)
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and

Fo (B d)) = / 5o (Corir (0)5) B (07, )ori(v)dl

[V2T+l]

It turns out (see (4.8) of [GJR04]) that the period (0.1) is the residue
at s = % of the following period

0.2) Ponys(E1. Br(-3), 2001) = / E(0)F2. (Fy(-3)(9)dg,

[Sp4r+21]

where,

&i(g) = > ®(vg, 5,0)(1 = 7.(H(79))).

YE P21 (F)\SPyy 421 (F)

Recall from (4.4) of [GJRO04] that for g = um(g)k € Spy,,o(A) withu €
Usri(A), m(g) € Mari(A) and k € Ksp,, , (A), H(g) = |det(m(g))]-

We remark that all § occurred in Sections 4 and 5 of [GJR04], namely
for the case of r > [, should be with respect to the character 1.

Let ®°(vg,s,0) = ®(vg,5,¢)(1 — 7.(H(79))). By [GJR04, Proposi-
tion 4.3], the period (0.2) is equal to
(0.3)

(g, s, 9) / wa (D2, 2)0(p1)9)

/]\4(F)U(A)\Sp4r+2l (&) Mat,_; 2, (A)

Por1((0,8)) E, By, 0V (P10, &)1 (v)dvdpidyg,
where w is the following Weyl element on p. 696 of [GJR04],

0 L, 0 0 0

L., 0 0 0 0

(0.4) w=|0 0 I, 0o o],
0 0 0 0 I
0 0 0 I, O

El, ﬁ%r(ﬁ, 5) is the constant term of the residue E; (9, 5) along the max-

imal parabolic subgroup ]DVQW, which equals Ml(&))(ﬁ), the residue
at s = 1 of the intertwining operator M(ng,T,s)((i)(g) defined in
Section 3.2 of [GJRO4]. /f\\/l/(wgw,s) maps sections in the induced
representation / (s,m4(T) ® T) to those in the induced representation

f(—s,w%,r(ww(?) ® 7)). Note that M;(®)(g) is not identically zero,
and wa,, (14 (T) @ T) = my(T) @ T since my(7) is self-dual.
After applying the Iwasawa decomposition Spy, o /(A) = Pa (A)K,
K = Ksp,, ., (A), we obtain the integral (4.31) of [GJRO04], in which
3



Ml(&)) belongs to I(—1, my(T) @ T). Since the induced representation
I(—1,m,(T)®T) is reducible, the image M, (®) belongs to a proper sub-

representation of I(—1,m,(7) ® 7). This is the key point that makes
the original argument in the proof in [GJRO04] for Proposition 5.3 in-

sufficient. Denote the subrepresentation of I(—1,m,(7) ® 7) consisting
of the images of My by In(—1,7m,(7T)®7). Recall that I(—1,7,(T)®7)
is equivalent to

{8.-1.0): 0 € Ay, rror)-

Denote the subspace of A P

by APQTT 7T7/)( )®7‘0
In order to complete the proof of Proposition 5.3 in [GJR04], we find
a technically more involved argument, which is not sensitive to which

section to be taken in the subrepresentation Io(—1,m,(7) ® 7) or even

.y (F7 COrTesponding to Io(—1, Ty (T)®T)

in the whole induced representation I(—1, (7)) ®T).
Since M;(®) € Iy(—1,7(T) ® T), from the discussion above, there
exists ¢, o7 € AEM o (F)DT0 such that

Mi(®) = fr (7107 Yo(det) exp(—1 + pp,  Hp, ).
It follows that
M (®)((a, byov™ (py)wk)
= |deta| "2t 2, (det ), 37 ((a, b)ov™ (pr)wk).

After carrying out the calculations from (4.32) to (4.35) of [GJR04],
one obtains in Theorem 4.4 of [GJR04] that the period (0.1) is equal to
a product that a constant ¢ times the integral (4.35) of [GJR04] which
is given by
(0.5)

Ory(Foo (ME)FY (0r, 7)e7) (Mo~ (p1)wk)dmdp, dk,

K xMat,_ 2, (A)xPMa,

where the function F¥ (¢, )e7)(mv~ (p1)wk) is defined as in (4.33) of
[GJRO4] by
(0.6)

