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ABSTRACT. We introduce new anisotropic wavelet decompositions associated with
the smoothness 3, B8 = (81,...,84), B1,.-.,B4 > 0 of multivariate functions as mea-
sured in anisotropic Besov spaces BP. We give the rate of nonlinear approximation
of functions f € BP by these wavelets. Finally, we prove that, among a general class
of anisotropic wavelet decompositions of a function f € BP, the anisotropic wavelet
decomposition associated with 3 gives the optimal rate of compression of the wavelet
decomposition of f.

CHAPTER 1
INTRODUCTION

1.1 Overview. In regular wavelet decompositions of a function f, one approxi-
mates f at several resolution levels. For example, if f € L?(R?), one could find a
best constant approximation Py f to f, then a best piecewise constant approxima-
tion P; f to f on a 2 x 2 grid of subsquares of [0, 1], then a best piecewise constant
approximation P, f on a 4 x 4 grid, etc. If we think of f as representing a grayscale
image, then it is easy to see that “smooth” parts of f can be approximated well
using characteristic functions of large squares, while less smooth parts of f (e.g., dis-
continuities) can only be approximated well using characteristic functions of small
squares.
Once we have computed Py f, P1 f, ... , we write

(1.1.1) f=Pof+> (Puf — Paf),

k=1

interpreting the terms Ppf — Px_1f as the “details” which are added when going
from one resolution level to the next. One then writes Py f — Px_1f as the so-called
wavelet sum

(112) Pkf — Pkflf = Z dj,kwj,k = Zdj,k2k¢j,k(2k . _j)
jez2 JEZ
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and Pyf as a linear combination of translations of a scaling function,

(1.1.3) Pof = ¢o(-—J)

jez?

so that (1.1.1) can be rewritten

(1.1.4) F=Y o= +>. > ity

M/ k=0 jeZ?

The science of compressing such wavelet decompositions of f is to choose, for n =
1,2,... the n most “significant” terms in (1.1.4) and to form an approximation f,
to f using these terms.

There is a mathematical theory by DeVore, Jawerth and Popov (see [D-J-P])
which quantifies the performance of this type of compression. What is implicit in
this theory is that this method assumes that the smoothness of f is the same in each
coordinate direction, so that when one goes from one resolution level to the next, it
makes sense to double the number of rows and columns in our approximation grid
at the same time.

Some types of functions do not have the same smoothness in each coordinate
direction. For example, suppose that f(z,y,t) models the footage from a security
video camera. Here x and y represent the spatial directions, while ¢ represents time.
The smoothness in each frame is quite low (the same for still images), but in time
the smoothness is high, in that most of the frames are the same from one frame to
the next. To compress this function, it is wasteful to divide both the spatial and
temporal approximation “cubes” by 2 each time we pass from one resolution level
to the next higher one.

So the author’s idea is as follows. First, we use so-called anisotropic Besov spaces
to measure the smoothness of multivariate functions. Instead of assigning a single
smoothness parameter a to all coordinate directions, each coordinate direction 7 is
assigned its own smoothness parameter a;. So let us say that f is bivariate and
the smoothness in the x; direction is «; and the smoothness in the x5 direction
is ap and that ag > 3. We shall prove that the best way to pass from one
resolution level to the next finer resolution level is the following: One works with
rectangles instead of subsquares and starts again with a function which is constant
on [0, 1]? with which to approximate f. Then to go from one resolution to the next,
one always divides the rectangles by two in the x; direction, but one divides the
rectangles in the xo direction only the fraction aj/ay of the time. This way one
approximates the function not on smaller and smaller squares, but on smaller and
smaller rectangles that are also getting “skinnier”. It turns out that compressing
the details that result from subtracting approximations to the original f at adjacent
pairs of these “anisotropic” resolution levels is the optimal way to compress f.

1.2 Background. As was mentioned in the introduction, some multivariate func-
tions have different smoothness in different coordinate directions. Such smoothness
is called anisotropic, in contrast to smoothness that is the same in all directions,
which is called isotropic.

We use the so-called anisotropic Besov spaces to quantify the anisotropic smooth-
ness of functions. Let f : © — R, where Q C RY (typically Q = [0,1]¢). We
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assume that there are smoothness parameters a = (aq,...,aq), with «; > 0 for
i =1,...,d, and to be specific, that we want to measure the smoothness of f in
the space LP(R%). So f has smoothness a; in the e; direction, i = 1,...,d, with
e; =(0,...,0,1,0,...,0) being the ith coordinate vector, which has a 1 as its ith
element and 0 as all other elements.

For any h = (hy,...,hq) in R, we define the rth difference of f in the direction
h at the point x € R? recursively as

ARf(x) = f(x),
(1.2.1) nf(x) = Al f(x+h) — AT Hf(x), for r > 0.

A} f(x) is defined on the set
Q(rh) :={x R |x,x+h,...,x+rh € Q}.

We let t = (t1,...,tq), t; > 0 for all 4, and define the rth modulus of smoothness
of f in LP(I) to be

(122) wT(f7t7I)ZD = wT(f7t17 e 7td7])10 = th1‘1£) HAﬁpr(I(Th)),
i|<t;

where
1/p

gl (D) := / FE)P dx
I

and LP(I) is the set of all functions g : I — R such that ||g||,(I) < co. We shall
omit the parameter I when this will not cause any confusion. We require some
basic facts about p-norms which are used as substitutes for the triangle inequality
when p < 1. First of all, for any f, g € LP(I), p < 1, we have

1
(1.2.3) 1+ gllo < 227 (111l + llgll,)

((1.2.3) is called the quasi-triangle inequality). Also, for any sequence of functions

{f1}7

(1.2.4) ‘

Zfi

1/p
< [Sus]

where p < min(1, p).
As a special case of the mixed modulus of smoothness, we present, for: =1,...,d
the ith partial modulus of smoothness wri)( f,t,I), defined by

wﬁi) (ft, I)p = Wﬁi)(fv te;, I)p’

From now on, the default value of the argument I in the mixed modulus of smooth-
ness and in || - [|,(/) will be Q. The anisotropic Besov space Bg(LP(Q)) for
0<aig,...,aq <ris defined to be the set of all functions f for which

o0

1/q
| Flg e = (Z[mm 2k r’“/%)ﬂq)

k=0
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is finite, and
[fllBze)) = [ fllp(2) + [f|Ba(Lr@)-

Heuristically, a function f in BQ(LP(Q2)) has a; “partial derivatives” in LP(Q) in
the ith coordinate direction.

If a3 =--- = ag, then
o 1/q
|f|B;;‘(LP(Q)) = <Z[2kwr(f7 27k/a1 gr ey 2k/a1)p]q> 9
k=0
which is equivalent to the usual semi-norm
© 1/q
|f|B§1(Lp(Q)) = <Z[2alkwr(fv Qk)p]q>

k=0

of the isotropic Besov space Bg* (LP(Q2)).

