
MA 442: Quiz 5

Name:

Question 1 (10 points): Show that every linear map φ : En → E for any normed
space E is continuous.

Answer: The continuous linear maps are the bounded linear maps, so we have with
x = (x1, . . . , xn),
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So ‖φ‖ ≤
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and φ is continuous.
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Question 2 (10 points): Define f : E2 → E2 by

f(~x) =

(

x2

− sin(x1)− x2

)

, ~x = (x1, x2).

Determine the points ~x where df(~x) is one-to-one.

Answer: We have

[df(~x)] =

(

0 1
− cosx1 −1

)

.

The determinant of this matrix is cosx1, which is nonzero iff x1 6= π/2 ± nπ, n an
integer, so [df(~x)] is one-to-one for these values.
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Question 3 (10 points): Let E be the space of all real-valued polynomials on (0, 1)
with norm |f | = supx∈(0,1) |f(x)|, and let the linear mapping φ : E → E be defined by

φ(f) = f ′, the derivative of f .

Show that φ is not a bounded map.

Answer: If f(x) = xn then f ′(x) = nxn−1, |f | = supx∈(0,1) |xn| = 1 and |φ(f)| =
supx∈(0,1) |nxn−1| = n.

So ‖φ‖ ≥ |φ(f)|/|f | = n for all n, so ‖φ‖ is not finite.
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Definitions

(1) An inner product space is a vector spaceE over E1 and a mapping · : E×E → E1

that satisfies: x · x ≥ 0 and x · x = 0 iff x = 0; x · y = y · x; (ax) · y = a(x · y);
(x+ y) · z = x · z + y · z.

(2) The Cauchy–Schwartz inequality states that in any inner product space |x ·y| ≤
(x · x)1/2(y · y)1/2.

(3) A normed linear space is a vector space with scalar field E1 and a function
| · | : E → E1 that satisfies: |x| ≥ 0 and |x| = 0 iff x = 0; for all a ∈ E1 and all
x ∈ E |ax| = |a| |x|; for all x, y ∈ E, |x+ y| ≤ |x|+ |y|.

(4) A metric space is a set S with a function ρ : S × S → E1 such that for all
x, y, z ∈ S:

(1) ρ(x, y) ≥ 0, and ρ(x, y) = 0 iff x = y.

(2) ρ(x, y) = ρ(y, x).

(3) ρ(x, z) ≤ ρ(x, y) + ρ(y, z).

(5) The usual metric on En is given by ρ(x, y) = |x − y| with the norm given by
|x| = √

x · x and the dot product x · y =
∑n

k=1 xkyk.

(6) A sequence in a metric space (S, ρ) is Cauchy iff (∀ǫ > 0) (∃K > 0) (∀m,n > K)
ρ(xm, xn) < ǫ.

(7) A metric space (S, ρ) is complete iff every Cauchy sequence converges.

(8) A function f : A → (T, ρ′) with A ⊂ (S, ρ) is continuous at p ∈ A iff (∀ǫ > 0)
(∃δ > 0) (∀x ∈ Gp(δ)) f(x) ∈ Gf(p)(ǫ).

(9) A function f : A → (T, ρ′) with A ⊂ (S, ρ) is uniformly continuous on B ⊆ A
iff (∀ǫ > 0) (∃δ > 0) (∀x, p ∈ B | ρ(x, p) < δ) ρ′(f(x), f(p)) < ǫ.

(10) A function φ : E′ → E, with E′ and E two vector spaces over E1, is linear iff
φ(ax+ by) = aφ(x) + bφ(y) for all a, b ∈ E1 and x, y ∈ E′.

(11) A linear mapping φ : E′ → E is bounded iff ‖φ‖ = supx∈E′ |φ(x)|/|x| < ∞.

(12) A function f : E′ → E is differentiable at ~p ∈ E′ iff there is a bounded linear

mapping φ : E′ → E such that lim|~t|→~0 |f(~p+ ~t)− f(~p)− φ(~t)|/|~t| = 0.

(13) If f : En → Em is differentiable at ~p, the matrix [df(~p)] is given by
[Djfi(~p)]i=1,...m;j=1,... ,n.