Wil fé}ﬁg_r:_l,l(g(ﬁ%E)g(ﬁl)rfﬁ(b)k)(gww(?)@?(vfﬁ(av b>vi (p1>wk)wr—l(v)dv

the integration domain PMy,; is given by

(0.7)  PMy,; := (ZGLzT(A)GL%(}’;)\GL%(A)) X (Spy(F)\Spy(A))



as in (4.34) of [GJRO04], and
_ vol(A'\F¥)
B 2rd

with d being the number of the real archimedean places of the number
field F. Recall from (4.29) of [GJR04] that 9?211%1 is defined as follows:

(0.8)

(0.9) 6%, (B2, D)E1G) = Y wymr (U2, 2P T #21((0,61))-

&eF!
Recall that for each k € K, ., (A), ¢ € Ap, ,x,(Pg0s Ok * M —
¢(mk) belongs to m,(7)®0, and for each k € Kg,, (A), o€ .APQM Ty (F) &7

on T — ¢(mk) belongs to my(T) @ 7. Let A% \my(Peo DE the subset
of pr,,r ,(Pee consisting of sections ¢ +(F®0o Wthh are factorizable
and have the property that ¢ (g0, is decomposable in 7,(7) ® o:

(010) (bﬂw(;)@cr 1= ¢7rw ® Cbg € 7T¢( ) ® o,

vihere bry3 € Ty(T), s € 0. Let A;ZMM(T)@@F,O be the subset of
A Poyr s (@70 consisting of sections ¢7r »(®e7 which are factorizable and

have the property that &r »(MeFw 15 decomposable in 7y (7) ® 7
(011) qu/) )RT,w — Qb;rd,(?) ® @7 € Ww(?) ®T,

where ¢/ @ € 7y (T), ¢T € 7, and w is the Weyl element on p. 696 of
[GJRO4], see (0.4).

Lemma 0.2. A%

P (P generates a dense subspace of APy, 1y (F®0-

Proof. Since 7, (7) ®0 is generated by pure tensors ¢, 7 ® ¢o, ¢r,7) €
my(T), ¢o € 0, the set

{¢7r¢ ®U‘¢7r¢ ®01€7T¢( )®U}

is generated by the set

{Or,® 00| Py (D001 = Pry(® @ G0 € Ty(T) @ 0, bry7) € Ty(T), ¢ € 0}

SS
Hence, A% - #so

of factorizable sections. Since factorizable sections generate a dense
. SS
subspace of Ap, ; =, @0 APM’% (Feo generates a dense subspace of

generates the subset of .Apm’,T +(Feoe consisting

Apy, 1m0y (F @0 O
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0.2. Proof of Proposition 5.3 of [GJR04]. We repeat the proof for
Proposition 5.3 in [GJR04] and point out the place that needs a more
technical argument, which is now taken care of by Proposition 0.3 be-
low.

Recall from (5.2), (2.11), and (2.13) of [GJRO04] that the period
Prr—i(do, 07, 1) equals

(0.12) 6u(o) | T2 (GODET0)dudy
[Spai] o

It defines a continuous functional on the space of

~ 1 VT, 1w7‘—
VC,@(@}" ®V;) o

Y

where éf_l is the space generated by the theta functions 5%;1 with

¢ € S(A!) and (é}pfl ®Vz)Vr¥r—t is the space generated by the Fourier-
Jacobi coefficients of automorphic forms in 7.

It is clear that S(A? ) = S(A*)RS(AY). If we take Yo, = Vor Dy
(separation of variables), then we have

00, (U@ 2)UE,)G) = e (0B))) - 02, (U(D5,2)7)
for § € Spy(A) (see (0.9) for the definition of gg;%l). For any fixed
9, € S(A?"), we consider all Bruhat-Schwartz functions

Por+l = P2r Q 1 € S(AQTH)a

with ¢; € S(A!). Tt follows that the space generated by gv (0(Py,2)9)

P2+l

(with a fixed ¢, € S(A?) and all ¢; € S(AY)) is the same+as the space
éf_l (generated by all 5&71(6 (Py,Z)g)) as automorphic representations
of the Jacobi group Spy(A) x Hy(A), where H, is the Heisenberg group
generated by all {(p,,Z). In the following we may assume that g, is
supported in a small neighborhood of zero.