1.3 Isotropic Multiresolution Decompositions. We briefly give an overview
of previously known multiresolution decompostions, which we shall call isotropic
decompositions, to contrast with the nonisotropic decompositions given in the next
section. Let us begin with the univariate B-spline v (z) of order r with knots at
0,...,r, defined in Section 3.2. Define a corresponding multivariate B-spline

Y(x):RY - R

by ¥(x) := ¥ (x1,...,24) == P(x1) - - ¥(xq). Then 1(x) satisfies a rewrite rule

(1.3.1) P(x) = Zamux =)

for a finite set of nonzero coefficients aj, j € Z%. We let S; be the space of all

functions
S = {Z cj¢(2kx —j) | ¢ € R}

jezd

and we choose a bounded projection Py from LP(R?) to Sk. Under certain condi-
tions (see [D-P1]) we can write any f € LP(R?) as

f=lim Py=Pof+ ;(Pkf = Peaf),

where, because of the rewrite rule (1.3.1), we know that Ppf — Py_1f is in Sk.
Thus, since Py € Sy, we can write

oo

f=Pf+> (Pof —Pi-1f)
k=1

(1.3.2) = i > dipp(2F - ).

k=0 jezd
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1.4 Nonisotropic Multiresolution Decompositions. If a function f: Q2 — R
is in the nonisotropic Besov space B (LP((2)), then

oo

1/q
|flBa(Lr()) = <Z[2kwT(f,2’“/“1,..~,2’“/“”’)p]q>

k=0

is finite. However, the quantity on the right is equivalent to

%) 1/q
(1.4.1) <Z[2kaw,(f, 9—ka/a ey 2ka/ad)p]q> )

k=0

where
o= min o;.
1<i<d

Note also that (1.4.1) is equivalent to

o 1/q
(1.4.2) <Z[2kawT(f, 9~ lka/a] ey 9 lka/aq] )p]Q> ,

k=0

(where |z| denotes the largest integer < x) since this increases the size of each
argument of the modulus of smoothness by at most a factor of 2.

Motivated by these considerations, we define S to be the linear span of the
anisotropic B-splines

V5 k(x) == p(2thelealyy — gy L olke/aaly, g

for j = (j1,...,jq) € Z%. Note that the scaling in each variable is always an integer
power of 2, so that Sy is, indeed, included in Sk41, by the rewrite rule for ;
furthermore, since a/a; = 1 for at least one i, we know that Sy, is strictly contained
in Sk41, i-e., when moving from Sy to Sk41, one refines functions by a factor of two
in at least one direction. In fact, going from Sj to Sik41 we refine in all directions
e; for which
Lk <mpi < Z(k+1)
i o
for some integer my ;, and in no other directions.
Thus if we define Py to be the projection onto the new Sy, we again have

f=Pf+> (Pef = Perf),
k=1

and Py f— Py_1 f is again in S, so we can write Py f — P;_1 f as a linear combination
of the functions 9, i.e.

(1.4.3) F=Y20" dixtyn-
k=0jczd

We remark that a similar framework can be applied to all orthogonal and bior-
thogonal wavelets, wavelet frames, etc.
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1.5 Nonlinear Wavelet Approximation. We now describe the process by which
we compute approximations to functions in certain anisotropic Besov spaces. First,
we define the sets from which we choose these approximations. For n =1,2,... let
¥, denote the set of all linear combinations of anisotropic B-splines

Z ORAN
J,k)eAn
such that #A < n. X, is a nonlinear manifold because, in general, the sum of two
members of 3, is not in ¥, (although this sum is in Xo,). Nonlinear approzimation
is the process of approximating functions with members of nonlinear manifolds with
certain properties (see [D-P2]).

Fix 1 < p < oo, and let f € LP(Q)). We will choose approximations to f from the
sets X, and use the LP(Q2) norm to measure the error in this approximation. That
is, for n = 1,2,..., let 0,(f), = infsesx, || f — S|p- In other words, ¢, (f), is the
error, measured in the LP(2) norm, of approximating f from 3,,. We are interested
in determining the rate at which o, (f), decreases as n increases. In general, for
f € LP(Q) we cannot say how quickly o, (f), decreases with n. However, if f is
a member of a certain subspace of LP()), we have very specific information about
the rate of decrease of o, (f)p. This subspace is

B® = BR(L7(9),
where
1
(1.5.1) =2 o
where H () is defined by
IR VS B!
H(a) d\a1 ad)’

Our main compression result is that, for 1 < p < oo,

=) N /T
(1.5.2) feB* o <Z (2’“H<°‘>/d02k(f),,) ) < .
k=1
In the case a3 = --- = ag = a, we have H(a) = o, and (1.5.1) reduces to
[} N /T
feBY s <Z (2ka/d02k (f),,) ) < 00
k=1
for
a1
T d p

which is the same as the main result in [D-J-P].

1.6 Optimality of the Scaling of %;; for Approximation of f ¢ BB. The
scaling for the wavelets that we described yields wavelets which are optimal for
approximating functions in B%*. We now explain what we mean by “optimal”.
Given B = (b1,...,084), B1,-.-,084 > 0, define wfk in the same way as v; and
with the same value of r, but with 3 in place of a. For n = 0,1,..., define %8
to be the set of all sums Z(j,k)eA dj,k@[}fk such that #A < n. Then there exists a

function f € B such that for any 3 which is not a scalar multiple of a, we have
infg ve [If = Sp(€2) # O(n™7) for any v > 0.
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CHAPTER 2
ANISOTROPIC BESOV SPACES

2.1 The Mixed Modulus of Smoothness. Let  :=[0,1]¢, f € LP(Q),0 < p <
oo. From now on, x, h, t will be vectors in R? with ¢; > 0,4 =1,...,d, and I will
represent an interval I; X - -- x Iy in R?, where the I; are intervals in R. We shall
recall some properties of the univariate modulus of smoothness

(2.1.1) (it Dy = sup [ ARf],(I(rh))
[h|eo <t

and establish analagous properties of w,(f,t,I),. Let p:=r + (1/p — 1)+, where
(-)+ := max(-,0). Then for any A\ > 1,

(2.1.2) wr(f M, 1)y < CXwe(f,t, 1),
where C' = C(r, p), while for A <1,
(2.1.3) we(f, M, 1)y > CNw, (F,1, 1),

(see [P-P]). We have the following analogue of (2.1.2):
Theorem 2.1.1. For A > 1, we have

(2.1.4) wr(f, A6, 1)y < CNw(f,t,1),, C=C(r,p).

Proof. The proof is similiar to the one in [P-P] of (2.1.2). O
Corollary 2.1.2. For A\1,..., g > 1, we have

(218) wr(f, )\1151, ey )\dtda I)p < Cmax()\l, ey )\d)“wT(f, t, I)p
while for A1,..., g <1, we have
(2.1.9) wr(fy Mt1, ..o, Agta, [)p > Cmin(Aq, ... A\g) wr(f, t, 1),

where C' = C(r,p).

Proof. Since (2.1.9) follows immediately from (2.1.8), it is enough to prove (2.1.8).
Furthermore,_it is enough to prove (2.1.8) in the case where \q,..., \q are positive
integers. Let A := max(A,...,Aq). Clearly,

(2110) wT(f, )\1t1, )\2t2, ey )\dtd, I)p < wT(f, Xt, I)p
and combining (2.1.10) with Theorem 2.1.1 gives
wT(f, )\1151, ey )\dtd, I)p < CXMWT(f, t, I)p

as required. [

We will also need the property that for v’ > r, we have

(2.1.11) wr (fi 6, 1)y < Cwp(f,t,1),, C=C(r,d,Dp).
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This property is well-known for the univariate modulus of smoothness and exactly
the same proof applies to the multivariate modulus of smoothness; see [D-L], section
2.7.

There is a useful connection between the multivariate and univariate moduli of
smoothness that we shall exploit. For A = (A1,...,\q), A1,...,Aq > 0, define the
dilation operator

(Daf)(x) := f(Mz1, ..., Aaza).

Then by a change of variable, we have

1 1
(2.1.12)  wo(fy Mty Aat, D)y = AP MY Pwn (DS t, sl x ),
1 d

Now recall from [D-L] that the univariate modulus of smoothness w;(f,t,I), is
equivalent to the univariate averaged modulus of smoothness defined by

1/p
(2.1.13) w, (o1, 1),y = t‘d/ / AT (£, %)|Pdx ds
Q¢ I(rs)
where Q; = [O,t]d. w; is needed as a substitute for w, when we need to add up

smoothness estimates over several intervals.
There exists a multivariate version of the equivalence w,(f,t,1), < w,(f, ¢, 1),
which we now describe. Define

(2.1.14)
1/p

t1 ta
wr(f,t,1)p := t;l'-'tgl/ / / |AL(f,x)|P dxdsg .. .,ds1
0 0

I(rs)

Lemma 2.1.3. w,(f,t1,...,tq,1)p < wp(f,t1,...,tq,I)p, with constants of equiv-
alence depending only on r,p,d.