It follows that the non-vanishing of the period PW_,(qbg,&?;, @) is
equivalent to the non-vanishing of the following integral

0a(8) [ B 0B 2N D),
[Spai] [Vl
On the other hand, it is clear that the integral

/ P, (?)(a)aww 7 (a)da
Zaty, (A)GLa, (F)\GLr (4)
6



is not zero for any choice of nonzero ¢y ), where gb ) is the complex
conjugate of ¢, . Hence, combining the above two non-vanishing
integrals, we obtain that the integral

(013) /PM ¢w¢(?)®a<m)fw<57r¢(?)®;) (mUJ)dm,

does not vanish for some choice of data ¢, w0 e A% and

Poy 1,y (T)®0

gww e € e A , (by taking gb 7 tobe gb ) in (0.11)), where

P2'r Ty 71'111( )
PM,,; is as in (0.7), and for m = m(a, b), .Fw(gzﬁw(;)@;)(mw) is defined
by

(0.14) /[ ]%;ll(f(ﬁm5)7%(b))gﬂw(a@@;(ﬁ%(a)vm(b)w)wr_z(v)dv

We claim that for any choice of ¢, 7gs € A3 there exists

P2T 15 7711)( )®0'7
gbm(;)@ € A‘ET o (P)eF , such that the integral (0.13) does not van-
ish. Indeed, from the dlscussion above and the definitions of the sets
AL o (F) , and A;‘Z o (@0’ it suffices to show that for any choice

of ¢, € o, there exists 57 € 7 such that the period Pr,r_l(qbg,gz;;, ©1)
is nonzero. This follows from the fact that since o is irreducible, if

the period P, (¢, (E;, ¢1) is nonzero for some choice of ¢, € o and

¢z € T, then the whole o occurs in the descent module of 7 (for the
definition of descent modules see [GRS11, Chapter 3]).

Next we consider the following inner integration from Proposition
0.1:

015 [ Dy 9100 (1) F* (B 3707 (0 (pr o) dim.
Mat, 2, (A) X PMa,

Recall from p. 697 of [GJRO04] that the element v~ (p;) belongs to a
unipotent subgroup of Spg, consisting of elements of the form

pi ]27‘
By Proposition 0.3 below and the claim above, for any choice of ¢r , (7)@0

}ZTYZ’W(;)W, there exists qﬁm o7 € AP2M o)
gral (0.15) does not vanish. This is the place where the original ar-
gument in the proof of Proposition 5.3 of [GJR04] is not complete.

Proposition 0.3 will be proved in Sections 0.3 — 0.5.
7
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In order to prove finally the integral

/ O, (?)@a(mkz)Pb@m #e7) (mu™ (p1)wk)dmdp,dk
KXMatrfl,Zr (A) XPMQ,-J

is nonzero for some choice of data, for k € K, we set
U(k) = / Gy (720 (ME) FP (O, (7107) (M~ (p1)wh)dmdp,
MatT*l,ZT(A)XPMZT‘,l

According to the discussion above, under the assumption of the propo-

sition, for any choice of ¢r,(7)g0s € AR, s (F)®07 there exists ¢, (7)e7 €

Ap,. . my(Fero Such that U(k) is nonzero at k = 1, the identity. By
Lemma 0.2, A‘}Zr,l’%(;)(@a generates a dense subspace of Ap, , r, @ eo
hence we have the freedom on the K-support of the factorizable section

(ﬁﬂ'w (T)®c -
Therefore, at non-archimedean ramified local places v, we can choose
a small support Q, C K, of ¢, g near the identity, such that

U(koo - ky) = V(ks).
At the archimedean local places v, by using the continuity at & = 1
of W(k), there is a small support Q. C K, for ¢, +(Peo such that the
integral

/K U(k)dk = c; - / U (koo )dkino # 0,

Qoo
with a constant ¢y depending on the ramified finite local places.
This completes the proof of Proposition 5.3 of [GJR04], up to proving
Proposition 0.3 below. U

SPSQ,,—J,W,LP(;)(@O”
Aoro Such that the integral (0.15),

Proposition 0.3. For any choice of data ¢, ). € A

there exists qgm(?)@@? S Aﬁzmm(

which equals
/ ¢ww(?)®o (m)ﬂ(gﬂwm@;) (mu™ (p1)w)dmdp;,
Mat, _ 2, (A) xPMa,.

does not vanish.
The proof of this proposition will be given in following sections.

0.3. The idea for proving Proposition 0.3. In this section, we
briefly introduce the idea for proving Proposition 0.3. First, we recall
a lemma from [GRS11], which plays the same role as [GJR04, Lemma
4.2].

Let H be any F-quasisplit classical group, including the general lin-

ear group. Let C be an F-subgroup of a maximal unipotent subgroup
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of H, and let ¢¢ be a non-trivial character of [C] = C(F)\C(A). X,Y
are two unipotent F-subgroups, satisfying the following conditions:

(1) X and Y normalize C;

(2) XNC and YNC are normal in X and Y, respectively, (XNC)\ X
and (Y NC)\Y are abelian;

) X(A) and Y'(A) preserve ¢¢;

) Y¢ is trivial on (X NC)(A) and (Y N C)(A);

) [X,Y] C C;

) there is a non-degenerate pairing (XNC)(A)x (YNC)(A) — C*,
given by (z,y) — vec([x,y]), which is multiplicative in each
coordinate, and identifies (Y N C)(F)\Y (F) with the dual of
X(F)Y(XNC)ANX(A), and (X NC)(F)\X(F) with the dual
of Y(F)(YNC)(A)\Y(A).

Let B=CY and D = C'X, and extend ¢ trivially to characters of
[B] = B(F)\B(A) and [D] = D(F)\D(A), which will be denoted by
Yp and Yp respectively. When there is no confusion, we may denote
Yp and ¥p all by 9¢.

Lemma 0.4 (Lemma 7.1 of [GRS11]). Assume that the quadruple
(C,e, X,Y) satisfies all the above conditions. Let f be an automor-
phic form on H(A). Then for any g € H(A),

vg) Y5t (v)dv = u o (u)dud
gt = [ [ sy oy

(YNC)(A)\Y (A
The right hand side of the the above equality is convergent in the sense

fluyg)vp' (u)duldy < oo,

(3
(4
(5
(6

|
/(YOC)(A)\Y(A) (D]
and this convergence is uniform as g varies in compact subsets of H(A).
The idea for proving Proposition 0.3.
First, based on the discussion in Section 0.2, for any choice of ¢, +(Peo €
A% ~ there exists ¢, (707 € € Ass __such that the inte-

PQT,lvﬂw(T)(g)a’ P2'r 73T (?:)@’7—70
gral (0.13):
(0.16) /PM qbw(%)@a(m)]:w(ﬁbm(?)éa?) (mw)dm,
27,1

does not vanish, where PMy,; is as in (0.7), and for m = m(a,b),

}_w(gﬂw(;)@@;)(mw) is defined in (0.14).
The proof of Proposition 0.3 briefly consists of the following 4 steps.
(1) Reversing the calculations from (4.29) — (4.35) and reversing the

step of taking Fourier expansion of £, along [C1] as in [GJRO4,
9



Section 4], we can transform the integral (0.16) to a nonzero
constant times the residue at s = % of a multiple integral over
[M] and [V] (see (0.18), (0.31) below).

(2) Note that V) = [T'Z,C,V©, we consider the integral over
[V(l)] Applying Lemma, 0.4 repeatedly to exchange roots from
[T.ZL¢ito | "' R;, we obtain a multiple integral over []/_. Ci(A),

[H;:ll "R;] and [VO] (see (0.20), (0.33) below). Combmmg
with the outer integral over [M], after changing of variables, we
obtain a non-vanishing multiple integral over H::_é Ci(A), [M],

T R,] and [V©] (see (0.22), (0.34) below). Then we drop

j=1
the outer integral over H:;; Ci(A). Clearly the inner multiple
integral over [M], [H;;lfl R,] and [V )] is non-vanishing.

(3) Then we consider the non-vanishing inner multiple integral over
[H;_ll_l R,] and [V@]. Applying Lemma 0.4 repeatedly to ex-
change roots from [[;Z; "' R; to [[/ZLCi, we obtain a multi-

ple integral over [}, TIR(A), [TTZh ] and [V©)] (see (0.25),
(0.37) below). Combmmg with the outer integral over [M], after
changing of variables, we obtain a non-vanishing multiple inte-
gral over []/Z\7' R;(A), [M], [[[:5,Ci] and [V©] (see (0.27),
(0.39) below). Note that []/—. C;V(© = V1,

(4) By choosing appropriate 2, € S(A?"), we obtain a non-vanishing
multiple integral over []}- 'R,(A), [M] and [V (see (0.28),
(0.40) below). Note that H;:ll R;(A) is exactly the group Mat,_; 5, (A).
After taking Fourier expansion of E; along [C1] and the calcula-
tions from (4.29) — (4.35) as in [GJR04, Section 4], we obtain a
non-vanishing integral which is exactly a product of a nonzero
constant with the integral in (0.15), for ¢, (7@, and some right

translation of ggﬂ »(FEF-

0.4. Proof of Proposition 0.3: special case [ = 1,r = 3. In this
section, we prove Proposition 0.3 for the first non-trivial case: [ =
1,r=3.