Proof. We work with the quantities w,(f, At ..., Aqt,I), and
wr(f, Mt, ..., Agt, I)p, where Ay, ..., Ag,t > 0. Now,

1 1
wr(f7 )\ltv SRR )‘dt7l)p = )‘}/p o )‘:l/pr(DAfvty A_lll X X )\_dld)p

1 1
= NP A Pw (Daft,—T % - x —1),
AL Ad

= wr(fa )\lt7 . '7)\dt7[)p
where the last equality is obtained by changing variables. [

2.2 The Anisotropic Smoothness Norm. Let a,...,aq be positive numbers,
with o = min;<;<q o, @ := maxj<;<q @&, and o := (a1,...,0q). Let » > @. Then
the original (and perhaps most natural) definitions (see [L-T]) of the anisotropic
smoothness seminorm and norm of a function f € LP(Q) are

d

1
) d
(2.2.1) |flBe(rr(0) = Z {/0 [t W (f, 1)) &

¢
=1
(2.2.2) £l Be o)) = 1fllp + | flBa (L0 ()

1/q
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We define the (quasi) normed linear spaces B (LP(€2)) by

BF(LP() :={f [ | £l g (e () < o0}

This family of spaces is called the anisotropic Besov spaces . The astute reader will
notice that the parameter r is missing from the definition of the anisotropic Besov
spaces. This is because, as will be shown in Chapter 3, when 7,7’ > @ we have

(2.2.3) B2 (LP(Q)) = B (LP(Q))

with equivalent norms.
We shall express the seminorm (2.2.1) in the equivalent and more convenient
form

1/q
.
t

1
(2.2.4) |f|B(¢11(Lp(Q)) = [/0 [t*le(‘f’ tl/od’. .. ,tl/ad)p] -

To prove (2.2.4), first make the change of variable s = t* in each of the integrals
in the left hand side of (2.2.1) to obtain

d 1 A ds 1/q
Flapanay = Y- | [ 157060, 2|
i=1
d 1 ‘ ds]/?
< o[y [ L]
i=170 5
1 ds 1/a
(2_2,5) <C [/ [3—1wr(f, 51/a17 cel sl/ad)p]q ?:|
0
where the last inequality follows from the fact that
WO (F,517), < w,(f, 8, 510,

for 1 <14 < d. To get the other inequality, note that

/l[t_l (f tl/al tl/ad) ]q ﬂ < C/l[t_lzd: (1)(f tl/ai) ]q ﬂ
wr(J, yavay P ;S ) i Wy ) D t

0
ot . dt
(2.2.6) < CZ/O [t W (f 810,01 —
=1

by the triangle inequality when ¢ > 1, and the quasi-triangle inequality when ¢ < 1.
Using this new form of the anisotropic smoothness seminorm, it is easy to see that
in the special case ay = -+ = aq, BY(LP(Q)) = B (LP(Q2)), where By (LP(Q2)) is
the traditional isotropic Besov space.

We shall make some further changes to the form of the seminorm (2.2.4) (for
reasons which will be given in Chapter 3). Making the change of variable s = tl/a
in (2.2.4) and defining o := a/; gives
. @ 1/q

S

1
(2.2.7) |f|B(¢ZX(Lp(Q)) = [/0 [S*Qwr(fv F- 3t S sad)p]
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As is customary, we discretize the integral in (2.2.7) over the intervals (27%~1 27%],
k = 0,1,... to get a still more convenient form of the anisotropic smoothness
seminorm as follows:

[e’e] l/q
(228) |f|B§"(LP(Q)) = |:Z[2kawr(f7 27}6&1 ) 2kad)10]q:| N
k=0
Finally, let us note that
s , / q Ve
(2.2.9) |f|BL?(Lp(Q)) = |:Z {QkaT(f, 9—lkay ] ey 9—Lkag] )p} :|
k=0

by Corollary 2.1.2.

CHAPTER 3
LocAL POLYNOMIAL AND
DyADIC SPLINE APPROXIMATION

In this chapter we recall several well-known results on polynomial approximation,
with the ultimate objective of finding sequence norms equivalent to the anisotropic
smoothness norm. The proofs parallel those of analagous results in [D-P].

3.1 Local Polynomial Approximation. Let

Sd S1
P Y4
P=P(x1,...,24) = E E Clyyo gy Xy

la=1 11=1

be a polynomial defined on R?. We shall start by defining the coordinate degree of
P (deg P). Let L := {(l1,...,lq) | cy,....1, # 0}. Then the coordinate degree of P
is defined by

d P = PP .
e (h,?.{?f)eLmaX{pll’ 7pld}
Next we define
(3.1.1) E,(f Dy = inf_[1f = Pla(2).

When I is omitted the norm is understood to be taken over 2.
We shall need the following estimate for the local error of polynomial approxi-
mation:

Theorem 3.1.1 (Generalization of Whitney’s Theorem). Let
I=15 x---x1Ig,

where I; is an interval in R with length l;,, 1 = 1,...,d. Then given f € LP(I),
0 < p < o0, we have

(3.1.2) E.-(f,I)p < Cuwr(f,l1,,...,l1,;,I)p, C=0C(r,d,p).

Proof. Apply a change of variables to the original Whitney’s Inequality, or see
[S-0]. O
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Corollary 3.1.2. If f € LP(I), with0 < p < oo, and I =11 X --- X I, then

(3.1.3) E.(f,I)p < Cw,(f,l1,,...,l1,;,I)p, C=C(r,d,p).

Proof. (3.1.3) follows from Lemma 2.1.3 and (3.1.2) O

We say that P is a polynomial of best LP(I) approximation of coordinate degree
less than r if || f — P||,(I) = E,(f, I), (such a polynomial always exists; see [G]). We
say that P is a near best LP(I) approximation to f from polynomials of coordinate
degree less than r with constant A if

(3.1.4) If = Pllp(I) < AE.(f,I)p.

We will fix the constant A now.

Lemma 3.1.3. For 0 < p,q < oo and a polynomial P of coordinate degree less
than r, we have

L.5)

q 1/p 1/q
] ] ]
— [ |P(x)|%dx < |= [ |P(x)[Pdx <Cy|= [ |P(x)]?dx
['”I' ) i 17 2| [ 1ol
=Ci(p

C; = Ci(p,gq,r,d), 1,2.

Proof. A change of variables shows that we can assume I = (2. Now the equivalence
follows from the fact that any two quasinorms on a finite dimensional space are
equivalent. [

3.2 Dyadic Spline Approximation. Let a1,...,04, @, @, @, 7, &, ...,a}; be
as described in Section 2.2. For k£ = 0,1,..., let D, := D§ denote the collection of
dyadic intervals I = I x - - - x I, where I; = [jﬂ’““"‘ZJ , (ji—i—l)Z*Lka;?J], 1=1,...,d.
Let D := D% := U2 Dy. We shall refer to the members of D as blocks . We define
I(I) for any block I to be the length of the shortest side of I; then [(I) = 27 if and
only if I € Dy. Let D () be the blocks in Dj, which are contained in 2. Note that
the blocks in Dy41 are strictly smaller than those in Dy, because at least one of
al,...,a) equals 1. Define II}, := II;(r) to be the space of piecewise polynomials of
coordinate degree less than r on Dy, and II;(2) to be the restrictions of functions
in II; to .

Denote by 1 the univariate B-spline of degree r — 1 which has knots at 0,...,r,
defined by

Next, define

(32.1) Y(x) = (z1) - (za).