We start from the non-vanishing integral (0.16). Reversing the cal-
culations from (4.29) — (4.35) as in [GJR04, Section 4], the integral
(0.16) is equal to 1 times the residue at s = § of

(0.17) /[M]<I>c(m,s,gb)|deta|_22l/v S wys (U, )

1] &1EF!
10



01((0,60)E, p, , (vimw, §)iba(v)dvdm,
where ¢ is as in (0.8).

Reversing the step of taking Fourier expansion of E; along [C1] as in
[GJRO04, Section 4], the integral (0.17) is equal to

(0.18) / ®°(m, s, ¢)|det ay?/ S wper (€2, D))
e W] &er!
1((0,€0)) B (0w, ) tha (™) dvMdm
Recall that V) consists of elements of the type

Is ¢ y p3 =2
n p2 <2 P3

oM = L py oy |,
n* q*
Ig

where ¢ € Matg o with the first column being zero.
Recall that V(© consists of elements of the type

Is 0 y p3 =2
n p2 2 P3

v = Iy py ¢
n* 0
Is
And for 1 <t <2,
Is ¢ 0 0 0 )
L, 0 0 0
Ci = Iy 0 0]:q€&Matgp,q;=0,7#t1,,
I, q*
I )
Is 0 0 0 0 )
p I, 0 0 O
Rt = _[2 0 O 'p e Matg’ﬁ, Qi; = O,Z 7£ t
L, 0
p* I

V,
Note that V1) = C,V(© . Next, we consider the integral over [V (1]

and apply Lemma 0.4 to exchange the roots from Cy to Rq. It is easy
to see that the quadruple

(VO by, Ry, Co)
11



satisfies all the conditions in Lemma 0.4. Hence, applying Lemma 0.4
to the quadruple (V) 4y, R1,Cy), the integral

(0.19) / S wp (€ D))er((0,61))

is equal to

(0.20) /m) /M /V S wpet (6P, 2P er((0,61))

O] Lo

Ey(vOu~ (py)vimaw, ¢)is (0@ )dv @ dpy do.
Hence, the integral (0.18) is equal to
(0.21)

/ @C(m,s,¢)|deta|221/ / / Z wy-1 (£(Pa, 2)(p1)m)
[M] C2(A) J[Ra] J V)]

E €Ft

©7((0,1) E1 (v v (py )vinw, $)¢2(v(°))dv(0)dp1dvdm.
Since [M] normalizes the group Cy(A), after changing of variables,
we obtain the following non-vanishing integral

(0.22)

/C2 /M] ®°(m, 5, ¢)|det a| == /Rl] /v<> 3" wp (6pa, 2)(p1)iT0)

eem

©7((0, 51))51 (v(o)v_(pl)ﬁzw(w_lvw), (Z)wz(v(o))dv(o)dpldmdv.

Therefore, as an inner integral, the following integral is non-vanishing

(0.23) /[M]¢>C<m,s,¢>|deta|? /M / S e (€pn ) (p0) 1)

()]§EF1

©7((0,61)) EX (U(O)U_<p1)mwga ¢)¢2(U(0))dv(0)dp1dm;
where g = w™tvw, for some v € Co(A).

Now, we consider the multiple integral over [R,] and [V(9)], and apply
Lemma 0.4 to exchange the roots from R; to Cy. Precisely, applying
Lemma 0.4 to the quadruple (V© 1)y, Cy,R;) (which also satisfies all
the conditions in Lemma 0.4), the integral

(0.24) /m /V S wpet (E(p2 2P er((0,61))

(>]£€F1

By (0O (p)mwg, ¢)a(v®@)do @ dp,
12



is equal to

029 [ ] 3 el e (0,60)
Ri(A) J VD] €leF!
El(v( o™ (pr)mawg, $)¢2(U(1))dv(l)dp1-
Hence, the integral (0.23) is equal to
(0.26)

[ atmsoera [ [ 3 w2 men(0.6)
[M] Ri(A) V] ¢ e

Ey (0™ (py)iawg, o) (v®)dvMdpydm.
Since [M] normalizes R1(A), after changing of variables, we obtain the

following non-vanishing integral

(0.27)
/Rl(A) /[M] wm, 5, 6)ldetal ™% > wi (U2, )l (p))

VOl ¢ g
w7((0,€0)) E1 (v (p1)wg, ¢)iba(vD)dvDdmdp, .