To obtain splines in IIx, we let

I:= [j127LkallJ’ (1 + 1)2*Lka'1J] e X [jdgftkafiJ’(jd + 1)2*Lkaéj]
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for ji,...,j4 € Z. We shall say that the vector (j12’Um'1J,...,jd2’Um:iJ) corre-

sponds to I and we shall call the multi-index (j1,...,jq4) the position vector of I.
We index the splines in II; by I as follows:
(3.2.2) Pr(x) = by, — g otkealy, — G0y j ezl

Define I’ := supp ;. It is well-known that I’ consists of ¢ blocks from Dy,
where Dy, > I, and thus |I’| = r4|I].

A fundamentally important property of 1 is that it can be written as a linear
combination of the splines ¥(2x — j), j € Z%. That is, 1 satisfies a so-called
refinement equation:

Y(x) =) dy(2x —j)
jez?
where d; > 0 for all j € Z¢ and only finitely many of the d; are nonzero. It follows
that, for I € Dy, we can rewrite ¥; by

(3.2.3) Yr(x) =Y dijtbro (%)

7@
where the TU) comprise the set of all blocks J € Dy such that J' NI # 0.
Although the sequence of refinement coefficients (di j)jcze depends on the dyadic
level k of the spline which is rewritten, there are only a finite number of these
sequences.

Now define A := A(k) to be the set of all blocks I € Dy such that ¢; does
not vanish identically on Q. Let S; := Sf := Sg*(2) denote the linear span of
the splines 17, I € A(k). Then, in fact, Sy = C"2(Q2) N Ix(Q) for » > 1, and
Sk = I (Q) for r = 1 (because we use the coordinate degree). So Sy is strictly
contained in Siyq for £ = 0,1,... since Il C Ilx4q for £k = 0,1,.... Each spline
S € Sy can be written as

(3.2.4) S=>"c(S)y(-—j)

jez?
with ¢; the dual functionals to the basis {’QZJ( -Jj)lje Zd} of Sg. In fact,
(3.2.5) &5(5) = co(S(- +3).

By translation and dilation we obtain for any S € Sk, k =1,2,..., that
(3.2.6) S= > ci(S),
JEDy,

where ¢;(8) 1= co(S(27F Uz +51,..., 27 Fealg, + 54)) and J corresponds to

(]'12_U“°‘/1J e ,de—Lka;j). In fact, we can represent the functionals ¢y for I € D
by
(3.2.7) cr(S) = /S’ul dx

Q

where pur = Psxj, P5 is a certain polynomial depending on I, and T can be chosen
to be any block such that |I| = [I| and I ¢ QNI

We call a block J a support block of ¢y if |J| < |I| and J C I'. Note that if J is
a support block of 1; then so is any subblock of J. We shall need an estimate for
the functionals ¢y, which is given in Lemma 3.2.1 and proved in [D-J-P], Chapter
4.
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Lemma 3.2.1. There is a constant 0 < § < 1, 6 = §(¢,d,p), such that for any
block I € Dy, and any support block J of 11 with |J| = |I| and any set E C J with
|E| < 4|J|, we have

1/p

(328)  |eu(S)| <C ﬁ/|5(x)|pdx , SES, C=Cp).

I\E

Lemma 3.2.2. If S =%, c1(S)¢r € Sk then for any 0 < p < oo, we have

1/p
(3.2.9) C1||S||, < <Z |c1(5)|1>|1|> < S|, C=C(rd,p), i=1,2.
IeA

For a proof, see [D-P], Lemma 4.2, but replace the word “cube” with “block”
and use Lemma 3.2.1 (with £ = )) in place of the corresponding result (Lemma
4.1) in [D-P].

Corollary 3.2.3. There exists a constant 0 < § < 1, 6 = 6(¢,d, p), such that given
S €S, and J €Dy, ke{0,1,...}, and any set E C J' with |E| < §|J|, we have
1/p 1/p

(3.2.10) /|S(x)|p dx <C / |S(x)P dx , C=C(¢,p).
g

J\E

Proof. Write S(x) as Y g cr(9)¢r(S). By (3.2.8) there exists 0 < ¢ < 1,
d = 0(¢,d,p), such that given S € Sk, J € Dy, and any set E with E C J' with
|E| < §|J|, we have

cSPI=c [ 1sepax
JN\E

for any I € Dy such that J is a support block of ¥;. Adding this inequality over
all I € Dy, such that [I’ N J'| # 0 and using (3.2.9) gives us

/|S(x)|”dx§C / ISx)Pdx. O
4

JN\E

We need to extend the domain of the functionals ¢y, I € Dy, to I, for k =

0,1,.... To this end, for I € Dy, S € Ilj, define the quasi-interpolant operator
(3.2.11) Qk(S) = cr(S)yr
IeA

where ¢y is found using (3.2.7). For k =0,1,..., I € Dy, and f € LP(Q), let Py :=
P;(f) be a near-best LP(I) approximation to f with constant A from polynomials
of coordinate degree less than r. Define the operator Sy : LP(Q2) — I} by

(Skf)(x) := Pr(x), for x € int I.
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Finally, define
Ty =Tk f = Qr(Sk(f)), k=0,1,...

It is shown in [D-P1] that | Tk (f)|l, < C| fllp-
We shall give an upper bound on the approximation error || f — Ty (f)||, shortly.

First we introduce some notation. If I € Dy, let I be the smallest block containing
all the J € Dy () such that J is a support block of some ¥ x € S with |[K'NI| # 0.
Then |I| < C|I|, C = C(r,d), and I C Q.

Theorem 3.2.4. ||f — Ti(f)|lp < Cw,(f,27%,. .., 27ka), C = C(r,d,p, A).

Proof. The proof is similar to that of Theorem 4.5 of [D-P1]. In [D-P1], it is shown
that

(3.2.12) 1f = Tillp(I) < CE(f,1)p-

Now, each point x €  lies in only C(r,d) of the blocks I. So we may raise both
sides of (3.2.12) to the pth power, add over all I € D (), and use (3.1.3) to obtain

||f Tk”p <C Z wT f7 I ’j)p

IeDy(Q2)

B B Iy, i, )
=C Z lfll...lfdl/o /0 /|As(f,x)|pdxdsd--~ds

IeDy(Q2)

(3.2.13)

I(rs)
Let ¢; := maxl;. Then t; < 2*’“0‘1‘, 1 = 1,...,d, with constants of equivalence
depending only upon r and d. Thus the right hand side of (3.2.13) is bounded
above by
t1 ta
C Y ottty / / / IAT(f, %) [P dx dsq - - - dsy
I1€DL(Q) F(rs)
t1 ta
:Ct;l---tgl/ / > / |AT(f,%)[P dx dsq - - dsy
0 TEDL();
t1 ta
g()t;l---t;l/ / / |AL(f,%)|P dx dsg - - - dsy
0 0
Q(rs)

t1 ta
gCt;lmt;l/O /0 wr(fot1, .. ta)hdsa---dsy

<Cuw,(f,270, .. j27keaye O

Now let si(f)p := infges, |[f — Sllp, s=1(f)p := || fllp- Then Theorem 3.2.4 yields
Corollary 3.2.5.



NONLINEAR WAVELET APPROXIMATION IN ANISOTROPIC BESOV SPACES 15

Corollary 3.2.5. For f € LP(Q2), we have

(3.2.14) sk(f)p < Cwp(f, 27000 2 kea) |

As a final step to obtaining seminorms equivalent to the anisotropic smoothness
norm, we shall need an upper bound on w.(f, g—ker 2_’“0‘5)1, in terms of the
$i(f)py j = —1,..., k. But first we must prove the following lemma.

85
Lemma 3.2.6. Let v : [0,1]¢ — R, with v € C"([0,1]¢) and 3 v ‘ < C for
XS
[e.e]

all multi-indices s = (s1,...,8q) € Z% with |s| := s1 + -+ + sq < 7. Let v =
v(2kMzy, ..., 2%2,). Then
(3.2.15) | ALV [loo ((rh)) < C (2% hy + -+ - + 28R g)".