By choosing appropriate p, € S(A®), the integral (0.27) is non-vanishing
if and only if the following integral is non-vanishing
(0.28)

/ / d°(m, s, p)|det a| 2 / Z wy-1(€(pa, 2)ml(p1))
Ri1R2(A) J [M] v

E eFrt

er((0,6) Er (v ™ (pr)wg, 6)bs (V) doW dimepy.
After taking Fourier expansion of E; along [C;], arguing as in [GJR04,
Section 4], the integral (0.28) is equal to
(0.29)

d°(m, s, ¢)|det a / wy—1(L(pa, Z2)ml(p
/M(/ detal# [ 3w (tlpa 2)tt)

V3, 1]5 cr!

©7((0, 51))E1,P6,3 (vmv™ (p1)wyg, ¢)¢2(v)dvdmdp1,
Then, following the calculations from (4.29) — (4.35) in [GJR04], we
obtain that the following integral

¢ / ¢7rd) (?)®J(m)fw (R(g)gﬂ¢ (?)@7‘) (mU_ (p1)w)dmdp1
Matz,6(A)xPMs,1

does not vanish, where R(g) is the right translation operator. Hence,

for ¢r,Pee € AR, s ae B9)0r,mer € Ap, | - #ero Would be
suffice, in order for the integral (0.15) to be non-vanishing.
13



This completes the proof of Proposition 0.3 for the special case [ = 1,
r=3. U

0.5. Proof of Proposition 0.3: the general case. In this section,
we prove Proposition 0.3 for the general case.

Again, we start from the non-vanishing integral (0.16). Reversing the
calculations from (4.29) — (4.35) as in [GJRO04, Section 4], the integral
(0.16) is equal to 1 times the residue at s = § of

(0.30)
®°(m, s, ¢)|det a|_37"_l_% /[ Z wy-1(£(P2, 2)m)p2r4+1((0, &)

[M] Vr,l] flEFl

B, 5, (vmw, ¢)p, i (v)dvdm,

where again ¢ is as in (0.8).

Reversing the step of taking Fourier expansion of E; along [C], the
integral (0.30) is equal to
(0.31)

(m, s a_sr_l_% wy—1(L(pa, Z)M)pa, )
/[M]CD( 5,9)|detal /W S wyt (B, ) (0,61)

M) g eF!

E (v iw, @) (0M)dv™Mdm.

Recall that V() consists of elements of the type

I27“ q Yy p; <
n p2 z pP3

U(l) == [2l p; y* )
n* q*
IQT‘

where ¢ € Maty,,_; with the first column being zero.
Recall that V(© consists of elements of the type

127“ 0 y pg z
n p2 Z pP3

0@ = Iy py y*
n* 0
]27‘

14



Andfor 1 <t <r—1,

Ly ¢ 0 0 0
I._; 0 0 0
Ct = IQl 0 0 1q € MatZr,rfh Qi; = Oa] 7é t 5
Irfl q*
IQT )
L, 0 0 0 0 )
p L., 0 0 0
R, = Iy 0 0 pe Mat,,_ljgh qi; = 0,1 7& t
L, O
p* [2r

Note that V) = [[/ZLC;V©. Next, we consider the integral over
r—1
[VY] and apply Lemma 0.4 repeatedly to exchange roots from []/_, C;

to H;;ll_l ‘R;. First, one can see that the quadruples

r—I

t—1
(HRj H CiV(O),wr_z,Rt,CtH) A<t<r—1-1,

J=1  i=t42
satisfy all the conditions in Lemma 0.4. Hence, applying Lemma 0.4
to the following ordered sequence of quadruples

r—I
(H sz(0)7 Qz]r—ly Rl? C?) )

1=3

t—1 r—I
(H Rj H Civ(o)ﬂ/)r—l,Rt,CtH) )

j=1  i=t42

r—[—2
( H RjV(0)7¢T_l,RT_l_1,CT_Z) ,
Jj=1

the integral

(0.32) /[vw} > wyt (6P, 2))para((0,6))

El(v(l)fﬁw, ~)1/},,_l(v(1))dv(1)



is equal to
(0.33)

/T e A)/ — 1R]/V > wymr(0p2 2P )2 a((0, )

O] o

E (v (p)vmw, )b (0 ) dv @ dp dv.