Proof. Repeated applications of the mean value theorem show that, for some x,

o%v
ac= D o] it
|s|=r x
So,
[Apn] <€ 2k gkasapii o pit = 0 (2R by 4 4 250 hg)" O

Is[=r

We are now ready to prove the following inverse estimate.

Theorem 3.2.7. For each k > 0 and for A\ ;== min(r,r —1+1/p), and f € LP(Q),
0 < p < o0, we have

k ‘ _ 1/p
B210) w2 2, < ca Pl | Y s ]
j=—1
where p < min(1, p).

Proof. The proof is basically the same as that of Theorem 4.8 in [D-P1]. Let Uy
be a best LP(Q)) approximation to f from S, k = 0,1,... with U_; := 0, and let
up = Uy — Up—1, k = 0,1,... Let h = (hq,...,hg) with 0 < h; < 1/(dr2ke),
1=1,...,d. Using (1.2.4), write

1/n

k
(3.2.17) 1AL, 2)lp(Q(rh) < O [ se(f)* + Y ARl
§=0

To estimate | A} u;]|,(Q(rh)), write u; in its B-spline series as follows:

(3.2.18) uj= Y er(u;)r.

TeA(H)
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For each x, at most C(r,d) splines at a fixed dyadic level are nonzero at x. Hence

(3.2.19) Al )P <C S JerlP| AR @r, )P
TeA(j)

Now we give two estimates for |A] (¢7,x)|. The first estimate is for the set I" :=
the set of all x such that x and x + rh are in the same block J € D;, and ¢y # 0
on J. Since ¢y € C"(J) we have by (3.2.15), for z € T,

(3.2.20) |AL (1, X)| < C(270hy + -+ 27%hy)",

The second estimate of |A} (¢1,x)| is for the set I := the set of all x such that
x and x + rh are in different blocks and ; does not vanish identically on both of
those blocks. Since 1y € C"~1(2), we have, again by (3.2.15),

(3.2.21)

AL @ x)| < CUAL (r, %) + AL (W, x+B)|) < O hy + -+ 27%hg)" .

Now, |T'| < C2-ie1==j% because the support of ¥; has measure not exceeding
C2-do1— =i We also claim that

(3.2.22) IT'| < 27700 =00 |py 200 4. 4 pg2i%a ]
To prove this, let T := {x € R%|(x and x — rh;e;) or (x and x + rh,;e;) are in
different blocks from D;}, for ¢ = 1,...,d. Then, if [a1,b1] X --- X [aq,bq] is an

interval from D; containing a point from I'}, then
Fll C ([bl — Thl,bl] @] [al,al + Thl]) X [ag,bg] X oo X [ad,bd].

So
IT)| < Chy2799% ... 270% = Q27701 —Jeagiot,

Similiarly, for i = 2,...,d, || < Ch;2~3e1==i@a2i%  Thus, since 1; vanishes on
all but C' cubes from D;, we have

d
'] < ¢ 3 |Ty| < c2dei i [hlzja’l Fot hdzja&}
=1

as required.
Now we can make the estimate

/ [ AR P < D[ AL 12 (T) + [Tl AR r][2 (T)
Q(rh)
(3.2.23)
< 2*j(a/1*"'*0‘:1)[(2ja/1 hi+---+ 2ja:ihd)Tp + (21'0/1 hi+---+ Qja/dhd)lJr(T*l)P]'

But

I i - 1 1 ’ - ! ]. /
200y 4 e 20% < 2901 gThar 4L gjaa Z9—hey
rd rd

<1,
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so the right hand side of (3.2.23) is bounded above by

(3.2.24) C2I0 =TI (2T py o 4 2T )P

Now integrate (3.2.19), then use the estimates (3.2.23) and (3.2.24) to get
[ARu; [[p(2(rh))

.7 .7 1/p .7 . A
< C( Z |CI|;D2—Joz1_...—jad> (Qjalhl et 2]adhd)
TeA())
< Clujl|p(20 hy + - - + 27%4hyg)* (by 3.2.9)
< Clf = Usallp + I1f = Usllp) 271y + - - + 27%0hg)>
(3.2.25)
< COs5(f)p+ 5,-1(F)p) (271 hy + - - + 27%ap )N,

Substituting (3.2.25) into (3.2.17) gives
(3.2.26)

AL ) [p(QrR)) < C [si(f)h+ D (F7%0hy + -+ 4 2% ha) s (f)l

17

]. ’
Taking the sup of || AL (f,x)|/,(©(rh)) over 0 < h; < d—2’k"‘i, i=1,...,d, (3.2.26)
r

gives us
(275 27, < Cu(f, ke gk
’ Y P "rd U rd ) )p
k
< Clsk(f)y + Z [20—Req 4 ... 4 2(j—k>ag]xpsj(f)g]1/ﬂ
j=—1
1p
b Ra/a AL
SC7sAfw4_§:{jr-mm} s;(f)L
j=—1
[ - w]l/k
<crwer| Y ey, L o
j=—1

We can now prove a Marchaud-Type inequality for w,(f,t), in essentially the

same way as the corresponding result is proved in [D-P1].

Theorem 3.2.8. For f € LP(Q), ' < r, there exists a constant C = C(r,p,d)

such that

(3.2.27) wp(f, 27k, . 27kea )

k
< Co Pl 3 (2 (.20 2,
=0

m
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Proof. We first claim that

k 1/p
(3228)  wo(f,2keh, 2k, < cah M{Z b s;-(f)ﬂ

j=-1

This is proved in the same way as is Theorem 3.2.7, except that we replace (3.2.20)
and (3.2.21) with the single inequality

AR (1, %)] < (27%0hy 4 -+ 27%Rg)”

and replace A with 7. Now, (3.2.27) follows immediately from (3.2.28) and (3.2.14).
(I

With the Marchaud inequality in hand, it can be shown that (2.2.3) holds, using
the same proof given in [D-L] of the corresponding result for isotropic Besov spaces.

3.3 Seminorms Equivalent to the Anisotropic Smoothness Norm. We shall
use the estimates of the last section to obtain several norms which are equivalent to
(2.2.9). We shall make use of the lg(Z) norm of a sequence a = (ax)7> defined
by

—00?

. 1/q
(Z [2%0|ay|] > If0<g<oo
allo,g = q “hez
sup 2¥%|ay| If g=00
kEZ

In the special case § = 0, the 1%(Z) norm of a is just the I;(Z) norm of a, denoted
llallz,(z)- The space of all sequences a such that [|al|; (z) < oo is denoted I,(Z). We
note the following well-known property of the I,(Z) norm for future use.

Theorem 3.3.1. For ¢ < p, we have l4(Z) — 1,(Z), and the containment is strict.
We now need to recall the following inequality.

Theorem 3.3.2 (Hardy’s Inequality). Let a = (a;), b = (bx), k € Z be two
positive sequences. Suppose that for some u > 0, C > 0, one of the following holds:

0 1/p
(3.3.1) by < c(Z a;%> . foralkecZ.
j=k
For some A > 0,
k ) 1/p
(3.3.2) by, < cz“( > (2%]-)“) . foralkeZ.
j=—o00

If (3.3.1) holds then
Iblle,q < Cllalle,qy, € =C(8,9),

for all >0, ¢ > 0.
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If (3.3.2) holds, then we have
Iblle,q < Cllalle,y, € =C(8,9),

for all0 <0 < X and all ¢ > 0.

For a proof of Theorem 3.3.2, see [D-L].

We are finally ready to present norms equivalent to the mixed smoothness norm.
We define Ty and P; as in section 3.2, and define ¢ := T — Tp_1, with T_1 := 0,
and define the coefficients ¢y := ¢y(tx) for I € A(k). Again, we let

A:=min(r,r — 14 1/p).

Also, for a sequence (gi) := (gr)5>, of functions in LP(2), 0 < p < oo, and for
0 <6 <o0,0<q< o0, define

o 1/q
o) oy = (Z[zk"|gk|p]q> .

k=0

Theorem 3.3.3. Let 0 < p,q < 0o, A > a. Then the following norms are equiva-
lent to N(f) :== ||f||B;X(L:D(Q)) with constants of equivalence depending only on d, T,
A, and the constant in (3.3.2):

(@) Ni(f) = [[(se ()l () T 1 £1lp-
(#1) No(f) = ||(f = Tu(f ))Hz e + 1l
(i) N3(f) == ||t (D22 ()

o a/p71/q
(i) Na(f) := [Z | ¥ jarin] ]

TeA(k)

Proof. We can show that N1(f) < N2(f) < N(f) in the same way the correspond-
ing result from [D-P1] (Theorem 5.1.1) is proved. On the other hand, from Theorem
3.2.7 and Hardy’s Inequality (3.3.2), we have N(f) < CNi(f) for Aa/@ > a. Thus
N(f) < N1(f) =< Na(f) for A > @. The other equivalences are proved in the same
way as is Theorem 5.1 and Corollary 5.3 from [D-P1]. O

CHAPTER 4
THE DIRECT AND INVERSE THEOREMS

4.1 The Direct Theorem. At this point we shall restrict our attention to the
class of anisotropic Besov spaces B? := BB(L7(1)), where

(4.1.1) %:@'Fl, 0<p<oo.

=

We define D := DB, D), := Df, B, 3, Bi, i =1,...,d the same way as the corre-
sponding symbols in Chapter 3, but using 3 in place of a.
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Define the seminorm

1/7
(11 o= [ S eI | = 151,
IeD
where the equivalence follows from Theorem 3.3.3(iv). For n = 1,2,..., define X,

to be the set of all linear combinations ;. cr9r, where A is any subset of D
with #A < n. Then define o, (f) to be the error, measured in the LP({2) norm, of
approximating f from ¥, i.e. o,(f) ;= infgex, || f — S||p.

Let
- 1/7
(113) Fox) o= | X 17O enphata] |
IeD
Then, by (4.1.2),
(414 IEl- = Ifl < C1flas.

We now present a modified version of Theorem 2.1 from [D-J-P], called a Direct
Theorem or Jackson Inequality.

Theorem 4.1.1. For C' = C(d, v, 3/),

(4.1.5) on(f)p < CnHB/A|f|

Proof. We shall indicate the modifications that must be made to Theorem 2.1 from
[D-J-P]. Replace (2.14) with

Yi(x) < 0162—(N/p)(61+~~+63).

Then redefine N to be the smallest integer such that 01627%(ﬁ1+”'+6;) <
(2.17), replace all occurences of |I|%/¢ with |I|#()/4 to obtain

. In

N =+

Yo(x) = C2VPF (x).
Using this with the definition of N gives
Yo(x) < CePHB)/dp=pHB)/dp (%),

which implies
w(EL ) < p (F(x), Cepr(ﬁ)/dtlerH(ﬁ)/d) .
Making the change of variable
u = CePH(B)/dy1+pH(B)/d
1P
E| <CerHB)/d from which (4.1.5) follows. [
P

gives us
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4.2 The Inverse Theorem. In this section we outline the proof of the Inverse
Theorem for approximation by B-splines with our anisotropic scaling. This proof is
a slight generalization of Theorem 5.6 from [D-J-P]. Let S € 3,,. By the definition
of ¥, we have that

(4.2.1) S=> ans, [A| <n.

IeA

We may assume that all the a; are nonzero. We shall let m be the maximum
dyadic level of all the I appearing in (4.2.1). To prepare for the proof of the Inverse
Theorem we must use a suitable representation of S that is different from (4.2.1).
Let A; be the set of blocks I € AND; and define

(422) Sj = Z aI’lbI.

IEA]'

Now, using the definition of “high density” blocks given in [D-J-P], let B; denote
the collection of high density blocks I € D;. We shall say the dyadic block @
has distance < k from the dyadic block I = I; x --- x Iy with I(Q) = I(I) if
Q: = vil(L;) + I; with |v;| <k,i=1,...,d. Let B; be the set of blocks at dyadic
level ¢ which have distance < 1007 from one of the blocks in B;.

We can now write

S=Sh+ +Sn Si=> s,
JEN,
(423) vJ = CJ(S;) = CJ(S;l), J e A;

where we construct S7, A} as in Chapter 5 of [D-J-P], but substituting our definition
of B; for that in [D-J-P].

We now estimate |A’|, where A" := U2 (A’
Lemma 4.2.1. We have |A'| < C(9,d)n.
Proof. Make the following change in the proof of Lemma 5.5 from [D-J-P]: In order
to bound the inner sum in (5.19) above by CZTZJ.H 27d2=vd N, first bound the
inner sum in (5.19) above by C 377" .\, 21 (Bt 4B g—v(Bit+Ba) N, [

The last result we need before we can start the proof of the Inverse Theorem is
an upper bound on |f|pzs.

Lemma 4.2.2. If f =3 ;. p5brr, 0 < Q,B <r—1+41/p, then

1/7
Flps < c( T |bf|T|I|T/p> . C=Cp).

IeD

Proof. Let Ty := ZIeDk brtr. Then by (1.2.4)

00 1/n
(1.2.4) )< (S ITle) L e mingn).

j=k+1
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Now apply Hardy’s inequality to (4.2.4):
o0 (o)
(4.2.5) > 2" (f)]T < CY 2B Ty|7
k=1 k=1
Now, by Theorem 3.3.3 we have that the left hand side of (4.2.5) is equivalent to
|f|ge. Also, by Lemma 3.2.2, we have

PTUT|T = D [b|2brEa KOk 0D
I€Dy,
_ Z |bl|72—(k7/p)(ﬁi+~~+ﬁé)
I€Dy,
<C> b O
IeDy

Finally, we are ready to prove the Inverse Theorem.

Theorem 4.2.3. Let S have the form (4.2.1). If 1 < p < oo then for 0 < 38,8 <
r—14+1/p,

(4.2.6) |S|pa < CnH @S],
where C = C(¢,p,d).

Proof. Use the proof of Theorem 5.6 in [D-J-P] with the equality 1/7 = 8/d+1/p
replaced with (1.5.1). O

CHAPTER 5
INTERPOLATION OF ANISOTROPIC
BESOV SPACES AND APPLICATIONS

5.1 Definition and Properties of Interpolation Spaces. We now require in-
terpolation theorems for anisotropic Besov spaces. The first application of these
theorems will be to prove a Sobolev-type imbedding theorem for anisotropic Besov
spaces; the second will be to obtain certain approximation spaces.

Recall that if Xy, X7 is a pair of quasi-normed spaces which are continuously
imbedded in a Hausdorff space X, then Peetre’s K-functional is defined by

5.1.1) K(f,t):=K(f,t, Xo,X1) := inf +t
GAY) K= K6 X0 X) = b (ol + Al

for all f € Xg+ X3. Now, if 0 <6 <1 and 0 < g < 0o, we define the interpolation
space Xg 4 = (X0, X1)o,q to be the set of all f such that

%) 1/q
6512 [flx, ‘=||f||Xo+X1+</O [NK(f,mqﬂ) < oo

t
where ||f||X0+X1 = K(fv 1)'

From [B-L], we have that X, N X7 is dense in Xy 4 if ¢ < co. Therefore, if T' is a
continuous linear mapping defined on both Xy and X, then 7T is defined on Xy 4.
Moreover, from [B-L],if T : X; — Y; for i = 0,1, then T" : Xy ;, — Yp 4 continuously.
In particular,

Xi—=Yifori=0,1 = Xgq— Yy,

(5.1.3) 0<f<1,0<qg<o0.
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5.2 A Sobolev-Type Imbedding Theorem. To obtain the Sobolev-type imbed-
ding theorem, we first need to determine the interpolation spaces

(Bgy (LP(92)), Bg, (L1 (2)))a,q

where 0 <y < 1. The seminorm for By (LP°((2)) is

0o 1/q0
|f|B;:(LPO(Q)) = {Z[kar(f’ Q*k/(val)’ s Qk/(vad))po]qo]
k=0
e’} 1/q90
(5.2.1) x[Zpkmr(f,z—k/al,...,2—k/ad)po]q0] :
k=0

Now, starting with (5.2.1) and using the same proof as that given for Theorem
3.3.3, we can show that

(5.2.2) Ny (f) = NIt ()i, zoo @) + £ l1po

is an equivalent norm for By*(L°(Q2)), provided ya+1 < r. Thus the interpolation
spaces between BJ*(LP°(Q)), B (LP*(€2)) can be found using known results on the
interpolation spaces between 17 (LP°(Q2)) and I} (LP*(£2)).