Since M normalizes the group H::_é C;, after changing of variables,
we obtain the following non-vanishing integral

(0.34)

¥ (m, s, 0)deta 7 [ / s (P 2
/M)/[M] S WSS

()]feFZ

P2r41((0,8)) Er (00~ (p)w(w ™ vw), §) b1 (0)dvo O dpydmv.
Therefore, as an inner integral, the following integral is non-vanishing

(0.35)

/ d°(m, s,¢)]deta|4r+é/ / wa (D2, 2)L(p1)m)
[M] M= RV

(0>] 5 cF!

2r11((0,€) Er (v v~ (pr)imawg, ¢) iy (v'@)dv® dpydm,
where g = w™vw, for some v € [[/_L Ci(A).
Now, we consider the multiple integral over [1—[;71171 R,] and [V©)],
and apply Lemma 0.4 repeatedly to exchange roots from HT =1 R; to

Hi:Q C;. One can see that the quadruples

r—i—1
(Hc I RV, ¢, Z,CtH,Rt),lgtgr—l—l,

=2 j=t+1

also satisfy all the conditions in Lemma 0.4. Hence, applying Lemma
0.4 to the following ordered sequence of quadruples

r—Il—1
( 11 ijm),wr_l,cz,m) :

Jj=2

r—l—-1
(@ 11 ij”),m_l,cg,&) :

j=3

r—Il—1
(HC H R,V 4, Z;Ct+1;Rt>>

1=2 Jj=t+1

16
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r—[—1
( H C’LV(O)v wr—ly C’I‘—la R’r‘—l—l) )
=2

the integral

(0.36) /[HH o /[V() Z wy -1 (E(P2, 2)L(Pp1)m)par+1((0,&))

5 eFt

By (vOv (pr)iawg, )b, (v@)do @ dp,

is equal to
(0.37)
/ / / D Wy (U2 D)) 2r1((0,61)
oy Ry@) TS 60 YVl g o

Ey (00 (pr)iwg, ¢) i (v®)dv® dvdp.
Hence, the integral (0.35) becomes
(0.38)

[ wons.ofaena - [ [ 3 wotetan 2oy
[M] [ Ri(a) JIv@

war41((0, fl))E1< (1)7)7(171)7717119705)%4(” 1))dv(l)dp1dm-
Since M normalizes the group HT =t R;, after changing of variables,
we obtain the following non- Vamshmg integral

(0.39)
/ / ®°(m, s, ¢)|det a| >~ =3 Zw¢ U(pa, Z)ml(p1))
T2 Ri(a) JM]

V( )] 5 Fl
902r+l((07 51))E1(U(1)mv_(p1)w97 ég)%—l(v 1))dU l)dmdm-

By choosing appropriate ¢, € S(A?"), the following integral is also
non-vanishing

(0.40)
P det q| 371~ )
/H?_iRj(A) /[M] s ldetal /v( 2 ot (Upn 2)L(p1))

5 cF!
902r+l((07 51))E1(U(1)mv_(p1)w97 ;5)%—1(“ 1))dv(1)dmdp1-

After taking Fourier expansion of E; along [C1], arguing as in [GJR04,
Section 4], the integral (0.40) is equal to
(0.41)

/ / q)c(m,s,gzﬁ)]deta|3rl%/ wa {(pa, 2)ml(p1))
IT525 Rj(a) J[M]

g cF!
17



Por((0,8))E, 5, (0w (p1)wg, @)tbr—i(v)dvdmap.

Then, following the calculations from (4.29) — (4.35) as in [GJRO04,
Section 4], we obtain that the following integral

c/ Oy (720 (M) FP (R(9) b, (my07) (v (pr)w)dmdpy,
Matr ZQT(A)XPMQ'rl

does not vanish, where R(g) is the > right translation operator. Hence,

for ér,mes € .APMW (P R(g )qﬁm o7 € AP2MW(T)®;70 would be
suffice, in order for the integral (0.15) to be non-vanishing.
This completes the proof of Proposition 0.3. 0
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