To make use of these known results, we will need the following lemma proved in
[D-P1].

(5.2.3)
fe By (LP (), BE (L ()))e,g <= (tx(f)) € (Ig, (L (), lg, (L7 (2)))o,q

Var
and
(5.2.4)
Ifl(Bge pro (), B (o1 @))0., = D@, wro@)) s, (71 ()60
Now, from [P], we have for 0 < gg,q1 < o0,
(5.2.5) (L2 (L (), I (L (D)), = 1 (Lpg)

with o ;== 0ya+(1—-0)a, 1/g=0/g0+(1—0)/q1, 1/p=6/po + (1 —0)/p1. Here
L, 4 are the Lorentz spaces, whose definition is not needed here, but may be found
in [B-B]. When ¢ = p we have L, , = L”. So by (5.2.3), (5.2.4), (5.2.5), and (5.2.2),
we obtain

Theorem 5.2.1. If 0 < po,p1,q0,q1 < 00, 0< 0 <1, 1/qg:=8/q0+ (1—6)/q1,
1/p:=0/po+ (1 —0)/p1, then
(Bgy (LP°(9)), By (L™ (2))),q = B (Lp(€2))

with &' := 0y + (1 — 0)ax, provided p = q.
Define a® := va, o' := a. It is important to notice that, in particular, if p is

fixed and 1/¢; = H(a')/d+ 1/p, i = 0,1, then

(5.2.6) (B (L®(Q)), BE (L7 (2)))s,g = B (LI(R))
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with 1/¢g = H(&/)/d + 1/p.
Fix 0 < p < co. We want to show that B*(L7(2)) — LP(Q), where

1/T=H(a)/d+ 1/p.
Now, since 7 < p, Theorems 3.3.1 and 3.3.3 imply that
BE(L7 () = BE(L7(Q)).
So it is enough to show that
By (L7(Q2)) — LP(Q).
First we need the inequality
(5.2.7) ISl < C2*<||S||
for S € LP(2). To prove (5.2.7) let I € Dy. By Lemma 3.1.3,
ISI5() < [I[VP=YTYIS|A (1) = 1|77/ 9) 8| (1)
< ORIt el B/ 5| (1) = 02*2| S| (D).
Thus,
p/T
628) ISy <c2 3 sl < 2o ( ISz = crlsi
I€D;, I€Dy

so (5.2.7) is proved.
Finally, we can establish the Sobolev-type imbedding theorem.

Theorem 5.2.2. If1/7 = H(a)/d + 1/p then
(5.2.9) Ifll> < ClifllBg(z-(), € =C(H(a),rd)

for all f € By (L™(2)).
Proof. We follow the proof of Theorem 7.1 in [D-P]. Let » > @ + 1, so that

1
A = min <r,r -1+ —> > @ and Theorem 3.3.3 holds. Write f = Z?io t; as
p
in Theorem 3.3.3. Then by (1.2.6), (5.2.7), (3.1.3) and Theorem 3.3.3(iii), we have
for p := min(1, p),

o0 1/p o0 ) 1/p
(5:210) |fll, < (Z ||tj||g) < C(Z (2“||tj||r>“) < O f 3 - -
j=0 j=0

So we are done if p < 1. If p > 1 choose 1 < py < p < p1 < oo and choose yy,y1 > 0
such that

1 H(yox) 1
5.2.11 = il
( ) T d * Do

1 Hnha) 1
5.2.12 - ,
( ) T d * b1
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Let ' := v;a, i = 0,1. Then by (5.2.10),
(5'2'13) Hf pi < C”f”B?i(LT(Q))? i=0,1.

Now choose @ such that 1/p = 0/po+(1—0)/p; and let q := p, &’ := 0a’+(1—0)a’.
Then by Theorem 5.2.1 and (5.2.13) we have

(5.2.14) 1fllp < Cllf e’ (7))
But o' = a. To see this multiply (5.2.11) by 6 and (5.2.12) by 1 — 6 and add to get

1 1-60)H 1
(5.2.15) 1_(of+m=6)H(e) 1
T d P
Using (5.2.15) with the fact that 1/7 = H(a)/d + 1/p gives 00 + 71(1 — 0) = 1,
and thus o = . O

5.3 Characterization of Approximation Spaces. Let Ay := AZ(LP(2)) be
the set of all f such that

oo

1/q
(5.1 lag = [l (ylr] <o

n=0

The norm of Ay is defined by || f||ag := [[fllp +[f|as. Using standard results from
nonlinear approximation theory (see [D-P2]), the results in section 5.2, along with
(4.1.5) and (4.2.6) imply that

(5.3.2) B = pAHOG)/d(1P(Q))
with equivalent norms, for 0 < <1, 1 <p<oo,0<a,a<r—1+4+1/p.

CHAPTER 6
FURTHER RESULTS

6.1 Optimal Scaling for B*. Let a € R%, B € R? be vectors of smoothness
parameters with o’ # 3. Let

(I)ﬂ = {¢(2Lkﬁux1 _]17,2Lkﬁuxdd_]d) | k= 0717"', jl?"'vjd € Z}

and define ®* similarly. Also define S,?, k =0,1,... in the same way as S but
with B3 in place of a. Given f € B, we wish to show that the wavelets from &2
have the optimal scaling for decomposing f and compressing this decomposition.
First we would like to make a few remarks about approximating members gi)? of ®P
by members of Sg*.

First of all, let ¢* denote the univariate B-spline defined in Section 3.2 and let

¢ip=0"2"z—j), j€Z, ke{0,1,...}.
Redefine A(k) to be the set of all j € Z such that |supp(¢;] ;) N [0,1]| # 0, and let
Si 1= span{d;, | j € A(k)}
for k=0,1,.... For f € L?([0,1]), define
dist(S, f)p = inf g — f[l,([0, 1)
9gES),
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Lemma 6.1.1. There exists a positive constant Cy = Co(r,d,p) such that
diSt(Slivtqsgl‘,kJrl)p = [t|Co
forany j € A(k), k>0,teR.

Proof. Tt is enough to prove the lemma for j = 0, k£ = 0; the general case follows by
translation and dilation. Suppose t = 1. Let (5;)$2; be a sequence of functions in
8§ such that lim; o0 [|S; — ¢§ 1[I, = dist(S§, do,1)p. Since S§ is a closed subspace
of LP([0,1]), we may assume that (S;)$°; converges to a member S of §j, so that
1S = ¢6.111p(10,1]) = dist(Sg, ¢5,1)p- But S must differ from ¢g; at at least one
point in some neighborhood of a knot z of ¢ ;, since S must have derivatives of all
orders at = while ¢ ; only has derivatives up to order r — 1 at z. Thus S differs
from ¢, on a set of positive measure, because S and ¢, are continuous. Thus
15 = 6,11l ([0,1]) =: Co > 0.
Now, for arbitrary ¢ (ignoring the trivial case t = 0) we have

dist(Sg, 15 k11)p = |1] 'gigl lg = &5 k1allp([0, 1) = [t|Co. O
k

Now define dist(S, f), := infgese |lg — fllp for f € LP().
Lemma 6.1.2. Ifd > 1,t € R, and k, k' are such that
(6.1.1) diam(supp ¢7) > diam(supp (b?)
for I e DY(Q), J € Df, (Q), then there exists a positive constant
C1 = Ci(r,d,p, B, c0)
such that
dist (S, t6/7)p > Caltll97 -

Proof. By (6.1.1) we have 275l > 2=1F'8i) for some i. Without loss of generality
we shall assume 2~ k21l > 9=¥F1)  Then it will be enough to show that there
exists a positive constant C7 such that

(6.1.2) dist(Shp 1 © LP([0, 1Y), t62), > Cultl 62,

because Sg¥ C Sle’ﬁ;J—l ® LP([0,1]¢71). Furthermore, it is enough to prove (6.1.2)

under the assumption | k'] | = 1 since the general result follows by dilation.
Take g(x) = S(x1)h(z2,...,7q) where S € 8} and h € LP([0,1]97!). Define E
to be the set of all (z2,...,74) € [0,1]97! such that

U !l 1 ey
p(2LF Bilgy, ... 2k Mmd) > §¢1(2Lk Ale).
Note that |E| = C||¢?||§. Now, for any fixed (z2,...,zq) € E, we have

lg(z1, .., za) — tdF11p([0,1] x {(22, ..., 7a)})
> Cogt (217 P2l gy) - o1 (21K Pal 1) |t| (by Lemma 6.1.1)
> C1t.

Thus, |g(z1,. ., za) = t¢]ll, > CLIE[V?[t] = Cult]l|¢5],- O
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Lemma 6.1.3. Given a nonnegative integer k, let k' be the smallest integer such
that 27 F'eil < 9=kl for 4 = 1,...,d. For J € Df, I € Df;, define my, :=

| supp ¢3|/| supp ¢%|. Then

(6.1.3) lim my = oo.
k—o0

Proof. Since 3 and « are linearly independent, we may assume without loss of
generality that 85/ah < (1/af, ie.

161 ! !
(6.1.4) —a — 35> 0.
a;

Also, 2~ F o1l < 2=1F61] jmplies that

(6.1.5) kK> Lkﬁlﬂ .
a;

Now, to prove (6.1.3) it is enough to show that the ratio 2~ 5] /2= Koz of cor-
responding side lengths of blocks from Dff and Df, increases without bound as
k — oo. We do so as follows:

— | kB
2 k6] - 2k'a'27k5;
9 W 5]
> 9k 1/a)as =05 (by (6.1.5))
> k(81 /ar)ab—B5)

which increases without bound as k — oo, by (6.1.4). O

Now let ¥ denote the set of all sums ) ;. ar¢§ where #A < n, for n =
1,2,.... For f € BP let o3(f)p := infgese ||f — Slp- 02(f)p is the LP(Q)
error in approximating f with an n-term linear combination of “incorrectly” scaled
wavelets from ®* when o and 3 are linearly independent.

Theorem 6.1.4. Given BP, there exists f € BP such that for any o which is not
a scalar multiple of B, we have o (f)p # O(n~") for any v > 0.

Proof. Let (I))22, be a sequence of blocks with (") € Dﬁ (€2) such that the mem-
bers of the set {I(i)/ | ¢ = 1,2,...} are pairwise disjoint (recall that 10" =
supp ¢?(i)). Then |I®)| — 0 as k — oo. Let us further assume that (|[I1(|)%2,
decreases so quickly that, for ¢ = 1,2....,

(6.1.6) my, > 2" and
6.1.7 R o
(6.1.7) e <

i+1

where § > 0 is so small that, given a positive integer k, a function S € Sf , a block
Ie Df, and a subset E of I with |E| < 6|I|, we have ||S|,(I"\ E) > (1/2)||S]|,(I")
(see Corollary 3.2.3). Let

(oo}
fo= D 2@ P

i=1
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Then -
7T = S22 IO /2107 = 1
i=1
and - y
) . , 92-p
P o —ip/T|7(0) =1 7(8)| — _.
171l = S22 IO A0 = = = Gy

i=1
Let S, = Z?Zl a;j$5) be an n-term approximation to f. The integer n will be
specified later. Clearly

. P
1 = Sully = 1> (f = Sn) - Xz
i=1 p
o0
(6.1.8) = Z ||2—z/f|j(z)|—1/p¢?m — S Xg6/ |§,
i=1
Let us concentrate on the single term
(6.1.9) ||2_i/7|1(i)|_1/p¢?<i> = Sn - Xrarllp

from (6.1.8), where ¢ > 1. Break up the sum
S+ Xy = Zflkﬂﬁm X1
j=1
into two parts as follows:
n
(6110) Zaj¢?(j)X](i)/ = Z CL]‘QS?(]')X](L')/ + Z aj(b?(j)X](i)’ = 21 + 22
Jj=1 JEE, JEE>

where

Ey:={j [ |1 > 15" k=1,....d}

By:={j | [JP| <1, k=1,...,d}.
Rewrite (6.1.9) as

(6.1.11) 127/ ID |7 Pgf ) — £y — BaE.

Let n = myg,_,. Then

|UjeE2 supp ¢ ‘ n - maxjep, | supp ¢5 |
|I(i)| |[(i)|
~ nrémaxjep, [JY)|
1]
nrd| I0| /my,
- 1@

(6.1.12) < 6 (by (6.1.7)).
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We now have

J2 i/ 1O 5, sy p
1
>( ) [/ 10|12 5,2 (by (6.1.12))

1
> <§> cr2~ %P/T|](z)| 1H¢I( |5 (by Lemma 6.1.2)

(6.1.13)
= (02 W/,

Thus from (6.1.13) and (6.1.8) we have, for any 1,

If = Snllp = Z 127K/ T W 7Pl = S X I
(6.1.14) > 022 /T —. ¢, 27T,
Choose any C' > 0, v > 0. Then for ¢ sufficiently large, we have

. 1 ip
6.1.15 2—12>—{10g C+—=—1log, Cp +| -
(6.1.15) (=17 > = flogy €+ £ ~logs €,

But (6.1.15) and (6.1.6) imply

(6.1.16) Cn™"P < Cp,27P/7

29

and thus, using (6.1.14) with (6.1.16), we obtain for n = my,_,, ¢ sufficiently large,

If = Sulp = Cn™. O

6.2 An Imbedding Result. We immediately obtain from Theorem 6.1.4 the

following imbedding result.

Corollary 6.2.1. BB < B® for a fized value of p if and only if B = Ao for some

A>1.
Proof. If B = A, A > 1, then B’ = o'. Letting
HPB) 1
=0y o
7(8) d p
_ H(a) 1
- d T

we get 7(8) < 7(a) and thus

|fIBe = [Z ler (f) P17 B/

1/7(8)
IeD ]

1/7(e)
(6.2.1) lz ler (f |T(a)|[|r(a)/p] =|f|pe.

I1eD
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So BP — B<.

Conversely, suppose that 3 = Ao for some 0 < A < 1 or that 8 and « are
linearly independent. If 3 = A for some 0 < A\ < 1 then we obtain B? ¢ B>
using (4.1.2) and Theorem 3.3.1. Now assume that 3 and « are linearly independent
and BP < B®. Let f € BP. Then since B® — B* we have

on ()2 < CO|f|pan™T(@/d < O|f| gan~H()/d

forn=1,2,..., contradicting Theorem 6.1.4. [J

[B-B]
[B-L]
[D-J-P]
(D-L1]
[D-P1]

[D-P2]

[F-s]
©
[L-T]
[P-P]
[P-s]
[P]

[5-O]
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